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Given network-centric constraints and a cost function, we want to optimize
with respect to the following variables:

1. Positions of the movable nodes

2. At each node: allocation of transmission power for communication with
other nodes.



Prior work on optimal placement

Coverage: Cortes, Martinez and Bullo (2004, 2005)

Minimum power sensor networks Xing et all (2007)

Optimal placement in the absence of interference, Boyd (2004, book)

From the CS community:

Minimal relay placement in sensor networks, Wang et all (2005) also Hou 2005



Modeling assumptions

Interference

Assumption 1: Each node has a distinct reception channel. More than one
source node can transmit to the same destination node via
channel multiplexing (CDMA).

Assumption 2: There is no inter-channel interference, but distinct source

nodes will interfere when transmitting to the same destination
node.



Description of the optimization paradigm

_.-- Fixed nodes

Optimization variables:
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Description of the optimization paradigm

_.-- Fixed nodes

Optimization variables:

P?;_% power (dBmW) received at node k from node i

Movable nodes <

(Xi; yi) positions for the movable nodes

Consider the following class of functions:

I
= ®
P (F) — E qkar:l Cl,h:zl‘|‘Z?:+1%':1(}3Ji,j,kai—>j‘l‘Tfi,j,kei,j)

k=1
where,
S, and Ti, 4.k are positive real constants Z; auxiliary variables
[3?;,_ 7.k and &?/{ are real constants d; ; Euclidean distance between

nodes i and |



Description of the optimization paradigm

Consider the following class of functions:

P (F) — i gk102?_1(121’kzl+Z?A«j—1g?j—1(ﬁévjakPi—*j‘|‘Tq:,j,,ace?;’j) - .
- Movable nodes
F* = arg ml;n U(F) "

Subject to:

Pr(F) <1, ke{l, ..., o}

C?Z,k:xi + /ﬁ’i,,{yi S 17 (Za k) €D X {17 cee ,F}

Polyhedral convex set placement constraints

_.-- Fixed nodes



Design examples that fit our framework
Consider the following class of functions:
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k=1

F* = argmin/(F)

F
Subject to:
Pir(F) <1, ke{l,..., 0}
SINR constraints:
de f 7i,; 107 17—
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Design examples that fit our framework
Consider the following class of functions:
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F* = argmin/(F)

F
Subject to:
Pir(F) <1, ke{l,..., 0}
SINR constraints:
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S’i—hj

. 0.1P, . ; 2
D kel Ary i) Mo 100150 4 0%

> 2)\A=.
(i,7)€41,...,A4+Q}?



Design examples that fit our framework
Consider the following class of functions:

7) nglozl IClkzl_FZI 13 1( IJJLPI—):}_‘_T;J}ng)
k=1

F* = arg m}in U(F)
Subject to:

SINR constraints:

Using high SIR formula (see Chiang book):

1
Ri.j= T logo (£Si—;)



Design examples that fit our framework

Consider the following class of functions:

P (¥ ZSklozl 1§“Zl+zr S (Pig e PisitTi g ke )

k=1

F* = arg m}in U(F)

Subject to:
Pk(F) S ].7 ke {177(1)}

SINR constraints:

E 0i 5.k Rij 2 Ak
(i,7)E{1,...,A4+Q}2

Networked control necessary and sufficient conditions for stabilizability
Tatikonda (2003), Yuksel (in press)

Omniscience and secret key generation in the presence of an overlay node
Wyner et all (2002) , Csiszar and Narayan (2004)



Design examples that fit our framework
Consider the following class of functions:

7) nglozl 1’:1 Lzl_‘_Zé_‘_l% 1( ZJFPI—>3+TIJ}63J)
k=1

F* = arg m}in U(F)
Subject to:

SINR constraints:

Z i ik Rimj = Ak



Design examples that fit our framework
Consider the following class of functions:

7) nglozl 1’:1 Lzl_‘_Zé_‘_l% 1( ZJFPI—>3+TIJ}63J)
k=1

F* =arg m}in U(F)
Subject to:

SINR constraints:

(4,5)E{1,....,A+Q}2

Similarly, we can deal with path outage probability constraints



Design examples that fit our framework

Consider the following class of functions:

7) ngloz[ 1’§lkzl+zr 13 1( IJFPIHJ_‘_Taj}ezJ)
k=1
F* = argminU(F)

F
Subject to:

SINR constraints:

(i,5)e{l,....A4+Q}>

V. Gupta and N. C. Martins, “Optimal tracking control across erasure
communication links, in the presence of preview,” to appear in the IJRNC

V. Gupta and N. C. Matrtins, J. S. Baras “Optimal Output Feedback Control

Using TwoRemote Sensors over Erasure Channels,” to appear in the
IEEE TAC




Design examples that fit our framework

Consider the following class of functions:

7) nglozl IClkzl_FZI 13 1( IJJLPI—):}_‘_T;J}ng)
k=1

F* = arg m];nZ/{(F)
Subject to:

Pk?(F)S].a ]{36{1,,(1)}

Power constraints (dBmW):.

