
Universidade T écnica de Lisboa
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Abstract

The present work is dedicated to the study of refraction effects between two media in stereo

reconstructions of a three-dimensional scene. Refractioninduces nonlinear effects on the ob-

served image resulting in a highly complex stereo matching process. The proposal is to use a

linear, �rst order Taylor approximation, which maps this problem into a new problem with

a conventional solution, feasible around a particular image point. Images are transformed

(corrected) before entering any of the known stereo matching algorithms. The �nal step of

converting disparity to world coordinates must also be properly adapted.

An interface estimation algorithm that estimates its shapefrom stereo image pairs is also

presented. It assumes the submerged scenery is known so it works best when a highly textured

plane is used. The algorithm consists of a cost function for the interface to pass through a

particular point in space. Minimization of this cost function in the presence of smoothness

constraints (for example using dynamic programming like algorithms) results in the global

optimum surface.

For the two algorithms, results are presented taken both from synthetic images generated by

a raytracer and results from real life scenes observing an actual model breakwater.
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Resumo

O trabalho apresentado dedica-se ao estudo de efeitos de refracção entre dois meios em

reconstruções stéreo de cenários tri-dimensionais. Arefracção provoca efeitos não lineares na

imagem observada, di�cultando signi�cativamente o processo de emparelhamento. Propõe-se

o uso de uma aproximação de Taylor de primeira ordem, linear, que contorna o problema per-

mitindo o uso de soluções convencionais. A solução é v´alida em torno de um dado ponto. As

imagens são previamente transformadas (corrigidas) antes de se aplicar um algoritmo conven-

cional de emparelhamento. O último passo que consiste em converter disparidade em coorde-

nadas no mundo também necessita de ser adaptado.

Apresenta-se também um algoritmo de estimação da interface, que estima a sua forma a

partir de pares de imagem stéreo.É assumido que o cenário submerso é conhecido portanto

funcionando melhor quando uma superf�́cie plana com uma textura rica é usada. O algoritmo

consiste de uma função que atribui um custo para a interface passar num dado ponto do espaço.

A minimização desta função de custo introduzindo restrições de suavidade (por exemplo us-

ando algoritmos de programação dinâmica) resulta na superf�́cie global óptima.

Para ambos os algoritmos apresentam-se resultados derivados de imagens sintéticas geradas

por computador e de imagens reais que observam um modelo de quebra-mar.

Palavras-Chave: Interface, Reconstrução, Stéreo, Calibração, Estimação
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Chapter 1

Introduction

The use of breakwaters (�gure 1.1) is of extreme importance in structures that come in direct

contact with sea water. Harbors and airports are only a few applications providing almost an

uncountable source of examples. Physical modelling is, still today, the main tool for testing and

designing these coastal structures. The most important factor that leads to structure degradation

and failure is the continuous wave action to which they are subject to. Thus, these structures

require periodic labor throughout their usefull life span.

Currently, to test the resistance of a proposed design to wave action, a scale model of the

structure is built in a wave tank, such as the one shown in �gure 1.2. These models consist of

scale reconstructions of actual structures which need to bestudied for reliability and durability

when subject to adverse conditions. They are then exposed toa sequence of surface waves gen-

erated by a wave paddle. One of the parameters that has provedof paramount importance in the

forecast of the structure behavior is the pro�le erosion relative to the initial undamaged pro�le.

Thus, measuring and detecting changes in the structure's envelope is of great importance.

Laser range �nders are one obvious and easy way of reconstructing the scene, however,

since common lasers do not propagate in the water, the tank has to be emptied every time a

Figure 1.1: Breakwater in Viana do Castelo (Portugal).
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Figure 1.2: Model breakwater in a wave tank at Laboratório Nacional de Engenharia Civil

(LNEC) in Portugal. The cameras are positioned above the submerged model as shown.

measurement is taken. This is a quite expensive procedure, both in time and money resources.

The proposed solution is to use a stereo mechanism to reconstruct a submerged scene captured

from cameras placed outside of the water. This way it's possible to monitor both the emerged

and submerged part of the breakwater.

1.1 Reconstruction of Submerged Scenes

The intention of the present work is to develop tools capableof analyzing submerged objects.

In particular, to be able to apply stereo reconstruction to images of model breakwaters making it

possible to analyze the damage produced by repeated wave action. With this in mind, a camera

stereo system is set up above the model (as shown in �gure 1.2)and snapshots are taken before

and after the experiment allowing it to be reconstructed andanalyzed on a computer. The

problem that arises in the presence of an interface between two media is that images captured

by cameras suffer non-linear light bending effects when transversing the interface (see �gure

1.3). The distortion, commonly known as refraction and modelled by Snell's law, forces some

of the available stereo geometrical restrictions to be relaxed which would otherwise help in

feature matching. This matching process is severely hindered by the lack of the known epipolar

constraint. It will be shown that, if the incidence angle is small, the linear part of the Taylor

Series expansion, which is equivalent to a modi�cation of the camera's intrinsic parameters, is

precise enough for the purposes discussed. In other words current stereo matching algorithms

can be used, provided the camera orientation parameters arewithin a certain range.

Although stereo vision is already a well established �eld, there are no known works of

2
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Air

Figure 1.3: Illustration of loss of stereo geometry.

similar nature as most systems are placed underwater, eliminating the refraction issue. Young-

Hoo Kwon seems to be one of the few to have approached the problem of submerged sceneries,

in particular to study human motricity in swimming athletes. His method, mentioned in [1] and

[2], consists of using current calibration algorithms in order to minimize mean square error on

a given submerged volume. For this he uses a 3 dimensional grid that needs to be submerged

during calibration. The work presented here describes an alternate and independent approach

from the one described by Kwon.

An implementation with similar goals but with a much different approach, where the ob-

jective is to catalog and compare images taken periodicallyof south African breakwaters, is

described in [3] An operator later registers signi�cant changes by comparing the pictures taken

at two different time instances.

1.2 Interface Estimation

Since the distortion introduced by the presence of the interface depends on its position, it is

necessary to �rst develop a means to estimate it. A simple solution consists in calibrating the

cameras' extrinsic parameters with a grid �oating on the interface. Since scene reconstruction

will only be attempted when the interface is in a still, planar con�guration, this simple proce-

dure is enough. A more generic solution allowing the estimation of the surface in almost any

smooth con�guration is also presented, making use of stereoimage pairs taken while observ-

ing a known submerged scene. No reference in the literature was found that resembles this

approach. Trying to solve both problems simultaneously (scenery reconstruction and surface

3



estimation) is a dif�cult problem, becoming practically impossible if the interface is not planar.

1.3 Practical Considerations

Another prejudicial effect which can render the acquired images useless unless special attention

is given to lighting conditions during image acquisition isre�ection. Although the use of

polarized �lters can help minimize the problem, it can be silently dismissed when dealing with

controlled environments, since light sources can usually be submerged.

It is important to keep in mind that although the implementation focuses primarily on

air/water interfaces, all results are valid for interfacesbetween any other media (as long as

Snell's law applies). An example that comes to mind is an air/glass interface where it might be

of interest to obtain the surface of a lens.

1.4 Summary of Contributions

There are two main contributions in this thesis. The �rst characterizes the distortion introduced

by the the presence of an interface between two media and describes a correction that can be

applied to obtained images to minimize it. In particular, itis shown how stereo reconstructions

of submerged sceneries can be obtained. The second contribution uses the same distortion to

reconstruct the interface's shape from observed pairs of images.

1.5 Organization of the Thesis

This work is structured as follows:

� Chapter 2 introduces some necessary concepts and the adopted typographical notations.

� Chapter 3 describes standard algorithms necessary for stereo reconstructions in general.

� Chapter 4 adapts the algorithms described in chapter 3 for use when a planar interface

is placed between the cameras and the scenery to be reconstructed.

� Chapter 5 indicates how the interface's position can be estimated using stereo image

pairs and a known correspondence with the submerged scenery.

4



Chapter 2

Preliminary Concepts and Theoretical

Framework

The intention of this chapter is to introduce the notation and conventions adopted in the work

that follows. Typographical conventions are presented �rst, followed by an explanation of what

are considered necessary concepts. Although the convention might seem a little odd at �rst, it

is the author's belief that it eases the description of the algorithms, allowing for details such as

coordinate changes to be ignored until actual implementation. Mathematicians and physicists

have for a long time used these coordinate free representations with great success. This chapter

is included only as an introduction to the subject and is by nomeans an exhaustive approach of

the matter. For an in-depth description see any of [4], [5], [6] or [7].

2.1 Typographical Conventions

En n-dimensional Euclidean space.

Rn The space of real n-tuples.

Pn n-dimensional projective space.

a A real number (belongs toR).

C A coordinate chart.

p A point in En (or another manifold if indicated).

vp A tangent vector atp 2 En .

T p En The set of tangent vectors atp 2 En .
Cpi Thei th coordinate of the point (or vector)p in the chartC.
Cp = ( a; b; c) (a; b; c) are the coordinates ofp in C.

h�; �i Usual inner product.

5



v1 � v2 Cross product of two vectors (v1,v2 2 T p E3) at p 2 E3.

j�j Absolute value or matrix determinant.

k�k Induced norm of a vector
� p

h�; �i
�

.

v̂ p Unit normed vector atp 2 En , that isĥv ;v̂ i = 1.

�p A point in Pn .

f A function.

P mn The set of bivariate polynomials of ordermn.

M A matrix.

