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Abstract This paper considers the state estimation problem of a class of systems
described by implicit outputs and whose state lives in the special Euclidean group
SE(3). This type of systems are motivated by applications in dynamic vision such
as the estimation of the motion of a camera from a sequence of images. We propose
an observer in the group of motion SE(3) and discuss conditions under which the
linearized state estimation error converges exponentially fast. We also analyze the
problem when the system is subject to disturbances and noises. We show that the
estimate converges to a neighborhood of the real solution. The size of the neighbor-
hood increases/decreases gracefully with the bound of the disturbance and noise.

1 Introduction

During the last few decades there has been an extensive study on the design of
observers for nonlinear systems. In simple terms, an observer or estimator can be
defined as a process that provides in real time the estimate of the state (or some
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function of it) of the plant from partial and possibly noisy measurements of the
inputs and outputs, and inexact knowledge of the initial condition.

For linear systems evolving on n-dimensional vector spaces, state observer and
filter designs employ the traditional Kalman filter [15] and Luenberger type ob-
server [20]. In fact, it is well-known that the Kalman filter [[15]] is the optimal state
estimation algorithm in a well defined sense [6].

For nonlinear systems, the extended Kalman filter is a widely used method for
estimating the state. It is obtained by linearizing the nonlinear dynamics and the
observation along the trajectory of the estimate. However, if there are substantial
nonlinearities or the state lives in some special manifold, there are no guarantees
that the state estimate will evolve in the same manifold and even that the estimate
will converge to a neighborhood of the true one.

These problems are particularly relevant because they arise in many modern day
applications such as the motion control of unmanned aerial vehicles, underwater
vehicles, and autonomous robots (See e.g. [12], [5], [25]], [3]]). Other engineering
applications that were studied in [9] are exothermic chemical reactor, a nonholo-
nomic car, and a velocity-aided inertial navigation [7]. Typically, these applications
require the design of robust nonlinear observers for systems evolving on Lie groups.

Motivated by the above considerations in [10], [I1], [18], [L7], [19], [16] a ge-
ometrical framework for the design of symmetric preserving observers on finite-
dimensional Lie groups is described. In [8], it is shown that when the output map as-
sociated with a left-invariant dynamics on an arbitrary Lie group is right-left equiv-
ariant, then it is possible to build non-linear observers such that the error equation
is autonomous.

In this paper, we consider left-invariant dynamical systems with implicit outputs,
for which the results mentioned above do not apply. Systems of this kind typically
arise in mobile robotic applications using dynamic vision such as the estimation of
a motion of a camera from a sequence of images. In particular, in [2]] and [4]], the
problem of estimating the position and orientation of a controlled rigid body using
measurements from a monocular charged-coupled-device (CCD) camera attached
to the vehicle is addressed. The reader is referred to [[13]], [[14], [26] for several other
examples of implicit output systems in the context of motion and shape estimation.

We propose an observer in the group of motion SE(3) and discuss conditions
under which the linearized state estimation error converges exponentially fast. We
also analyze the problem when the system is subject to disturbances and noises. We
show that the estimate converges to a neighborhood of the real solution. The size of
the neighborhood increases/decreases gracefully with the bound of the disturbance
and noise.

The outline of the paper is as follows. Section [2| introduces the mathematical
preliminaries and Section [3] formulates the state estimation problem. In Section 4]
we propose a left-invariant dynamic observer for estimating the state of systems on
SE(3) with implicit outputs, and determine under what conditions the state estimate
converges exponentially to the true state. In Section [5| we analyze the robustness of
the proposed observer in the presence of disturbance and noise. Concluding remarks
are given in Section|[d
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2 Mathematical Preliminaries

In this section we introduce notations and definitions used through out this paper.
We denote the Euclidean norm in R” by || - ||, and the identity matrix of size n by
I,. Given A € R, we let det(A) and Tr(A) denote the determinant and the trace of

the matrix A, respectively. We consider the scalar product of A, B € R**" as being

defined by (A, B) &f Tr(ATB). The corresponding norm ||A| = /(A,A) is the so-

called Frobenius norm. Further, if the entries of A € R"*" depend on ¢, and A(z) is
invertible for all 7, from the identity A~!(¢)A(t) = I,, one may deduce

d, _ -
GAT AN +AT W (A =0. m

The cross product of vectors u,v € R is denoted by u x v. For every u € R3,

0 —us u
(MX) = us3 0 —Uuj
—uy Ul 0

denotes the matrix representation of the linear map v u x v, v € R3. It can be easily

shown that, for every u,v € R3, Tr((ux)T(vx)) = 2uv. Given a vector u € R3, we
. . . — u

denote by i1 € R* its homogeneous coordinates, that is, i = L] [21].

