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ABSTRACT

We propose a method to reconstruct and cluster incomplete
high-dimensional data lying in a union of low-dimensional
subspaces. Exploring the sparse representation model, we
jointly estimate the missing data while imposing the intrinsic
subspace structure. Although we have a non-convex problem,
we propose an algorithm robust to initialization. Extensive ex-
periments with synthetic and real data show that our approach
leads to significant improvements in the reconstruction and
segmentation, outperforming current state of the art for both
low and high-rank data.

Index Terms— Motion Segmentation, Subspace Cluster-
ing, Missing Data, Matrix Completion, Sparse Representation

1. INTRODUCTION

Linear Subspaces are one of the most powerful mathematical
tools to represent and model high-dimensional data. Signal
Processing and especially Computer Vision communities use
these tools in a wide variety of algorithms in domains such as
classification, structure-from-motion, object recognition and
image-segmentation. However, in all the above areas, obser-
vations in real scenarios are incomplete due to self-occlusion,
sensor failure or data corruption, to name a few.

In this paper, we address the problem of subspace clus-
tering with missing data by simultaneously completing the
data and enforcing the subspace structure. So, given a set of
incomplete high-dimensional points drawn from a union of
linear subspaces, we aim to estimate the unknown entries and
segment the reconstructed data points.

The problem stated above boils down to answering two
fundamental questions: 1) how to reconstruct the data from the
observed entries and; 2) how to aggregate data such that each
cluster lies on a linear subspace. Several state of the art meth-
ods address the second question and consider only observed
data, leading to biased and skewed estimates of the subspaces
[1, 2, 3, 4, 5, 6]. An alternative, is to estimate the missing
data with low-rank matrix completion methods [7, 8, 9] and
then segment the reconstructed data with subspace clustering
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methods [10, 11]. This approach, however, fails to exploit
the subspace structure while reconstructing the data, leading
to suboptimal performance. Some developments attempt to
tackle the reconstruction and aggregation problems jointly.
Mixture models are proposed in [12, 5, 13], where the goal is
to find the data (low-rank) projections (onto each subspace)
that best fit the known entries of the data. In [14], the author
proposed an extension to [10] where the missing data and the
model coefficients are jointly estimated, while minimizing the
nuclear norm to satisfy a hard-rank constraint. Also taking
advantage of self-representation based matrix completion, [15]
imposes sparse representation and regularizes the data with
the nuclear norm. Finally, [16] and [17] propose factorization
models and sparse representations to recover the subspaces.

Following the approach of self-representation based matrix
completion, we propose an algorithm that reconstructs the data
through successive approximations and recovers its subspace
structure. We name it Accurate Subspace Segmentation by
Successive Approximations (ASSSA). Relying on a sparse
representation [18, 19], we achieved greater accuracy on the
estimates of the missing data and significantly improved the
segmentation. We propose a robust initialization that enables
convergence. Extensive experiments prove that this strategy
outperforms current state of the art in low and high-rank data.

2. RECOVERY OF SUBSPACE STRUCTURE

In this section, we propose a method to estimate the missing
entries of a partially prescribed matrix and to segment the re-
constructed data into clusters corresponding to the underlying
subspaces.

Consider K subspaces {Sk ⊂ RD}Kk=1, with dimensions
{dk < D}Kk=1, and let {xj ∈ RD}Nj=1 be the set of N data
points lying in the union of the K subspaces1. Denote the data
matrix as X = [x1 x2 . . .xN ] ∈ RD×N , where each xj is a
data point. We build upon the work Sparse Subspace Cluster-
ing [10], which considers the model X = XC, where C is the
coefficients matrix with diag(C) = 0. This model translates

1Bold capital letters, A, represent matrices. Bold lower-case letters, a,
represent column vectors. Bold lower-case letters with subscript, ai, represent
the ith column of matrix A. Scalars are denoted by non-bold letters, a or
A. The scalar element in row i and column j of matrix A is denoted by a
non-bold lower-case letter with two subscripts, aij .



