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Abstract— We derive the convergence rate of a distributed
gradient algorithm for smooth optimization in networked
systems. We assume that each agent in the network has a
convex cost function f;(z), known only to agent i, and the
goal is to minimize the sum Zi\r: 1 fi(x) of all agents’ costs;
such problem formulation arises in various networked appli-
cations, like, e.g., distributed inference or source localization
in sensor networks. With the distributed gradient algorithm
under study, each agent, at each iteration k, performs a
weighted average of its own and its neighbors’ solution
estimates, and performs a step in the direction of the negative
of its local function’s gradient. We establish a novel result
that the distributed gradient algorithm has the convergence
rate O(1/ K%/ %), in terms of the cost function optimality gap,
under the assumption of convex f;’s with Lipschitz continuous
and bounded gradients.

Keywords— Convergence rate analysis, Consensus, Dis-
tributed optimization, Gradient methods.

I. INTRODUCTION

We consider distributed optimization in networked sys-
tems where N agents are situated in a generic, connected
network; each agent 7 (out of N agents) has a convex
cost function f; R? — R, known only to agent i,
and the goal is to minimize the sum Zi\; fi(x) of the
individual agents’ costs. The latter problem encompasses
many applications in networked systems, like distributed
estimation and source localization in sensor networks [1],
or distributed learning, e.g., of a linear classifier [2].

The literature proposes distributed (sub)gradient meth-
ods to solve the described or related problems, see [3], and
more recent works [4], [2]. These methods are attractive as
they are fully distributed and have simple, computationally
cheap iterations k. The literature mostly analyzes the
convergence rates of these methods for a wide class of non-
differentiable convex f;’s that: 1) have bounded subgradi-
ents, for unconstrained problems; or 2) are Lipschitz over
the constraint set, for constrained problems. Specifically,
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reference [2] shows that the distributed algorithm therein

achieves the convergence rate (in terms of the optimality
logk
vk
the f;’s. In this paper, we analyze distributed gradient al-

gorithms under a more restrictive class F of differentiable
fi’s with Lipschitz continuous and bounded gradients.
Such a class is still very interesting as it subsumes many
important costs, like the logistic loss in classification,
e.g., [5], or the Huber loss in robust estimation, e.g., [1].
It is natural to expect that distributed gradient algorithms
achieve a faster guaranteed convergence rate under this
“smaller” class of functions, as this situation is typical in
conventional, centralized optimization. For example, the
centralized (sub)gradient method has the rate O (ﬁ
on the class of nondifferentiable convex costs, while the
rate increases to O (%) when the cost function is convex,
differentiable, with Lipschitz continuous derivative. To
date, a corresponding result for smooth optimization has
not been established for distributed gradient methods.
Main contribution. In this paper, we show that the
distributed (sub)gradient algorithm in [4] achieves the
rate O (#) on the class F of convex f;’s with Lipschitz
continuous and bounded gradients. We consider a family of
the algorithm step-sizes o, = ¢/(k +1)7, ¢ > 0, parame-
terized by 7 € [0, 1], and we show that the choice 7 = 1/3
1

assures the best guaranteed rate — O (W) Interestingly,

the obtained rate O (4z7) for the distributed gradient
algorithm differs (is worse) from the corresponding rate
of the centralized gradient algorithm O (%) The upper
bound O (le/a) that we obtain here for the algorithm in [4]
essentially cannot be improved. Namely, reference [6]
demonstrated that a worst case optimality gap under the
class F is no better than € (137) . (See the paragraph
with heading Notation for the meaning of symbols O, €2.)

We contrast this paper with related work on distributed
gradient methods [6], [2], [4], [5]. Reference [4] studies
the same algorithm as we do here, but for nondifferentiable
functions; reference [2] considers a different, dual averag-
ing algorithm. Finally, references [6], [5] also analyze a
different, accelerated distributed gradient method.