The special orthogonal group in three-dimensions is denoted by SO(3) &ef {R€
R3*3: RTR =I5 and det(R) = +1} and its Lie algebra, that is, the space of all skew-
symmetric matrices by so(3) &ef {(ux) eR¥3: uec R3}.

The  special  Euclidean  group is  denoted by  SE(3) &

g(f ng} € R4 gr €SO(3) and g7 € R3} and its Lie algebra is defined

by se(3) def { {(wOX) 8] ERY: @, ve R3}.

-1 -1
For every g = {gR gT} € SE(3), we have g~! = [gR &r gT]. Since g7 'g =

01 0 1
. def dg d -1 . R
Iy, we have g = pri g —&g g. Thus, we can rewrite ¢ = g2 where
d
Q¥ (dtg_1> g € se(3). We notice that in order to verify that € se(3) it is

sufficient to show the following:

- d 0\, i, [ex' —ex'er| [erér] _ [ex'ér —gg'ér
1)_(dtg )g_g g‘{o 1 Jlool=[ 0 o |
o=l \T _ (s T d 7 d —1,

i) (8r &r)" = (8r) 8r = | g8k |88 = | 8k )8k =—8k &r-

We next present a result that will be useful later in the paper.
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Lemma 1. Consider & = F(f ')’EOT} € se(3), where &g = (Ex) and E,Er € R3. Then
IEI> =211€ 11> + 167 11>

Tg £T
Proof. A simple computation yields ETE = é’%éR é’%éT . Then by the definition
€T §R 'gT ‘sT

||§Hi= TriﬁTé) = Ti(égfk) + ||é7]|>. Now the result follows from Tr(Ef Er) =
Tr((§x)T(&x)) =2[1&]1*. O

The Lie bracket of two matrices A,B € R"*" is denoted by [A, B| or, equivalently,
adsB, and is defined as the commutator [A,B] = AB — BA. Given A,B € R™", we
denote ad/kB = adyB and ad’j\HB = adAadﬁB for every k € N.

3 Problem statement

Consider a left-invariant dynamical system evolving on SE(3), described by

8(r) = g(1)2(1),  £(0) = go, 2)

where Q takes values in se(3) and is assumed to be known for all # > 0.
Consider a set of given points pi,...,py € R3, and lety; = [y;, y;, 1]T € R3,
Jj € 7 be the outputs of the dynamical system (2) given implicitly by

a;(t)y;(t) = F(t)ITog(t)p;, 3)

where # C {1,2,...,N} is an index set that may depend on time, p; € R* is the
homogeneous representation of p, the o;’s are unknown scalar continuous function
of time satisfying a;(r) > 0 for every t > 0, F € R3*3 is a known nonsingular
matrix, and Il = [13 O] € R34 is often referred to as the standard (or canonical)
projection matrix [21]. We assume that the right-hand-side of (3 and ITyg(z)p; are
both bounded below and above, that is, for all ¢t > 0,

m < |[FITogp;l, [Tlogp;[l <M with 0 <m<M. )

The problem addressed in this paper can be stated as follows.

Consider the continuous-time left-invariant dynamical system described by
@)-(@). Let g € SE(3) be the estimate of the state g with a given initial esti-
mate (0) = 0. Design a state observer for 2)-(3) that accepts as inputs the
measured input (T) and the output of the process y;(t) for every T € [0,1),
Jj € Z, and returns g(t) at time t, for every t > 0. The observer should satisfy
some desired performance and robustness properties that will be mentioned
later in the paper.
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Remark 1. System (2)—(3) arises for example when one needs to estimate the
position and orientation of a robotic vehicle using measurements from an on-
board monocular charged-coupled-device (CCD) camera. In that case, adopt-
ing the frontal pinhole camera model [21], the scalar o; captures the unknown
depth of a point p;, and F is a matrix transformation that depends on the pa-
rameters of the camera such as the focal length, the scaling factors, and the
center offsets. The assumption in (@) is very reasonable and only means that
the image points are well defined in the sense that they live in some compact
set. Notice that if for some point that assumption does not hold, then this only
implies to take it out from the index set _¢Z.

4 Observer design and convergence analysis

Consider the continuous-time left-invariant dynamical system (2)-(3). We propose
the nonlinear observer

8(t) = 8(1)Q(1)+£0(8(t),y(1)&(r), §(0) = g, )
where g € SE(3) is the estimate of the state g, and @(g,y) € se(3) is given by
. Or(2,y) Or(g
0(3.y) < [ R((‘)g ?) T((;" )], (6)
with
1 - Ao . o
Or(8,y) = Y, == ((((5) x Mogp,) x Iogp;) x Mogp;) ), (7
& Pep))
1
Or 8,Y) = ~ = —2)7'><H0§17‘ XHng_')7 (8)
~ -1 Yj
=F ©)
! [l
where d "
C
D(g (# 7)1 Mogp; 1> (1 + 1 ogp; ) (10)

#_7 being the number of elements of #, and { > 0 is a tuning constant. Since
aj > 0, the expressions (@) and (9) imply that

. ITogp;
Vi= . 11
! ||Fogpy|
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Remark 2. Notice that by defining 6% §'03, system (@) can be rewritten
as
§=8(Q+00),

and, by a direct computation we can show that O c se(3). Thus, like the
dynamics of g in (]Z[), also the dynamics of g is left-invariant. Moreover, if
8(0) = g(0), then ® = 0 for every ¢ > 0, which means that the observer dy-
namics in that case is exactly the same as the original system.

