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Tutorial outline of Part 2

({3} Overlapping material with Part 1 is indicated likes.
Ve 1. Introduction
Ambherst
2. Models
e Single-agent MDPs and POMDPs

e Decentralized POMDPs
e Subclasses and complexity

3. Algorithms
e Exact algorithms
e Approximation methods
e Specialized algorithms for subclasses

4. Problem domains and software tools
5. Wrapup
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(i1} e« Al: develop intelligent agents.
Uniy of

Masschusets @ Cooperating multiagent systems.
e Problem: planning how to act.

¢ Joint payoff but decentralized actions and observations.

environment
action

Stat

action
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Related previous work

(§3} e Group decision theory in economics, team the@syschak
UnitYOf 1955 Papadimitriou and Tsitsikljs1982

Massachusetts

Ambers . .
t e Decentralized detectiomsitsiklis and Athans1985 Tsitsiklis, 1988

e Optimization of decentralized systems in operations
researChNVitsenhausele' Sandell et a].1978

e Communication strategi@%raiya and Walrandil978 Xuan et al, 200%;
Pynadath and Tamb2002

e Approximation algorithmsepeshkin et a.200q Guestrin et al.2002
Nair et al, 2003 Emery-Montemerlo et 312004
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Decision-theoretic planning

({7} o Decision-theoretic planning tackles uncertainty in segsi|
Universty of and acting in a principled way.

et
e \We need to model: H:<E|_E|_|'=
» each agent’s actions ; : 77""EIH_|—71§
» their sensors ;-ﬁ?'? @
» their environment = Q===
» their task EDEEQ ' gﬁbm _

e Popular for single-agent planning under uncertainty
(MDPs, POMDPs).
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Decision-theoretic planning

Assumptions:
Uniy of

Masenss o Seguential decisions: problems are formulated as a segquer
of discrete “independent” decisions.

e Markovian environment: the state at timmdepends only on
the events at time— 1.

e Stochastic models: the uncertainty about the outcome of
actions and sensing can be accurately captured.

e Objective encoding: the overall objective can be encoded
using cumulative (discounted) rewards over time steps.
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Aspects:

Univ 0 . =
univesityof © o gn-line vs. off-line
Ambherst

e centralized vs. distributed
» planning
» execution

e cooperative vs. self-interested
e observability

e CcOommunication

D. 8/147
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Example: The DEC-Tiger problem

({); e Atoyproblem:
University of decentralized tiger

Massachusetts

Amberst (Nair et al, 2003.

e Opening correct door:
both receive treasure.

e Opening wrong door: k
both get attacked by a tiger.

e Agents can open a door,

/ J
or listen. O
e Two noisy observations:

hear tiger left or right.

e Don’t know the other’s
actions or observations.
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Example: Sensor network problems

University of

Massachusetts @ SENSOr networks for

o » Target tracking
(Nair et al, 2005
Kumar and Zilberstein
20093

» Weather phenomena
(Kumar and Zilberstein
20090

e TWO Or more cooperating
Sensors.
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Application domains

Possible application domains:

University of

vasachuses. @ MUlti-robot coordination
e » Space exploration rove(&iberstein et al.2002
» Helicopter flightspynadath and Tamb2002)
> NaVigatiOn(Emery-MontemerIo et 312005 Spaan and Meld®2008

e Load balancing for decentralized queygsi et al, 2004
e Multi-access broadcast channgls and wornell 1996

e Network routing(peshkin and Savoy2002)

e Sensor network managemeir et al, 2005
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Models outline

MDPs: single agent, fully observable

University of
Massachusetts
Ambherst

POMDPSs: single agent, partially observable
Decentralized POMDPs

Complexity results

DEC-POMDP subclasses

O k~ ODdhE
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Markov decision processes

University of
Massachusetts
Ambherst

e A model of sequential decision-making developed Iin
operations research in the 1950’s.

e Allows reasoning about actions with uncertain outcomes.

e MDPs have been adopted by the Al community as a
framework for:

» Decision-theoretic planning (e.do>ean et al.1995
» Reinforcement learning (e.d3arto et al, 1995

n. 14/147
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Definition of Markov decision processes

\{J} Definition 1. A Markov decision process (MDP) is a tuple (S, A, P, R)
Univity of where

Massachusetts

Ambherst
e S is afinite set of states, with distinguished initial state sg.

e A is a finite set of actions

o P:S5 x A— ASisaMarkovian transition function.
P(s'|s, a) denotes the probability that taking action a in state s
will result in a transition to state s’.

o R: A xS — Risareward function.
R(a, s") denotes the reward obtained when action « is taken and
a state transition to s’ occurs.

The Markov assumption:
P(st]8t-1,St-2,- -, 80,a) = P(s¢]s1-1,a)

n. 15/147
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A simple4 x 3 grid environmentRussell and Norvig2003

University of

Massachusetts
Amberst
3 [F7]
= s
1 START
1 2 3 4

(a) (b)
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Partially observable MDPs

k)@ After each action, the agent receives an observatibat
eyl Provides partial information about the underlying state

Massachusetts
Ambherst

Definition 2. A partially observable MDP (POMDP) is a tuple
(S, A, P,2,0, R) where

e S. A, P, and R are the same as for MDP
e ()is a finite set of observations
o O: A xS — Af)is an observation function.

O(ola, ") denotes the probability of observing o when action a is
taken and and a state transition to s’ occurs.

n. 17/147
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Performance criteria

How to combine rewards over multiple time steps or
histories?
The assumption that the agent’s preference over histories

depends only on the current state allows only two possible
ways to define utilities of histories:

1. V([So,al,sl,a2,82, .. ]) = R(al,sl) + R(CLQ,SQ) 4 ...
2. V([so,a1,s1,a2,82,...]) = R(a1,s1) + YR(a2,s2) + ...

Finite-horizon problems involve a fixed number of steps,

Best action in each state may depend on the number of ste
left (nonstationary).

Infinite-horizon policies depend only on the current state
(stationary).

Finite-horizon problems can be solved by adding the numbe
of steps left to the state.

n. 18/147
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Policies and value functions

e A policy 7 is a mapping from states to actions.

wmivessityol © ¢ The value function for a finite-horizon MDP:
Ambherst

>

—1

V7 (s0) = E[ R(n(s,), sm)]

t

I
o

e The value function for an infinite-horizon MDP:

VT(sg) =F [i Y R(m(ss), stﬂ)} .

n. 19/147
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The Bellman equation

e Optimal policy defined by:

University of
Massachusetts

Amberst w*(s) — arg maXZp(S/’Sy a)V(S/)

V(s) = R(s) + wmaaXZp(s’\s, a)V(s')

e |n these equations, the reward function depends only on
state, but this can be easily generalized.

e Can be solved using dynamic programmiBgiiman 1957

n. 20/147
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Examples of optimal policies

M;lslzzéslluz’e(‘?t(s * = | [ * * =
Amberst B | == | — | [T]

Ri(s)<—-1. —04Z78 < Ri5) < —0.0850
2| A s

1 1 - | -— | -— ) - | M + - |

o == R
22l = Kis) <) Kis)=0
(a) {b)

(a) An optimal policy for the stochastic environment with
R(s) = —0.04 for all nonterminal states. (b) Optimal policies for
four different ranges of?(s). (Russell and Norvig2003

n. 21/147
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Value iteration for MDPs

wesy Algorithm 1: Value iteration Bellman 1957

b input . MDP problem, convergence parameter
output : A policy that isc-optimal for all states
begin

Initialize V"’
repeat
V V!