Paper organization. The next paragraph introduces
notation. Section II describes the network and optimization
models and outlines the algorithm. Section III states our
main result on the convergence rate, while Section IV
proves the result. Finally, Section V concludes the paper.

Notation. We denote by: R¢ the d-dimensional real
coordinate space, d > 1; Al-j the entry in the ¢-th row and
j-th column of a matrix A; a; the i-th entry of a vector a;

gap at the cost function) O ( ) for the second class of



()T the transpose; ||-|| = |- ||2 the Buclidean (respectively,
spectral) norm of its vector (respectively, matrix) argument
(|| - || also denotes the modulus of a scalar); V.7 (z) the
gradient evaluated at x of a function J : R 5 R, d> 1.
Finally, for two positive sequences 7,, and X, 7, = O(Xr)
means that limsup,, ,. 2= < o0; , = Q(x,) means

Xn
that liminf, ,o 2= > 0; and 7, = O(x,) means that

Xn
N = O(Xn) and 1, = Q(Xn).
II. MODEL AND DISTRIBUTED GRADIENT ALGORITHM

A. Optimization and network models
Optimization model assumes that [NV agents solve:

= file). ()

The function f; : R? — R is known only by agent i. We
impose the following structure on the f;’s.

minimize f(z)

Assumption 1 (Optimization model) (a) For all i, f;
R? — R is convex, and problem (1) is solvable.

(b) For all 7, function f; has Lipschitz continuous first
derivative with constant L € (0, +00), ie., |V fi(z) —
V() < Lliz —y, Va,y € R

(c) For all 4, gradient V f;(x) is uniformly bounded by
constant G € [0,0), i.e., |[Vfi(z)|| < G, Vo€ R

From Assumption 1 (b), it follows that, e.g., [7]:

L _ 2
fi(z) < fi(m)—l—Vfi(x)T(z—x)—l—M,Va:,z € R%.
2
Also, under Assumption 1, function f(z) = Zf\il fi(x)

is also convex, and has Lipschitz continuous gradient
with constant VL. Denote by z* a solution to (3), and
by f* = inf,cra f(z) = f(z*) the optimal value. For
notational simplicity, from now on we set d = 1 so that
the optimization variable is scalar, but all our results hold
for a generic d.

Communication model. We associate with problem (1)
a network V of N agents, described by the graph G =
(V, E), where E C V x V is the set of links.

Assumption 2 (Network model) The graph G is connected,
undirected, and simple (no self/multiple links.)

We also associate to graph G a symmetric, stochastic (rows
sum to one and all the entries are non-negative), N x N
weight matrix W, with, for ¢ # j, W;; > 0 if and
only if, {i,j} € E, and Wy; = 1 -3, , Wi;. Denote
also W := W — J. We require that p = |[W| < 1,
which is, for a connected G, true for any W with strictly
positive diagonal entries W;;’s, Vi; a popular choice are
the Metropolis weights, e.g., [8].

B. Distributed Gradient Algorithm in [4]

We now review the distributed (sub)gradient algorithm
in [4]. Each agent ¢ updates over iterations k its estimate
z;(k) of a solution. With the initialization z;(0) € R, the
update rule at agent ¢ is, for k = 0,1, ...:

= > Wiz (k) — axVi(i(k), ()

JjEO0;

i(k+1)

where oy, is the step-size, specified further ahead, and
O, is the neighborhood set of agent ¢ (including ¢). The
algorithm operation is as follows. Each agent i, at each
iteration k, broadcasts its variable x; (k) to all its neighbors
Jj € O; — {i}, receives x;(k) from all its neighbors j €
O; —{i}, and 3) updates z;(k) via (3). To avoid notational
clutter in the subsequent analysis, we let 2;(0) = 0, for all
i, i.e., all agents initialize their estimates to zero.

Matrix form. We now write algorithm (3) in matrix
form. Introduce the map F : RY — RY as

F(l‘) = F(Z‘l, o, ...,JZN) = (f1($1), fg(.rg), ceey fN(JZN))T.