Using the Lagrange identity for the cross product of vectors together with (TT)),
the expression in (7)) and (8]) can be simplified respectively as

) 1 ogpill* _
Or(8,y) = — —((Iogp; x Iogp;)* ), (12)
"8 = X, 57 TFiagpy] 08P oep)>)

R 2 _ e e
Or(g,y) =Y. ((Iogpj x Togp;) x Iogp;).  (13)

jey D(&p)) IF Mogp |

Remark 3. Note that from (@), a lower bound for D(¢p;)||FITgp;|| is given
by m?(m+ 1)m, which implies that the observer is well defined.

4.1 The error dynamics

As in [10], we define the error 1 (¢) &f &(t)g~'(t). Therefore, using (T), we may

write
=8¢ '+ ' =C0(%,y)n, n(0)=gog, ", (14)

where, taking into account that g = '8, ©@(g,y) can be rewritten as

O(3.y) = O(n) = [@R(n) @T(TT)] ’

0 0
with
U gl s
o, = — —((Iogp; x Ilon~ " 8p;) x), (15)
K= L i) [FHiogp, | T8 o 422))
or(n) =Y : 2 (Ton" 85, * o) % Thogpy) (16)
= A= — 0 j 0. j 0. i)-
T & D@p)) [F o, I J i
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Since a Lie group is a complex geometric object, it is a standard procedure to
estimate results on a matrix Lie group G from results in the vector space which is
its Lie algebra, here denoted by .. We will adopt this procedure to analyze the
error 1) and, later, prove convergence results. The Lie algebra . is the best linear
approximation of G in the neighborhood of the identity /, and the exponential map
exp, which sends elements in .Z to elements in G plays a crucial role in transferring
data and results from one structure to the other. The exponential mapping is known
to be bijective from a small neighborhood of 0 € .Z to a small neighborhood of the
identity in G, and its inverse is denoted by log.

If n is sufficiently close to the identity, there is a representation 1 = exp(€¢&),
where € > 0 and £ € se(3) satisfies ||E|| = 1. Since, exp(e€) = I + €& + O(€?),
where 0(82) represents the terms containing ek for k > 2, for small €, I + eisa
good approximation for 7. In the rest of the paper, and for the sake of simplicity,
we may use the alternative notation ¢* instead of exp(A). We henceforth make the
following assumption.

Assumption 4.1 We assume that the error 1M is close enough to s, that is,
n e e déf{v =exp(e€): & €se(3) and ||| =1}, where 0 < & < 1.

Remark 4. We may, without loss of generality assume that 7 is close to the
identity. This is due to the fact that x.Z ~ &, for x € G, is the best linear
approximation of G in the neighborhood of x. So, if 1 is in the neighborhood
of x € G, then nx~! is close to the identity.

Using Lemma 1.7.3 of [22]], which can be deduced from Lemma 3.4 in [24], we
have

d u -
St = (),
4 e = Mzadeg
u < (_l)m u m : oo —1 5
where T _m;() o (" —1)". Using (T4), we have nn~—' = {O(g,y) and
hence q
u
el = o)
‘ e = u:adgg

or, equivalently,

d 1 11
g(sé) =(0 - Sade e — 5 g Ead&é‘@
+oo (_1)m
+ ) (e"—1)" (¢O). a7

m+1

m=2

u= adeé
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On the other hand
exp(e&) =I4+ &£+ 0(?), exp(—€&) =14 — €& +0(&?)

and, using the fact that ©(g,y) = ©(l4) = 0 and noticing that @ is defined in the
linear space of 4 x 4 real matrices, containing both SE(3) and se(3), we have

1 || Hogp; | ((Iogp; < Moe€gp,) %)

ol ¥ +o(e?), (8
1 2((Moe&gp; x Iogp;) x Iogp;) . »
() jéz)(gm) [FIogp|| ) "

From (T3) - with @(I4) = 0, we conclude that

Gtetr=cotes)=¢|HGH Do),

0 0
where
: U
Op(eE) = — W (Mye€sp; x ogp;) ), (20)
*(e8)= L. Dgpy) [Fogpy] (0e68Ps * Thip))
- 1 -2
Or(e€) = _ —((Top; x Toe€dp;) x Ihogp:). (21
1(€8)= 1 D) [P, 087 < Theedrs) < Mokp,)

Up to an approximation of the order €2, we obtain that € satisfies

d Ox(e€) B (e
S (o) =g [HGR e8],

We have the following result.

