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Abstract. Establishing correspondence between features of a set of im-
ages has been a long-standing issue amongst the computer vision commu-
nity. We propose a method that solves the multi-frame correspondence
problem by imposing a rank constraint on the observed scene, i.e. rigidity
is assumed. Since our algorithm is based solely on a geometrical (global)
criterion, it does not su®er from issues usually associated to local meth-
ods, such as the aperture problem.

We model feature matching by introducing the assignment tensor, which
allows simultaneous feature alignment for all images, thus providing a
coherent solution to the calibrated multi-frame correspondence prob lem
in a single step of linear complexity. Also, an iterative method is pr e-
sented that is able to cope with the non-calibrated case. Moreover, our
method is able to seamlessly reject a large number of outliers in evey
image, thus also handling occlusion in an integrated manner.

1 Introduction

The establishment of correspondence between image features extracted from
di®erent viewpoints of the same scene is an essential step to the the 3D re-
construction process. In fact, most reconstruction algorithms rely on previouky
established correspondences to determine 3D structure. Clear examples of this
are classical factorization algorithms such as [15] and more recent methds as
[6], [14] and [7]. A notable exception is presented in [3], where correspondences
are not explicitly extracted - maximum likelihood structure and motion are cal-
culated using an EM framework.

The dizculty of the correspondence problem is associated to its combina-
torial nature. Furthermore, matching in multiple frames presents an additional
dizculty to the traditional correspondence problem: coherence between every
pairwise correspondence has to be guaranteed. Several models have been pro-
posed in order to obtain a matching solution with an acceptable computational
cost. In [12] and [8], the n-frame correspondence problem is formulated as a
maximum-°ow problem and is solved through graph cut algorithms. Di®erent
approaches involving graphs have been presented in [13] and in [5].

A natural way to associate a cost function to the correspondence problem is to
exploit a constant characteristic of an important class of 3D scenes: rigiity. The



use of rigidity presents the advantage of leading to intrinsicallyglobal algorithms;
moreover, it naturally overcomes the aperture problem, since features are not
characterized by their speci ¢ local properties. This geometric constraint can
be translated into a rank constraint on the matrix containing the coordinates
of the extracted features (the measurement matrix). Actually, it can be shown
that when features in di®erent viewpoints are correctly aligned (and only then)
this matrix is highly rank-de cient - [9], [11]. Rank-de ciency for multi-frame
correspondence has also been exploited in [10].

A “rst approach to correspondence exploiting rigidity has been made in [9],
where the authors use a cost function based on the determinant of the mea-
surement matrix to match features in a pair of images. This approach, althouty
theoretically sound, has two main shortcomings: it is unable to handle the multi-
image case and the cost function is intrinsically non-linear, presenting a high
computational burden. In [11] the authors presented a new algorithm based on
an alternative cost function, which would detect rank-de ciency based on the
sum of the non-dominant singular values of the measurement matrix. This cost
function allows the rigidity constraint to be applied to a multi-frame system.
However, to obtain an acceptable computational complexity rank is imposed it-
eratively by matching each image individually with the remaining frames. Since
rank is a global constraint this is not a desirable formulation. Moreover, aclusion
cannot be modeled even within the iterative framework.

In this text, we propose a solution that generalizes the concept of assignment
matrix used in our previous work to establish correspondences between the fea-
tures in each of the frames. We introduce the assignment tensor that de nes all
correspondences in a single structure. With this formulation, linear complexity
is retained even when dealing with more than two images, while occlusion is
easily modeled.

2 Problem Formulation

We present in this paper a formulation that is capable of dealing with the multi-
frame correspondence problem in the factorization context. Our objective is to
align the observations in each image in a matriXV so that corresponding features
share the same column. Optimal alignment is achieved by exploiting the intrinst
rank-de ciency associated to a correctly matchedw .

Since our method relies solely on global geometric constraints of the scene,
we place no constraints on the feature points selected - in particular, they do
not have to contain signi cant texture in their vicinity. To emphasize this issue,
our matching candidates are extracted from generic contour points, i.e. in areas
prone to the aperture problem, and not from corners.

The method described herein assumes an orthographic camera, although it
is easily extendable to any generic atne camera. In fact, the only factor limiting
the camera model is the validity of the rank-dexciency condition on W.