Then, (3) in matrix form is:
x(k+1) = Walk) —ar VF(z(k)), k=0,1,..(4)

Step size. We consider a family of step-sizes: aj =
(k+1 T,k = 0,1,..., where ¢ > 0 is a constant. The
nonnegative parameter 7 € [0, 1] is a degree of freedom
that we later optimize for the best convergence rate.

Local weighted running averages. We derive
the convergence rate with respect to the local
weighted running averages, defined by: z;,.(k) =

1

(Zt 0 at) S b aa(t), for k= 1,.., and

Z;ra(0) = 0. Note that the quantity z; (k) is locally

available to agent ¢ and is, with x; ,,(0) = 0, efficiently

calculated recursively for k =1, ... by:
31(k+1) = si(k)+aka 7k:0717"'7

si(k)xira(k) + agzi(k)
i,ra k 1 = ’
III. CONVERGENCE RATE: STATEMENT OF THE RESULT

We now state our main result on the convergence rate of
the distributed algorithm (3) under Assumptions 1 and 2.

Theorem 1 Consider algorithm (3) under Assumptions
1 and 2. Set the step-size to «p = W, with
¢ = 1/(2L) and 7 = 1/3. Then, at every agent i:
f(xira(k)) — f* = O(l/k2/3), where z; ,o(k) =

1
( f;ol at) Zf;ol o ().

Theorem 1 establishes the rate O ( = /3) for arbitrary
functions f;’s that obey Assumption 1. Hence, compared
with the results in [2], we can see that adding smoothness
to the f;’s (as in Assumption 1 (b)) improves the rate from
0] llff‘/’; ) to O (k2 /3) We also note that an accelerated

distributed gradient method, different from (3), proposed
logk

in [6], achieves a faster rate O
tions 1-2, [6].

Note that we choose the step-size parameters ¢ =
1/(2L) and 7 = 1/3. As can be seen from the proofs,
Theorem 1 still holds if we take any ¢ € (0,1/(2L)). We
will also see that 7 = 1/3 is optimal, in the sense that it
minimizes an upper bound on the optimality gap (See the
proof of Theorem 1 and equation (9).)

Finally, we note that the obtained bound O (k?lT) is
essentially tight, i.e., algorithm (3) cannot achieve a rate

under Assump-



faster than O ( = /3) under Assumptions 1-2. We can show
this by creating a certain worst-case lower bound on the
optimality gap at z;(k), which turns out to be 2 (k2 5).
This is considered in [6].

IV. CONVERGENCE RATE: PROOF

Our convergence rate analysis is based on the evo-
lution of the (hypothetical) global average =;(k) =
%Zfil z;(k) of the agents’ estimates. Subsection IV-
A studies the optimality gap at (k) through an inexact
oracle framework that we introduce. Subsection I'V-B upper
bounds the agents’ disagreement — how far are the x;(k)’s
from Z(k). Finally, Subsection IV-C proves Theorem 1 by
combining the results from Subsections IV-A and I'V-B.

A. Inexact oracle framework

We base our analysis on the framework of inexact first
order oracle, and on the analysis of gradient methods under
first order oracle. We first need the following definition
from [6] and that is a variation of Definition 1 in [9].

Definition 2 (Pointwise inexact first order oracle)
Consider a function ¢ : R — R that is convex and has
Lipschitz continuous gradient with constant Lg. We say
that a pair ggr,ﬁz) eRxRisa (L,;,0d,) inexact oracle
of ¢ at x if:

P(2) > du+7, (2
d(z) < o4l (z—

Note that the pair (¢(x), Vé(x)) satisfies Definition 2 with
(Ly = Ly, 0, = 0). Also, if (55;, ﬁw) isa (L, d,) inexact
oracle at x, then it is also a (L/,,d,) local inexact oracle
at z, with L’ > L,. We will use the following Lemma on
the convergence of the (centralized) gradient method under
inexact oracle. The Lemma easily follows from Theorem 2
and the result in equation (33) in [9].