Proposition 1. Up to an approximation of the order €2, the following result holds.

d, .. 1 1 i 1
—|le =4 2 Iyeégp; x Ipgp:||~. 22

Proof. From the fact that
Glel? = (Ge0nten)) + ((e8) g (e8)) =2( (681 c5)).

and

(e ) =T (68 (e2)).
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d _
it follows that $||8§||2 = ZCTr((@(sé))T(eé)) Using the fact that
Tr((ulx)T(uzx)) = 2u]ru2 for every uj,u € R3, up to an approximation of

order €3, we have

Tr((0(8)" )_22 ||FH1

Jef

o {|H0§ﬁj||2(170€§§ﬁj x Tlogp;) €&
pj
—((Iogp; x Moe&gp;) x Hogﬁj)TEéT}-
(23)
From the relation (a x b)Tc = det[a b c], where [a b c] stays for the matrix whose

first, second, and third columns are respectively the vectors a,b,c € R? and using
the skew-symmetry of the determinant function det[- - -], we obtain

IMogp;||* (Toe&gp; xTogp;) €&
—((IMye&gp; < Togp;) x Thogp,) x Thogp;) €&
= —((Moe&8p; x Mogp;) x Mogp;) " (TMogp; x €&)
—(Moe&gp; x Togp;)" (Togp; x (IMogp;j < €§))
—(Mog&gp; x Mogp;)" (€& x IMogp;) x Mogp;)

and

—((Mogp; x Moe&2p;) x Mogp;) e&r = —(Togp; x Moe&gp;)" (Mogp; x €&r)
= —(Ile&gp; x Iogp;)" (e&r x g p;).

Therefore,  ||TTogp;l*(Toe&gp; x Thép;)'e& — ((TMogp; x Toe&gp;) x
ogp))'eér = —(Ihe&gp; x Thgp;)"((€& x Ilgp;) x Togp;) —
(IMye&gp; x Iogp;)T(e&r x Iogp,). Note that the right-hand-side is
—(Toe&gp; x Mogp;)" (€& x Mogp;+e&r) x Mogp;) = — | Moe& gp; x Mogp;|*
by noting that, e€ x Iygp; + e&r = MoeEgp;.

Hence (23) reduces to

T ((0(e)"(60)) = =2 T 5 g1 hesers x ol

and, consequently

d 2 1 1 — — 2
—le =4 — —\[IIpe&gp; x Ipgpil||”.
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4.2 Exponential convergence

In this section we show under suitable assumptions that the estimation error con-
verges exponentially to zero as r — oo. Let M denote the upper bound for ||FITogp||
for all j.

We will recall Gronwall’s Lemma [27, Ch. III, 1.1.3] that is required to prove our
next result.

dy
Lemma 2 (Gronwall inequality). Let g, h,y, — & be locally integrable functions
satisfying
dy

N <gy+h fort>1i. (24)

Then, for all t > 1,

o0 <stwpess ([ a(e10e) + [ nsrenn (- [(atorar) s

Our next result is as follows.

Theorem 1. Let T € [0, +oo] and A > 0 be such that

Z ||H08§gAﬁ/XHO§ﬁJH2 >A’||£§H2
i @) Togp; 1> (1+ 1Togp;l) —

on the time interval [0, T| . Then, for everyt € [0, T|,
le€ (0)]* < le& (0)Pe #4447,

where M is an upper bound for ||FITogp;| for all j. In particular, if T = oo, then
€€ (¢)||?> converges exponentially fast to zero as t — oo,

Proof. Under the hypothesis, implies that
d _
3 16617 < —4gam|jeg |, (25)

for all 7 € [0, T]. The result follows from Gronwall’s inequality (Lem. . ad

Note that the rate of convergence can be improved by tuning § > 0, that is, the rate
of convergence increases with §. Next we prove the following result.

Theorem 2. Let T € [0, +oo|. Suppose there exists T > 0 such that, for every t >
0, witht +T < T,

dt > 1.