PEOt(Ll g \D

PE()t(Lﬂ — 10 10g10 Z @100.1P'1Hk+0dd,i,k
ke{1,... A+Q}—{i}

Under exponential power path loss (Ack: A. Swami and B. Sadler at ARL)



Design examples that fit our framework

About exponential power loss ....

Sub sea radio frequency networks

Electric Field (dB)
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Immune to noise due to turbulence (good for mobility)
Low delay (Good for synchronization)
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ELECTRIC FIELD (RADIAL COMPONENT) VS. HORIZONTAL RANGE (SEA WATER,f=14x107Hz)
Fig. 9. Electric field versus horizontal range (radial component,

14 MHz).

M. Siegel and R. W. P. King, “Electromagnetic Propagation Belween
Antennas Submerged in the Ocean,” TEEE Transactions on Antennas
and Propagation, Vol AP-21, No 4, July 1973



Design examples that fit our framework

About exponential power loss ....

Immune to noise due to turbulence (good for mobility)

Sub sea radio frequency networks Low delay (Good for synchronization)

Radio Acoustic Modem Pair (surface unit package)



Design examples that fit our framework

About exponential power loss ....

Immune to noise due to turbulence (good for mobility)

Sub sea radio frequency networks Low delay (Good for synchronization)

Technical Specification

Performance Power Requirements
Radio * Power through extemal connector
= Range: seawater: up to 50 m 24 vdc supply
- Through seabed: up to 1km

+ Receive 36 mW (Typ. 1.5 ma @ 24 VDC)
- Seawater 20 m + 200 m in air +* Tranamit 36 W (Typical 1.5 A @ 24 VDC)

Acousiic + standby mode with wakeup timer
« Range: Up to 10 km

Antenna Physical (typical)

Radio + Submersible housing-115mm x 315 mm
+ Magnetfic coupled loop +» Radio Antenna — 500 mm loop diameter
= Options available for extended range + Acoustic Transducer — 105mmx7Smm

Acoustic
= Omni-directional acoustic fransducer Environmental

Data = 1,000m depth (50 m depth option)

« 100 bps data rate * Temp. operating -10 to + 35°C

« R5232 data interface

« 19200 baud

= Analogue interface for sensors without a
microprocessor

* Spread spectrum modulation scheme




Design examples that fit our framework

About exponential power loss ....

Urban areas
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M. Franceschetti, J. Bruck and L. J. Schulman, “4 Random Walk Model
of Wave Propagation,” IEEE Transactions on Antennas and Propagation,
Vol 52, No 5, May 2004



Design examples that fit our framework

o We are given the parameters ¢ and « that are needed n

the total power formula
PEOt(Ll — ]‘010g10 Z
Lk:e{l....,AJrQ}—{i}

o We pre-specify a positive real constant W representing

the maximal power available at each node.
e We are given the positions of the fixed nodes (y1,71)

and (x2.72).

@100-1P'iek+@ei,k-‘



Design examples that fit our framework

o We are given the parameters ¢ and « that are needed n
the total power formula [ "
total . 0.1P; _p+ae; i
Pt — 101og,, > $10 ke,
Lkze{L...,AJrQ}—{i}

o We pre-specify a positive real constant W representing
the maximal power available at each node.
o« We are given the positions of the fixed nodes (y1,71)

and (x2.72). 1@ 4
We want: /
. . total total :
maximize Inlll{Rf_Q RS :' s
S a. . .
Where total . . . y ‘- -“"‘"“‘--—---___:;.
R = Ri_o + \1h11111{R1_}3~ Rg_,gi+\1h11111{R1_}4, |} I 3

(A)—route via node 3 (B)—route via node 4

Eo_t,al'g = Ro_1 + min{Rso_3,R3_1} +min{Ro_ 4. Ry_.1}
(C')—route via node 3

( D) —route via node 4



Design examples that fit our framework

o We are given the parameters ¢ and « that are needed n
the total power formula "
total __ . 0.1P; _p+ae; i