2.1 The Assignment Tensor

Feature correspondence in a system containings viewpoints is uniquely de ned
by a 2D point in each of the viewpoints such that all 2D points in the setare the
projections of the same 3D feature. Bearing this in mind, it is straightforward to
represent each correspondence in an; -dimensional structure - the assignment
tensor. For the sake of simplicity, and without loss of generality, we will presei
these properties for the 3 image case. Extension to an arbitrary number of imges
is straightforward.

Suppose the three frames have;, p, and p; features, respectively. Each
dimension of the assignment tensor contains a number of entries equal to the
number of matching candidates (i.e. 2D features) in the associated frame: =
Lnpn,j =1 unpe, k=1;05ps. Tik =1i®the i, j™ and k™ features in the
“rst, second and third frames respectively are projections of the same 3D point
i.e., if they represent a correct match. Otherwise,Tyx = 0.

We represent the three-frame case as an example in Fig. 1 below.
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Fig. 1. The assignment tensor for the three-frame case. If feature i in the rs t image,
j in the second and k in third are a valid correspondence, then Tjk =1

Although the tensor establishes correspondence for all frames, the match
between any subset of images can also be easily determined by summing over the
dimensions not associated to the aforementioned images. In the 3-frame case, the
relation P, between features in framem and n can be easily obtained, as shown
below (note that in this special casePn, actually reduces to an assignment
matrix). As will become evident in the next sections, the fact that any pairwise
correspondence (represented by aassignment matrix) can be extracted from
the assignment tensor is of key importance to our algorithm, as is the facthat
the expression for each assignment matrix is linear in the elements &f. For the



three image case, all pairwise correspondences are represented by the assignment
matrices in Fig. 1:

P- P- P:
P = Tijk ; P13 = Tijk ; P2z = Tijk : (1)
k=1 j=1 i=1
To achieve a correct result, the assignment tensor must respect constraints

that are intrinsic to the correspondence problem, such as unicity - a certain
feature can be matched toat most one feature in another image. When matching
a pair of images, this constraint is formulated by demanding that the sum of the
rows/columns of the assignment matrix be less or equal to one. A similar set
of constraints applies to the assignment tensor. In this case, it is required thia
the sum over any dimension is less or equal to one. This forces each feature to
correspond to at most another feature in each of the remaining frames. For the
three image case, the restrictions apply in the following manner;

[

P2 Ps
8j;k Tijk -1, 8ijk Tijk -1, 8i;j Tijk -1 Tijk 2f0;1g: (2)
1 j=1 k=1

i= =
To avoid the trivial (and undesirable!) result of a null assignment tensor, a
minimum number p; of ones (i.e. matches) is forced on the tensor. This is done

through the following restriction:

R X2 s
Tik = B 3
i=1 j=1 k=1

The expressions for the three-frame case will be directly applied in the section
dedicated to experiments.

2.2 Feature Point Representation

Observations on each frame are represented as a set of image coordinates con-
taining the orthogonal projection of 3D feature points in the scene. Assuming
pr feature points, we represent theu and v image coordinates of a framef in
the u" and v vectors. We assume that each set gf; feature points is corrupted
by a certain number of outliers which will have to be rejected. The data corre-
sponding to framef is thus represented by 26 p; matrix w; containing the uf
and v vectors.

Measurements corresponding to several frames can be vertically stacked in
order to create a measurement matrixW; that incorporates the projection of
the feature points up to scenef . However, outliers in each frame have to be
rejected beforehand; moreover, the remaining points have to be aligned so that
corresponding features share the same column W; . Matrix P; simultaneously
aligns the feature points and rejects the outliers in the corresponding measure-
ment matrix w; . Wi can consequently be written as
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We assume that only the bestpy matches are to determined, wherepy -
pk; 8K. In (4), each Py, for k | 2, represents a rankpy assignment matrix which
determines the correspondences between the st and thk™ frame. It has been
seen in the previous section that these assignment matrices can easily be written
as a linear expression of the terms o as de ned in (1). Under these assump-
tions, each assignment matrix is de ned by the conditions in (5).

Py

; = f0,19;8i =1::p«; 8 =1:ipo P Py; 1,8 =1::py
Pv, - L8i=1: ® b = )
- Py ; B 0% LY Po

J 1)

Note that P; has a slightly di®erent structure: it is a rank-p, matrix where
ones are only allowed in the diagonal. Consequently, unlike the othePy, it does
not permute columns, it only forces certain columns ofw; (corresponding to
features that become occluded and thus do not have a match) to zero. As a
result, W; will have a set of null columns. This does not have any in°uence in
subsequent calculations - in particular, this does not alter rank.