/’” [IToe&gp; x Mogp;||* 1
T ,g/ # 2 Togp,|1>(1+ [ TTogp; ) €& >

Then, forn € Nwitht >0, t+nT < T,
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€€ (e+nT) > < [leg (o)]Pe 43

In particular, if T = oo, then ||€E(¢)||* exponentially fast to zero as t — oo

Proof. Multiplying both the sides of by (T'||€&€]|?)~!, we have

1 1

g = y e ]
TIISéllzdt Tueesnz,e/ D(p,) [FThogh;

I e gp; x ogp;|*,

or,
1d 1 —4¢M!
f*log leg]1?) < IToe& &p; > MogpI*-
||eé||2,§/ D(2p,) 7Ok
Since the statement is trivial for n = 0, we consider the case n > 1. Integrating on
the interval [t + (n — 1)T, t + nT|, we obtain

[ e oaeg])ar

+(n-1)r T dt

</t+nT 1 1 Z 4C ||H 8& « TThé ” dr.
= = 0ESED; b8P
st T €T &, Diép) ks

Note that

rt+nT
/ < log(|le& (7)|)dt = log(l|e& (++nT)|) ~log( & 1+ (n— 1)) ).

Ji+(n-1)T dt

and the properties of logarithm imply that

wrd i 1o (BT
[ i oelleE @ P =1 g(ll8§(t+(n—1)T)|2>'

€& (e +nT)|>
leg(t+ (n=1)T)|]?

le&@+nT)P _ aguar
[e€l+tn— 1T = |
[e€C+nT)P _ agw12ar

{0l |

Finally, if T = oo, we have ||e&(r)||> < max [|€&(s)|? e’4CM71Mt/T}, where
s€l0,T

)

> < —4LM'A

1
Hence using the assumption, we have T log (

or, equivalently,

from which we derive

[t/T] denotes the largest natural number contained in the quotient 7/7, that is,
[#/T) <t/T < [t/T)+1.[t/T] > 0 is a non-negative integer number. O
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Remark 5. Theorem [I|may be seen as the “limit” of Theorem 2] when T goes
to 0.

5 Robustness analysis of the observer

In this section we investigate the effect of disturbance and noise on the estimation
error. We now consider the process model (2)-(3) subjected to disturbances and
noise as follows:

8(r) = g() ((1) +w(1)),  £(0) = go, (26)
yj(t) = 3;() +v;(), @7

where w € se(3) is the disturbance, §; = [§;1 ;2 1]T € R? is the real output defined
implicitly by o;5; = FHgp; with0 < k < a;,y; = [yj1 y;2 1]T € R?® is the measured
output with noise v; = [vJ'] Vi O}T € R3. Further, the disturbance and noise signals
are assumed to be deterministic but unknown. Note that is equivalent to y; =
— _ def _
o; '(FIygp, + a;v;). Define M, = S[l(,)lp ] |FITogp; + ojvjl|.
te|0,n
=
Let |F~!| denotes a bound for the functional norm of F~!(z) defined by
IF=1 ()] & sup{F~'(1)u: u € R3%and ||ul| = 1}, that is, we assume F~'(¢) is
bounded in the time interval [0, #;] we are considering the estimator in. Define
MY sup ||vj(?)| and M,, &f sup ||w(z)||, that is, M, and M,, respectively de-
r€[0,1] t€[0,1]
jes
note the upper bounds for the noise ||v;|| and disturbance ||w||, we suppose to exist,
in the same time interval [0, #].
We consider the same observer claimed in (E]), which can be rewritten as

g(t) =8(1)Q(1) +£0 (2(1),¥(1)) 8(t),  8(0) = %o, (28)

where ©(g,y) is given by

with

where
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1 [[Mogp;|*((Iogp; x Mogp;)x)

@=L Blapy  IFtemrap]

Or(ay)= Y D(iZ_. ((ITogp; x H(_){?ﬁj) %ﬁoﬁﬁj),
jes ép;) |[FIogp; + v,

Or(ey) = ¥ D(}_‘ ||Ho§ﬁj|\2((170§_1?jlef.lajvj)xx
ey 8p;) |FIlogp;+ ovi|

bn— . o2 i) < i)
& D(8p)) 1FTogpj+otvi

Note that both ® and @ depend on noise v ;. Again, we define the error 7(r) &

&(t)g~!(t). Therefore, using (T) yields

=8 "+ ' =0Mmn—gwg 'n, n(0)=2gg," (29)

where, by using g = 1! § we can rewrite @ (1) as

Om)=0(n)+06= {@Rén) @rén)} + |:(:'(j)R (?)T] 7

with

1 | Mogp,|>((IMogp; x Ion—'8p;) x)

M =2 5 Flogp,rapy] O
Grimy = ¥, o (Uon &7, xIip;) x Ioip;) @1
& D(&pj) IFogp;+ v
=Y = L ||Uo§ﬁjH2((HogA_I5jXF*IO‘jVj)X)v 32)
LG [Flosp; + o]
5= Y —2 ((FflajVjXI_Togﬁj) x Ilogp)) (33)
L DGR [Fosp+op]

Remark 6. Note that ||FIIogp; + o;v;]| is equal to aj||a;1FH0gﬁj +vjl| =
a;lly;|l > oj > Kk and from @), it follows that m*(m + 1)k is a lower bound

for D(gp;)||FITogp;+ o;jv;||. From this we conclude that the observer is well
defined.