for each state s do
| V'(s) < R(s) +ymax, ), p(s'|s,a)V(s')
until CloseEnough(V, V)

return Greedy policy with respect to’
end

n. 22/147
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Policy iteration for MDPs

we Algorithm 2 ¢ Policy iteration Howard 1960
Amberst input : MDP problem
output : An optimal policy
begin
Initialize =’
repeat
w47

V'« ValueDeterminatiofr)
for each state s do

| 7'(s) < argmax, ) p(s'|s,a)V (s)

until m = 7/

return 7’
end

n. 23/147
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Value determination

(%)t Value determination of a policy can be implemented using:
uveryer | Value iteration:

Massachusetts

Ambherst

V'(s) = R(s) +7 ) p(s'|s, m(s))V(s)

or by solving a set of. linear equations:

V(s) = R(s) +7 > _p(s's, m(s))V(s)

n. 24/147
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Solving POMDPs

(1)  * Need to act based on partial observations
vianeats e Finite-horizon problems: A policy can be represented as a
Ambhers . . .
t mapping from observation seguences to actians()* — A

e This can be summarized using a policy tree:

¢ Infinite-horizon problems: Solution can be represented as &
finite-state controller with nodes labelled with actiongl an
transitions labelled with observations

e Use of stochastic controllers versus deterministic

n. 25/147
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Belief states

A belief state Is a probability distribution over statestttan

summarize the knowledge of the agent at a given point.

b(St) — PT(St — 8‘80761’170170’27 02, .

cey A1, 0t—1)

Example: Consider thé x 3 domain with no observation.

0.111 | 0111 | 0.1

0.300 | 0.010 | 0.008

0111 0.111

[0-009)

0.622 | 0.221 | 0.071

0.221 0.059

0111 | 0111 | 0111

[0

0.005

0.371 | 0.012 | 0.008

0.000

0.003 | 0.024 | 0.003

|'Ul2'4'| 0.005 | 0.007 | 0.019 m
0.003 |'Ul22'| 0.034 0.007 | [0-105
0.000 0.005 | 0.006 | 0.008 | 0.030

(a)

(b)

(c)

(a) The initial probability distribution for the agent’sdation
(b) after movingLeft five times
(c) after movingUp five times

(d) after movingRightfive times

(d)

n. 26/147
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Bayesian updating of beliefs

e When actioru is taken in belief staté(s) ando is observed,
University of the new beliet’(s’) can be calculated using Bayes’ rule:

Massachusetts

Ambherst

/() = Pr(s/bao) = T e A

e The probability of the observation can be computed by
summing over all possibl€

Pr(ola,b) = ZPT(O\CL,S’,b)Pr(S’m, b)
= ZO ola, s")Pr(s'|a,b)
= ZO ola, s’ Zb (8'|s, a)

n. 27/147
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Belief state transition model

‘¥t \We can now define a new “belief-state MDP” with the following
umverayer  transition model:

Massachusetts

Ambherst

Pr(b'|b, a)

ZPT (b'|o, a, b)Pr(o|a, b)

:ZPrb’\oabZOo\as Zb P(s'|s,a)

And the following reward function:

= Z b(s)R(s

n. 28/147
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k¥t The optimal value function of a (finite-horizon) POMDP Is
umesiyol - piecewise linear and convek:(b) = max, b - a.

Massachusetts

Ambherst

v

(1,0) (0,1)

n. 29/147
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POMDP methods

e Optimal

» Enumerate and prun®onahan1982 Zhang and Liy1996 Hansen1998K

» Search for witness pointSondik 1971 Cassandra et atl994)

e Heuristic

>
>

Most likely state(Cassandra et atl996
QMDP (Littman et al, 1995

e Approximate

>

Grid-based approximationisovejoy, 1991 Brafman 1997 Zhou and Hansen
2001 Bonet 2002

Optimizing finite-state controllen®oupart and Boutiligr2004 Amato et al,
2007)

Branch-and-bound sear¢$uatia and Lavel 973 Hansen19983
Point-based techniqu@sineau et a.2003 Spaan and Vlassi2005

n. 30/147
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iy} Now we consider a group of agents that control the envirottmen
Unity of JOlntIy

Massachusetts
Ambherst

Each agent receives a separate partial observation.
The agents try to optimize a single reward function.

n. 31/147
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DEC-POMDP

‘%37  Definition 3. A decentralized partially observable MDP (DEC-POMDP)
unvamyor 1S @ tuple (I, S,{A;}, P,{%}, O, R, h) where

Massachusetts
Ambherst e [ is afinite set of agentsindexed 1, ..., n.

e S is afinite set of states, with distinguished initial state sq.

e A, is afinite set of actions available to agent ¢, and
A= ®ic1A; is the set of joint actions.

e P:Sx A — AS isaMarkovian transition function.
P(s’|s, @) denotes the probability that after taking joint action @ in state s a transition to state s’
occurs.

e (), is a finite set of observations available to agent ¢, and
Q = ®,c1§2; is the set of joint observations.

e O: A xS — AQis an observation function.
O(0d]a, s’) denotes the probability of observing joint observation G given that joint action @ was
taken and led to state s’.

e R:A xS — Risareward function.
R(d, s") denotes the reward obtained after joint action @ was taken and a state transition to s’
occurred.

e If the DEC-POMDP has a finite horizon, that horizon is represented by a positive integer h.

n. 32/147
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Definition 4. A partially observable stochastic game (POSG) is a tuple

eyt (1, S, {A;}, P, {0}, O, {R;}, h) where

Massachusetts
Ambherst

e All the components except the reward function are the same as in a
DEC-POMDP

e Each agent has an individual reward function: R; : A; x S — R.
R;(a;, s") denotes the reward obtained after action a; was taken
by agent 7 and a state transition to s’ occurred.

This Is the self-interested version of the DEC-POMDP model

n. 33/147
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Policies for DEC-POMDPs

\/s Definition 5. A local policy for agent 4, r;, is a mapping from local
universityof  histories of observations 6° = (0;, - - - 0;, ) over §); to actions in A;,
Massachusetts N

., 0 () — A

Definition 6. A joint policy, 7 = (71, ..., T,), is a tuple of local
policies, one for each agent.

Other forms of policy representations:
e Mapping from (generalized) belief states to actions:

e - ——

- ;"-ﬂ'-..'l S =
- P ] T ol {n,
ey p? &:" I IJE%« e \ '.E"_lf' A *.fl_? h&:*) \
y N2 9 %2 e A - T A
L | _-’;L"‘-_‘ ¥ F, Ty f i 5 :L-'\ f:_- \ f
. 4 I'n'FE.I/'I %1/ gy » Ixéz ! ';\?3 {Ig} i) Ij\‘.:;_l %":I..f 2
agent 2 state space agent 1 state space

e Mapping from internal memory states to actions (FSCs)

n. 34/147
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(k3¢ Definition 7. The value of a joint policy 7 for a finite-horizon
Un1ver51tyof DEC-POMDP with initial state s Is:

Massachusetts
Ambherst

>

—1

V7T(sy) = E[ R(dy, St)‘SO,ﬂ']

t

I
=)

Definition 8. The value of a joint policy 7t for an infinite-horizon
DEC-POMDP with initial state s and discount factor v € [0, 1) is:

{Zv (¢, st)|so, T

n. 35/147
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Example DEC-POMDP: 2 agent grid world

University of
Massachusetts
Ambherst

States: grid cell pairs

Actions: move 1. {,=, &,
stay

Transitions: noisy

Observations: red lines

Rewards: negative unless
sharing the same square

n. 36/147
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Modeling communication

(k3@ Definition 9. A decentralized partially observable Markov decision
University of process with communication (DEC-POMDP-COM) is a tuple

Massachusetts

amherst ([ S { A}, P, {Q;},0,%,Cx, R, h) where:
o I.5 {A;}, P, {Q;}, O, and h are defined as in the DEC-POMDP.

e > is the alphabet of communication messages. o; € X is an atomic message

sent by agent ¢, and & = (01, - ,an> IS a joint message, i.e. a tuple of all
messages sent by the agents in one time step. A special message belonging to
Y. is the null message, €, which is sent by an agent that does not want to
transmit anything to the others. Agents incur no cost for sending a null message.
e (s is the cost of transmitting an atomic message.
Cg; D> — R, Cg(&‘a) = 0.
e Ris the reward function. R(d, s’, &) represents the reward obtained by all
agents together, when they execute the joint action @, a state transition to s’

occurs, and the joint message & is sent.

n. 37/147
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Interactive POMDPs

Interactive POMDPs (I-POMDPSs) extend state space with
behavorial models of other agents

(Gmytrasiewicz ano
Agents maintain be

» Recursive mode

Dosh?2005.
lefs over physical and models of others,
INg.