PP (i; j; K ) Set of rankK partial permutation matrices, of sizei � j

� Equivalent to (same equivalence class)

/ Proportional to

� Approximately equal to

� Equivalent to
�= Isomorphic to

2.2 Euclidean Spaces

This document will focus primarily on two Euclidean spaces,namelyE2 andE3. The second

is where the scenery exists, and the �rst will contain a givenprojection of the scenery on a

plane. It is important to realize that a point inEn is not an n-tuple of coordinates, although

it can be represented as such given a chart. Ifp 2 En and a one-to-one mappingC : W �

En �! U � Rn is given, whereW andU are open subsets, thenCp � C(p) is a coordinate

representation forp. Note that ifD is another such one-to-one mapping,D p will also be a

coordinate representation for the samep. Under certain conditions guaranteeing continuity

and differentiability these one-to-one mappings are called charts and will be further discussed

later.

Although this document deals with only one copy ofE3 (the ambient space, where the

scenery lives), there are multiple copies ofE2 since multiple projections (images) are con-

sidered. So that no ambiguity exists as to which of these spaces (images) is meant, different

spaces are given different indexes, for exampleE2
C andE2

D . The typographic convention of the

subscripts used will be made clearer when discussing the camera model.

It is assumed that a unit distance in the ambient spaceE3 is chosen beforehand and that

orthogonality is also agreed upon.

6



2.2.1 Vector Space Structure forEn

En may be identi�ed with a vector space once an action and an origin are chosen, where as

expected multiplication by a scalar is identi�ed with scaling centered at the origin and addition

is identi�ed as translation. For this construction letV n be an n-dimensional vector space. Since

a vector space de�nes an abelian group under addition, de�nean action of this group that is

transitive and free1 onEn :

� : V n � En �! En

(v; p) 7�! p � v

such that ifp 2 En andu; v 2 V n then

(p � v) � w = p � (v + w)

Once a pointp0 is �xed as the origin ofEn , any pointp is identi�ed with a vectorv 2 V n such

that

p = p0 � v

Transitivity guarantees that all elements ofEn are identi�ed in this manner, and freeness guar-

antees a unique identi�cation. Note that the choice of an action is not unique, nor the choice

of an origin. These vector space constructions will be givenspecial importance when choosing

charts.

The symbol� will henceforth be silently substituted by the preferred symbol+ .

2.2.2 Charts

Charts are de�ned as being continuous bijective maps with continuous inverse from an open

set ofEn to an open set ofRn , and they are given the important role of assigning coordinates to

points. It is also required that all charts be granted certain smoothness properties, in particular

that the coordinate change functions that will be describedin section 2.2.4 must be of class

C1 . Although it is possible to choose many different charts, some are of special interest since

they simplify the coordinate representation forEn . In particular ifEn is given a vector space

structure as described in section 2.2.1 and the choice of action of V n on En is such that the

usual dot product onV n agrees with the notion of orthogonality onEn and the choice of unit

1Given an action of a groupG on a setE it is said to be transitive if8p1; p2 2 E there's an elementg 2 G such

thatg � p1 = p2. In other words if any element from the set can be taken to any other by the action of an element

in G. It is said to be free if for anyp 2 E the only element ofG that �xes it is the identity:g � p = p =) g = e.

7



length, the identi�cation ofE n with V n induces an isometry which can be used as a chart. Such

charts will be referred to as cartesian (or orthonormal) charts and are the prefered choice when

doing computations.

In a cartesian chartC a pointp 2 E2 will have coordinatesx andy (referring toCp1 and
Cp2 respectively) as long as there's no ambiguity as to which referential is meant. If the point

belongs toE3 it will also have thez coordinate.

Throughout this document there'll be 4 particular charts for E3 which are to be kept in mind.

These are:

� W - World cartesian chart. Normally this chart is chosen when camera calibration is

performed. Camera calibration also guarantees that this isa cartesian chart (by con-

struction). Although any point inE3 can be chosen as the origin and many vector space

structures can be assigned, some computations will be easier if a particular one is chosen.

For example computations can be greatly simpli�ed when considering a planar interface

by having it described by the plane equationz = 0 on a chart.

� L andR - Cartesian charts describing the left and right camera position in space. Since

calibrated stereo is considered, each of these charts describe a projection center and an

image plane. This will be further discussed in section 2.3.

� D - Disparity chart. This is not a cartesian chart but it is important since it arises naturally

on a stereo setup. It will be further described in section 2.5.

And two charts should always be present for each copy ofE2 associated to each camera

projection as will be described in detail in section 2.3:

� p - Projection chart that appears naturally considering thatE2 comes from a projection of

E3.

� i - This is where physical image pixels are measured, called the image chart. It differs

from the former by the camera's intrinsic parameters.

2.2.3 Tangent Vectors

A vector at a pointp 2 En is commonly viewed as an oriented line segment based atp. This

intuitive description is discarded in favor of a more general de�nition describing tangent vectors

as derivatives of curves in space. Letc :] � �; � [�! En be any smooth curve2 in space such that

2A curvec(t) is smooth if given any coordinate chartC, C(c(t)) is smooth.

8



c(0) = p. A vector atp is de�ned as

vp =
d
dt

�
�
�
�
t=0

c(t)

Note that this is only a notation for a derivative done in any coordinate chart. The tangent

space atp, denotedT p En , is the set of all vectors constructed from curves such thatc(0) = p.

This space is actually a vector space at each point. Note though that addition of vectors at

different points in space is not de�ned by this construction. For details, in order of least to most

mathematically inclined, see any of [4], [5], [6] or [7].

It is interesting to note how to recover the notion of tangentvectors as oriented line segments

from this de�nition. Choosing any vector space structure for En (as mentioned in the section

2.2.1), consider the family of functions parameterized byp1; p2 2 En

f p1 ;p2 (t) = p1 + t (p2 � p1)

then its tangent vector atp1 is given by

d
dt

�
�
�
�
t=0

f p1 ;p2 (t) = p2 � p1

So tangent vectors whenEn is given a vector space structure are nothing else than the usual

interpretation given to them

vp1 = p2 � p1

The seemingly super�uous de�nition here presented is needed to guarantee consistency when

dealing with coordinate changes once charts are de�ned in the next section.

Note that the same action described in the last section is used to sum vectors to points

anytime this is needed since vectors on a vector space are naturally isomorphic to the vector

space itself. This is used for example to parametrically de�ne straight lines.

2.2.4 Coordinate Transformations

Since a point can be described in different charts, there will be functions which change its

coordinate representation. So, ifR andL are two charts for a given pointp 2 En , de�ne
L
R E : U � Rn ! V � Rn asL

R E = L � R � 1, such that

L p = L
R E

�
R p

�

ThusL
R E is the coordinate change fromR to L (see �gure 2.2.1 for a representation). It is

9



En

p
v

L p
L v

R p
R v

L R

L
R E

Figure 2.2.1: Representation of a coordinate change between two charts.

interesting to note that any coordinate change between two cartesian charts (thus isometries)

may be described as an element of the Euclidean groupE(n) (see for example [5]).

The coordinate transformation of vectors is not so straightforward to describe since they

must be thought of as tangent vectors to curves. Given a coordinate representation for a vector

vp , let c :] � �; � [�! R3 such thatc(0) = R p and d
dt

�
�
t=0

c(t) = R vp . Notice that this is a

coordinate parameterization for the curve. Differentiating this curve in the new coordinates

results in the new representation of the tangent vector:

L vp =
d
dt

�
�
�
�
t=0

�
L
R E � c(t)

�

=
X

i

@L
R E
@i

�
�
�
�
p

d
dt

�
�
�
�
t=0

ci (t)

= L
R E�

R vp

whereL
R E� is the linear application represented as the Jacobian matrix of L

R E.

2.3 Camera Model

The cameras used obey a projection model characterized by a projection center (pc) and an

image plane at a unit distance frompc. The camera projects points in the ambient space (E3)

on the image plane (identi�ed withE2) through the projection center. Givenp 2 E3 and an

orthonormal chartCcentered on the chosen projection centerpc with the image plane described

by the equationz = 1 in this chart, then the projection function (which will be denoted byPC)

written in coordinates is given by
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p

pc

PC
y(q)

q = PC(p)

PC

PC
y

E3

E2

Figure 2.3.1: Representation of the projection functionPC and its pseudo-inversePC
y which

includes the projected point back on the image plane.

PC : C(E3) �! p(E2
C)

Cp 7�!
� Cp1

Cp3
;

Cp2

Cp3

�

wherep is the chart mentioned in 2.2.2. Although this is the naturalchart arising from the

projection model, the camera's physical construction originates another chart (i), called the

image chart, where actual pixels are measured. The coordinate change function between these

charts is given by

i
pE : R2 �! R2

pq 7�!
�
f x

pq1 + cx ; f y
pq2 + cy

�

wheref x , f y, cx ecy are the camera's intrinsic parameters and are described in [8]. It is assumed

that the image acquisition hardware does not introduce distortions. Since these can usually be

corrected beforehand [10] [11] there is no loss in generality overlooking them here.

It is also usefull to consider a pseudo-inverse for the projection function (written asPC
y),

that includes a projected pointq 2 E2
C on the ambient space asp 2 E3 (inclusion of the image

plane on the ambient space). In coordinates this operation is written as

PC
y : p(E2

C) �! C(E3)
pq 7�!

�
pq1; pq2; 1

�

Note that these two functions are not inverses sincePC
y � P C 6= Id, althoughPC � P C

y = Id.

See �gure 2.3.1 for a representation.
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2.4 Projective Space

An alternate natural representation for describing a projection is known as the projective space,

denotedPn . It is de�ned as the quotient space

Pn �=
Rn+1 � f 0g

�

where� denotes the equivalence relation

a � b () 9 � 2 R � f 0g : a = �b

This construction characterizesP2 as the space of straight lines through the origin inR3. To

denote a point inP2 (each one representing a straight line) a pointp = ( x; y; w) 2 R3 � f 0g is

chosen as a representative of the equivalence class and written as

�p = [ x : y : w]

which represents a point inP2 with the interpretation of a line through the origin containing

p 2 R3. For further insight see [8] and [9].