Note that 1 = exp(e€) = Iy + €& + O(¢?). Using Lemma 1.7.3 of [22], we obtain

d .o 1 -
3 (€8) =i~ —S[e&.am 1]+ 0(e).
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From (29), we have 1~ = {(®(n) +6) — gwg~! and hence the above equation
becomes

(€, 56 —gwg ']+ 0(e?).

& (e8)=C0(e8) 120 —gug' 3

Up to an approximation of the order €2, we have that & satisfies

(28 =00 +¢O—gug S [eE LO—gwg ], ()

and, multiplying by €& yields,

%Ileéll2 =2((O(e&), €€) +2(¢O, &) —2(gwg ', €€)
—([€&, 50 — gwg ], €€). (35)

d
To estimate a bound for the variation & [|€&||?, we may start by estimate a bound
for the individual terms on the right-hand-side of (33)), which are given by the fol-
lowing result.

Proposition 2. The following statements hold.
o 2 |[Moe&gp; x ogp;*
i (6(e€),e8) = — ¥, - 1Tessn; < Todp,
& D(@py) [FTlogp; + ey
21F M.
-l &&l.

i) (0,e£) <
©)< L "5 7)

iii) (gwg™", &) < |wl€&]-

v 5 _ syo-] [F~' M, 2

Proof. n the following % %T Ll with (Ex) & &.

The result follows from the noise free case, proceeding as in the proof of Propo-
sition [Tl

First, note that

()Tt = [%R é()Tr [ggR SgT} -

(@R)TgéR (@R)TgéT] .
(@T)TgéR (éT)TeéT

Then (0,€&) = Tr (OTef) = Tr (((:)R)TSF,‘R) + (@T)TeéT. Now, we have

2 2 |sp:||>(Ipsp: x Fla;v:)TeE
Tr((6r)"e&) = ¥ 1 Togp, | (Togp; < F " eyv)Tel

& DG@p)  [FTogpi+ o]
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~ —20; ((F~Y; xIygp:) xIsp:)Te
(@T)TgéT: Z A_J (( Vj ng_j) ngj) éT'
&y D(&pj) [FIogp;j+ v,

Proceeding as in the proof of Proposition[I] we can arrive to

)

(6,et) D?fxz. (F*IVJ'Xnogﬁj)TfﬁoeéééjXUogﬁj)
L, n) [FIogp; + oy,

<@ 85 < Z 2OC/' [F~"v; x Tlogp;|||[ Toeé &p; XHO&’P/H
L, ben) [FIosp + ap|

Since |Juy X uz|| < ||u1||||uz]|| for every uy,us € R3, we have

~ 2 a<
6.68) < o1 (e e ) IF vl oear1.
(©:28) < L G+ g ) \ F oz + sl ) 1© j
a.
Further, note that [|y;||~' = d <land ||[F~'v;|| < |F~!|M,. Hence
P = g, gy = I
. 2|F~ M,
6.e8) < T
(0280 = L G+ Iman) j

Recall that [Ty gp; = €€ x Iygp; + €& and by triangle inequality it follows that
1oe&gp;ll < |l€€ x Iogp;|| + €&z ||. In other words, ||IToe&gp;|| < |[€&|/(1+

Ip, ) by noting that [e€ x T < &1 M. ] < [ie€]. and
lle€r || < ||| Hence

. 2|F M,
(0,€8) < [€&]-
Pz

fii) First note that, (gwg ', €&) < |lgws '||||€€||. By the definition, we
have ||gwg~ 1|| = /Tr(gwTg 1gwg~ 1). Since §7'¢ = I, we have ||gwg™!|| =
/ Tr(gwTwg=1). Recall that, the trace of a matrix is invariant under similarity trans-
formation, that is, Tr(BAB~!) = Tr(A) for every A € R"*" [23] Ch. V, 7]. Thus, we

conclude that ||~ 'wg|| = \/Tr(wTw) = ||w||. Hence (gwg~!, €&) < ||w]|||€€].
i For simplicity, we define Z & ZOR ZOT} & ¢O — gwg™'. We find

([€€,Z), €€) = Tr(eET(Ze& — €£Z)). Note that, for every A, B, C € se(3), we have

AR o} [BRCR BRCT] _ [A,SBRCR A,TQBRCT}
AT 0

T _
ATBC= { 0 0 | |ALBgCr ATBRCr

and Tr(ATBC) = —Tr(ARBRCr) + A}BrCr. Hence ([€&,Z],€&) =
(7TI'(£§RZR8§R) + (8§T)TZR8§T) — (7TI’(8§R8§RZR) + (EéT)Té'éRZT) It s
easy to check that (eEgZreér)T = —(eErZreér), and hence eEgZrely is skew-
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symmetric, which implies that its trace is zero. On the other hand, the term

(eér)TZrelr = (€&7)T(Z x €&r) vanishes as well, where (7x) &l Zr. The term
Tr(eéreérZr) vanishes because for positive semi-definite matrices A and B, we
have 0 < Tr(AB) < Tr(A)Tr(B) [l pg. 329], so that

0 < TI'(*(‘J&RS(Q,RZR) < TI‘(*SéRgéR)TI'(ZR) =0.