When assuming a finite nesting, beliefs and value functions
can be computed (approximately).

Finitely nested I-POMDPs can be solved as a set of

POMDPs.

n. 38/147
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Relationships among the models

University of
Massachusetts
Ambherst

\Y
_ DEC- DEC-POMDP
PRSI  POMDP MDP ¥ 15X IDEc-POMDP-COW

7 MTDP

n. 39/147
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Previous complexity results

Finite Horizon

Uniesiyo | MDP P-complete (ifh < | (Papadimitriou and Tsitsikljs
A 5]) 1987)
POMDP | PSPACE-complete| (Papadimitriou and Tsitsikljs
(if h < |S]) 1987
Infinite Horizon Discounted
MDP P-complete (Papadimitriou and Tsitsikljs
1987

POMDP | undecidable (Madani et al. 1999

n. 40/147
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Intuition

ﬁggjffge‘;{s e Agents must consider the choices of all others in additicdhécstate and

Amberst action uncertainty present in POMDPs.

e This makes DEC-POMDPs much harder to solve (NEXP-complete).

e Solvable in nondeterminstic exponential time: Can guesdLdisn in

exponential time and transform the DEC-POMDP into an exptaign
bigger belief state MDP.

e NEXP-hardness: Reduction from tiling problem (each agamdtmlace
a tile based on local information and the result must be stas).

- 2y I__z-"z"- " I_/-I's \_‘. " " /-H / a- - \ i
;’ *3, ', !’ P W 5 \ 2 "x._:f"zj %
o i} g,/ 7} Vg o 0,/ f4] \
1 R‘: 2 : 1 2 1 \2
\ o \ o ! 7 /
v (d la a, ) a L ¢ (a a.| [a (a,)
. 1 l 3 L N R ’ ar 2 l B

agent 2 state space agent 1 state space
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Upper bound for DEC-POMDPs

1k)} Theorem 1. Finite-horizon DEC-POMDPs are in nondeterministic
Universityof | €XpONential time.

Massachusetts
Ambherst  Proof: The following process shows that a non-deterministic Tginrachine can solve any

instance of a DEC-POMDPIn at most exponential time.

1. Guess a joint policy and write it down in exponential tini@is is possible, because a joint
policy consists ol mappings from observation histories to actions. Simce |S|, the
number of possible histories is exponentially bounded byptloblem description.

2. The DEC-POMDP together with the guessed joint policy Gamibwed as an
exponentially bigger POMDP using-tuples of observations and actions.

In exponential time, convert all the observation seqasmato a belief state.

4. In exponential time, compute transition probabilitiesl @xpected rewards for an
exponentially bigger belief state MDP.

5. This MDP can be solved in polynomial time, which is expdrain the original problem
description.

Thus, there is an accepting computation path in the nomaetestic machine if and only if there

is a joint policy that can achieve rewafd.

n. 42/147
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k) Theorem 2. (Bernstein et al., 2002) Two-agent finite-horizon
universityof  DEC-POMDPs are NEXP-hard.

Massachusetts
Ambherst

e Thus provably intractable (unlike POMDP)
e Probably doubly exponential (unlike POMDP)

Proof: By reduction from TILING

-Omm
sl s
o lnl |s

s s |
a consistent liling >

3 1 B

0 1 2 i

i]
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Proof of hardness

(s
—
Process randomly
chooses two tile positions
¥
Agent | observes Ty Agent 2 observes
tile position | £ 5 tile position 2
" i II e,
R > || i | W o
Ny ! / -~
Agent | chooses Agent 2 chooses
a tile type t! a tile type ¢
1 3

{REWARD |
l. i |

- -

Process checks that tile choices
come from one consistent tiling

3 policy with expected reward 8> 4 consistent tiling
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Proof of hardness

e Naive approach has a state for every pair of tile positions
Universty of (exponential in size of instance!)

Massachusetts

S o Luckily, we need only remember info about relationship

between positions in the state
e Generate positions bit-by-bit, and only remember key
iInformation:
» Are they equal?
» Are they horizontally adjacent?
» Are they vertically adjacent?

e Q.E.D.

n. 45/147
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Joint observability

Definition 10. Joint full observability = collective observability. A
DEC-POMDP is jointly fully observable if the n-tuple of observations
made by all the agents uniquely determine the current global state.
That is, if O(0ld, s’) > 0then P(s'|0) = 1.

Definition 11. A decentralized Markov decision process (DEC-MDP) is
a DEC-POMDP with joint full observability.

A stronger result:  The problem is NEXP-hard even when the
state is jointly observed! That is, two-agent finite-honzo
DEC-MDPs are NEXP-hard.
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Classes of DEC-POMDPs

Definition 12. A factored n-agent DEC-MDP is a DEC-MDP for which

5 &
5
L/’”-

universityof | the world state can be factored into 7 - 1 components,

Massachusetts

Amberst S:Soxslx...xsn.

Definition 13. A factored, n-agent DEC-MDP is said to be locally fully
observable if each agent observes its own state component

\V/Oi ElSAZ . P’I“(SAZ‘OZ) = 1.

Definition 14. Local state/observation/action $; € .S; X Sy is referred
to as the local state, a; € A; as the local action, and o; € (), as the
local observation for agent 7.

Definition 15. Full observability = individual observability. A
DEC-POMDRP is fully observable if there exists a mapping for each
agent ¢, f; : €2; — S such that whenever O(0ls, d, s) is non-zero
then f;(0;) = ¢'.
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Classes of DEC-POMDPs

Definition 16. MMDP A multi-agent Markov decision process is a

A S\ &
Qs A
%, &% &

universityef  DEC-POMDP with full observability (Boutilier, 1996).

Massachusetts

Amhest — Definition 17. A factored, n-agent DEC-MDP is said to be transition
independent if there exists F through F,, such that

Pr(s;|(50, -+ s8n)s @, (S1, -y Si_1sSiqqs---55,)) =
Py(s5]s0) 1 =10
Pi(s!|$i,a:,85) 1 <i<mn

(1)

Definition 18. A factored, n-agent DEC-MDP is said to be observation
independent if there exists O through O,, such that:

Pr(o;|(so, -5 8n), @, (Sgy---58.), (01, ,0i-1,0i41,-+,0n))
— PT(Oia §i7 Ay, §z,)
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Classes of DEC-POMDPs

(k)¢ Definition 19. A factored, n-agent DEC-MDP is said to be reward
Un1ver51tyof independent if there exist f and R; through R,, such that

Massachusetts

Ambherst

R((sgy...,8n),@,(Sp,--.,8.)) =
f(Rl(glaalaéll)a'“7Rn(§n7an7§/n)) (2)

and

I Al

R;(8;,a;,8;) < R;(8;,a.,8.) <

S;
f(Rl (SZ,CLZ, ) ) f(Rle(éz,CL;,ggl)Rn>
(3)