2.3 The Rank Constraint

It has been shown in [15] that a measurement matrix similar to the one presented
in (2) is highly rank de cient. More speci cally, when including translation W
is at most rank-4. To this end it is however assumed that image coordinates
corresponding to the same 3D feature point occupy the same column. In the
presence of incorrect alignment, the resultingW; is (generally) of higher rank.
Note that in the presence of a limited amount of noise the rank-4 constraint for
a correctly matched Wy may still be assumed as valid, as shown in [9].

Our problem is thus equivalent to finding the correct assignment tensor T.
The tensor yields a set of assignment matrice®y - each of these matrices aligns
the correspondingwy, so that a rank-4 Ws is generated.

2.4 The Cost Function

The multi-frame correspondence problem can be stated as the search for the
assignment tensor that yields the optimal (pairwise) assignment matricesPy as



described in (1). The assignment matrices are optimal in a sense that these resul
in a rank-4 W; (recall that W; is a function of the assignment matrices). We
consider the SVD decomposition ofW; = Q8V T and de ne Z as

2 3
Wj_PlP]-_r W-:IL— W1P1P2T W-zr ¢ce wl PleT W;r
W2P2PT Wl woPoPl wl ¢ ¢ tv PP w

Z=W;W; = . . . (6)

Wi Pf P]TWI Wt Pf PZT Wg ¢ ¢Wf Pf prW;I'

Recall that the aim of our algorithm is to nd the matching solution that
creates the best rank-4W; in the least-squares sense. This can be achieved
by minimizing the sum of all eigenvalues,; of Z, with the exception of the
four largest ones. This is a heuristic similar to the one used in [4], where rank
minimization is achieved through minimization of the dual of the spectral norm.
The eigenvalues oZ can be obtained, by de nition, as the result of the following
expression, whereg represents theith column of Q, i. e. the ith eigenvector of
Z:

,i = § Z(P1;P2; 5 Pr)g;PL 2D P, 2P % Py 2P ©)

where P’ represents the set of rankp, assignment matrices of dimension
[pr £ p1] and D represents the set of rankpy, diagonal matrices of dimension
[p1 £ p1]. The eigenvectors ofZ are assumed known because these are the columns
of Q, that under the factorization context is related to motion. In a calibrated
system,Q is thus not a variable. For a rank-de cient Z, each of the non-dominant
eigenvectors is a base vector for the null space of the column spacewf de ning
in fact camera movement.

Our matching problem must thus be formalized as the search for the optimal
set of assignment matricedP; ::;; Py (e.g. optimal assignment tensor) such that:

A ! A !
X X
Pyg;::; PP = arg min Li(P1;iPr)  =arg min A" Z(P1;::iPr)g
P1;5P g i> 4 PaiiP i> 4
8)

3 Minimizing the Cost Function using Linear
Programming

In general, solving the multi-frame correspondence problem through the mini-
mization of (8) is a very tough problem. In particular, when considering only isc
lated assignment matrices, as was done in [11], the cost function in (8) is &hrly
quadratic, since there are certain terms (the crossed termsv; PP " w, T ;i 6 k)
which cannot be expressed as a linear function of the elements of the associated
assignment matrices. Note that this isnot an intrinsic property of the problem,
but rather a consequence of an inadequate formulation: in fact, when working



with single assignment matrices there are restrictions which are not consided.
This is not the case with the assignment tensor, which takes into account all
the inter-frame restrictions. In the present formulation, the crossed terms &tu-
ally do have a linear form in the terms of the tensor - in other words, we can
solve the correspondence problem as a linear problem. Moreover, we show that
this problem can be easily solved through relaxation. In this section, the ten-
sor formulation of the correspondence problem will be used to generate a linear
formulation in the elements of T for the cost function presented in the previous
section.

3.1 Unicity constraints revisited

The unicity constraints governing the structure of the assignment tensor, as they
have been presented in (2), are awkward to use in the following calculationdiVe
will consequently derive an equivalent formulation for these constraints.

