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Abstract

Perceivingdynamicscene®frigid bodiesthroughaf ne
projectionsof moving 3D point clouds,boils downto clus-
tering the rigid motionsubspacesupportedoy the points'
image trajectories. For a physicallymeaningfulinterpre-
tation, clustes mustbe consistentvith the geometryof the
underlying subspaces.Most of the existing measues for
subspaceclustering are ambiguous,or geometricallyin-
consistent.A practical consequences that methodsased
on sud (dis)similaritiesare unstablewhenthe numberof
rigid bodiesincrease ThispaperintroducegheNormalized
Subspacénclusion(NSI) criterion to resolvetheseissues.
Relyingon this similarity, we proposea robust methodol-
ogy for rigid motionsementation and testit, extensively
ontheHopkins155database Thegeometricconsistencyf
theNSI assuesthe methods accumacywhenthe numberof
rigid bodiesincreaseswhile robustnesgrovesto be suit-
ablefor dealingwith challengingimaging conditions.

1. Intr oduction

Extendingthe structurefrom motion framework from
onerigid object(TomasiandKanadd 10]) to multiple mov-
ing objectsappearingin the eld of view (Costeiraand
Kanade[1], Ozdenet al. [5], YanandPollefeys [17]), re-
quiresthe primarytaskof identifying therigid bodiesin the
scene wetherthey are independentigid objects,or rigid
partsof articulatedobjects(Fig. 1).

In the nite samplescenarioyrigid bodiesare cloudsof
3D pointsmoving rigidly. Assumingaf ne projectionsand
giventheir correspondenceslongthe sequencesegment-
ing therigid motionsis framedasthe robust clusteringof
theirimagedtrajectories.The clusteringrelieson subspace
comparison,becausehe 2D trajectoriesof rigid motion
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(b) Multiple rigid objects

(a) Articulatedobject

Figure 1. Rigid-body segmentation:our resultof sgmenting(a)
the articulatedand (b) cars10sequencesfrom the Hopkins155
databaséTronandVidal[11]) (red arepointsclassi edoutliers).
Section4 presentsesultsover the entiredataset.

supportinearsubspaces.

We nd thatpropersubspacelusteringrequiresinvari-
anceboth to the orthogonalandthe inclusion relationship
betweersubspacesMost of the existing measure$or sub-
spacecomparisordo notcomplywith this obsenation,thus
beinginappropriatefor a uni ed treatmentof the problem
andunstablevhenthe numberof motionsincreaseln sec-
tion 3 we provide simple examplesproving thesefacts. In
particular we shov that a geometricconsistentcriterion
cannotbe a distancefunction, becausét violatesthe iden-
tity of the indiscernible$ by being consistentwith the in-
clusionof subspacef.e.if Ly L, whereL; andL, are
motionsubspaceshe criterionmustre ect thatall features
supportingL ; alsosupportL ,, asthe trajectoriesof the
pointsonthel ; linesalsolie onthelL , boxesin Fig. 1(a)).

The main contritution of this paperis the normalized
subspacenclusion(NSI), a criterion for subspaceluster
ing consistentwith the geometryof the underlying sub-
spacesOurapproacHor (rigid) motionsegmentatiorrelies
on splitting the obsenationsinto geometricallymeaningful
clusters,andagglomeratinghem, underthe NSI criterion,
to providetheadequaténterpretatior(segmentation)given
thetotal numberof motions(seeFigure3).

1We call the identity of indiscerniblegto the following metric axiom
thatary distancdunctionD mustsatisfy:D (x;y) = 0, X =y.



Extensve validationon the Hopkins155databaséTron
andVidal [11]) shows that our approachcan leveragethe
segmentationresultsgivenby state-of-the-annethodge.g.,
ALC from Raoet al. [7] and LSA from Yan and Polle-
feys [17]), particularlyin challengingsettingspresenting
morethantwo rigid bodiesandoutdoorscenes.