Theorem 3. If a DEC-MDP has independent observations and
transitions, then the DEC-MDP is locally fully observabile.
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Observabllity, communication and complexity

\ Observability || General Communication Free Communication

iversity of | Full MMDP (P-complete) MMDP (P-complete)

Amherst Joint Full DEC-MDP (NEXP-complete) MMDP (P-complete)
Partial DEC-POMDP (NEXP-complete) MPOMDP (PSPACE-complete)
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Un of Finite-Horizon
Massachusetts DEC-MDP
m ‘ 10 &IT J @ i Goal Oriented J
/ Sharl'ng 1 E ‘ Goal Oriented
Information | L
IGl =1 J IGI > 1 J
’ ’ Certain Conditions

(Goldman and Zilberstejr2004)

More complexity results

n. 51/147
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Algorithms outline

©) Optimal solutions
et Bottom-up algorithms
Ambherst

Top-down algorithms
Other finite-horizon algorithms
Infinite-horizon algorithms

SISO

Algorithms for subclasses
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Optimal DEC-POMDP solutions

iy} o Reminder
Universty of » No beliefs over states available.
» No piecewise linear convex value functions.

Ambherst
e MDP/POMDP algorithms do not transfer directly. ..
» ...butideas do transfer.

n. 54/147
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i)} Example: optimal policy for Dec-Tigef, = 4 (shown for 1
B 20ent)
Ambherst

OnL OHR
OHL OHR OHL OHR
OHL / \OHR OHL / \OHR OHL / \OHR OHL / \OHR
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) e Algorithms can be classified according along various axes:
Univerityof » Optimal vs. Approximate
Ambhers
: » General Model vs. Subclasses
» Infinite horizon vs. Finite horizon

e Axes will be indicated as follows:

Optimal / Approximate, General / Subclasses, Infinite /teihiorizon

n. 56/147
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Bottom up approaches

e Build the policies up for each agent simultaneously
Universty o e Begin on the last step (single action) and continue until the

Massachusetts

Ambherst

first
e When done, choose highest value set of trees for any initial

state

Agent 1 Agent 2

ﬂl\ l'/i':_l_;\'
T e
k\a; /a;‘ lf,l,('l HD
‘91; ﬂlx ‘*'5'2 01/ '\92 01/ \0
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e Construct all possible policies for the set of agents

University of
Massachusetts

Amberst e Do this in a bottom up fashion

e Trivially includes an optimal set of trees when finished

Optimal, General, Finite-horizagn

n. 58/147
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Exhaustive search example (2 agents)

University of
Massachusetts
Ambherst

55 | B
@ @ @ @ @ @ @ @
S55 | Ak
@@ @@ @ @ @@ @@ @ @
&85 | o
@@ @@ @ @ @@ @@ @ @
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Exhaustive search example (2 agents)

University of
Massachusetts

Ambherst ABERAB SRAB SR AR BD | AR AL R AR LR LD &b &2
LB ER LB SRAB SR AR B8 | Ah L2 R AR LR LD &b &2
Eh 83 &3 A8 &0 £2 L1 L8 | £n &h 3 82 LR £ £2 L3
AR ER AR ERABER AR A8 | AR A2 KR AR &R L8 8B &3
Kh&h £ A8 88 &0 K3 &2 | £3 88 &3 A2 &n £ &3 &3
EhERERERAR AR A2 &2 | &R £R LR &R &0 £ &3
AR ER AR ERAR AR AR AL | AR LR R AR &R LB & &2
Eh 88 &n A8 &R LB KR A8 | SR &R L3 828R £ £3 &h
AR &R A SR AR AR AR 88 | &b £ &R A8 &h L8 &3 45
Eh AR AR ARAR AR AR AR | AR &R &R AR &R & &3 &3
ERERERARAR AR AR A2 | &R &R LR KR &R &h £ &3
ABERAB SRAB SR AR B8 | AR £h R AR &R L2 &b &2
Eh 83 &h A8 &0 £8 L1 48 | £n &h L3 &2 LR £ £2 L3
AR ER AR ERAB R AR A8 | AR AR ER AR LR L8 8B &5
Kh&h 8 8888 &0 K3 &2 | A8 A8 A3 AR &h £ &3 &3
9. W:9.W:9:W:9:W W W 9N - WY O W: 0. W 0. 0. W: 5. W: 50 5. W: 9
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Exhaustive search summary

e Can find an optimal set of trees

) S o N
S\
&, N &

Vet Number of each agent’s trees grows exponentially at each

Ambherst

step
e Many trees will not contribute to an optimal solution
e Can we reduce the number of trees we consider?

n. 62/147
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Add a pruning step to exhaustive search
Uniy of

vasachues @ At each step, remove trees that will never be part of optimal
Ambherst .
solution

e Uses linear programming (LP) to prune these dominated
trees

e Ensures any policy that can contribute to optimal is not
removed

(Hansen et a| 2009

Optimal, General, Finite-horizagn

n. 63/147
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e Prune over multiagent belief space (policies of the other
agents and states of the system)

e Retains optimal policy for any belief state

University of
Massachusetts
Ambherst

agent 2 state space agent 1 state space

n. 64/147
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Linear program for pruning a tree

TECNICO

. Variables:e, x(q;)

Massachusetts
Ambherst

Objective: Maximize:

Improvement constraints:

Vs, q-i V(s,4i,q +6<Zw i)V (s, qir q—i)

Probability constraints: Zx(c}i) =1, Vg z(§)>0
di

Prune tregy; if there is a distribution of other treegg;) that has a higher
value for all system states and trees of the other agents
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Dynamic programming example (2 agents)

University of
Massachusetts
Ambherst

55 | B
@ @ @ @ @ @ @ @
S55 | Ak
@@ @@ @ @ @@ @@ @ @
&85 | o
@@ @@ @ @ @@ @@ @ @
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Dynamic programming example (2 agents)

University of
Massachusetts

Ambherst

@ @ @ @ @ @
@ @ @ @ @@ @@ @ @
&85 | o
@@ @@ @ @ @@ @@ @ @
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0102 alag 02 0102 Glaz
02 alaz al 0102 0102




Dynamic programming example (2 agents)

5| Sfd
@) @) @ @ @ @ @ @
(@ (@ (@ (@

@) @ @) @ @) @ @) @

77777777



Dynamic programming example (2 agents)

‘5'1'5‘2
@) @
0, 0, 0102 0, 05
@) @ @) @ @) @
0102 0102 0102 0102
@) @ @) @ @) @ @) @




Dynamic programming example (2 agents)

Sh AL SR AL | AB 88 83 44
Ah 88 &3 &8 | 43 88 43 £
Ah 88 &3 &8 | A3 88 43 £

Ah B8 83 &8 | Ah 88 43 42
Ah 88 &3 A8 | A3 S8 43 42

77777777
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Dynamic programming summary

e Will produce optimal solution for any initial state

vaeats @ Improves scalability of exhaustive backups with pruning at
Ambhers
: each step
e Still limited to small problems

e For POSGs, iterative removal of very weakly dominated
strategies

n. 73/147
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Approximate bottom-up algorithms

k1! Optimal algorithms have theoretical value, but are geheral
UmversHYOf Intractable in practice

Massachusetts

Ambherst

e Approximate bottom up algorithms can provide higher value
and solve larger problems

» Joint Equilibrium Search for Policies (JESP)

» Memory Bounded Dynamic Programming (MBDP) (will
be discussed later)