Remembering that given an orthonormal chartC for E3 it can be used to project a scenery

point p 2 R3 on the planez = 1, this projected point can also be thought as the intersection

of the line that passes through the origin andp with the planez = 1. It is this interpretation

that tiesP2 with the imagesE2. Given an image pointq 2 E2 and its representation on the

projection chartpq = ( x; y) 2 R2 it can be naturally embedded inP2 as �q = [ x : y : 1]

(this operation will be refered to as inclusion� : Rn ! Pn ). The inverse operation mapping

�q = [ x : y : w] in pq = ( x
w ; y

w ) is also possible as long asw 6= 0. The similarities between

these operations and the camera projections described in section 2.3 should be obvious and are

evidenced next. Ifp 2 E3 andq 2 E2
C, then

[pqx : pqy : 1] �

2

6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

3

7
7
5

| {z }
�P

�[Cpx : Cpy : Cpz : 1]

[Cpx : Cpy : Cpz : 1] �

2

6
6
6
6
4

1 0 0

0 1 0

0 0 1

0 0 1

3

7
7
7
7
5

| {z }
�P y

�[pqx : pqy : 1]
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f

�f

f̂

� p

Figure 2.4.1: Projective space explanation. Note that whena point inRn is embedded inPn

it is represented as an element of a �bre inRn+1 . All computations are performed on this

representation.

where matrix multiplication is done as described in the nextparagraph. These maps in projec-

tive space are important in image processing applications since many common operations can

be described linearly. This also allows for multiple operations to be concatenated in a single

operation through matrix multiplication.

Figure 2.4.1 provides a representation of what happens whenthe projective space is used to

apply a mapf : Rn ! Rm to points. First a pointp 2 Rn is included in the projective space

as�p 2 Pn through the function�. SincePn is a quotient space, its elements can be represented

by choosing an element of the �ber inRn+1 . Noting that for this map to be well de�ned it

must map �bers of this equivalence class to �bers, inducing afunction �f : Pn ! Pn . Then the

point can once again be projected toRn through a functionp : Pn ! Rn . What happens is that

f = p � �f � � .

This representation also provides an elegant description of image lines (note that these are

lines on the image plane and not the straight lines inR3 through the origin discussed above) by

considering the line equation

ax + by+ c = 0 ()
h

a b c
i

�

2

6
6
4

x

y

1

3

7
7
5 = 0

Here a line is represented as a triplet(a; b; c) that also obeys the equivalence relation de�ned

above so it can also be described as a point inP2 (this abstraction of interchanging the role

of points and lines is known as duality). A point�p = [ x : y : w] 2 P2 belongs to a line
�k = [ a : b : c] 2 P2 if and only if ax + by+ cw = 0. For obvious reasons, this operation shall

be denoted as�kT �p = ax + by+ cw.

De�ning an homographyf (also known as a projective transformation) as a one to one

mapping between two images that:

13



� Maps collinear image points to collinear image points,

� Maps concurrent lines to concurrent lines,

� Preserves incidence.

It can be proved that every homography can be described as a linear mapping of homogenous

coordinates as a(n + 1) � (n + 1) non-singular matrixA (the converse is easilly checked as

well). This matrix is unique up to a scale factor.

Although the duallity of points and lines allows for a uniquerepresentation of the two en-

tities, these are intrinsically different objects. This re�ects, for example, in the way they are

transformed. Given a point�p 2 P2 and a line�k 2 P2 these are mapped through an homography

f described by matrixA as:

�p 0 = A � �p

�k0 = A � T � �k

where the dot represents matrix multiplication on the left,treating�p = [ x : y : w] as a column

vector
h

x y w
i T

.

Note that in the above discussion all interest has been givento P2. It is important to realize

that the duallity that exists between image points and linesin P2 also exists between points and

planes inP3 with the same transformation rule through a non-singular4 � 4 matrix. A line in

P3 is not as easilly described, but given two pointsp1 andp2 a straight line that passes through

these two points can be described in the projective space parametrically as the set of projective

points

L � f �p 1 + � �p 2 : � 2 Rg

2.5 Stereo System

The considered stereo system consists in the simultaneous acquisition of 2 images (each one

as described in 2.3) using two different projections associated with the chartsL andR, each

centered at a different point. Thus, a pointp 2 E3 shall be projected on 2 planes, through 2

different projection centers, each seen as a copy ofE2. The fact that both images are observing

the same scenery through this particular sensor originatesthe well known epipolar constraint

(see for example [8]).
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pR
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Figure 2.5.1: Explanation of the disparity coordinate chart.

Other than the already mentioned cartesian charts to describe points inE3, there is also an-

other chart that arises naturally whenL andR are considered to differ only by a horizontal

translation (previous image stereo recti�cation relaxes this restriction so it can be used on real

images). Suppose a pointp 2 E3 is observed by the two cameras under these assumptions,

resulting in the projectionspL 2 E2
L andpR 2 E2

R . Since these charts differ only by a hor-

izontal translationppy
R = ppy

L (this is a special case of the known epipolar constraint). The

x coordinate though differs on the two projections. This difference, known as disparity, can

then be used in triangulation to solve forp. This discussion hints at the possibility of using

(ppx
L ; ppy

L ; ppx
R � ppx

L ) as a coordinate chart forE3. Since theL andR differ only by a horizontal

translation (see �gure 2.5.1) the following relations holdin thep chart:

L px

L pz
=

ppx
L

1
L px � B

L pz
=

ppx
R

1

where a similar system can be written for the second coordinate. Thus a possible coordinate

change is

D 0
p1 = ppx

L =
L px

L pz

D 0
p2 = ppy

L =
L py

L pz

D 0
p3 = ppx

R � ppx
L =

� B
L pz
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This can be written as an homography as

[D
0
p1 : D 0

p2 : D 0
p3 : 1] �

2

6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 0 � B

0 0 1 0

3

7
7
7
7
5

� [L px : L py : L pz : 1]

For most purposes in which this chart is to be used, it is more convenient to apply these maps

directly to points on the image using charti instead. This is what will actually be called chart

D, where(D p1; D p2; D p3) = ( ipx
L ; ipy

L ; ipx
R � ipx

L ). Then, ommiting details,

[D p1 : D p2 : D p3 : 1] �

2

6
6
6
6
4

f x 0 cx
l 0

0 f y cy
l 0

0 0 cx
r � cx

l � Bf

0 0 1 0

3

7
7
7
7
5

� [L px : L py : L pz : 1] (2.5.1)

wheref is the camera focal distance,(cx
l ; cy

l ) is the left camera's principal point and(cx
r ; cy

r ) is

the right camera's principal point. Note that a previous image recti�cation process is needed to

guarantee that the left and right focal distances are the same and thatcy
L = cy

R .

Please note that this chart is not global (a pointp 2 E3 with L pz = 0 is not representable

and a disparity of 0 represents a point at in�nity) and is not cartesian (implying, for example,

that the dot product and cross product are not the usual ones). As such, unless certain care is

taken its use is only recommended as an intermediate step.
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Chapter 3

Capturing Depth With a Stereo System:

Standard Algorithms

This chapter describes the necessary algorithms to performa standard stereo reconstruction

(in the absence of an interface). The process consists of several steps, mentioned here and

described in the next pages:

� Image acquisition consists of acquiring the stereo pair to acomputer representable form.

� Image recti�cation eliminates distortion introduced by the image acquisition hardware

and treats the image so that epipolar lines are horizontal and on the same scanline on

both cameras.

� Matching of features of both images by fotometric and/or geometric constraints.

� Reconstruction, where the matched features are triangulated to infer depth.

Although not included in the previous list, image recti�cation requires a one-time camera cali-

bration step which completely describes the camera geometry.

3.1 Image Acquisition

The �rst step in any stereo reconstruction process is image acquisition. Since calibrated stereo

is used, a means to �x two image acquisition devices in space is needed. This can be ac-

complished in different ways, the most common being a rigid bar on which two cameras are

screwed tight. An alternative is to use a beam splitter enabling a single camera to acquire both

images. The only drawback of the later approach is that only half the resolution of the camera

is available. Figure 3.1.1 illustrates both approaches.
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Figure 3.1.1: Example of image aquisition hardware. On the left an example of two cameras

mounted on a horizontal bar, on the right an example of a beam splitter to be mounted on a

single camera.

Figure 3.1.2: Example of a computer generated image of a submerged scenery, illustrating

the distortion introduced by refraction. Notice how the inserted rod seems to bend once it

penetrates the interface. Images such as these can be generated of arbitrary exactly known

scenery so error measures can be taken.
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Reference is made to a program used to render synthetic images from a generated scenery

of which all parameters are known. These images are usefull since they allow for measurement

of reconstruction errors not possible with real images since exact position is usually unknown.

The chosen program wasPOV-Ray since it models refraction correctly and is one of the oldest

of its kind still in use today (which means it has been extensively tested). Its free availability

also played its part in the decision process. Unfortunatelyit suffers from a relatively steep

learning curve. To the rescue come third party graphical interfaces which ease the user through

the process of creating a scene. For an example of a rendered image, see �gure 3.1.2.

3.2 Calibration and Image Recti�cation

Camera calibration plays a crucial role in stereo systems. It not only simpli�es the matching

process by infering the geometry between cameras, but it also �xes the metric of the world. For

this task, Jean-Yves Bouguet'sCamera Calibration Toolbox for Matlabis used. The toolbox

is freely available and allows for intrinsic and extrinsic camera calibration using a calibration

rig similar to a chess board. The work is based on Zhang [10] and Heikkila [11]. Since the

camera's position relative to the calibration rig is also obtained, a chart with the interface at

z = 0 is easily calibrated by acquiring a pair of images with the rig �oating on the interface.

Although the toolbox also performs standard stereo image recti�cation, an alternate implemen-

tation was developed, with much faster performance and withthe additional Snell correction

builtin (which will be described in chapter 4). An in depth description of the conventional

calibration procedure can be found in [9].