2. Motion Subspaces

Considerarigid bodymoving relative to thecameraand
let N; be the numberof 3D pointsx;, tracked over F
frames(theindex j representthej th rigid bodyin a multi-
body scene).Assumingaf ne projections,the datamatrix
W; 2 R?F Ni collectingtheimagesof the pointtrajecto-
ries,is writtenas

Wi = [wj, siiwgy L) = LM 1)
wi, = [ul vl VT = LNy ()
[ujfivfi]T:MJT ijilT;f=1;:::;F ©))
f
t.

f R!
Mj =Kz 4 011 i (4)

where ij is the rotation, andtJT the translation,of the
j th rigid body's coordinateframe relative to the camera
at time (image)f, andK , 4 collectsthe afne model's
intrinsic parameters.Given (3), W; canbe decomposed
into a motion matrix M; 2 R2F “# and structurematrix

Sj 2 R* Ni | asshavn by TomasiandKanade[10], i.e.
2 Mjl 3
Wj = Mij = 2 g

F
Mj
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Sincethe column subspacef W ; is generatedy the
motion matrix M j, it is a (rigid) motion subspace From
(5), the measuremennatrix W ; is at mostrank4, andso
is thedimensionof therigid motionsubspace.

2.1 Problem Formulation

When a scenecontainsmultiple objects(rigid or artic-
ulated),we built the datamatrix W 2 R?F N by track-
ing the trajectoriesof M rigid bodieswith different mo-
tionsrelative to thecamera.HereN = Ng+ :::+ Ny is
thetotal numberof pointtrajectoriesandNg is the number
of outlying trajectoriesj.e. mismatche®r nonrigidmoving
points. Hence the problemof (rigid) motion segmentation
is to identify the trajectoriesof eachrigid body, aswell as
the outlying trajectorieqFig. 2).

Formally, givenadatamatrix W , construcits canonical
(sgmentedform, i.e.

W = [WWi1i:i:Wnl (6)

where W o assemblesan arbitrary number of outliers,
W; = M;S; (j 6 0), andthe subspacegeneratecby
eachrigid bodymayintersectarbitrarily.

From (5), identifying rigid bodiesis tantamounto sey-
menting the subspacessupportedby their 2D trajecto-
ries. However, the basisof the motion subspacess given
by stackingthe af ne projectionsof the specialeuclidean
group (4), and seggmenting, while imposing the metric
(rotation and translation)constraints,leadsto the cyclic
dilemma: to checkthe constraintsit is necessaryo sey-
mentfeaturesandto segmentit is necessaryo computethe
constraints.

A usefulalternatve is to imposethe numberM of mo-
tions extrinsically, as shavn in the works of Sugayaand
Kanatani[8], Vidal et al. [12], Yan and Pollefeys [17],
thoughthis will not, per se imposephysicalcoherenceTo
attainit, the M clustersmustrespectthe geometryof the
underlyingmotionsubspaces.

2.2 RelatedWork

Underafne projections,independentnotions,and no
outliers, the segmentationis obtainedby the block diago-
nal structureof the shapeinteractionmatrix (Costeiraand
Kanade[1]). Unfortunately null cross-correlatiordoes
not hold for partially dependenmotions, motivating ap-
proachesuchasthe SugayaandKanatani[8] Multi-Stage
Learning(MSL), theVidal etal. [12] GeneralizedPrincipal
ComponenAnalysis(GPCA)or the YanandPollefeys[17]
Local Subspacéf nity (LSA).

The resultson the Hopkins155databaséTron and Vi-
dal [11]) showved that the LSA was the most accurateof
thesemethods.However, aswe shaw in section3, thesum
of the squaredsinesof the principal angles,i.e. the crite-
rion underlyingthe af nity in the LSA method,may pro-
vide noinsightinto thegeometriarelationbetweerthe say-
ments.Also, all previousmethodsrely on the globalrank
detectionof a datamatrix, which is proneto errorsin the
presencef noiseandoutliers. Therefore,someadditional
proceduree.g. RANSAC mustbe consideredo dealwith
outliers. Furthermore recentresults(Raoet al. [7]) sug-
gestedhatrobustnessmprovesthe sggmentation.