Vz e R Q)

Ly
x)+ 7\\2 —xz|® +6,, Vz € R

—x),

Lemma 3 Consider the gradient algorithm for a solvable
problem of unconstrained minimization of a convex func-
tion ¢ : R — R: y(k+1) = y(k) — Brhe, k =
0,1,..., where y(0) € R, B = 1/Ry, and (¢, hy) is
a (Rg, dr) inexact first order oracle of ¢ at y(k). Then,
for a solution y*:

Ly(0) = y* |1 + Si=o Bede
» k‘ _ : * S 2 t=0 ’
P(yra(k)) — d(y") SH T4
where y,,(k) = Zt 0 5tl/( )-

Zk 1

Casting algorithm (3) in the inexact oracle frame-
work. Consider algorithm (3) and denote by Z(k) :=
~ vazl z;i(k) and Tya(k) = Ef\;l 7; ra(k). Note that
the latter quantities are not available to any agent, but only
serve for convergence analysis. Then, multiplying (4) from
the left by (1/N)17, we get that Z(k) evolves as:

N
ay
N ; V fi(wi(k))

Zk+1) =7 k=0,1,.. (6)

with Z(0) = 0. Denote by Z;(k) = z;(k) — T(k), and
2(k) = (@1(k),...,on(k))". We refer to T(k) as the
disagreement vector, as it says how much the estimates
at different agents mutually differ. We now show that (6)
is a gradient method under inexact oracle.

Lemma 4 Let Assumption 1 hold, set o =
1/(2L(k + nmy, T € [0,1], and consider
fe = z iy {fil@i(k) + V fi(ai(k) T (@(k) — (k) }.

= XL sz(xz( ))- Then, (fi,gx) is a (Ly,0k)
inexact oracle of f = Zi\; fi at point Z(k) with constants

L, = aﬂk and & = L||7(k)|*

For a proof, see the proof of Lemma 3 in [6]. Revisiting
algorithm (6), we see that it is the gradient method to
minimize f under inexact oracle with the amount of
“inexactness” specified by Lemma 4. Hence, we can apply
Lemma 3 to (6) to derive the optimality gap at Z.,(k). In
order to “close” the analysis, we need to find dg, i.e., we
need to upper bound the disagreement quantity ||z(k)]|.

B. Disagreement estimate
We have the following Lemma that upper bounds the

disagreement estimate.

Lemma 5 Consider algorithm (3) under Assumptions 1
and 2 and the step-size o) = 0,1],
k=0,1,... Then, for k =1,2,...:

VNGC
2Lk
[0,00) depends only on matrix W.

1
eoer T € |

[Z(R)] <
where C' = C(W) €

From Lemma 5, we can see that, as long as 7 > 0, the
agents reach agreement asymptotically, i.e., |Z(k)|| — 0
as k — co. We now prove Lemma 5.

Proof: [Proof of Lemma 5] We first derive the recur-
sive equation for Z(k). Recall W = W — J, and note that
z(k) = (I — J)z(k). Now, multiplying (4) from the left
by (I — J), and using (I — J)W = W (I — J), obtain:

1

Gr k)
for k = 0,1,..., and Z(0) = 0, where u(k) :== —5-(I —
J)VF(x(k)). Note that, by Assumption 1 (c), and by the
sub-multiplicative property of norms, |Ju(k)|| < 57| —
JINVE@E)] <

sion (7), we have, for k: >1:2(k) = k Yw o Wt W
Now, using the sub-multiplicative and sub additive prop-

Tk+1) = WE(k) + ©)