Approximate, General, Finite-horizon
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Joint Equilibrium Search for Policies (JESP)

| Instead of exhaustive search, find best response
Uniy of
Yames - Algorithm 3: JESP Nair et al, 2003
Start with policy for each agent

while not converged do

for 2 = 1ton do
LFix other agent policies

Find a best response policy for agent

Approximate, General, Finite-horizon
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JESP summary

e Find a locally optimal set of policies

vameas ® \Worst case complexity is the same as exhaustive search, bt
Ambhers . . .
: in practice is much faster

e Can also incorporate dynamic programming to speed up
finding best responses
» Fix policies of other agents
» Generate reachable belief states from initial state
» Build up policies from last step to first

» At each step, choose subtrees that maximize value at
reachable belief states

n. 76/147
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Bottom up summary

(%)) e Build agents polices simultaneously from the last step unt
Uniy of the fl I'St

Massachusetts
S o Typically build policies for any initial state
e Optimal algorithms are not very scalable

e Approximate algorithms use locally optimal solutions and
top-down heuristics (discussed later)
e Improve scalability by

» Compressing policies at each step
(Boularias and Chaib-draa008

» Not generating tree sets exhaustivelyr(ato et al, 2009

n. 77/147



Top down approaches

Bottom up

|

old
new
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Multiagent A*

e MAA*: top-down heuristic policy searclbzer et al.20095.
gg;ggg;g;{s » Requires an admissable heuristic function.
» A*-like search over partially specified joint policies:

Ambherst

of = (8,8, ...,0h,
§t=(8%,...,88) 80— A,

e Heuristic value fory':

‘7() VOtl()vthl
F G H

» If Vi-"=1is admissible (overestimation), solig!).

Optimal, General, Finite-horizan
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University of
Massachusetts

Ambherst

Multiagent A*
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Heuristic functions

e MAA* and other algorithms need heuristic functions
Uniy of ‘7t...h—1 .

Massachusetts

" o Can be defined by solving simplified problem settings.

Vip = Y PE°)Q(E",¢'(6Y),

5’56@&

whered! = (a?,0},...,al™", of) is an action-observation
history.
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Heuristic functions

e Qupor (Littman et al, 1995:

Unlver51ty of
Massachusetts . _) .
Ambherst 0 g Q 7 ‘ 9 )

seS

whereQ};* (s, @) is a non-stationary solution to the
underlying MDP.

» Cheap to compute, and feasible for high horizons.

» Assumes centralized observations and full observability
— loose bound.

n. 82/147
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e Qrovor (Szer et al.2005 Roth et al, 2009:

University of
Massachusetts

Ambherst @p(ét, C_L)) — Q:(beta 5;)7

whereQ:(b¥", @) is a solution to the underlying POMDP,
l.e., the “belief MDP”.

» Assumes centralized observations.
» Tighter heuristic thai@,pp, but exponential irh.

e Qg (Oliehoek and Vlassj2007): assumes centralized
observations, but delayed by 1 step.

e Hierarchy of upper bound€{iehoek et al.2008h:

Q* S QBG S QPOI\/IDP S QMDP-
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University of
Massachusetts
Ambherst <
T
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Heuristic functions: example DEC-Tigerh = 4

X

o]
o

Q-heuristics for horizon=4 Dec-Tiger at t=0

-6

1=+~ Qpomor

+=x=Qupp

O Q

P(s,16")

Q-heuristics for horizon=4 Dec-Tiger at t=2

max_ Q(Bt,a)

Qmax

=20

4

301

||=+- Qpompe

-6

=X= ‘QMDP

O

P(s,16")

Q-heuristics for horizon=4 Dec-Tiger at t=1

Qmax

max_ Q(et,a)

60

50¢ s
40t
30(4

20¢ s

1010

--Qc

{| =+ - Reompp

=X= QMDP

O qQ

P(s,16")

Q-heuristics for horizon=4 Dec-Tiger at t=3

max_ Q(et,a)

Qmax

P(s,16")

1 =+- Qpompp

-6-CQsc

=X= QMDP

O qQ
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DEC-POMDPs as series of Bayesian Games

e DEC-POMDPs can be approximated by series of Bayesian

= e

a S\ o
e Y &
), N &

R Games Emery-Montemerlo et §l2004.

Massachusetts

Ambherst

Definition 20. Bayesian Game for a time step ¢

e O = Xx,0; is the set of joint types. ..
e ...over which a probability function P (@) is specified
o u, : ® x A — R — payoff function.

e Action-observation histor§! = (a?, o}, ..., '™, of)

1) 1)

e BG for time stept of a DEC-POMDP:

» Types are action-observation histortes = @);?
» Given the past joint policy! = (6°,...,6"1),
probabilitiesP(®) are known.
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DEC-POMDPs as series of Bayesian Games

~ 63=° )
IE/[J:siZ:ilslitge(‘z{s 0175:0 a2 as
Amberst () - 1275 —4.1
ai —0.9 +0.3
§§:1 (a’27 02) (a27 52)
5{5:1 az az as as
ai —0.3 +0.6 —0.6 +4.0
(a1,01)
ai —0.6 +2.0 —1.3 +3.6
] a1 | +31 444 | —1.9 410
(a1,01)
ai +1.1 —2.9 +2.0 —04
ai
(@1,01)
ai
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DEC-POMDPs as series of Bayesian Games

___, joint actions
—, joint observations
e Jointact.-obs. history

University of
Massachusetts
Ambherst

{a1,a2)
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Bayesian Game Approximation

e |ldea: instead of doing A* search, only keep the best joint
University of policy ©' when solving each Bayesian game

Massachusetts

Ambers (Emery-Montemerlo et 312004).

e Or: keep the: best (k-GMAA', forward sweep policy
computatiorOliehoek et al.2008h.

e Choice of heuristicsQpr, Qrovor, Qsc-

e Choice of BG solvers:
» Brute force search (exact)
» Branch and bounddliehoek et al.2010
» Alternating Maximization (approximate)

Approximate, General, Finite-horizon
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Generalized MAA*

University of

wesivg | Algorithm 4 : GMAA™ (Oliehoek et al.2008H)
‘Amberst Max. lower bound ¥ <— —oo
Policy poolP +{¢° = ()}
repeat

ot + Sel ect (P)

Prext + ConstructAndSolveBGpt, b°)
if ®next contains full policies IInext € Pnext then
' <—argmax, ¢y, V(7)
if V(') > v* then
v* < V(x')found new | ower bound
T* 7
P+{peP|V(p) >v*}prune P
| Pnext < Prext \ IInext remove full policies

P (P\ ") U{p € Prext | V(p) > v*}
until P is empty

Optimal or Approximate, General, Finite-horizon
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Lossless Clustering of Histories

e Ildea: If two Iindividual histories induce the same distribat

ﬁg{s over states and over other agents’ histories, they are
Amberst equivalent and can be clusterdgdliehoek et al.2009.
7 ; P(H#iwz,a) — P(H#Z’ ib)
\V/é’#i\v/s P(S‘H#z, (92',@) = P(S’H#Z, 9,@7{,)

e Lossless clustering, independent of heuristic, but prable
dependent.

e Clustering is bootstrapped: algorithms only deal with
clustered Bayesian games.

e Large increase in scalablility of optimal solvers.

Optimal and Approximate, General, Finite-horizon
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Incremental expansion

({1} e ldea: If we canncrementallygenerate children in order of
University of their heuristic value, we do not need to expand all of them a

Massachusetts

Amberst once Gpaan et al201]).
¢ Implemented using BaGaBaB®liehoek et al.2010.
e Hybrid heuristic representation.

Optimal and Approximate, General, Finite-horizon
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Top down summary

i1} e Top down methods can exploit initial belief state, and
University of various heuristics.