Recent approachessuch as the MDPO (Jian and
Chen[3]), the GMC (Silvaand Costeira[6]) andthe ALC
(Raoet al. [7]) areintrinsically robust. The MDPO is a
two-view approach,combiningmixturesof Dirichlet pro-
cesswith RANSAC, andhasthe advantageof beinginde-
pendenbf the numberof clusters.However, its application
is limited to independeninotionsin a calibratedsetup.The
GMC is a divisive method,usingrecursionover the space
of thedimensiondo complywith degeneraciesandexplor-
ing the riemanniarstructureof the Grassmanmanifold to
nd the maximumconsensusubspaceThe ALC follows
an agglomeratre stratgy, minimizing the segmentations



(b) MSL andALC

(c) ourresult

Figure2. Outlier detection:(a) Featurepointsin thechin areoutliers: theirimagepositionsslide alongthe sequencéa non-rigidway:. (b)
Theseggmentatiorgivenby theMSL (SugayaandKanatani[8]) andALC (Raoetal. [7]) failsto detecthem.Our approachc) recognizes
theoutlying trajectoriesthoughadmittingonefalsenegative (the foreheadpoint).
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Figure 3. Two step approach: imposing the number of sub-
spacegrovides semanticameaningfor the geometricsegmenta-
tion, sincethelatteris arelaxed solutionof the motionsegmenta-
tion problem.

coding length over a rangeof distortions. It is often ac-
curate,but very time consumingand may lose robustness
duringthevoting procesgFig. 2).

Fig. 3summarizesurapproachTheGMC providesthe
initial groupingand the correspondinglimensionsof the
underlyingsubspacesTheseclustersare pair-wise hierar
chically agglomeratedinderthe NSI criterion,thus nding

the interpretationaccordingto the numberof motionsim-
posed.

3. Normalized Subspacdnclusion (NSI)

Physicallymeaningfulsubspacelusteringmustbe geo-
metrically correct.We will useexamplesto shov thatmost
of the subspaceclusteringcriteria are ambiguousand re-
sultinto inconsistentlustersj.e. clustersdisrespectinghe
geometricrelationbetweenthe underlyingsubspacesThe
reasonis thatthey areinvariantonly to the orthogonalor
to the inclusionrelationshipbetweensubspacedyut not to
both.

Following this obsenation, we proposethe normalized
subspacénclusion(NSI) criterion.LetL 1 andL , belinear
subspacesf R", suchthatdim(L,) = d; anddim(L,) =
d>. De ne theNSI as

tl’fUIUzU-zl—Ulg_
min (dg;dz)

NSI(Ly;L2) = (7)
wheretr f g is the tracefunctionand,U; andU, areor-
thonormalbasedor L, andL ,, respectiely.

The NSI measureghe similarity betweertwo subspaces
by quantifying“how mucha subspacéelongsto another”.
Formally, it generalizeshe cos betweenvectorsby con-
sideringall principaldirectionsbetweerntwo subspaces.



3.1 SubspaceClustering

A key issuein ary clusteringalgorithmis to determine
the groups'(dis)similarity. The following criteriaareoften
employedwhenclusteringsubspaces

LPA: TheLeastPrincipalAngle is adissimilarity cri-
terion, usedby Yan and Pollefeys [17] to build kine-
maticchains;it is de ned as

q
LPA(L1;Ly) = cos ! max

Uiu (8)
SD: The Subspac®istance

q
SD(L1;L2) =

maX(d]_;dz) tl’fUIUzU-Iz-Ulg
)

veri es all distanceaxioms, and is appliedin face
recognition(Sunetal. [9] andWangetal. [13]).

SCPA: Consideringhe Sumof thecog of the Princi-
pal Angles

SCPA(L1;L,) = trfUJU,Ul U (10)
will alsoshav the importanceof the normalizationin
the NSI criterion (7).

SSPA: The Sumof thesin? of the PrincipalAnglesis
the dissimilarity employed by Yan andPollefeys [17]
in theirafnity e SSPA(L1:L2): it canbewritten as
SSPA(L1;L2) = min(dy;dy) SCPA(L1;L>2):
(11)

The following examplesmotivate the usefulnessf the
NSI criterior®. Practical situationsinclude degenerated
structureclusterednto moregeneraligid bodies,suchas
linesin boxes(Fig. 1 (a)),or interpretingscenesontaining
bothindependenandpartially dependentmotions.