Plotel — 101og,, > $10 kFaes,

La:eu ..... A+Q)—{i)

o We pre-specify a positive real constant W representing
the maximal power available at each node.

o« We are given the positions of the fixed nodes (y1,71)
and (x2.72). 1@ 4

We want;:

maximize Inill{Ri(i(g’, éci@f

3.
Where total . : . ‘ T
R = Ri_o + min{Ry_3,R3_o} +min{R 1_4, Ry_o}

(A)—route via node 3 (B)—route via node 4

total

57 =Ro i +min{Ro_3, R3¢} +min{Ro_4,Ry_1}

(C')—route via node 3 ( D) —route via node 4

Subject to: PEOml < W, ied{l,... .4}




Design examples that fit our framework

1@ 4
oo e
We want: !
- : total ytotal ,:'
maximize min{ R;7"% , R57"% 2 |
where . o o @ Y
R = Ri_o+min{R;_3,R3_o} +min{R_4, Ry_o}
(A)—route via node 3 (B)—route via node 4
fotal — Ry_q + min{Ro_3, Ra_1} +min{Ro_4, Ry_1}
(') —route via node 3 ( D) —route via node 4

Subject to: Pgoml <Wv, ied{l,... 4}

Under exponential path loss and the following high SINR formula (Chiang book), we
can cast the above problem in our framework:



Expressing the example in our framework

1@ 4
e
We want: ;’
. . total total
maximize min{R[*"%5, R5”Y ;
3 e 42
where _ . o . ’ ST
RI”% =Ri_o+min{Ry_3.Ra_o} + min{Ry_4, R4_o}
(A)—route via node 3 (B)—route via node 4
R;(Zal'l =Ro_1+ 111111{RQ_,3. Rs } + lllill{Rg_,4. Ry 4 }
() —1‘0111: via node 3 ( D]—rout:vja node 4

Subject to: ch)tal < W, 1e€Al,....4}

1
R._.; = T logy (’fsfi—ni)
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Consider the following class of functions:

J_‘
7) (F) = Z QA]_OZI:]_ EL.‘.-ZJ’+Ze’.:1.j:l';:-}j'j.kpi—‘}+Ti.j.kdj'j
k=1

F* = argml;nZ/l(F)
Subject to:
Pk?(F) S ]-7 ke {177(]:)}



Expressing the example in our framework

1@ 4
e e
We want:
- . total total
maximize min{R[*"%5, R5”Y . iy
where _. . o . ‘ @ @
Ri”% = Ri_o+ min{Ri_3,R3_o} +min{Ry_4, Ry_o}
(A}—l‘our;r via node 3 (B) —mu‘r:\-’ia node 4 . ) —z
Ri* = Ro_; + min{Ry_3,Ra_1} + min{Ro_4, Ry_1} min 10~ “1
() —1‘0111: via node 3 ( D]—rout:vja node 4 .
1 7o > 71 and zg > 7y
. total ;
Subjectto: P < W e {l,...,4}
L L
RS o > 10%27%7% and xS, > 102720 7%
\-—V—/ N— o
1 10R1—2 10R2—1
kS 4 > 10%* and kST , > 10
N -’
10R1—3 10Ra—2
Consider the following class of functions: ﬁsﬁ_ﬁl > 10%5 and H.Sj—_,g > 1025
r ' N N’
7) (F) — Z (};1021:1 EL_;‘.Z;—|—Z£._=1.‘_jzl_.-'?}f.j.kpf—_}+'Tf.j..i;d;'.j 10R1_,4 IUR—1—>'2
1 1
k=1 kST 5 > 10% and kST | > 107
. N — N’
F* = arg min U(F) 10R2—3 L0R3—1
. . L 1
Subject to: kST, > 10%7 and kS] ; > 10%7
N N
Pk? (F) S 17 kE {177(1)} 10R2—4 10R4—1
total _ \, o . - .
WP <1, ie{1,...,4)




Basic optimality properties
Consider the following class of functions:
r
P (F) — Z gklOlel ELkZiHD iy j Pk Pieit T kdi
k=1
F* = arg m];n UF)

Subject to:
Pr(F) <1, ke{l,..., &}

' Our optimization problem in its general form is convex.