Massachusetts
S o GMAA* generalizes MAA and the work of
Emery-Montemerlo et a{2004).

e Without clustering Bayesian games grow exponentially in
time horizon.
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Memory Bounded Dynamic Programming (MBDP)

e Do not keep all policies at each step of dynamic programming

wesivor ~ ® Keep a fixed number for each agenaxTrees

Massachusetts

Amherst e Select these by using heuristic solutions from initial state
e Combines top down and bottom up approaches

(Seuken and Zilberstei20070

Top—down
Heuristics

U

Identify Relevant Belief Points

Bottom—up

DP

Approximate, General, Finite-horizon
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MBDP algorithm

= e

a S\ o
e Y &
b, % 4

uvesiyor  AIQOFIthm 5 MBDP (seuken and zilbersteizoo7t

Massachusetts

iz Start with a one-step policy for each agent

for t = hto1do
Backup each agent’s policy

for £ = 1 to maxTrees do
Compute heuristic policy and resulting belief state

Choose best set of trees starting at

Select best set of trees for initial state
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MBDP summary

e Linear complexity in problem horizon

) S & ~
S\
&, N &

vaeas © Exponential in the number of observations
Amberst

e Performs well in practice (often with very smatlaxTreep
e Can be difficult to choose corregtaxTrees

n. 95/147
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University of
Massachusetts

Ambherst

Extensions of MBDP

IMBDP: Limit the number of observations used based on
probability at each beliefSeuken and Zilberstei20073

MBDP-OC: compress observations based on the value
produced Carlin and Zilberstein2008

PBIP: heuristic search to find best trees rather than
exhaustive Dibangoye et a).2009

PBIP-IPG: extends PBIP by limiting the possible states
(Amato et al, 2009

n. 96/147
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Other finite-horizon approaches

e Mixed integer linear programming (MILPA{as et al,
B 2007

Amberst » Represent each agent’s policy in sequence form (instea

of as a tree).
» Solve as a combinatorial optimization problem (MILP).

Optimal, General, Finite-horizgn

e Direct Cross-Entropy policy search (DICE)ljehoek et al.

200839

» Randomized (sampling-based) algorithm using
combinatorial optimization.

» Applies Cross-Entropy method to Dec-POMDPs.

» Scales well wrt number of agents.
Approximate, General, Finite-horizon
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Summary of finite-horizon algorithms

(¥} Optimal finite-horizon algorithms:
h‘i%‘iﬁ e Exhaustive
e Dynamic ProgrammingHansen et al 2004
e MAA* (Szer et al.2005
e |PG (Amato et al, 2009
e MILP (Aras et al, 2007)

e Lossless policy space compression
(Boularias and Chaib-draga008§

e GMAA*-Cluster Qliehoek et al.2009
e GMAA*-ICE (Spaan et aj2011])

n. 98/147



Summary of finite-horizon algorithms

() Approximate finite-horizon algorithms:
ﬁ&Ze‘Z{s e JESP Nair et al, 2003
e KGMAA* (Oliehoek et al.20080h

e MBDP (Seuken and Zilberstei20071
» IMBDP (Seuken and Zilberstei20073
» MBDP-OC (Carlin and Zilberstein2008
» PBIP [Dibangoye et al.2009
» PBIP-IPG Amato et al, 2009

e DICE (Oliehoek et al.20083
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University of
Massachusetts
Ambherst

Comparison of optimal finite-horizon algorithms

Comparison of published results:

e MAA*, GMAA*-Cluster Qliehoek et al.2009
e (Boularias and Chaib-drad008§
e DP (taken fromBoularias and Chaib-draga008§
e MILP (Aras et al, 2007)
DEC-Tiger(Qsc)
h % TGMAA* (S) Tclus (S) TBoulam'as (S) TDP (S) TMILP(S)
2 | —4.0000 < 0.01 < 0.01 0.17 0.20
3 5.1908 0.02 < 0.01 1.79 2.29 3.9
4 4.8028 3,069.4 1.50 534.90 72
) 7.0265 — 130.82

p. 100/147
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University of
Massachusetts

Ambherst

Comparison of optimal finite-horizon algorithms

BroadcastChannébwpp)
h V* | Towanx(S) | Teius(S) | TBoularias(S) | Top(S) | Tarrp(s)
2 2.0000 < 0.01 < 0.01 0.14 0.12
3 2.9900 <0.01 <0.01 0.36 0.46 0.84
4 3.8900 3.22 < 0.01 4.59 17.59 10.2
5 4.7900 — <0.01 25
6 5.6900 — < 0.01
7 6.5900 — <0.01
8 7.4900 — < 0.01
9 3.3900 — <0.01
10 9.2900 — < 0.01
15 | 13.7900 — <0.01
20 | 18.3132 — 0.08
25 | 22.8815 — 1.67

p. 101/147
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University of
Massachusetts

Ambherst

Comparison of optimal finite-horizon algorithms

GridSmall(Qgc)

Recycling Robot$Qwmpp )

h V* ol Tomaax(S) | Teius(S)
2 0.9100 < 0.01 < 0.01
3 1.5504 4.21 0.71
4 2.2416 — 30.17
Cooperative Box Pushin@wop)
h V* ol Tomaax(S) | Teius(S)
2 | 17.6000 0.05 < 0.01
3 | 66.0810 — 4.55
Hotel 1 (Qgc)
h V| Toman=(S) | Terus(S)
2 9.5000 < 0.01 0.02
3 | 15.7047 — 0.07
4 | 20.1125 — 1.37

h V* o Tomaax(S) | Teius(S)
2 6.8000 < 0.01 < 0.01
3 9.7647 0.02 < 0.01
4 11.7264 23052.5 0.02
S 13.7643 — 0.10
10 21.2006 — 4.92
15 25.5940 — 81.46
FireFighting(ny, = 3,n¢ = 3) (Qsc)
h V| Towmaax(S) | Terus(S)
2 —4.3825 0.03 0.03
3 —5.7370 0.91 0.70
4 —6.5789 5605.3 5823.5

p. 102/147
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no clustering— lossless clustering
) Dec-Tiger: Broadcast Channel:
Universit 5
e 10° 107
Amberst w v
(]
£ =
5 5
@] (@]
O . @)
2 3 4 5 2 3456 7 8 910
Horizon Horizon
GridSmall: Recycling Robots:
_10% _10°,
w w
®
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= c
2 k)
g g
a 10 3 10
= £
Q o
© O
2 3 4 2 3456 7 8 910
Horizon Horizon
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Optimal Dec-POMDP solutions: GMAA* Results

full expansion— incremental expansion

Dec-Tiger: Broadcast Channel:
i :
ool 10° | 107,
Ambherst w v
(O]
£ £
= + -1
5 §10
3 IS
310° 2
S e
S 5107
2 3 4 5 6 10 50 100 250 500
Horizon Horizon
GridSmall: Recycling Robots:
10° 10° |
@ ©
(O] (O]
E £
= c
2 k)
© ©
" J.J.J.JJ 5
£ £
Q o
@) @)
2 3 4 5 6 5 10 15 20 30 40 50 60 70

Horizon Horizon
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Comparison of approximate finite-horizon algorithms

nes Cooperative Box Pushing (@axTrees,maxOlps
University of

Massachusetts |S| = 100, Az| =4, Qz| =5
Ambherst
DEC-Tiger (7TmaxTreey h MBDP | IMBDP MBDP-OC
S| =2, [A:| =3, [€4] = 2 5 _ 79.1 72.3
h JESP | MBDP 10 - 90.9 103.9
2 -4.00 -4.00 20 — 96.0 149.8
3 -6.00 5.19 50 — 80.8 278.7
10 — 13.49 100 — 72.8 503.8
100 — 93.24
1000 _ 819.01 Published results from
10000 _ 7930.68 e JESP Nair et al, 2003
100000 _ 78252 .18 e MBDP (Seuken and Zilberstein
20079
e IMBDP and MBDP-OC