Example 1 (LPA) LetL; = spanf [0#% #5]" g and

82 39 82 39
< 1 0 = < 0 0 =

XZ=span 40 05 ;YZ=span 41 05 ;
) o1 ) o1

asin Fig. 4. SinceL; YZ andYZ \ XZ 6 ;,wehave

LPA(L:;YZ)=0; LPA(XZ:;YZ)=0; (12)

2We do not considerthe largestprincipal angle,de ned asthe matrix
2-normof the differencebetweenthe orthogonalprojectors becauset is
relatedto the notion of distancebetweenequidimensionasubspace§?],
thusbeingof restrictedapplication.

3In all casesve aregivenm = 3 subspaceandhave to clusterthem
intoM = 2 linearmanifolds.

-
/

Figure4. Thesubspacenionof Examplel.

disregarding that all pointslying in L; also supportY X,
but not all pointsin YX belongto XZ. We mayusethis
exampleto showthat the sumof the canonicalcorrelations
(Kimetal. [4]) is notinclusionconsistentbecausat is only
invariantto the orthogonalitybetweersubspaces.

Example 2 (SCPA and SD) Considerthe following sub-
spacef R*: Ly = spanf [0 #50]" g, and

82 39 82 39
3 1 00 3 3 00 2
XYZ=span g 0 10 é ; ZW=span g 00 é :
2+ 0 0 193 2+ 1 0923
' 0 0 0 ' o1 "
From(10),

SCPA(L1;XYZ) =1, SCPA(ZW;XYZ)= 1; (13)

showingthat, withoutthe NSI's normalization(7), we have
theambiguityfromthepreviousexample Also,applyingthe
Subspac®istance(9),

_ q-—
SD(L1;XYZ) = pz; SD(Li;ZW) = 3, (14)
implies

SD(L1;XYZ) > SD(L1;ZW): (15)

which isinconsistentvith thefactthatall pointsin L1 have
zerodistanceto X YZ andnonzerodistanceto ZW.

Example 3 (SSPA) ConsiderR® and supposeve haveto
clusterLy = spanf[00001]"gand

82 39
0

2
3 Z
XYZ:spanEE %% ' ZW= spangg

U'l\l\N\l
IM)UV(D

[cNeoNeNelN o
cNoNoN Ne]
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into M = 2 groups. Notethat Ly is orthogonalto both
XYZ andZ W, wheeasthelatter intersect.However,

SSP(Ly;XYZ) =1, SSP(Ly;ZW)=1 (16)
SSPA(ZW;XYZ) = 1; 17

which is inconsistentwith the orthogonality betweenL
and the other subspacesin this venue the productof the
squaed canonicalcorrelations(Wolf and Shashud 15]) is
alsoorthogonallyinconsistentsincea singleorthogonaldi-
rectionis sufcient for nullity.

Normalized Subspacdnclusion. MaximizingtheNSI (7)
providesthe correctclusteringfor all examples:

Example 1
NSI(L1;YZ)=1; NSI(Ly;XZ)= 3 (18)
NSI(XZ;YZ) = %: (19)

So, we groupLy with YZ. We will showv that the
NSI is unitaryiif thesubspaceserify L1 L.

Example 2:Applying the NSI, we get the numerical
resultaccordingto the strengthof the geometricrela-
tion betweerthe subspaceand,therefore the correct

grouping,i.e.
NSI(L1;XYZ)=1; NSI(L1;ZW) = 1 (20)
NSI(ZW:;XYZ) = %: (21)

andtheclustersarefL 1; XYZgandZW.
Example 3: TheNSI'sresultsare

NSI(Ly ;XYZ)=0; NSI(Ly;ZW)= 0(22)
NSI(ZW;XYZ) = %; (23)
providing the correctclustershy takingthe maximum.
We will shav thatthe NSI hasthe propertyof being
null iif thesubspaceareorthogonal.

3.2 Propertiesof the NSI

LetL; andL, besubspacesf R", with arbitrary di-
mensiongl; andd,, andunitarybasedJ ; andU 5, respec-
tively. Notethat

trfulU,UTULg = trfu,UJULUIg (29)
= twfUJUUJU,g (25)
RN (d1:d2)
= k(U1 U>) (26)
k=1
RN (d1:d2)
= cog( k(L1;L2)) (27)
k=1

min(dy; d2) (28)

where  is thekth singularvalue of the matrix argument,

and  isthekth principalanglebetweerL; andL.
Recalling(7), the normalizedsubspacénclusion (NSI)

criterionhasthefollowing properties:

BasisIndependent TheorthogonaprojectorsU; UJ-T
in (24) areuniqueandindependenof thechoserbasis.