Notice that, for a given vector u € R?, u'(—e&p)edru = (€&ru)" (e8pu) =
lle€ru||? > 0 and u" Zgu = 0. Therefore ([e&, Z), €€) = —(e&r)TeérZr = ZF (€& x
85]").

Note the following facts:
Hfl aj

D i1 = T gp, + g,
b) Using (33) together withEl]S

=
, we have

AT/ ((F~'v; x Iogp;) x ogp;) T (€ x e&r)
$O; (€€ xebr) < 25}_623? D(ap)) -

From |((F~'v; x Iogp;) x Iogp;)" (€€ x e&r)| < |F~'|M, | Togp;| || €& »
er|| we obtain

o P My €& ?
(OF (e x e&r) < zchZ/ #2) (0 + Togp )

¢) It can be easily shown that (§wg—")T(e€ x €&r) < ||w||||€€||* or, equivalently,
(Gwg™")7 (€ x e&r) < M, €&
Using[b) and ) above, we conclude that

5 _ syo-! F~'|M, 2
(€6, — gwi]. &) < (2:1_5 . /)(Hmogﬁj”)ww> leg P

The following result follows immediately from Proposition [2]
Proposition 3. The following statement holds.

g”“5§||2<— Z 4¢ Hnogégﬁjxnogﬁjnz
dr B i€ s D(gﬁj) ||FH0gp_j+ajVj||

P M €]
+2€j§¢ #7) (2+ 1+ ||H0§l5j|) €&l

Proof. The result follows by using the bounds given by Proposition [2)in the expres-

sion (33). O

+M,(2+ e8]l




An exponential observer for systems on SE(3) with implicit outputs 17

The following result follows immediately, by recalling that € < 1 from Assumption

A1

Proposition 4. We have the estimate

+6C|F ' M, +3M,,. (36)

g”85”2 < — Z 4¢ ||H08§§p"j X Hogp-jHZ
dt N ey D(gﬁj) HFHOg[aj-‘rOtjij

By @), |FITogp ;|| is bounded above by M and, by the definition ¢t; < ||FITogp;||.
Then each ||FIIogp;+ c;v;|| is bounded above by M,, = M(1+M,).
Next, we derive the noisy version of Theorem

Theorem 3. Let T € [0, +o0] and A > 0 be such that
i legO)l <1t o
i) Y IToe62p; < ogp;I”_
i F ) Togp;|I*(1+ [Togp;ll)
6C|F~ M, +3M,,
4EAM,!

> A&, and

iii) <L

are satisfied on the time interval [0, T). Then, for everyt € [0, T|,

-1
2 2 —agamzly | OC|F My +3M,, —42AM;
es()|I“ <|les(0 rl4 1- o).

In particular, if T = oo, then for every constant p > 0 there exists tp > 0 such that

6¢|F~'\M, +3M,,
4¢AM,!

leg@)|I* <
forallt>t,.

Proof. Define M,,,, &t 6C|F~'|M, 4 3M,, and A &ef 4CAM,". Since [|€£(0)]| < 1

there exists small enough 7y € (0, T] such that ||€&(z)|| < 1 for all 7 € [0, #y). From
Proposition 4} we obtain

d ~
3 1€617 < —Alle&|* + My,

for all 7 € [0, £o]. From Gronwall’s inequality we have
. ot s
Ie&(0)IP </e&O)IPe ™ + [ Mivexp (— | -2 dr) & G

s ~
Note that exp (— / -1 dT) = 7" Hence
t
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~ t -
le& ()] SH85(0)H26’“+/ My~ ds
0

<[ e&O)|Pe ™ + M, 27 (1—e M) (38)

for all 7 € [0, fp).Therefore we see that ||€&|| is non-increasing in [0, #p) if we have
that

1€ (0)[2e ™™ + My, A (1 — e ) < [|e€(0)]%,

that is, if || €& (0) > > M,,,,A 1. Since at time 7, we have ||€& (9)||> < 1 we may re-

peat the argument for a suitable interval [fy, fo +#] for some #; > 0 with 7p +1; < T.