Basic optimality properties
Consider the following class of functions:
r
P (F) — Z gklozzzl 55,;;21-I-Z,i:l’jzlu‘x’)f-.f«i-‘Pi—v.i+'r-i._i-fvd-i._i
k=1
F* = arg m];n UF)

Subject to:
Pr(F) <1, ke{l,..., 0}

' Our optimization problem in its general form is convex.

' Using a linear programming approximation of the Euclidean distance, we can cast
the resulting optimization as a Geometric program.



Basic optimality properties
Consider the following class of functions:
r
P(F) = Z ¢ 1021=1 SRzt iy o PiakPima g edi

k=1

F* = argm];n UF)
Subject to:

Pr(F) <1, ke{l,..., &}

' Our optimization problem in its general form is convex.

' Using a linear programming approximation of the Euclidean distance, we can cast
the resulting optimization as a Geometric program.

' Many instances of our general framework admit a distributed implementation
based on primal/dual recursion.



Example of distributed implementation

Consider the following cost: |
A+Q A - Fixed nodes

_ E :w(iloo-lpfom () -Movable nodes

{06) "

We want
) Destination nodes
Q" = argmin(Q)
Q
Subject to:
A+
R(Si—j) = 0i—j, (i,]) € U {1y < 0()
=1

Ploth <, e {1,...,A4+Q}

PEOt(Ll — 10 105—’;10 Z @100.1Pi—>k+@ei,k-‘
\\AE{l ..... A4Q—{1}



Example of distributed implementation

Consider the following cost:
A+

] 1P'f?(7ta-z{
— E 99?;100 ¢
1=1

A - Fixed nodes
Q - Movable nodes

{06) "

Destination nodes

We want
Q" = argmin/(Q)
Q
Subject to:
ALQ
R(Si—;) > 0i—;| Invertible
R(S?ﬁ—m)
PEOt(Ll S @i7 1
R(Si—)) =5




Example of distributed implementation

Consider the following cost:
A - Fixed nodes

A+ Q - Movable nodes

_ Z Lp?:100.1P7§f”“”
{03) 2

We want
. Destination nodes
Q" = argmin(Q)
Q
Subject to:

A+

Si.; >R (0ij) zgéELJ{}x@

P?“g@mie{L”WA+Q}



Primal-dual recursion: basic properties

F. Kelly, A. Mauloo and D. Tan. "Rate control for communication
networks: shadow prices, proportional fairness and stability,” Journal
of Operational Research Society. vol 49, no 3, pp. 237-252, Mar 1998
G. B. Danzig, P. Wolfe, "The decompasition algarithm for linear
programming,” Econometrica, 4, 1961

H. Everett, “Generalized lagrange multiplier method for solving
problems of optimum allocation of resources,” Operations Research,
11(3):399417. 1963.

M. Chiang. S. H. Low, A. R. Calderbank, J. C. Doyle. “Layering
as optimization decomposition: questions and answers,” Proc. IEEE
MILCOM. Washington D.C.. October 2006

F. Paganini, W. Wang, J. C. Doyle. S. H. Low, “Congestion control
Jor high performance, stability, and fairness in general networks,”
TEEE/ACM Transactions on Networking, Volume 13, Issue 1, Feb. 2005
Page(s):43 - 36

S. Low and D. Lapsley. "Optimization flow control,” IEEE/ACM Trans-
actions on Networking, vol 7, no 6 pp. 861-874, Jun 1997

Primal

Decoupled (Layered):
power allocation and

Positioning

A+ -
1=1
We want
Q* = argménz/{(Q)
Subject to: |
A+Q
Simy 2 R7Heims) (i) € U (i < 000
i—=1

Pl < W, ie{l,...,A+Q}

Dual

Lagrange (Price) update
Exchange only in
neighborhood




Key facts for decomposition: Relaxations

A+ e |

(Q) Z © |

=1 I

We want I
Q" =argmin(Q) '

Q |

|

Subject to: |
|

|

|

|

|

Original problem

Equivalent problem ‘

A+Q

dff Z Z 01 100-1vi—;

=1 j€®
def i=A4Q
V = {V¢—>j}§:1,je®(*i)
minimize Z/N{ (V)

subject to:
A4Q

SL—>3 2 R_ (Ql—>j U { } X @

Qi)lOole_,j—FOdez’j

Z 100 Ivi;

JEO(2

10%1Vi=i | e O()
100.1\1173

IAIA



Primal-Dual decomposition

d A+Q
AWy S ot
i=1 je0(i
def =041
V = {Vi_>j},,;:1,j_€®(’i)
minimize ?/N{ (V)
SubjECt to:

A+Q

U{}x@

i=1

Si—; =R (0i—;).