Symmetric: From (25) we seethat NSI(L,;L>) =
NSI(L,;L1). So,the NSI canbe usedto construct
af nity matrices(asin Weiss[14]). However, if d, 6
dz, the NSI shouldbe interpretedas“how much” the
lower dimensionakubspacéelongsto the greaterdi-
mensionabne.

normalized: From (26-28) we have 0O NSI

1. This property setstwo invariant valuesfor the
orthogonaland inclusion con guration, respectiely.
Also, it allows usingthe NSI in fuzzy clusteringal-
gorithms[16].

orthogonality consistency Notethat
Ly ? Lz , cof k(Li;L2)) =0; (29)
8k = 1;:::;min(d;; dy), and,from (27) and(7),
NSI(L1;L2) =0, Li? Lo: (30)

inclusion consistency Without lossof generality let
d1 dz. Then

L1 L, COS( k(Ll;Lz)) =1, (31)
8 k = 1;:::;d;. Recalling(27) and(7)
NS|(L1;L2): 1, L Lo: (32)

The inclusionconsisteng propertyimplies that a crite-
rion for subspacelustering,interpretedas a dissimilarity,
mustnot be a distancefunction, becausét will violate the
identity of theindiscerniblegoneof the metricaxioms)that
ary distancemustverify. Unlike othercriterion,the NSl is
invariantto both the orthogonalandinclusionrelationship
betweersubspaceghusleveragingthe subspacelustering
results,asshavn in thenext section.

4. Experiments

Our approach(Fig. 3) relieson a rst robustseggmenta-
tion of theunionof thesubspacesloimplementheGMC ,
we projectthe datamatrix ontoits 4M -dimensionaprinci-
palspacgM is the numberof rigid motions}, eachresult-
ing pointontothesphereandlet the optimizationthreshold
de ne theinliers' bandfor eachgroup. Hence,the whole
approactrelies solely on the given numberof (rigid) mo-
tionsM .

44M is the maximumpossiblerank of the obsenationswithout out-
liers,i.e. it is thetruerankof the datamatrix only if its rangeis the union
of M independentull motionsubspaces.
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Figure5. Syntheticscene:(a) two independentlynoving spheres:
the hemisphere®f the right one rotate, in oppositedirections,
aroundtheworld'sz  axis , while thewholespherdranslates(b)

averagemisclassi cationrate per criterion (1000trials per noise
level, consideringg12 512images).

4.1 Syntheticscene

Observingthe scenein Fig. 5(a) generates sequence
that generalizesExamples1-3. It combinesalmostall
possibledegeneraciesthe featuresfrom right spheresup-
portpartially dependentiegeneratednotionsubspacede-
causethe motion from eachhemispherds perceved has
planar(i.e. thereis no “depth” information). Also, there
is transpareninotionfrom the southhemisphere.

The resultsin Fig. 5(b) were obtainedusing the same
subspacelusteringalgorithm, only differing the criterion:
as long as the initialization is geometricallycorrect, the
NSI guaranteebettersceneinterpretationghan the other
criteria.

4.2 Realdata

The Hopkins155databaseconsistsof 155 sequences,
with 2 and3 rigid bodies dividedinto threeclassegFig. 6),
andthe pointswere automaticallytracked, with the track-
ing errorsmanuallycorrected11]. In orderto beconsistent
with this ground-truth,we needto considerevery point as
aninlier, thusoutlierswereassignedo thegroupsupporting
its nearessubspace.

Tables1-3 presentthe resultsof our method,together
with the LSA (asprovidedwith the Hopkins155database)
andthe (sparseprojection)ALC the mostaccuratenethods
testedon the entiredataset(Raoetal. [7]).