Standard image recti�cation without Snell recti�cation which will be described in the ap-

propriate chapter, is implemented in 3 steps:

1. Each pixel commonly described in the image chart (i1) is �rst converted to the natural

projection chart throughpi1 E.

2. Once on this plane it is possible to compensate non-lineardistortions introduced by the

camera acquisition hardware. This distortion is mainly radial in nature, characterized

through the even powers of a polynomial inr =
q

(pp1)2 + ( pp2)2. Tangential distortion

is also usually corrected.

3. If an extrinsic correction is necessary (a change in the desired projection plane with the

projection center �xed) it is possible to do so at this point.These are usually implemented

as an homography between two projective spaces and are usually applied in stereo setups

to make epipolar lines horizontal.
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Figure 3.2.1: Image recti�cation results. On top the left and right original images are presented

and on the bottom the corresponding recti�ed images with horizontal epipolar lines. Notice the

high radial distortion that was corrected.

4. It is then possible to choose desired intrinsic parameters for the new “desired camera”

and change back to an image chart usingi2
p E. These new intrinsic parameters are usually

chosen so as to minimize information loss contained in the image.

Since what is commonly needed is for every pixel in the recti�ed image to have a brightness

value set, the whole recti�cation procedure is usually run backwards. So for every pixel in

the desired recti�ed image the steps described above are runin the inverse order, applying the

inverse operation in each step. This results on the color value being set by the correct pixel

on the original image. Note that under normal operating conditions every step is invertible (an

exception occurs in the third step, where it is possible for the whole image to collapse on a

line for certain extrinsic transformations not usually encountered). An example of the results

obtained is presented in �gure 3.2.1.
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3.3 Stereo Matching Algorithms

Two distinct algorithms were implemented to solve the correspondence problem. The problem

consists in assigning a correspondence of features on the right image with features on the left

image. Two categories of such algorithms exist, based on what is considered a feature that

needs matching. If a correspondence is attempted for every pixel on one of the images then it

is a dense correspondence algorithm. If, on the other hand, correspondence is only attempted

on previously detected features (such as corners or lines present in the image) then it is a

sparse correspondence algorithm. An implementation of each was tried, but only the dense

correspondence algorithm proved usefull.

3.3.1 Sparse Stereo

Although of limited use for these particular problems (a dense stereo algorithm is needed for

interface estimation), the sparse correspondence algorithm described in [12] was implemented.

It uses correlation (or any other cost function) between features to �nd the permutation matrix

that maximizes the global gain.

If the intensity values (or, more appropriately the zero mean normalized intensity) ofN � N

windows centered at some detected feature locations on the left and right images are stacked

on the lines of two matricesFL andFR respectively, the correlation of all these features is

found by computingC = FL FT
R . The correspondence problem then resumes itself to �nding

the partial permutation matrixP that solves

P � = arg max
P

trace(PF L FT
R )

s:t: P 2 P P (pL ; pR ; K )
(3.3.1)

wherePP (pL ; pR ; K ) denotes the set of partial permutation matrices of sizepL � pR (pL and

pR are the number of features on each image) withK correspondences. A partial permutation

matrix is a permutation matrix that allows for some of its columns or lines to be zero. To avoid

many false matches, it is imposed that theP matrix has to have rankK so that only theK

strongest matches are allowed. For exampleK might bemin(pL ; pR)=2.

Other constraints can be added through the use of a support matrix S that indicates which

matches are valid. This way it is possible to reject correspondences which are known from the

start not to be feasible due to, for example, epipolar constraint or minimum/maximum allowed

disparity. This reduces the search space considerably, increasing the algorithm's performance

and also prevents possible false matches that could otherwise occur.

The chosen features for this problem are corners, using the well known Harris corner detec-

tor [14]. Its choice was based on the structure of the pretended scenery (a pile of rocks with
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Figure 3.3.1: Sparse stereo matching results. Left: the previously recti�ed left image of a stereo

pair. Right: Computer reconstruction of the observed scenewhere a triangulation algorithm

was applied. The sparse stereo algorithm described in [12] was used. The units on the axis are

pixels (disparity space).

sharp corners).

Problem 3.3.1 is solved using the well known simplex method for linear optimization prob-

lems and an implementation by Michel Berkelaar (lp solve ) was used. Figure 3.3.1 provides

an example of the results obtained.

3.3.2 Dense Stereo

Since the surface estimation algorithm requires dense stereo maps to be available, Sun's [13]

algorithm was used. It consists of two dynamic programming steps in order to �nd the max-

imum surfaceS, on a 3 dimensional space, that minimizes
P

(x;y;d )2S C(x; y; d), whereC(�)

de�nes a distance measure, for example the symmetric value of the normalized cross correla-

tion of a window centered at(x; y) on the �rst image with a window of the same size centered

at (x + d; y) on the second. Although the complexity of the algorithm isO(MND ) where

(M; N ) is the image size andD is the maximum allowed disparity, the use of sub-regions with

multi-resolution techniques and the fact that it was implemented in C (with a Matlab interface)

makes the algorithm ef�cient in terms of speed, taking a few seconds to run on video frames

(see [13] for details). An example of the output is presentedin �gure 3.3.2. Although it is not

evident in this case, due to the use of correlation the algorithm does not fare well in regions

without clearly de�ned features and in the presence of occlusion.

Even though the algorithm requires the images to have been perfectly recti�ed (which in

the presence of an interface is not guaranteed), practice shows that acceptable results are still

obtained in the presence of slight deviations (1 or 2 pixels)as shown in �gure 3.3.3. Obviously,
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Figure 3.3.2: Dense stereo matching results. Left: previously recti�ed left image of a stereo

pair. Right: dense disparity map obtained by the algorithm described in [13] (The scale on the

right allows a conversion of the grayscale levels to disparity numerical values.

with the intent of precision, exact matching is of utmost importance.

Another dense matching algorithm, described by Kolmogorovin [15], was tested but it

turned out to be signi�cantly slower without any signi�cantly visible improvements. Although

its implementation allows for two dimensional matching (allowing two dimensional disparity

maps to be obtained) as necessary for interface estimation,its use is not practical since it takes

many hours to run (an attempt was aborted after a few hours).

3.3.3 Two Dimensional Dense Matching

Given the distortion introduced by the interface, it is necessary to obtain disparity maps not

only along the expected epipolar direction, but also on the surrounding area. The presented

methods are too simple for real-world applications. Their usefullness lies only in providing

the necessary disparity maps to test the algorithms developed. No interest is given to their

robustness or performance on other images besides the ones presented.

A �rst idea is to iterate the standard algorithm in a cyclic manner on the two dimensions. The

disparity maps indicate which pixel on the right image best matches an given pixel on the left

image. Once a map has been obtained an approximation of the left image can be constructed

using the color information of the right image using the pull-back of the disparity function on

the pixels of the right image. LetL andR denote the matrices containing the left and right

intensity images of a stereo pair. IfD represents a disparity map the notationD � R will be used

to represent the pull-back of the imageR through the disparity mapD.

The used algorithm works as follows (�gure 3.3.4 representsthe steps)

1. Two images are provided and the algorithm is run along the epipolar direction obtaining a
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Figure 3.3.3: Sensitivity of the dense matching algorithm in the presence of recti�cation errors.

The images present the disparity map obtained when matchingan image to itself translated by

n pixels in the vertical direction. Top right: 1 pixel; top left: 2 pixels; bottom left: 3 pixels;

bottom right: 4 pixels.

RL L D �
xR D �

yRL L D �
xy R

Figure 3.3.4: Illustration of the cyclic algorithm for dense stereo matching in 2 dimensions.

First an estimate of the disparity along the principal direction is obtained, being used to obtain

the disparity map along the other direction (this one must beclose to 0 for the �rst map to have

meaning). This new map is then used to recalculate the disparity along the principal direction.
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Figure 3.3.5: Disparity maps obtained using the cyclic algorithm applied to a submerged plane

at a depth of1:5m. The cameras were at about1:3m above the interface. As indicated, on

the left the disparity map along the principal direction is shown, on the right the disparity map

along the other direction.

disparity mapDx . It's assumed that the disparity along the other direction is suf�ciently

small so the algorithm can still lock onto the desired disparity.

2. The right image is pulled back and the algorithm is run withthe resulting image (hope-

fully already aligned along the epipolar direction) and theoriginal left image along the

direction orthogonal to the epipolar. This results in aDy disparity map.

3. The previous steps can be iterated (now usingD �
yR as a starting image). The �nalDx

andDy disparity maps are the output of the algorithm. Figure 3.3.5presents the results

obtained when using this technique on a submerged plane.

To estimate the interface it will also be necessary to match images where both disparities

assume high values. The previous algorithm will not work in these situations. Brute force

is applied in these cases, searching on a region of the right image something resembling a

given feature on the left. IfC(u; v; du; dv) denotes a cost measure (the symmetric of the zero

mean normalized cross correlation for example) of matchinga window of a given size on the

left image centered at(u; v) with a window of the same size on the right image centered at

(u+ du; v+ dv), the disparity maps without any smoothness constraints areobtained by solving

(du� ; dv� )uv = arg max
(du;dv)

C(u; v; du; dv; n)

s:t: du 2 I u

dv 2 I v

(3.3.2)

whereI u e I v are the sets of admissible values fordu e dv respectively. For an image of
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Figure 3.3.6: Disparity maps obtained with exhaustive search applied to a water bubble with

1dm of thickness in the middle. The bubble is on a plane at a distance of about2:8m from the

cameras. The disparity map along the principal direction isshown, on the right the map along

the other direction.

dimensionM xN , MN distinct optimization problems need to be solved, each withcomplex-

ity proportional in both the number of admissible values inI u and in I v. To aid the search

multi-resolution techniques are implemented, starting with scaled versions of the images and

propagating the results (and possible errors) through the scale pyramid up to the actual sized

images.