We recall that the unicity condition requires that the sum over any dimension
of the assignment tensor beat most one. Although these restrictions are trivially
extendable to an arbitrary number of frames we will once more focus on the three-
frame case, which allows a simple insight on the technique. This formulatio
would amount to:

p Hp 1
8j;kim;n; Tk Tin = Tik ITimnI Hm n;
i=1 i=1 I
_ P P
8i;k; I, n; Tik ‘Tijn = Tik Tjn & Hn s )
j:]_ j=1
. P Hp 1
8i;j; I;m; Tik Timk = Tik ‘Timk 11 E{m S
=1 k=1

In practice, this formulation is equivalent to saying that any two vectors
in the same dimensions are orthogonal. This in turn will prevent two non-zero
elements of the tensor of sharing the same dimension, thus enforcing the unicity
conditions.

3.2 Solving for the Assignment Tensor

In this section we show that the cost function can be written as a linear pro-
gram, thus e®ectively solving multi-frame correspondence with a low computa-
tional cost. Recall that the cost function has the following structure (the index

i represents the order of the eigenvectors ot ):

a4’ Wi Wi g (10)
i> 4
Our objective is to extract the optimal assignment tensor T, which is uniquely
determined by the optimal set of assignment matricesP,; :::; P; . Given a tensor
T, the vecoperator stacks its dimensions successively (from the “rst to the last)
in order to form a vector: x = veqT).



Note the relation between T and the structure of the assignment matrices
(P2; :::; Py ): the elements of these matrices are a linear function of the elements of
T, as explained in section 2.1. Furthermore, products of matrices (such aB,P5 )
actually represent pairwise correspondences (in this case between the second and
third frame - P,3) and are thus also a linear cost function ofx - the simpli cation
becomes evident when using the constraints in the form presented in (9). Given
each of the g, we can thus rearrange (10) as a linear function ofk. Optimal
correspondence will consequently be given by (11), whergé represents the set
of all assignment tensors of dimensiorp; £ p, £ ps3 and rank po; in the generic
case, the number of dimensions contained in the dimension set is determined by
the number of frames in the system.

xa=arg min c:x; st:x=vec(T);T2T (11)
X

The coezcient vector ¢ can be calculated directly from the original formu-
lation of the cost function by developing the expression in (10) in order to the
elements of the assignment tensor. The calculation of for the three image case
is presented in the Appendix.

The formulation presented in (11) still remains aninteger minimization prob-
lem and as such has no excient solution. However, in the continuous domain
there are algorithms that allow the solution to this problem to be obtained in
a simple and swift manner. Fortunately, it can easily be shown that the assig-
ment tensor possesses equivalent properties that allow an exact relaxatiorot
take place - all that is needed is to demonstrate that the matrix containing the
restrictions on the vector x is totally unimodular, as shown in [2].

The resulting problem is thus equivalent to the original, but for this class of
problems (linear programming problems) there exist several excient algorithms
that can provide an adequate solution such as the simplex algorithm.

This method of solving the integer optimization problem has originally been
proposed in [9].

4 Extensions to the algorithm

4.1 The non-calibrated case

Up to this point, Q has been considered as known. However, an iterative solu-
tion has been devised which allows the solution of non-calibrated systems with
small baselines provided a reasonably good initialization is available. Undethis
assumption, an initial estimate of the g is used to solve an approximate match-
ing problem, which in turn returns an improved value for the g. This process
is repeated until convergence is achieved; a similar method has already been
published by the authors in [11].

Note that in the non-calibrated case two sets of unknowns are present: the
elements of T and the columns of Q. Our iterative optimization scheme is anal-
ogous to a cyclic coordinate descent algorithm, in the sense that it optimizes a
set of unknowns while keeping the remaining unknowns constant.



4.2 The support tensor

As can be inferred from the previous sections, the size of the linear program to
be solved in order to obtain a matching solution can be potentially ratherlarge.

If some a priori knowledge is available, improbable matches can be excluded,
thus reducing the dimensionality of the problem. To this end, a support tensor
is used, which is a binary structure in which allowable matches are marked. All
null variables are consequently eliminated from thex vector, thus rendering a
smaller x¢ vector.

5 Experiments

We describe in this section a set of experiments in order to validate the algo-
rithm that has been presented. An experiment with real data provides a proof-
of-concept solution, while demonstrating the ability of the algorithm to function
under less than optimal conditions (i.e., with noise and deviations to the theo-
retical model). A non-calibrated example is also presented that illustrates how
absence of information regarding motion may be circumvented.