Table 1 presentsthe resultsby class. Our approach
achievesthehighestaccurag in thetraf ¢ classwhichcon-
tainssequencesaken by handheldcameraoften with de-
generatemotions[11], pointing out its robustnesdo real-
world imaging conditions. Also, the misclassi cationrate
decreaseasthe numberof motionsincreasesheingourap-

5121framesfroma x edorthographicamergwithoutocclusionywith
the optical axis alignedwith thez  axis of the world coordinatesys-
tem. Theinterframerotationwas3 degreesandthetranslationof theright
spherewvas3/121unitsalongthe negative directionof thex — axis .

method checkboard articulated trafc

avg [%] ] std [%] | avg [%] j std [%)] | avg [%] j std [%]
LSA 3.358.06 45§6.59 9.0914.86
ALC 2.376.18 12.3016.50 3.066.21
ourresult 3.547.39 7.798.22 1.696.33

(a) 155(all) sequences

method checkboard articulated trafc

avg [%] j std [%)] | avg [%] j std [%)] | avg [%] j std [%]
LSA 5.7G10.89 7.259.30 25.3019.05
ALC 5.049.14 21.0428.87 8.8613.16
ourresult 2.935.73 6.3§9.03 1.6741.51

(a)35sequencewith M = 3 rigid motions

method checkboard articulated trafc

avg [%] j std [%)] | avg [%] j std [%)] | avg [%] j std [%]
LSA 2.576.79 4.1G6.47 54311.17
ALC 1.494.58 10.7G15.00 1.751.83
ourresult 3.757.89 8.058.51 1.697.00

(a) 120sequencewith M = 2 rigid motions
Tablel. Average(avg) andstandardieviation (std) of misclassi -
cationrateshy classof sequences.

[ Method | checkboard | articulated | trafc [ all |
LSA 5.13 1.93 3.96 4.58
ALC 1213.55 558.36 962.52 1097.06

( 20m) ( 9m) ( 16m) ( 18m)
ourresult 14.75 4.16 11.02 12.85

Table3. Computationaburden(averagecputime[s]).

proachthe mostaccuratefor all classesvith M = 3 mo-
tions, thusshaving the NSI's immunity to the highercom-
plexity of theagglomeratie task.

Thisis con rmedby table2, whereit canbeseerthatour
approachachievesan averagemisclassi cationrate 1:42%
betterthanthe LSA, but 0:07%higherthanthe ALC, while
beingslightly morestable.Also, the differencebetweerall
methodsis muchhigherfor sequencesith 3 groupsthan
for sequencesvith 2 groups(the vast majority of the se-
guencesn thedatabase).

In table 3%, note that our sgymentationis, on average,
only 8 secondg3 times)slower thanthe LSA and85 times
fastethanthe ALC, balancingaccurag with computational
burden.

5. Conclusion

We introduced the Normalized Subspacelnclusion
(NSI), a criterion for subspaceclusteringconsistentwith
the geometryof the subspaceanderlyingthe obsenations,
unlike otherwidely usedcriteria, asour examplesdemon-
strated.We combineit with the GMC [6] to obtaina mo-
tion segmentationapproactthat cancopewith motion de-
generacieandoutliers,andis stableunderincreasinghum-
berof motions.

A natural extensionis to unify motion segmentation
and kinematic chain construction,two subspacecluster

6Thesetimes are essentiallyindicatie (orderof magnitude) because
they dependon particular implementations. All code was written in
M atlab .



(a) checkboardirt2tcsequence (b) articulated:armsequence (c)trafc: carsbsequence

Figure6. Examplesrom the classe®n the Hopkins155databaseyith our resultsuperimpose¢thered arepointsclassi edasoutliers).

Method [ avg[%] [ std[%] |

Method | avg[%] [ std[%] ]

Method | avg[%] [ std[%] |

LSA 4.86 10.29 LSA 9.71 14.71 LSA 3.45 8.14
ALC 3.37 7.97 ALC 6.69 11.48 ALC 2.40 6.35
ourresult 3.44 7.34 ourresult 2.87 5.28 ourresult 3.61 7.84

(a) 155(all) sequences (b) 35sequencewith M = 3 rigid motions (c) 120sequencewith M = 2 rigid motions

Table 2. Average(avg) and standarddeviation (std) of misclassi cationratesfor all classef sequencesFor sequencewith M = 3
rigid motionssequencedpwer error ratesare expectedif the numberof misclassi edpointsremainsfairly the same pecauséhetotal of
featureds oftenhigherin theM = 3 groupsequencethanin sequencewith M = 2 groups,sincemostof the sequencewith 2 groups
wereconstructedy splitting each3 motionsequencénto its respecitie clusters.
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