the self-expressiveness property, which exploits the fact that
each data point in a union of subspaces can be represented as
a linear or affine combination of other points. Since only a
subset of the entries of X is observed, we define

X = XΩ + XΩ{ , (1)

where XΩ is a matrix with the known entries at (i, j) ∈ Ω, and
zero otherwise. XΩ{ is the matrix with the missing entries in
the complementary positions, (i, j) ∈ Ω{, and zero otherwise.
To recover the original subspaces, we first estimate the un-
known XΩ{ by imposing the subspace model and then cluster
the recovered data points. The missing data is estimated by
solving the following optimization problem

min
X

Ω{ ,C,E,Z
‖C‖1 + λe ‖E‖1 +

λz
2
‖Z‖2F (2)

s.t. XΩ + XΩ{ = (XΩ + XΩ{) C + E + Z

diag(C) = 0, (XΩ{)Ω = 0,

where the first constraint is the data model and E and Z ac-
count for outlying entries and noise, respectively. By mini-
mizing the `1-norm of the coefficients matrix, C, we favor a
sparse representation of the data, in which, ideally, a point is
represented by a linear combination of few points from its own
subspace [18, 19]. For complete data, this model is guaran-
teed to recover the desired representation when the subspaces
are sufficiently separated and data points are well distributed
inside the subspaces [10, 20, 21].

Problem (2) is non-convex because of the product between
XΩ{ and C, so, we propose a tight convex relaxation and a
robust initialization to solve it.

2.1. Accurate Subspace Segmentation by Successive Ap-
proximations

Consider we have a point X(i) and C(i). We define the follow-
ing exact model

X(i) + ∆X = (X(i) + ∆X)(C(i) + ∆C) + E + Z, (3)

where ∆X is zero in the entries corresponding to the known
entries, i.e., ∆XΩ = 0. To find ∆X and ∆C, we consider a
linearization of (3), where discard the quadratic term ∆X∆C
and impose bounds on the norm of ∆X and ∆C. This approx-
imate model leads to the following convex problem, similar to
(2) but with new constraints,

min
∆C,∆X,E,Z

||C(i) + ∆C||1 + λe ‖E‖1 +
λz
2
‖Z‖2F (4)

s.t. X(i) + ∆X = (X(i) + ∆X)C(i)

+ X(i)∆C + E + Z

‖∆X‖∞ ≤ δX
‖∆C‖∞ ≤ δC
diag(∆C) = 0

∆XΩ = 0.

Thus, we compute a new solution closer to the minimum of
(2) by updating the current solution as

X(i+1) = X(i) + ∆X (5)

C(i+1) = C(i) + ∆C. (6)

In summary, given an initial guess for X and C, we improve
over that solution with updates (5) and (6), following the
directions computed in (4). These updates are repeated until
a chosen stopping criterion is met. In the remainder of this
section we refer to this as Accurate Algorithm.

Robust Initialization for Matrix Completion. Problem (4),
jointly with (5) and (6), is a tight convex relaxation of (2).
However, it requires an initialization, so, we use the robust
algorithm we proposed in [22], and present it here.

Although non-convex, we note that (2) is a biconvex prob-
lem, i.e., it is convex when one of the variables, XΩ{ or C, is
fixed. A common approach to solve such problems is to use
Alternate Convex Search [23], successively fixing a subset of
variables and computing the others in an alternate manner. We
take a similar approach, therefore, given the current estimate
X

(i)

Ω{ , we compute C by solving

min
C,E,Z

‖C‖1 + λe ‖EΩ‖1 +
λz
2
‖ZΩ‖2F (7)

s.t. XΩ + X
(i)

Ω{ = (XΩ + X
(i)

Ω{)C + E + Z

diag(C) = 0,

where EΩ and ZΩ are the error matrices indexed by Ω. Note
that solving (2) for a fixed XΩ{ leads to biased C if XΩ{ is
too distant from the original data, as C would be “shaped” to
minimize the error not only in the known entries but also in the
missing entries (whose values are distant from the real ones).
So, to reduce the bias induced in C, we account for the error
only in the known entries, as in [2].