5.1 The LEGO Grid

In this experiment three images of a LEGO grid are used. The grid de nes two
perpendicular planes in the 3D space. In this experiment, only contour points
in the images are considered. In the “rst image, 99 points from the contour
are selected as features. Note that the features are selected in areas where the
contour is a straight line , so as to demonstrate the robustness of the method
to the aperture problem. In the remaining images, the matching candidates are
simply the contours of the images. In order to illustrate the handling of occluson,
parts of the contour have been removed in the second and third frames in order
to create a situation under which some features in the “rst image do not have a
valid match. No ground-truth is available, but correspondences can be veri ed
by visual inspection.

Note that only a minimal error is noticeable by visual inspection, despite the
fact that the camera was modeled as orthographic and that only approximate
values were available for theq. Features which did not have valid matching
candidates were successfully rejected. In this experiment a support tensor based
on epipolar geometry was applied, so that candidates for each feature only exist
in the vicinity of its epipolar lines. In total, ca. 3600 matching candidates were
available for the 99 features in each of the frames. Using support, only 100
matches were possible - consequentlgnly a subset of the total number of match-
ing candidates is an actual candidate for each feature. It should be underlined
that the use of the support tensor does not alter the result of the experiment;
however, it does speed it up considerably - this problem, including support com-
putation, can be solved in less than 15 min. on MATLAB. The actual matching
algorithm, implemented in C, takes but a few seconds.



Fig. 2. Results for the LEGO Grid data set. Counter-clockwise from upper left: First
image with features selected in red; second and third images with matching candidates
in green and correspondences in red; feature trajectories in the third image.

5.2 The Hotel Sequence

In this experiment information about camera motion is inexistent in the se-
guence, except in the rst three frames. In the rst two images 43 points (37
features and 6 points without matching candidates) have been singled out. Ev-
ery image is matched against the “rst two using approximate values for moton
information, i.e. the g . These are extrapolated based on the movement of frames
already matched. These estimates are then iterated upon as referred in section
4.1. Note that this is a simpli ed version of the presented algorithm, used ony to
illustrate the possibility of applying this work to uncalibrated images sequences;
as such, matches are done pairwise to accelerate the procedure. Support based
on maximum disparity between images is used.

No signi cant error is noticeable in this experiment, as the 37 features are
correctly tracked and the 6 occluded points are rejected in every frame. Recon-
struction based on the matches is precise. Each of the frames presents a total
of ca. 11000 matching candidates, which after application of support reduces to
only 1100 points.

6 Conclusions

We have presented in this text a novel approach to multi-view matching that
allows correspondence to be obtained with linear complexity. This is achieved
through a generalization of the concept of assignment matrix to the multidi-
mensional assignment tensor. This tensor shares most of the properties of the



Fig. 3. Results for the Hotel data set. Counter-clockwise from upper left : First image
with features in red and occluded points in blue; last image with corr espondences in
red; last image with trajectories; point cloud resulting from recons truction, viewed from
above.

assignment matrix, while adding constraints that allow a coherent solution be-
tween frames to be enforced. A cost function based on rigidity, as understood
under the factorization context, has been used in conjunction with the assign-
ment tensor to successfully determine correspondence between images. This cost
function not only yields a global solution but also overcomes the aperture prob-
lem, owing to the fact that it does not depend on photometry as most present
methods.
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Appendix

In this section an explicit expression for the coezxcient vector of the linear pro-
gram in (11) is presented, for the three-frame case. Eachy is divided into a set
of terms as in (12) corresponding, respectively, to the terms depending only on
P2, and P3, and to the terms in P,P3", P1PJ, P,P,T and P3P5T.

G =2¢cp, +2Cp, +20Cp,p, + Cp1P1+ Cp,p, + Cp,p,;

i ¢
Cp, = ]|~[1£ ps] ~ ql:zT\_Il_Vl'¢q3:4TW2
Cps = Gss Wo- Ghie Wi ¢ Juepa co ¢
CpiPy = Lpie py - N G,g Wy ® (Th:z We - loep
Cp,py = V€Gs (g W3 - Gy, W2

(L ¢ i ¢cee
Cp,p, = VEC, EL[sz ps] - diag I[p2£ pa] = Q3;4TW? E2E2T I 1ps£ pa] '¢¢W2TQ3:4

CrsPs

E = £e1eI tee, e o
12)
The veg operator acts in a similar way to vec except that it stacks the
rows of a matrix instead of its columns. g represents thei™ versor in the p;-
dimensional space. The complete is constructed by the sum of allc;.

T T
vec diag  lip,ep,1- Gss ' Wa E3Ez' ljp,epy- W' Gy - Lpi p)
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