An example of the results obtained is provided in �gure 3.3.6.

3.4 Reconstruction

Once a disparity map has been obtained, it is a description ofthe scenery on theD chart. All

that needs to be done is to convert it to a more suitable coordinate chart, such asW. The easiest

way to accomplish this is through the projective transformation described by equation 2.5.1.

This step will also need a correction when in the presence of an interface, but this discussion

will be omitted in this chapter.
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Chapter 4

Submerged Scenery Reconstruction

This chapter focuses on the reconstruction of submerged scenes (in the presence of an inter-

face between the sensor and the scenery) using stereo image pairs. In these conditions, the

non-linearity characterized by Snell's law distorts the acquired images breaking the geomet-

ric constraints usually exploited for reconstruction. In particular, the epipolar constraint is no

longer valid, greatly hampering the feasibility of featurematching. The objective will be to

study the nature of the distortion and reduce it (it is not possible to remove it completely) so

that normal stereo matching algorithms can be used under certain conditions. It is assumed that

the interface is planar (in a static con�guration) and its location is known on a cartesian chart.

4.1 Snell's Law

Let v̂ 1;v̂ 2 2 T p E3 be two vectors (incident and refracted) with unit norm at a point p 2 E3

on the interface and let̂u 2 T p E3 be a unit norm vector at the same point, orthogonal to the

interface's surface (�gure 4.1.1 illustrates these). Snell's law [16] [17] [18] relates these three

vectors through the equation

k1(v̂ 1 � û ) = k2(v̂ 2 � û )

u

v̂ 2

v̂ 1

p

Figure 4.1.1: Snell law in 3 dimensions.
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wherek1; k2 2 R are each media's refractive index. Note that the cross product is an intrinsic

operation so it does not matter on which coordinate chart it is performed (as long as it is

correctly described in it). For the equation to be valid,û does not necessarily have to have

unit norm and the norms of̂v 1 andv̂ 2 only have to be equal, not necessarily 1. So the former

can be relaxed and written as the system

(k1v1 � k2v2) � u = 0

kv1k = kv2k

The �rst equation clearly states thatk1v1 � k2v2 has to be collinear withu, so there'll be a


 2 R such that:

k1v1 � k2v2 = 
 u

Since the interface is assumed to be planar and known, there is a cartesian chartW where
W u = (0 ; 0; 1). In this chart the following holds:

W vx
2 =

k1

k2

W vx
1 (4.1.1)

W vy
2 =

k1

k2

W vy
1 (4.1.2)

Sincekv1k = kv2k, it follows that

W vz
2 =

vu
u
t

 

1 �
�

k1

k2

� 2
!

�
(W vx

1 )2 + ( W vy
1)2

�
+ ( W vz

1)2 (4.1.3)

Henceforthk1=k2 will be denoted ask.

4.2 First Order Approximation

Due to the complexity of the former expression, the exact result is approximated by its expan-

sion in Taylor series, of which only the terms up to �rst orderare retained. So the approximation

around a pointa is given by the expression

f (p) � f (a) + df (a) � (p � a); 8f : RN ! R analytic

wheredf (a) is the linear application described by the Jacobian off (written in a coordinate

chart) at the pointa. The obvious choice is to linearize around the vertical direction, so this is
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Figure 4.2.1: Comparison between the refracted angle when using a �rst order approximation

and the angle given by Snell's law. The interface consideredis air/water, with refraction index

k = 1=1:33. All scales are in meters.

what will be done. LinearizingW vz
2 around the vectorW va = (0 ; 0; � 1). Thus, dropping the

chart notation in favor of easier reading (all coordinate operations refer to theW chart):

dvz
2(v)jv = v a

=

2

6
6
6
6
6
6
6
4

(k2 � 1)vx
q

(1� k2)((vx )2+( vy )2)+( vz )2

(k2 � 1)vy
q

(1� k2)((vx )2+( vy )2)+( vz )2

� vz
q

(1� k2)((vx )2+( vy )2)+( vz )2

3

7
7
7
7
7
7
7
5

�
�
�
�
�
�
�
�
�
�
�
�
�

T

v = v a

=
h

0 0 1
i

So the �rst order Taylor series approximation is

vz
2(v) � vz

2(va) + df (va) � (v � va)

= � 1 +
h

0 0 1
i

�

0

B
B
@

2

6
6
4

vx

vy

vz

3

7
7
5 �

2

6
6
4

0

0

� 1

3

7
7
5

1

C
C
A = vz

This results in

v2 �

2

6
6
4

kvx
1

kvy
1

vz
1

3

7
7
5 =

2

6
6
4

k 0 0

0 k 0

0 0 1

3

7
7
5 � v1

The approximation error is presented in �gure 4.2.1. It is seen to be less than half a degree

for incidence angles up to 20 degrees. In practice, for stereo reconstruction, this approximation

works well for incidence angles of up to about 15 degrees.
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p2

p1

Altered projection center

Original projection center

p3

Projection Plane

Figure 4.2.2: This illustrates the interpretation of the �rst order approximation of Snell's law.

The path of various light beams are drawn and bended by the interface. If the bended light rays

are extendend back to the original media, they all converge at a point allowing for a virtual

camera to be placed at that location.

4.2.1 Geometric Interpretation

Let's assume an orthonormal chartW calibrated so that the interface plane satis�es the equation

z = 0. All computations here are done in theW chart, but to simplify notation the chart will be

dropped from the notation. There's a camera observing the scenery with projection center at a

pointp1 2 E3.

Following a beam of light that leavesp1 in a given directionv1, it will hit the interface at

p2, which inW coordinates may be written as

p2 = p1 �
pz

1

vz
1
v1

Accordingly to the approximation mentioned previously, there the beam of light shall be re-

fracted and change its direction tov2 = ( kvx
1 ; kvy

1; vz
1), departing fromp2. Intersecting this

straight line with the straight linel = f (x; y; z) 2 R3 : x = px
1, y = py

1g

p2 + tv2 = ( px
1; py

1; �)

() t =
pz

1

vz
1k

a new pointp3 is obtained:

p3 = p2 +
pz

1

vz
1k

v2 = ( px
1; py

1;
pz

1

k
) (4.2.1)
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Figure 4.2.3: First order approximation of Snell's law around an angle perpendicular to an

interface (on the left) placed atz = 0m and around an angle of�= 4 (on the right). Below a

linearization around an angle close to�= 2. The camera was placed at1m above the interface.

This shows thatp3 is independent of the initial directionv1 and is illustrated in �gure 4.2.2.

It means that the interface's distortion can be compensatedconsidering a virtual projection

center atp3 (as long as the �rst order Taylor approximation is considered valid). The camera's

orientation does not need to be altered, although it normally is in the image recti�cation step

when considering stereo pairs of images so as to make the epipolar lines horizontal.

Note that the �rst order approximation was done around an angle perpendicular to the in-

terface. Figure 4.2.3 illustrates that although this allows to think of a virtual projective camera

with a different projection center, the same is not possiblewhen linearizing around other angles.

There is a notable exception that occurs when linearizing around an angle of�= 2. In this case

it is possible to think not of a projective virtual camera as before, but as an orthographic virtual

camera. Unfortunatly, due to physical phenomena of refractive atenuation and the increase of

re�ection when the incidence angle is high, this solution has no practical interest.
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4.2.2 Correction Homography

Since the refracted rays and the approximated rays coincideat the interface plane, image cor-

rection consists in projecting the image points onto the interface plane, calculating the new

camera parameters and re-projecting on the desired virtualcamera. Suppose a point�p 0 2 P3

is to be projected on a plane�k using�p 1 2 P3 as a projection center. Consider the straight line

through these two points

r = f �p 0 + � �p 1 : � 2 Rg

and its intersection with the plane�k 2 P3 by �nding � � that satis�es:

�kT (�p 0 + � � �p 1) = 0

, � � = �
�kT �p 0

�kT �p 1

The projected point�p 2 2 P3 will then be

�p 2 � �p 0 �
�kT �p 0

�kT �p 1
�p 1

Since�kT �p 1 6= 0 (the projection center does not belong to the plane), multiply the former by

this value using the equivalence relation, resulting in

�p 2 � (�kT �p 1)�p 0 � �p 1(�kT �p 0)

�p 2 �
� �kT �p 1I � �p 1

�kT
�

| {z }
M (�p 1 ;�k )

�p 0

whereI denotes the identity matrix andM (�p 1; �k) is the projection matrix parameterized by

the projection center and the projection plane. In particular, if the planez = 0 is considered

(�k = [0 : 0 : 1 : 0]), the matrix takes the form

�p 2 �

2

6
6
6
6
4

pz
1 0 � px

1 0

0 pz
1 � py

1 0

0 0 0 0

0 0 � 1 pz
1

3

7
7
7
7
5

| {z }
M k ( �p 1 )

�p 0 (4.2.2)

So it is possible to correct the images (described in thep chart) by applying the homography

characterized by

H = �P �C0

W E M (�p 1; �k) �W
C E �P y (4.2.3)
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Figure 4.3.1: Illustration of the reconstruction error using Snell correction. Note that the exact

trajectory followed by a light beam under the interface is alongv3 and not alongv1.

where �P and �P are the projection and pseudo-inverse homography of the camera as described

in section 2.4. �W
C E is the homography de�ning the camera to world coordinate change and

�C0

W E is the world to virtual camera transformation described in section 4.2.1, in particular by

equation 4.2.1.

In short, it is shown that for small angles Snell's law is equivalent to considering a virtual

camera with a different projection center.