Given C(i+1) = C, we compute the missing entries with
the current data reconstruction, i.e.,

X
(i+1)

Ω{ =
(
X(i)C(i+1)

)
Ω{
, (8)

where X(i) = XΩ + X
(i)

Ω{ .
We solve (7) and enforce (8) iteratively until a stoping cre-

tirion is reached. This approach does not provide convergence
guarantees, however, it has succeeded in several estimation
problems with missing data, such as [22, 24, 25]. In summary,
we first run this Initialization Algorithm and use its solution
XΩ{ , C as starting point for the Accurate Algorithm, which
computes the solution for (2)2. After solving the completion
problem, we build an affinity matrix from C and apply spectral
clustering to segment the data in K clusters.

2Both problems (4) and (7) can be efficiently solved with the ADMM
algorithm [26]. For the first iteration of (7) we set X(0)

Ω{
= 0.



Implementation Details. To make our algorithm independent
of the λ’s, we propose the following. First, we run the Initial-
ization Algorithm with a set of increasing λ’s and stop when
the model error in the known entries stops decreasing, i.e.,∥∥(X(i) −X(i)C(i))Ω

∥∥
F

stops decreasing. Then, using the
λ’s that minimize this self-expressiveness error (residual), we
compute a solution for (2) by running the Accurate Algorithm
until the stopping condition is met. The intuition behind this
procedure of starting with small λ’s and iteratively increasing
them is the following: if in the first iterations the error in Ω
is highly penalized (high λ’s), C will get skewed in order to
minimize the error given the current (distant) estimates of the
missing data, significantly deteriorating subsequent updates
of XΩ{ , (8). When the “plateau” is reached, increasing λ will
not result in lower residual but only in less sparse C (losing
the subspace structure).

3. EXPERIMENTS

In this section, we assess the performance of our method
and compare it to state of the art methods. We consider two
metrics: clustering error and reconstruction error, defined as
ec = #missclassified points

#points and er = ||X̂−X||F
‖X‖F

, where X̂ and X

are the estimated and true data matrices, respectively, and
‖.‖F the Frobenius norm. We compare with SSC-EWZF [2],
EMSC [12], SRME-MC [15], and SVT [7] and LMaFit [8]
followed by SSC (SVT-SSC and LMaFit-SSC)3.

Synthetic Data. We draw Nk points per subspace from a
union of K random subspaces of dimension d � D in RD.
For simplicity, we draw the same number of points Nk per
subspace k ∈ {1, . . . ,K} and assume all subspaces have
dimension d ≤ Nk. The missing data is generated by selecting
uniformly at random, with probability ρ, the set of entries
corresponding to missing values, Ω{. We generate the data
points in the range [0, 1]. For each experiment and percentage
of missing data, we run 20 trials.

Tables 1 and 2 show the reconstruction and clustering error
as a function of the percentage of missing data, ρ for low-rank
data. Our method outperforms other methods recovering the
original data, achieving the optimal solution for low ρ values.
Note that only SRME-MC achieves similar performance. On
high-rank data, Table 3 and 4, the results are similar but our
method significantly outperforms SRME-MC on clustering
with highly incomplete data.

Figure 1 shows the error versus the ambient space dimen-
sion D, going from high to low-rank, with ρ = 0.70. This
experiment stresses the improvement achieved by our method
over state of the art methods in high-rank cases and high miss-
ing rate, namely in clustering performance.

3SSC-EWZF does not provide completion, however, we evaluate its recon-
struction with X̂ = XΩĈ, corresponding to the starting point (iteration 0)
of our Initialization Algorithm. Also, note that for EMSC the clusters result
from the mixture weights.