@1001P1HJ+QeJ’J

Z 109 1vi—;

JEO(2

IA

10%-Vi=i j € O(4)
100.1‘11,,;

O
max min £ (Q,V,H)
H EQ:V)

>

~

primal problem

~— gy def i=A+Q
H = {h’isj }izl JE€0(4)

Lagrange M.

A+Q
h;; >0, (i.5) € | {i} x O(i)

1=1
£(Q.V.H)

Ly ({]P,,_,F S H) +La ({xita, Vira it H)

A dl

n de pl t
power allocation fiode placenien

£1 ({PE’_’? } la_f.;_f—%(?
i A+
UV) + Z Z h; ;[P;—~; —vi_; +10log ]

i=1 jeO(i)

VH)

EQ ({X?—I—z_\ V1+A}.¢—1 H)



Primal-dual recursion: Numerical aspects

(Initialization) Initialize H(0) as h; ;(0) = 0 £(Q,V.H Y
(Primal step) Ly ({P,,-__,‘,-,- }ij’f‘f:jj(b)VH) + L2 ({Xita, Vitaticts H)
" " O ) power allocation i node placement
(Q"(k+1),Vi(k+1)) =arg i L£(Q,V,H(k))
: l _  i=A+Q
subject to: L1 ({P%—w}t 1jeo() v H)
ALQ A+
Si—; =R 'oi_;) U {i} x O(i UV)+ D N hi [P —viej + 10logy]
i=1 F€0(4)
(.rbl()()_-]P.i_,j—i—t‘}:e.i‘j S 10()]\.‘",__,}j ] E @(1) vof A+Q
Z 1001Viei < 1001 Lo ({xit A, Vita iy, H) = Z Z h; ;10ae; ;
- i=1 je0(i)
FEO(4)

(Price update)
hy j(k+1) = [e(k)w; ;(k) +hy (k)]

(i.4) € |J {i} x 0()

w;?"‘j(l}) 10log p+P;_ (k) + 10ae] ;(k)—vi_ (k)

1 —P",’



Primal-dual recursion: Numerical aspects

(Initialization) Initialize H(0) as h, ;(0) =0 £(Q,V.H) <
(primalstep) &1 ({Pe )20 oy V. H) + Lo ((va vira o H)
. Y ower z?liocation node placement
Q" (E+1),Vi(k+1)) =arg (glli\l}) L£(Q.,V.H(k)) P
o Lin Vi ALO <z xx\ def

subject to:
Solution to the placement problem

Si—; = R ' (0i—;). o it 0lesyl
o (%o ya) (1) = (xi,ya) (1) +2(t) D> Tybi(1)
GLO* Tty < {0 UJI(i)} .
Z .I.UU Ivi; <_: hi‘j J-an?i‘j
J€0(4) . def
0:;(t) =
Pri . | o o
(hr]c(zip?)aw)[”(k') - oo (X)) —xi(t),y;(t) —yi(t)) e ;(t)#0
1,5 (R =€ ’W'f‘-./‘ (0,0) Otherwise

w (A) 10log p+P;_ (k) + 10ae] ;(k)—vi_ (k)

1,7



Numerical lllustration

Consider an exampled with four fixed nodes, labeled from 1 to 4 and three
Mobile nodes labeled from A to C.

We want to find the constellation with minimum power that satisfies the
following link table with a 15dB constraint on the SINR

TNR|4|A|B]|C
1 X

2 X

3 X
4

A X | X
B X X
C X




Numerical lllustration
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Transmitter Powers

Numerical lllustration
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Numerical lllustration
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Conclusions

* We have proposed a new framework which extends existing results
on optimal power allocation so as to include placement.

* A geometric programming approach was proposed for providing
a computationally efficient way for computing the optimum with
an arbitrary degree of accuracy.

* In the presence of a neighborhood structure, we provided a decentralized
algorithm that converges to an optimum. The underlying mechanism
operates via price exchanges in the neighborhoods only.

« Examples were provided for the case of exponential path loss. A discussion
of the validity of such modeling approximation were also provided.

This work has been supported by a NSF EECS CAREER award (PI: Martins)
Details can be found in:

“Jointly Optimal power allocation and constrained node placement in wireless
networks of agents,” S. Firouzabadi and N. Martins, U. Maryland, ISR, Tech. Report, 08