4.3 Reconstruction

After the previous correction is applied to the images, equations 4.1.2-4.1.3 are no longer valid

in describing Snell's law in these images, making them unsuitable in the triangulation step of a

reconstruction algorithm. These equations will now be corrected so they are valid for images

previously transformed by the above procedure. As �gure 4.3.1 shows, it is necessary for each

pixel in each image to calculate the pair(p3; v3) 2 E3 � T p3 E3 from (p1; v1) 2 E3 � T p1 E3

since these are what de�ne the light rays' real trajectory after hitting the interface.

Once again consider a cartesian chart with the interface atz = 0. De�ning parametrically

the straight line throughp1 with directionv1 and �nding its intersection with the planez = 0:

p3 =
�

px
1 �

pz
1

vz
1
vx

1 ; py
1 �

pz
1

vz
1
vy

1; 0
�

(4.3.1)

Snell's correction translated the projection center of thecamera according to 4.2.1, so:

p2 = ( px
1; py

1; kpz
1)
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which results in

v2 = p3 � p2 =
�

�
pz

1

vz
1
vx

1 ; �
pz

1

vz
1
vy

1; � kpz
1

�

Now, equations 4.1.2-4.1.3 are again valid. Noting that

a = sgn(a) � jaj = sgn(a)
p

a2

it follows then

v3 /

 

vx
1 ; vy

1; �

r
1 � k2

k2

�
(vx

1 )2 + ( vy
1)2

�
+ ( vz

1)2

!

(4.3.2)

4.4 Summary of the proposed algorithm

The algorithm is applied in two steps, altering the usual stereo reconstruction process:

� Image Correction - This step consists of applying the homography 4.2.3 to eachim-

age while performing image recti�cation as indicated in section 3.2. Thus the complete

recti�cation process becomes:

1. Each pixel commonly described in the image chart (i1) is �rst described in the nat-

ural projection chart throughpi1 E.

2. Once on this plane it is possible to compensate non-lineardistortions introduced

by the camera acquisition hardware. This distortion is usually radial in nature,

characterized through the even powers of a polynomial inr =
q

(pp1)2 + ( pp2)2,

but tangential distortion is also correctable.

3. Apply Snell homographyH given by equation 4.2.3.

4. If an extrinsic correction is necessary (a change in the desired projection plane with

the projection center �xed) it is possible to do so at this point.

5. It is then possible to choose desired intrinsic parameters for the new virtual camera

and change back to an image chart usingi2
p E. These new extrinsic parameters are

usually chosen so as to minimize information loss containedin the image.

Steps 3 and 4 are illustrated in �gure 4.4.1.

� Reconstruction - Once matching has been performed, the actual reconstruction is ob-

tained using equations 4.3.1 and 4.3.2 to de�ne each line used in triangulating the recon-

structed point.
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Figure 4.4.1: Extrinsic Snell correction step and camera alignment. The �rst step is to project

on a new virtual camera with altered projection center, the second step (used in conventional

stereo) is to align both camera's projection plane so epipolar lines are horizontal.

Since conversion from disparity space to a cartesian chart is (for scenes not submerged)

a projective transformation, it is possible to describe a given plane in projective space. It is

known that an hiper-plane�s 2 P3 divides the Euclidean space in two regions (denoted+ and

� ) and that two points�p 1; �p 2 2 P3 belong to the same region if the sign of�s T �p 1 agrees with

the sign of�s T �p 2. Please note that both�s and� �s denote the same plane so there is no natural

convention for the sign of either region. It is only being possible to check if two points fall on

the same region. This is enough for the purpose at hand since it is possible to compare points

to a pre-de�ned submerged point.

In the calibrated chart, the water plane is atz = 0, described in projective coordinates as
�k = [0 : 0 : 1 : 0]. This plane can be taken to the camera's local chart using thehomography

resulting from the change of coordinatesL
W E and then to disparity space throughD

L E. It can

then be used to identify which pixels show submerged scene elements. This is important since

if Snell's correction has been applied an image is only validfor pixels corresponding to sub-

merged features, or, if Snell's correction has not been applied, for pixels not corresponding to

submerged features.

If an underwater reconstruction is pretended, the interpretation ofD as a chart is only ap-

proximate, the exact result obtained using 4.3.1 and 4.3.2 to each matched pixel, followed by

an intersection of the two straight lines as described in appendix B. Note though that for points

directly on the interface the approximation is exact (Snell's correction maps the interface plane

on itself) and the distortion is continuous so the previous paragraph's discussion still applies.
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Figure 4.5.1: Reconstruction visualization.
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Figure 4.5.2: Extrinsic parameter visualization of the stereo system for the synthetic images.

The parameters used are those considered typical. The tableindicates the camera position with

respect to the world referential, calibrated to be centeredat the top left corner of the observed

grid.

4.5 Results

To help visualizing the reconstructed environment, a C application using OpenGL (with a mat-

lab interface) was developed, allowing for smooth navigation in the environment using the

mouse and keyboard. Figure 4.5.1 presents a screenshot of the running application.

To test the viability of Snell correction a few synthetic images of a submerged plane parallel

to the interface at various depths were rendered. The cameras were positioned at 1.3m above the

interface with a baseline of about0:3m (see �gure 4.5.2). Although it is not important which

matching algorithm is used, in the experiments described next, Sun's matching algorithm [13]

is used.

Once a disparity map has been obtained it is already a coordinate representation for the
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observed scene in what was called theD chart. Unfortunately as seen above this chart is not

valid for images observing submerged scenes. Let's assume that Snell correction completely

eliminates the distortion introduced by the interface (assume that the �rst order simpli�cation

is exact). This condition implies that the disparity map is aprojective reconstruction of the

scenery. The reconstructions shown in �gure 4.5.3 use this assumption. As expected, the error

increases with the depth at which the plane is positioned andwith the angle at which the light

rays hit the interface. Particularly notice the top cornerswhere a lot of noise is present due to

correction errors at a high incidence angle (about 25 degrees for the top right corner of the left

camera image). Discarding these zones where the matching algorithm clearly fails and looking

at the plane at a depth of 1.5m, errors of about 25cm are seen near the bottom corners of the

image (incidence angle of around 15 degrees on the left camera image). Given the position

of the plane with respect to the interface and the cameras, this results in a relative error of

about1 10%. These results are shown to emphasize that although Snell correction helps the

matching process, it is not enough to consider the disparityspace a projective reconstruction

of the scenery. When converting from disparity to world coordinates, it is necessary to use line

intersection as described in section 4.3 and appendix B.

Using the same disparity maps, a better reconstruction can be obtained if equations 4.3.1 and

4.3.2 are used as described in that section. The results obtained are shown in �gure 4.5.4). Each

reconstructed point is now obtained through the intersection of two refracted rays. Although

the existence of noise is still evident on the top corners (since this is a matching problem, not a

reconstruction problem), the error on the overall image fell drastically to a worst case of about

3cm at a depth of 1.5m. This results in a relative error of about 1%. It is worthy to note that

this is also the expected error due to quantization of the disparity maps for the given distance.

The best results though are obtained when disparity is takenin both dimensions. The results

are shown in �gure 4.5.5. The iterative algorithm describedin section 3.3.3 converged correctly

on these images and as the reconstruction shows the noise on the top corners is no longer

present. On the whole image there are no errors with magnitude greater than the 3cm expected

due to quantization.

Another experiment with camera parameters adequate for underwater reconsctruction (such

that the matching algorithm does not fail) was performed. The setup is illustrated in �gure

4.5.6 and the results are shown in �gure 4.5.7. Note that if Snell correction is not applied, the

plane is reconstructed in the wrong place (at a depth of about0:35m. When Snell correction is

applied to the exact same images, the plane is again reconstructed at the correct depth.

The reconstruction algorithm was also applied to real worldscenery. Figures 4.5.8 and 4.5.9

1Relative error in this context is the reconstruction error over the distance of the plane to the left camera.
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Figure 4.5.3: Reconstruction error (in meters) for each image pixel using only Snell correction,

assuming it is a projective reconstruction of the observed scenery. The observed scene is a

plane at the indicated depth.
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Figure 4.5.4: Reconstruction error (in meters) for each pixel in the image using Snell correction

and the conversion of disparity to world coordinates described by equations 4.3.1 and 4.3.2. The

reconstructed scene is a plane at the indicated depth.
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Figure 4.5.5: Reconstruction error (in meters) for each pixel in the image using 2D matching

and the conversion of disparity to world coordinates described by equations 4.3.1 and 4.3.2.

The reconstructed scene is a plane at the indicated depth.

(0; 0; 1)

(0:1; 0; 1)

z = 0 z = � 0:5

Figure 4.5.6: Synthesised scenery observed by two cameras placed side by side at a height of

1m above the interface, looking in the� êz direction. The interface is in the planez = 0 and

the scenery is a textured plane placed atz = � 0:5m.
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Figure 4.5.7: Results of the reconstruction of a plane. Depth of a reconstructed plane placed

at z = � 0:5m (world coordinates) observed without the presence of an interface (top left)

and with the interface when no Snell correction is performed(top right). On the bottom the

reconstruction of the same images now with Snell correctionapplied.

Figure 4.5.8: 3D view and left image of a model breakwater partially submerged.
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Figure 4.5.9: 3D view and left image of another model breakwater partially submerged.

show two reconstructions of a real breakwater physical model. The �rst uses images taken

with video low resolution PAL cameras with a baseline slightly below 40cmand about1:2m

above the water. The second uses images taken with a beam splitter mounted on a 6 megapixel

still camera. The baseline is about5cm at 1:2m above the interface. Notice in both recon-

structions the discontinuity near the top where the underwater and overwater reconstructions

are fused. Unlike the synthetic images these are not so feature rich (for example dark shadows

appear between rocks), resulting in some matching errors. Better results should be possible

with algorithms that deal with occlusions and lack of rich texture.
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Chapter 5

Interface Estimation

This chapter's intention is to describe an algorithm for estimating the shape of an interface

between two media when observed by a pair of calibrated cameras. It is assumed that, when

written on a chart, the interface is a function of two coordinates (for examplez = f (x; y)),

imposing some restrictions on its shape. This is not too restrictive though, for most water

surfaces obey this restriction unless in the presence of heavy undulation (although it is by no

means restricted to water surfaces).