Therefore, if ||€& (to)[|> > M, A", then ||e&(r)||> decreases in [to, o + 11]. Re-

peating again successively the argument, we see that the sequence of instants of
m

time s, def Zt,- must “reach” the instant T, otherwise by the definition we must
i=0
have ||e€(s)|| =1 at s= lirJrrl sm < T that is impossible because ||€& (sy,)
m— oo
le€(0)||> < 1 for all m € N. So, in particular ||€&|?> < [|€£(0)||> < 1 in [0, T[.
Coming back to the beginning of this proof we may then suppose that ) = T and so,
estimate holds for all 7 € [0, 7'[. In the case T = +oo, from (37)), we conclude that

for any given constant p > 0, we may find 7, > 0 such that [|€& (¢)||> < M, A~ +p
forallt >1,. O

I

We also have the noisy version of Theorem
Theorem 4. Let T €]0, +<0|. Suppose there exist positive constants T, A such that,
(6C|F~ M, +3M,)T

i) ||e€(0)]|* < 7 ,
1€ (0)]] LT
Hﬂoeégp, x Iogpj|I* .
— dt > A forevery 0 <t,t+T < T,
T/ i E)Togp;lI*(1+ Togp;ll)

and B
(6L |[F~'| M, +3M,)T(2—e 44, T)
1_674CAM;IT

iii) <1,
are satisfied. Then for all s € [0, T),

(68 |F~1| My +3M,,)T(2— e *63M T

2
<
eE@IP < e
Proof. Define M,, = &ef 6C|F~' M, + 3M,, and A &f 4{),M‘ . Suppose that
€& (t)||> =M, (t —s) > O for all ¢ € [s, s+ T]. From estimate (36), we may derive

1 1
T |[€€(1)[|> — My (t —5) dt (H eE(1)|)* — Myy(t —s))
1 4 |MToeégp; x Mg p;||*
T /&, D(ep)) [FHogp;+ vl ([e€ (D]~ My(t =)

<-
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Integrating on [s, s + T, we arrive to

1Og<||«sé<s+T>||2MV,WT>> -3

[e&(5)]? !

)

thatis, [|€& (s+7)|> < e AT ||e& (s)|| + M T, and so [[€& (s + T)|> < || €& (s)||* if
M, T
2 AT
leg @I = 57 (39)

. , d .
On the other hand notice that from estimate (36), we have & &> < M,,,,. Since

M, ., T
€& (0)||2 < —"__ we have that
1—e T

My, T M, T + l—efiTM t
Hgé([)Hz < #"‘ant: VW 1(_eiT ) VW (40)

for all 7 € [0, T]. Now we notice that to have, for some time 7 > T,

- My, T(2—e*T)

le& () e @)
. 2 MV.WT . .
at some time 7 > 0 we need to have ||€&(¢)||” > 17_” in the interval [t — T, 7],
: » M, T .
because if for some 7 € [t — T, 7] we have ||€€(¢)||” < P then necessarily
J— 67

M, T
||8€ (T)||2 <1V7W_1T +MV,W(T*[)

My T M, T(2—e*T)
Tloe AT 1—e AT

M, T
which contradicts @T). On the other side, if ||€& () > lviwm in the interval
— e_

. M, T . .
[t — T, 7], then since Hiw“ > M,,,T and, using estimate (39), we have that
_e7

M, T(2—e )

e&(1)|* = T _Ar only

lle€(7)||> > ||e&(t—T)||? so, for every T > T,
if

M, T(2—eT)

le&(e -T2 = ==

(42)

Now from estimate (@0) we have
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My T+ (1= e T\ M, 0t
1—e AT

le&(0)]* <

My, T(2 —eT)

1—e AT

5 M, T(2—e*T)
for all ¢ € [0, T[. Therefore, from (@2)), we have ||€&()|” < 1—ZT for
e

allt > 0. O

Remark 7. Theorem [3] may be “almost” seen as the limit of Theorem [ as T
goes to 0. We say almost because we need to impose that the square of the

M, T My, T(2—e T
norm of the initial error is smaller than ————— < —2 ( = ) , that is,
1 —e AT 1 —e AT
2 Mv wT o g . .
|l€€(0)|| < —==— < 1, while in Theorem [3|it was enough to impose that
7

1—e? 5
M, T(2—e*T M
l€€(0)||> < 1. Notice that sz) goes to —- as T goes to 0.
1—e AT A

6 Conclusions

This paper provides a nonlinear observer design structure for a left-invariant dy-
namical system evolving on the three-dimensional special Euclidean group with
measurements given by implicit functions. The observer is simple in construction.
Under suitable assumptions, we show that the linearized state estimation error con-
verges exponentially fast to the true state. Furthermore, we show that if the dy-
namical system is subject to disturbance and noise, the estimator converges to an
open neighborhood of the true value of the state. The size of the neighborhood in-
creases/decreases gracefully with the bound of the disturbance and noise.
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