(Carlin and Zilberstein2008
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University of
Massachusetts
Ambherst

Comparison of approximate finite-horizon algorithms

Cooperative Box Pushing$| = 100, |A;| =4, |Q;| =5
h MBDP PBIP PBIP-IPG Value
10 — 46s 11s 103.22
100 — 536s 181s 598.40

1000 - 5068s 2147s 5707.59

2000 — 10107s 4437s 11392.03
Stochastic Mars RovefS| = 256, |A;| = 6, |Q2;| = 8
h MBDP PBIP PBIP-IPG Value
2 — 106s 19s 5.80
3 — — 71s 9.38
5 — — 301s 12.66
10 — — 976s 21.18
20 — — 14947s 37.81

Results from Amato et al, 2009
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Infinite-horizon only algorithms

k): A large enough horizon can be used to approximate an
Umvemtyof Infinite-horizon solution, but this is neither efficient rmympact

Massachusetts

Ambherst

Specialized infinite-horizon solutions have also been lopes:
e Policy Iteration (PI)
e Best-First Search (BFS)
e Bounded Policy Iteration for DEC-POMDPs (DEC-BPI)
e Nonlinear Programming (NLP)

p. 107/147
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Using controllers for infinite-horizon policies

Example: Two agents meeting in a grid

University of Agent 1 Agent 2

Massachusetts

Ambherst

F.-c

0.85
e Periodic policies e Nodes define actions; (a|q)

e Inherently infinite-horizon e Transitions based on observations

e Randomness reduces memory limitations ~ seen,P;(q’|q, o)

Value for a set of nodeg, and states can be found as:
V(s,@) =) P [R(s, @)+ Y _ P(s'|s,@)P(ols', @) P(7'1q,0)V (7,5
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Policy iteration for DEC-POMDPs

e Dynamic programming with controllers

Univessityof — o Start with a one node controller and build a larger contralteeach step

Massachusetts

Ambherst

e Stop when discount factor makes further value change lessth

e Pruning merges nodes and creates a stochastic controb@easode
may be dominated by a distribution

e Can produce-optimal controllers for any initial state

(Bernstein et aJ.2009

Optimal, General, Infinite-horizgn
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Policy iteration for DEC-POMDPs

e Dynamic programming with controllers

Univessityof — o Start with a one node controller and build a larger contralteeach step

Massachusetts

Ambherst

e Stop when discount factor makes further value change lessth

e Pruning merges nodes and creates a stochastic controb@easode
may be dominated by a distribution

e Can produce-optimal controllers for any initial state

(Bernstein et aJ.2009

Optimal, General, Infinite-horizan
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Policy iteration for DEC-POMDPs

e Dynamic programming with controllers

Univessityof — o Start with a one node controller and build a larger contralteeach step

Massachusetts

Ambherst

e Stop when discount factor makes further value change lessth

e Pruning merges nodes and creates a stochastic controb@easode
may be dominated by a distribution

e Can produce-optimal controllers for any initial state

(Bernstein et aJ.2009

Pl
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Optimal, General, Infinite-horizgn
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Policy iteration for DEC-POMDPs
/s e «-Optimal for any initial state
Uniy of

vassachues @ INtractable for all but the smallest problems
Ambherst

e Does not use known initial state information

» Thus, retains many nodes that are unnecessary for a
given start state

Optimal, General, Infinite-horizgn
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Approximate infinite-horizon approaches

e Use a fixed-size controller
veenads e Want best value for the given size

Ambherst
e How can the action selection and node transition parametel
be set?

» Deterministic approaches: using heuristic search
methods

» Stochastic approaches: using continuous optimization

®_.
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Best-first search (BFS)

e Search through space of deterministic action selection and
ﬁniyg{ node transition parameters

Ambherst

e Produces optimal fixed-size deterministic controllers

e High search time limits this to very small controllers (< 3
nodes)

(Szer and Charpille005Y

Approximate, General, Infinite-horizon
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Bounded policy iteration (DEC-BPI)

e Improve the controller over a series of steps until valuereoyes

Univessityof — o Alternate between improvement and evaluation

Massachusetts

Ambherst
e Improvement

Use a linear program to determine if a node’s parametersean b
changed, while fixing the rest of the controller and othemagelicies

Improved nodes must have better value for all states andsnafde
the other agents (multiagent belief space)

e Evaluation: Update the value of all nodes in the agent’srodiet

e Can solve much larger controller than BFS, but value is loe uack
of start state info and LP

(Bernstein et a).2005

Approximate, General, Infinite-horizq

A —4

n
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University of
Massachusetts

Ambherst

Nonlinear programming (

e Optimal fixed-size representation

NLP)

e Improve and evaluate all in one step by setting value as a

parameter

e This requires nonlinear constraints to ensure correcievalu

e Uses start state info

e Globally optimal solution is intractable, but locally omial

solvers can produce better quality than LP

e Even locally optimal approaches cannot solve larg
controllers

(Amato et al, 2007)

e

Approximate, General, Infinite-horiz¢

N
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Alternate representation - Mealy machine

\Ug e Controllers currently used are Moore controllers

Univessityof — o Mealy controllers are more powerful than Moore controlleen(c

Massachusetts
Amberst represent higher quality solutions with the same numbepdEs)
e Provides extra structure that algorithms can use
e Can be used in all controller-based algorithms

e Key difference: action depends on node and observation

(Amato et al, 2010
0,.a,
Moore= Mealy= o0,.a, 0;,8;
Q—A Qx0—A

02!31
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Summary of infinite-horizon algorithms

7 : Optimal algorithm can only solve very small problems
Universiof Approximate algorithms can outperform policy iteratiorc@ese they are more scalable
Massachusetts * \| b yenerally outperforms others (all Moore formulatiqrs)t more scalability is needed

GridSmall: 16 states, 4 actions, 2 obs

S - = 3
R T 2
)
E -
5 i e T
||lII I-’_,-"'- L"'-—-._\_\. i,
3 Tap——
- &
- Sy o
o
o~ o
4 —+— NLO
2 = |
- - =&~ - NLO fixed
—=— DEC-BPI
—+ - BFS
i 5 . 3 = + = 3 = = 4
1 £ E| e 5 & 7 B ] 10 11

controller size

Policy Iteration: 3.7 with 80 nodes in 821s before runningafumemory
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Summary of infinite-horizon algorithms

Unersiof Cooperative Box Pushing: 100 states, 4 actions, 5 obs
Massachusetts
Amherst Value Time
Size NLP NLP fix Mealy NLP DEC-BPI BFS NLP NLP fix Mealy NLP DEC-BPI BFS

1 -1.58 n/a 123.46 -10.37 -2 20 n/a 12 26 1696
2 31.97 -6.25 124.20 3.29 = 115 18 31 579 =
3 46.28 5.10 133.67 9.44 = 683 27 217 4094 =
4 50.64 18.78 143.14 7.89 - 5176 44 e 11324 -
5 - 53.13 - 14.76 - - 92 - 27492 -
6 = 73.25 = = = = 143 = = =
7 = 80.47 = = = = 256 = = =

Policy Iteration: 12.84 with 9 nodes in 209s before runniogaf memory
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Indefinite horizon DEC-POMDPs

\Ug e Many natural problems terminate after a goal is reached
Uiy Meeting or catching a target
Massachusetts . .