Each image's reconstruction is also assumed to be known, in other words that for each point

q 2 E2 on each image it is known whichp 2 E3 originated it. How to obtain these corre-

spondences is beyond the scope of this chapter, although a few possibilities were mentioned in

chapter 3.

The �nal algorithm assumes a form similar to the ones used fordense stereo matching using

dynamic programming, with only the cost function adapted tothis speci�c problem.

5.1 Problem Formulation

Figure 5.1.1 illustrates the problem at hand. When using a single camera, there is no way to

obtain the parameters which de�ne the interface even if the correspondence of points on the

camera with points on the scenery is available as described above. The problem is that there is

still an unde�ned degree of freedom where the interface can accommodate itself by changing

its position and orientation accordingly as described next.

Consider once again (as in section 4.1) thatû 2 T p E3 denotes the unit vector normal to the

interface at a given pointp 2 E3 andv̂ 1;v̂ 2 2 T p E3 the incident and refracted unit vectors

(respectively). As seen, these entities are related through the equation

k1(v̂ 1 � û ) = k2(v̂ 2 � û )
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Possible media interface
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p1

p2

v1

Possiblev2

Figure 5.1.1: Graphical representation of the possible media transition points. As illustrated,

each of these will have a different tangent plane consistentwith the observed data.

Note that the properties of the cross product allow for the equation to remain valid if̂u loses

its unit norm attribute so this imposition is relaxed. The same does not hold true for̂v 1 andv̂ 2

which have to have equal norm (unit norm is chosen). Rewriting the equation:

(k1v̂ 1 � k2v̂ 2) � u = 0

This equation states thatu must be collinear withk1v̂ 1 � k2v̂ 2. Sinceu's norm is not important,

the previous system is under-speci�ed, the solution being given apart from a scale factor. One

possible solution is then

u = k1v̂ 1 � k2v̂ 2 (5.1.1)

Note that althoughv1 is �xed when choosing a given point on the image, (and its correspon-

dence onE3), the same does not happen forv2 since it depends on the actual location of the

interface so it is not possible to solve foru. This is illustrated in �gure 5.1.1.

The problem can be solved though if another image observing the scenery from a different

(calibrated) viewpoint is available. Assuming the interface passes through a certain point, the

orientation that the interface has to have to be consistent with the �rst image is calculated,

followed by the orientation consistent with the second image. This results in an error measure

measuring the difference in orientation.

Lets assume then that the interface passes through the pointp i . Since it is assumed that the

correspondence to world points is known,p2 2 E3 andq2 2 E3 (see �gure 5.1.2) are known.

From the �rst imagev1 andv2 are completely characterized:

v1 = p i � p1

v2 = p2 � p i
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Figure 5.1.2: Interface estimation algorithm representation.

which results in a possible orientation for the interface atp i given by equation 5.1.1:

u1 = k1v̂ 1 � k2v̂ 2

repeating the same for the second image's information, a second possible orientation for the

interfaceu2 is obtained.

By de�nition, the angle of these two vectors is given by

cos(� ) =
hu1; u2i

ku1k ku2k

And this is the value used as a cost function

C(p i ) =
hu1; u2i

ku1k ku2k

If no other restrictions (such as smoothness) are intended,the best candidate for the interface

to pass through on a set of pointsS is given by

p � = argmin
p2 S

C(p)

Please note that even in the absence of mismatches this optimization problem is very sensi-

tive due to quantization noise in the disparity maps necessary for the application of the algo-

rithm. Figure 5.1.3 illustrates this problem, where the sensitivity of the algorithm is obvious

since there is not a clearly de�ned minimum, but rather a noisy valley. As described later,

smoothing the input disparity maps can help reduce this problem if some smoothness assump-

tions of the observed scene and interface are imposed. The �gure shows an example with

previous smoothness of the disparity maps and two without (one of a synthetic scene, the other

of a real scene).

Since the surfaces considered are surely to be smooth, it makes sense to include this cost

function on a dynamic programming algorithm of the same typeas those widely used in stereo

reconstruction.
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Figure 5.1.3: Interface estimation error function along thez coordinate when thex andy coor-

dinates in the world referential are �xed. Top left: no disparity map smoothing in a computer

generated scene; Top right: with disparity map smoothing ina computer generated scene; Bot-

tom: No disparity map smoothing for real breakwater model images.

46



Camera observing the interface

Camera directly observing the scenery

Figure 5.2.1: Two sets of stereo pairs are are obtained, one where it is possible to reconstruct

the scenery (taken without an interface, or with the interface in a planar con�guration), the

other one observing the interface to be estimated. A dense matching algorithm is applied to

each image of the �rst pair with the corresponding image of the second pair. Since the �rst pair

can be reconstructed, it is possible to follow the disparitymaps to obtain the reconstruction of

the second pair.

5.2 Implementation Considerations

Since what is usually needed is to obtain a dense reconstruction of the interface for all points

on a camera, it makes sense to build the cost function on the referential D. In a dynamic

programming setting, the cost volumeC(i; j; k ) is built by evaluating the cost function above

at the pointD p = ( i; j; k ) and then extracting the surfaceS(i; j ) such that

c =
X

i;j

C(i; j; S (i; j ))

is minimum. The surfaceS must obey some smoothness constraints, which �t nicely in the

dynamic programming setting. As an example, Sun's algorithm can once again be used.

The presented algorithm requires that an image's reconstruction be known apriori. This can

be accomplished by previously observing the scenery with the interface in a planar con�gura-

tion and applying the reconstruction algorithm as described in chapter 4. When an interface

estimation is needed, newly acquired images are �rst matched to the previously taken ones of

which the reconstruction information is already known. Notice that both the newly acquired left

and right images need to be matched to the previously taken stereo pair. These stereo matches

are not trivial to obtain since there are no constraints limiting the search space. If the distortion

of the interface with respect to its planar con�guration is small, it is possible to search a given

feature in a restricted rectangle centered at its nominal position on the other image. Figure 5.2.1

illustrates this description.
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Figure 5.3.1: Synthetic image used for interface estimation. The scene is a textured plane at a

distance of about1:5m from the cameras, with a water bubble with a1dm width at the center.

Left: image observed by the left camera (the water bubble is seen in a bluish shade); Right:

orthographic map of the bubble height (in meters).
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Figure 5.3.2: Obtained results using low pass �ltering of the input disparity map. Left: no

smoothing applied; Right: Low pass �ltering of input data. Depths are in meters.

5.3 Results

The results obtained are shown for two different images. The�rst is a synthetic, computer

generated, image of a richly textured plane on which a “drop”of water was placed. This image

is usefull for error measurement and is shown in �gure 5.3.1.The second image is a real world

image with the interface in a planar con�guration so that error can also be measured (since its

position can be calibrated using a calibration rig).

Unfortunately reconstruction errors (including quantization errors) present in the reconstruc-

tions given to the interface estimation algorithm introduce too much noise for it to be usefull

(the �rst image in �gure 5.3.2 shows this clearly). For the purposes described, it is safe to as-

sume that the interface has a very smooth variation allowingfor low pass �ltering of the input
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Figure 5.3.3: Global interface estimation error. Left: Interface estimation using low pass �lter-

ing; Right: corresponding error images of the estimation algorithm. Depths are in meters.

data. Figure 5.3.2 shows the obtained results after applying several low pass �lters with differ-

ent bandwidth. Please note that it is the input data that is smoothed and not the results given

by the algorithm, emphasizing that the problem is highly dependent on the quality of its input

disparity maps. Since the observed scene to be reconstructed is a plane, it is also possible to

apply a linear regression to its reconstruction prior to theapplication of the algorithm.

Figure 5.3.3 shows the reconstruction error for each estimated point. As shown, the error is

not greater than about1:5cm in almost the whole image, except as should be evident the places

where the bubble touches the plane since these zones do not obey the smoothness criterion

necessary to justify the application of the lowpass �lter.

Instead of smoothing by a low pass �lter, it is also possible to apply a higher order polyno-

mial regression. The results are shown in �gure 5.3.4 (see appendix A for the theory behind

polynomial regressions). Unfortunately they show that this particular interface con�guration

does not �t well with a global polynomial regression.

If the underwater observed scene is not planar, the disparity maps cannot be smoothed.

Figure 5.3.5 shows an estimation of a planar interface atz = 0 when observing real images

taken of a partially submerged model breakwater without anykind of smoothness to the input

disparity maps. A median �lter is applied to the results obtained in the hopes of canceling the

noise present in the images. Note that the scenery is only partially submerged so at the top of

the image were there is no interface, it is “seen” as being glued to the breakwater model itself.
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Figure 5.3.4: Obtained results using polynomial regression of the input disparity map. Top

Left: no regression; Top right: 4th order bivariate polynomial approximation; Bottom left:

6th order bivariate polynomial approximation; Bottom right: 9th order bivariate polynomial

approximation. Depths are in meters.
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Figure 5.3.5: Interface estimation with images of a real breakwater model. Top images show

the left image without and with the interface. The rest otherimages illustrate the results of the

estimation of this interface. Due to the high noise present in the estimation, median �lters of

varying width are applied as indicated. Depths are in meters.

51



52



Chapter 6

Conclusion

Stereo reconstructions of submerged scenes present a few additional, hard to solve, dif�culties

when compared to standard stereo in the absence of an interface. These dif�culties arise from

the refraction effect which bends light rays that pass through it, breaking epipolar geometry and

introducing a magni�cation effect on the observed image when the interface assumes a planar

shape. If the interface is allowed to assume other shapes, the distortion introduced can vary

greatly.