Fig. 1. Reconstruction error (left) and clustering error (right)
as a function of the ambient space dimension, D, with ρ =
0.70, Nk = 50, K = 7 and d = 5.

Table 1. Reconstruction error as a function of missing rate, ρ,
for the low-rank case, K = 3, D = 50, dk = 5, Nk = 50.
ρ 0.15 0.30 0.50 0.70 0.80 0.90

EMSC 0.017 0.032 0.120 0.347 0.635 0.970
SSC-EWZF 0.098 0.135 0.232 0.430 0.597 0.816
LMaFit-SSC 0.088 0.082 0.172 0.586 0.744 0.881
SVT-SSC 0.088 0.079 0.079 0.161 0.244 0.422
SRME-MC 0.006 0.007 0.015 0.089 0.148 0.262
Our method 3.8×10−5 1.5×10−4 0.005 0.082 0.138 0.259

Table 2. Clustering error as a function of missing rate, ρ, for
the low-rank case, K = 3, D = 50, dk = 5, Nk = 50.
ρ 0.15 0.30 0.50 0.70 0.80 0.90

EMSC 0.062 0.132 0.263 0.488 0.573 0.598
SSC-EWZF 0.001 0.007 0.053 0.424 0.580 0.616
LMaFit-SSC 0 5×10−4 0.040 0.555 0.603 0.606
SVT-SSC 0 0 0 0.011 0.200 0.570
SRME-MC 0 0 0 0.007 0.047 0.324
Our method 0 0 0 0.003 0.024 0.363

Table 3. Reconstruction error as a function of missing rate, ρ,
for the high-rank, K = 10, D = 80, dk = 10, Nk = 50.
ρ 0.15 0.30 0.50 0.70 0.80 0.90

EMSC 0.064 0.113 0.223 0.479 0.688 0.919
SSC-EWZF 0.093 0.121 0.205 0.384 0.550 0.781
SRME-MC 0.009 0.024 0.060 0.101 0.126 0.207
Our method 1×10−4 0.001 0.062 0.087 0.111 0.191

Table 4. Clustering error as a function of missing rate, ρ, for
the high-rank, K = 10, D = 80, dk = 10, Nk = 50.
ρ 0.15 0.30 0.50 0.70 0.80 0.90

EMSC 0.289 0.402 0.639 0.812 0.827 0.832
SSC-EWZF 0.002 0.021 0.141 0.769 0.821 0.833
SRME-MC 0 0 7×10−4 0.021 0.078 0.776
Our method 0 0 0.001 0.002 0.020 0.497

Motion Segmentation. We consider the problem of motion
segmentation with Hopkins 155 dataset, where we aim to clus-
ter trajectories of feature points belonging to multiple objects
in a video sequence. Since this dataset contains only complete
trajectories, we add missing data by selecting uniformly at
random with probability ρ the set of entries corresponding to
missing values.

Tables 5 and 6 show that for all levels of ρ, our method
achieves the lowest clustering errors. Theses experiments
also show that having lower reconstruction error does not
necessarily means having better clustering performance.



Table 5. Reconstruction error for all sequences in Hopkins
155, with 8 trials per sequence (one per missing rate).
ρ 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80

SSC-EWZF 0.070 0.101 0.133 0.183 0.253 0.351 0.481 0.654
LMaFit-SSC 0.072 0.077 0.088 0.101 0.106 0.121 0.125 0.179
SRME-MC 0.005 0.005 0.005 0.005 0.006 0.010 0.022 0.077
Our method 0.001 0.002 0.003 0.004 0.009 0.018 0.035 0.113

Table 6. Clustering error for all sequences in Hopkins 155.
ρ 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80

SSC-EWZF 0.180 0.204 0.226 0.245 0.257 0.275 0.296 0.318
LMaFit-SSC 0.228 0.216 0.207 0.304 0.315 0.318 0.325 0.332
SRME-MC 0.112 0.109 0.108 0.121 0.129 0.143 0.176 0.224
Our method 0.073 0.070 0.071 0.068 0.071 0.080 0.095 0.129

Motion Capture. We consider the motion capture scenario,
where several sensors capture the motion of a human per-
forming various activities. Here, we consider the completion
problem for randomly selected sequences from the CMU Mo-
cap dataset, where each point in the data matrix corresponds
to the location of all the keypoints on that frame. To ensure
high-rank data, we only use 1/3 of the keypoints, which are
randomly selected. We generate missing data uniformly at
random with probability ρ.