Amberst Cooperatively completing a task

e Unclear how many steps are needed until termination

e Under certain assumptions can produce an optimal solutssminal
actions and neg. rewards)

e Otherwise, can bound the solution quality by sampling

General, Indefinite-horizon

(Amato et al, 20093
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Indefinite and infinite-horizon results

Algorithm || Value | Size | Time
Two Agent Tiger: |S| = 2,|A;| = 3,]0:| = 2
University of HPI w/ NLP 6.80 6 119
Massachusetts Goal-directed 5.04 12 75
Amherst Moore .09 | 19 | 6,173
Meeting in a Grid: |S| = 16, |A;| = 5,|0;| = 2
Mealy 6.13 5 116
HPI w/ NLP 6.04 7 16,763
Moore 5.66 5 117
Goal-directed 5.64 4 4
Box Pushing: |S| = 100, |A;| = 4,|0;] =5
Goal-directed || 149.85 5 199
Mealy 143.14 4 774
HPI w/ NLP 95.63 10 6,545
Moore 50.64 4 5,176
Mars Rover: |S| = 256, |A;| = 6,|0;| = 8
Goal-directed 21.48 6 956
Mealy 19.67 3 396
HPI w/ NLP 9.29 4 111
Moore 8.16 2 43

Many current benchmark problems have goals (problem repeat

Goal-directed, Mealy and a heuristic version of Pl perfonen best

D. 121/147
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Algorithms using communication

e Analysis of possible communication models and complexity
University of results Pynadath and Tambg002)

Massachusetts

Ambhers . . . . . .
t e Myopic communication in transition independent

Dec-MDPs Becker et al.2009

e Reasoning about run-time communication decisions
(Nair et al, 2004 Roth et al, 2005

e EXploiting factored representatioriRdth et al, 2007)
e Stochastically delayed communicatiddp@an et aj2008
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Algorithms for DEC-POMDP subclasses

(k)} e General idea: less powerful models allow for more
el scalability.
e E.g., Independence assumptions:

Ambherst
» DEC-MDPs with transition and observation
Independence.

» ND-POMDPs

e Assuming structure in the models
» Factored DEC-POMDPs

» Weakly-coupled Dec-POMDPS\(itwicki and Durfee
2010.
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Subclasses: DEC-MDPs

k) Motivation: agents may have limited interactions with eatfer
vty of (e.g. Mars rovers etc.)

Massachusetts

Ambherst

e Independent transitions and observations and special join
reward structure

» Coverage set algorithm: NP-Complekxecker et al.
20041

» Bilinear programming: More efficient anytime approach
(Petrik and Zilbersteii2009
¢ Independent observations and event- driven interactions

» EXxponential in number of interaction8é€cker et al.
20043

Optimal, Subclass, Finite-horizon
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Subclasses: ND-POMDPs

k3! Motivation: to scale up to many agents, exploit locality of
Umversuyof Interaction (decomposable rewardslgr et al, 2005

Massachusetts
"M o GOA (optimal) and LID-JESP (approximatey4ir et al,
2005

e SPIDER {arakantham et §l2007)
e FANS (approximate)Nlarecki et al, 2008
e CBDP (approximate){umar and Zilbersteii20099

RI®
R
@@ ® @@

®\®®

1530

Optimal and Approximate, Subclass, Finite-hori:

N

on
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{§% Motivation: exploit locality of = @
Umversuyof Interaction, but no strict inde-

Massachusetts

Amherst  nengdence assumptions. a1
e More general and powerful @. ‘
than ND-POMDPs.
e Less scalable -
(non-stationary interaction @ ‘

Subclasses: Factored DEC-POMDPs

graph). @

o GMAA* has been extended »
to Factored DEC-POMDPs ‘
(Oliehoek et al.2008q. t t+1

I'N

on

Optimal and Approximate, Subclass, Finite-hori:
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Problem domains and software tools
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e An overview of the existing benchmark problems.
Uniy of

vasachuets @ Description of available software.
Ambherst
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Benchmark problems

() Some benchmark problems:
h‘i%‘i{s e DEC-Tiger (Nair et al, 2003
e BroadcastChanneHansen et al2004
e Meeting on a gridiBernstein et a).2005
e Cooperative Box Pushingeuken and Zilberstei20079
e Recycling RobotsAmato et al, 2007
e FireFighting Oliehoek et al.2008h

e Sensor network problemsléir et al, 2005
Kumar and Zilbersteij2009ab)
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(i) * The MADP toolbox aims to provide a software platform for
ﬁniy?{ research in decision-theoretic multiagent planning

Amherst (Spaan and Oliehoek008§.

e Main features:

» A uniform representation for several popular multiagent
models.

» A parser for a file format for discrete Dec-POMDPs.
» Shared functionality for planning algorithms.
» Implementation of several Dec-POMDP planners.

e Released as free software, with special attention to the
extensibility of the toolbox.

e Provides benchmark problems.

D. 129/147
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Problem specification

agents: 2
Univsiyof 2l SEEs 4
Massachusetts val ues: reward

Amberst states: tiger-left tiger-right
start:
uni form
actions:
| i sten open-left open-right
| i sten open-1left open-right
observati ons:
hear-left hear-right
hear -1 eft hear-right
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Problem specification (1)

# Transitions

s T. =
University of _
Massachusetts uUni f or m
Ambherst ; )

T: listen |isten :
ldentity
# (Observati ons
O =
uni form

O listen listen : tiger-left : hear-left hear-left : 0.7225
O listen listen : tiger-left : hear-left hear-right : 0.1275

[...]

O listen listen : tiger-right : hear-left hear-left : 0.0225
# Rewar ds

R listen listen: » . = . %= . -2

R open-left open-left : tiger-left : = : * : -50

[...]
R open-left listen: tiger-right : = : = : 9
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Example program

#i ncl ude " Probl enDecTi ger. h"
s #1 ncl ude " JESPExhausti vePl anner . h"
University of

Massachusetts | Nt mai n()
Ambherst {

Pr obl enDecTi ger decti ger;

JESPExhaust i vePl anner jesp(3, &ecti ger);

j esp. Plan();

std::cout << jesp. Get ExpectedReward() << std::endl;

std::cout << jesp.CGetJointPolicy()->SoftPrint() << std::endl;
return(0);
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Program output

T, src/ exanpl es> ./decTi ger JESP

%Mﬁﬁﬁ Val ue conputed for DecTiger horizon 3: 5.19081
Universityof  Pol i cy conput ed:
Massacthet]tCs y P

Amherst  Joi nt Pol i cyPur eVector index 120340 depth 999999
Policy for agent O (index 55):

Cenpty, --> a00: Listen

Cenpty, 000: HearLeft, --> a00:Listen

Cenpty, 001l: HearRight, --> a00:Listen

Cenpty, 000: Hear Left, 000: HearlLeft, --> a02: OpenRi ght
Cenpty, 000: Hear Left, 00l1l: HearRi ght, --> a00:Listen
Cenpty, 001l: HearRi ght, 000: HearLeft, --> a00:Listen
Cenpty, 001: HearRi ght, 001: HearRi ght, --> a01l: QpenLeft
Policy for agent 1 (index 55):

Cenpty, --> alO:Listen

Cenpty, 010: HearlLeft, --> alO:Listen

Cenpty, oll:HearRight, --> alO:Listen

Cenpty, 010: HearLeft, 010: HearlLeft, --> al2: OpenRi ght
Cenpty, 010: HearlLeft, oll:HearRight, --> alO:Listen
Cenpty, o0ll:HearRi ght, 010: HearlLeft, --> alO:Listen

Cenpty, oll:HearRight, oll:HearRi ght, --> all:QpenLeft
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University of
Massachusetts

Ambherst

Back to some fundamental questions

|s decentralized decision making under uncertainty
significantly harder than solving POMDPs? Why?

What features of the problem domain affect the complexity
and how?

Is optimal dynamic programming possible?
Can dynamic programming be made practical? How?

Is it beneficial to treat communication as a separate type of
action?

How can we exploit the locality of agent interaction to
develop more scalable algorithms?
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