The described method, although not completely solving the problem, allows the use of stan-

dard stereo algorithms when the interface assumes a planar shape as long as the incidence

angle is constrained to a cone of about� 15degrees. The method consists of a preliminary im-

age correction applied directly to each image due to an extrinsic parameter correction, turning

the epipolar restriction “almost valid”. This step is easilly inserted in the image recti�cation

step commonly used to make epipolar lines horizontal. Afterthe matching process is complete,

the actual image reconstruction needs a slight, exact and closed form adjustment as well.

Experience shows that if only single dimension matching is used, the quality of the recon-

struction begins to degrade after incidence angles greaterthan about 15 degrees for a conven-

tional stereo setup due to epipolar geometry failure. If twodimentional matching is to be used,

this angle is only limited by the computational resources available.

An interface estimation algorithm that allows for the obtention of its surface from stereo

image pairs was also described. It is very similar to a conventional dynamic programming

stereo algorithm, where only the cost function needs to be adapted. Unfortunatelly it is sensitive

to noise (discretization noise or matching failures) so it works best when the shape of the

submerged scenery allows for a regression to be performed. The ideal observed scenery is a

richly textured submerged plane. If all goes well, the reconstruction errors expected are of the

same order as those of a standard stereo reconstruction withthe same resolution and distance.
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Appendix A

Polynomial Regression

It is possible to apply a polynomial regression to a set of data points with the intent of smoothing

(and interpolating) the set. SupposePmn (X; Y ) 2 P mn is the element of ordermn of a base

for the bivariate polynomials1. It is then possible to describe any polynomial of lower order as

a linear combination of this basis:

P(X; Y ) =
NX

i;j =0

aij Pij (X; Y )

whereN is the maximum order pretended for both variables of the polynomial.

Supposing that what is wished is to minimize the square errorof the regression, the cost

function for a point might be

e2
l = ( P(X l ; Yl ) � Z l )

2 =

 
NX

i;j =0

aij Pij (X; Y ) � Z l

! 2

where(X l ; Yl ; Z l ) is thel 'th sample of a total ofK samples to which the regression is to be

applied. This resulting in a global error given by

E =
KX

l=1

e2
l =

KX

l=1

 
NX

i;j =0

aij Pij (X l ; Yl ) � Z l

! 2

Since the function to be minimized is a positive de�nite quadratic with no restrictions, the

necessary and suf�cient optimality condition is

@E
@aij

= 0

1Bivariate polynomials have two independent variables. Thus the �rst index corresponds to the maximum

order of the �rst variable (X ) and the second index the maximum order of the second variable (Y).
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So

@E
@amn

= 2
KX

l=1

 
NX

i;j =0

aij Pij (X l ; Yl ) � Z l

!

Pmn (X l ; Yl ) = 0

,
NX

i;j =0

aij

KX

l=1

Pij (X l ; Yl )Pmn (X l ; Yl ) =
KX

l=1

Z lPmn (X l ; Yl )

Resulting in a system ofN 2 linear equations withN 2 variables. It can be re-written in matrix

form where to abbreviate the notation(�) �
P K

l=1 (�) andPij � Pij (X l ; Yl ) is used:

2

6
6
6
6
6
6
6
4

(P2
00) (P10P00) (P01P00) : : : (PNN P00)

(P00P10) (P2
10) (P01P10) : : : (PNN P10)

(P00P01) (P10P01) (P2
01) : : : (PNN P01)

...
...

...
...

...

(P00PNN ) (P10PNN ) (P01PNN ) : : : (P2
NN )

3

7
7
7
7
7
7
7
5

| {z }
A

2

6
6
6
6
6
6
6
4

a00

a10

a01
...

aNN

3

7
7
7
7
7
7
7
5

| {z }
x

=

2

6
6
6
6
6
6
6
4

(Z lP00)

(Z lP10)

(Z lP01)
...

(Z lPNN )

3

7
7
7
7
7
7
7
5

| {z }
b

The solution seeked is then obtained as the solution of the systemx = A � 1b. Note though

that this system is usually numerically very ill conditioned if the standard polynomial base

(Pij (X; Y ) = X i Y j ) is used. The problem is due to the high powers involved, making the last

line usually take values much greater (for data spread in an area not close enough to the origin)

than the �rst.

In order to help solve the problem an orthogonal polynomial base is chosen (see [19]), in an

interval from -1 to 1. In particular Legendre polynomials are chosen as described next. So

Z 1

� 1

Z 1

� 1
Pij Pmn dXdY = cij � im � jn 8i; j; m; n 2 [0::N ] (A.1)

wherecij are non zero constants and� ij is the Kronecker delta function2. If cij = 1 8i; j 2

[0::N ] the base is said to be orthonormal. Note that if the data are uniformly distributed in the

interval (as is of interest to the problem in this work), matrix A will be almost diagonal and as

such, non-singular.

Note that a single variable polynomial base can be used to build the bivariate polynomial

base asPij (X; Y ) = Pi (X )Pj (Y). It is easy to check that this construction results in orthonor-

mal polynomials:

2� ij = 1 if i = j and 0 otherwise.
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Z 1

� 1

Z 1

� 1
Pij (X; Y )Pmn (X; Y )dXdY =

Z 1

� 1

Z 1

� 1
Pi (X )Pj (Y )Pm (X )Pn(Y )dXdY

=
Z 1

� 1
Pi (X )Pm (X )

Z 1

� 1
Pj (Y)Pn (Y)dY dX

= cj � jn

Z 1

� 1
Pi (X )Pm (X )dX

= ci cj � im � jn

Otherwise, the basis consisting of single or bivariate orthonormal polynomials can be con-

structed through the Gram-Schmidt orthonormalization procedure applied to the previously

denoted “conventional” basis. Next the basis used for single variable polynomials is presented.

It is commonly known as the Legendre basis and is the result obtained by the Gram-Schmidt

procedure:

P0 ( X ) = 1

P1 ( X ) = X

P2 ( X ) =
1

2
(3 X 2 � 1))

P3 ( X ) =
1

2
(5 X 3 � 3X )

P4 ( X ) =
1

8
(35 X 4 � 30X 2 + 3)

P5 ( X ) =
1

8
(63 X 5 � 70X 3 + 15 X )

P6 ( X ) =
1

16
(231 X 6 � 315 X 4 + 105 X 2 � 5)

P7 ( X ) =
1

16
(429 X 7 � 693 X 5 + 315 X 3 � 35X )

P8 ( X ) =
1

128
(6435 X 8 � 12012 X 6 + 6930 X 4 � 1260 X 2 + 35)

P9 ( X ) =
1

128
(12155 X 9 � 25740 X 7 + 18018 X 5 � 4620 X 3 + 315 X )

Note though that the basis is orthonormal only in the interval X 2 [� 1::1] thus it requires a

pre-scaling of the data to this interval.

An additional property of the use of orthogonal polynomialsover uniformly distributed data

points in the interval[� 1::1] � [� 1::1] is that the solution for the regression of a certain order

includes all the information for lesser order regressions.In particular, if

h
a00 a01 a10 : : : ann

i T

Is the solution for a regression of ordernn,
h

a00 a01 a10 : : : all

i T

will be the solution for the regression of orderl, wherel < n .
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Appendix B

Intersection of Two Straight Lines

Consider the problem of �nding the intersection of two straight lines inRn , with the possibility

that parameter noise exists so that the lines “almost” intersect. It is then necessary to �nd the

midpoint of the shortest line segment connecting two pointson the two lines. Parameterizing

each line as

r (t) = p + tv

wherep 2 Rn andv 2 T p Rn . The cost function that needs to be minimized to �ndt1 andt2

(characterizing the closest points on the two lines) is thus

E = kr 1(t1) � r 2(t2)k =
nX

l=1

�
pl

1 + t1vl
1 � pl

2 � t2vl
2

� 2

The necessary, and in this case suf�cient, optimality condition is thus

@E
@ti

/
nX

l=1

vl
i

�
pl

1 + t1vl
1 � pl

2 � t2vl
2

�
= 0 i = 1; 2

This equation can be geometrically interpreted as an orthogonality condition of the searched

line segment connecting the two straight lines. It has to be orthogonal to each. The linear

equation can be described as a matrix using the usual dot producth�; �i :
"

hv1; v1i �h v2; v1i

hv1; v2i �h v2; v2i

# "
t1

t2

#

=

"
hv1; p2 � p1i

hv2; p2 � p1i

#

After solving the given system (it is well de�ned unless the vectors are parallel), the solution

seeked is given by the mid point of the line segment

q =
1
2

(p1 + t1v1 + p2 + t2v2)

This pointq 2 Rn is the intersection of the two lines.

59



60



References

[1] http://kwon3d.com/theory/calib.html

[2] http://www.coachesinfo.com/category/swimming/158/

[3] G. Hough and D. Phelp.Digital Imaging Procesing Techniques for the Aerial Field

Monitoring of Harbour Breakwaters, 1998.

[4] Lee, J.Introduction to Smooth Manifolds, University of Washington, 2000.

[5] Boothby, W.An Introduction to Differentiable Manifolds and Riemannian Geome-

try, Academic Press, 1975.

[6] Carmo, M.Geometria Riemanniana, IMPA, 1988.

[7] Spivak, M.A Comprehensive Introduction to Differential Geometry, Volume I, Pub-

lish or Perish, Inc., 1979.

[8] Kanatani, K.Geometric Computation for Machine Vision, Oxford University Press,

1993.

[9] Pollefeys, M.Tuturial on 3D Modeling from Images, In conjuntion with ECCV

2000, Dublin, Ireland, Jun, 2000.

[10] Zhang, Z.Flexible Camera Calibration By Viewing a Plane From UnknownOrien-

tations, Microsoft Research, 1999.
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