Table 7 shows the completion error for this experiment. As
before, the improvement achieved by our method is specially
significant for higher values of ρ.

Table 7. Reconstruction error for the experiments (20 trials
each) with the CMU Mocap dataset.
ρ 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80

SSC-EWZF 0.075 0.143 0.211 0.295 0.382 0.493 0.615 0.763
SRME-MC 0.019 0.031 0.047 0.070 0.100 0.160 0.232 0.384
Our method 0.012 0.021 0.034 0.051 0.071 0.128 0.160 0.245

Skeleton Completion. Pose estimation with skeleton detec-
tion is a relevant problem in several contexts [27], however,
due to misdetections and occlusions, state of the art [27] fails to
detect all keypoints (joints). Here, we consider the completion
of skeletons detected on video sequences from cycling races,
where cyclists have similar poses during the race development.
Specifically, we consider a summary video from the 2018 Giro
D’Italia, using [27] to detect skeletons in the sequence. Fig-
ure 2 shows a frame from the video and the corresponding
incomplete and complete skeletons. We perform quantitative
experiments by randomly sampling 600 skeletons from the
video sequence, resulting in high-rank data, and artificially
generate missing data.

Table 8 shows the results, where for high missing rate we
significantly outperform SRME-MC for high missing rate.

Table 8. Reconstruction error for the skeleton completion
experiment (20 trials each).
ρ 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80

SSC-EWZF 0.088 0.127 0.194 0.270 0.359 0.467 0.610 0.751
SRME-MC 0.044 0.059 0.085 0.103 0.132 0.166 0.248 0.364
Our method 0.040 0.055 0.086 0.100 0.116 0.133 0.175 0.240

Image Inpainting. We test our method in the group-image
inpainting problem, with the COIL-20 object dataset [28] and

Fig. 2. Cycling race video frame with detected skeletons (left).
Example of incomplete and recovered skeleton (right).

with the Extended Yale Face Database B [29]. We resize the
images in the COIL dataset to 32 × 32 pixels and randomly
select a subset of 500 from the total of 1440 images. For the
Yale dataset, we selected the first 20 images from 5 randomly
selected subjects. As before, we generate the missing data
uniformly at random.

Figure 3 shows the results for LMaFit [8] and our method
for the COIL dataset with 70% of missing data. Our method
(fourth column) captures the details of the objects (e.g., second
and third rows), while LMaFit (third column) fails to correctly
capture the object shape. Similarly, with 80% of missing on
the Yale dataset, LMaFit fails to capture the shape of the mouth
(e.g., first and last examples), the details in the eyes (second
face) or even the face expression (third and fourth faces).

Fig. 3. Group-image inpainting problem. Columns: origi-
nal image, image with missing data, LMaFit completion, our
method completion. COIL-20 with 70% missing (left). Ex-
tended Yale B with 80% missing (right).

4. CONCLUSIONS

We proposed Accurate Subspace Segmentation by Successive
Approximations, a method for subspace segmentation with in-
complete data lying in a union of affine subspaces. It recovers
missing entries by exploiting the sparse representation of the
data (for both observed and unobserved entries), constraining
it to lie in the respective subspace. Using a two stage approach,
we significantly improve the reconstruction and clustering per-
formance. Our algorithm is robust to initialization and does
not require parameter tuning. Extensive synthetic and real data
experiments showed that our method outperforms current state
of the art methods for both low and high-rank problems.
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