. Next, by unwmdmg the recur-

erties of norms, and recalling p := ||W|:
VNG & 1

(k)| < ¢ . 8

120 < 57 ;u G ®

We next upper bound the sum Zi:ol b ﬁ = k% +
ﬁ + ..+ % by splitting it into two parts —
one with ¢ running from ¢ = 0 to t = |k/2], and
the other with ¢ running from ¢ = |k/2] + 1 to t =
k. (Here |a| is the integer part of a.) For the first



sum: SIA/2] (kﬁi)f < (1+u+u(2kJ;-2-)-:r#Lk/2J) < 2 A
For the second sum: Zf:(k/zwﬂ ﬁ < (L
-+ ) S APRT S (supgs ki)
Note that, as p € [0,1), B(u) := supy>; kuk/? s
finite. Combining the bounds for the first and the second
sums, we obtain fool ut ﬁ < (1 s B(p )) =:

C(W) 2 7=» Which, combined with (8), gives the desired
result. ]

C. Proof of Theorem 1

We now have all the tools needed to prove Theorem 1.
Proof: [Proof of Theorem 1] We first derive the
optimality gap at the global running average Z,.(k) by
applying Lemma 3. Then, we derive the optimality gap at
each agent’s local running average x; yo (k).
Optimality gap at 7., (k). Using Lemma 5, for k > 1:

NG2C? NG2C?
= LIZ(k)|? <

Also, recall that Ly = aﬂk = 2NL(k+ 1)". Plugging the
values of 0 and Lj into Lemma 3, after some algebra,

for 7 €10,1) (r =1 gives f (Tra(k)) — f* = O(1/logk)
and is hence not optimal):
[ (@ra(k)) — f~
NL|z*|2 NG2C2 YK (t41)73"
o+ L Zt D (t+1)T
which, using: k177 — 1 < Z t+1)* <Kk
_ NL|z*||? NG?*C?*k=27
ra - f* S ) Z 2.
f@alk) ~ 1 < T F ey B2 O

From now on, we make the choice 7 = % We justify this
choice. First, for 7 = 1/3, both summands on the right
hand side in (9) are © (4375 ), which means that
f @) = f* =0 (,;/3,) . (10)
Further, if we choose 7 = 1/3 — 4, 6 € (0,1/3], then,
the second summand on the right hand side of (9) is
© (W%%), on the other hand, if we choose 7 = 1/3+4,
0 € (0,2/3), then the first summand on the right hand
side of (9) is © ( R / —— 5) In summary, the rate as good as
(0] (k2/3) is guaranteed for 7 = 1/3.
Optimality gap at z; ,,(k). For arbitrary agent i:

f@iva(k)) = = (f(@ira(k)) — f(Tra(k))) (A1)
+ (f(fra(k)) - f*) .

We proceed with upper bounding f(x; ra(k)) — f(Zra(k)).
By property (2):

f(l‘i,ra(k)) - f(jra(k)) < ”Vf(jm(k)i)n (12)
X ||$i,ra(k> — 7ra(k‘)|| + NLH-Z'i,ra(ki; — xra(k)”

We upper bound ||V f(Z;4(k))||. By the property of convex
functions with Lipschitz continuous derivative of constant
Ly and a minimizer y*, [7]: |[Vé(y)|> < 2L4(d(y) —

o(y*)), for all y € R, and using the result that we already
showed f (Zra(k)) — f* < 45 Co., for some constant Cy €
(0, 00):

NLC,

IV f(ZTra ()] < (13)

k1/3

1
=0 <k1/3)'

It remains to upper bound ||z;,a(k) — Zra(k)||. By the

convexity of || - ||, Lemma 5, and oy = 1/(2L(t + 1)*/3):
el
t —
2 2a (k) = Foa(B) =D —m— (@) — T(1))
t=0 2ut=0 Xt
1
¢ _
< Y el — 7))
t=0 2ut=0 Yt
- VNGC S (t+1)2/3 . YNGC k'
- 2L tho( +1)-v3 — 2L k2/3 —

1
- (w) . (14)

Finally, combining (12)—(14), we obtain that f(z; ,a(k)) —

f(Tra(k)) = O (7). The latter, combined with (10)

and (11), completes the proof of the Theorem. [ ]
V. CONCLUSION

We considered distributed optimization in networks
where N agents minimize the sum Zfil fi(x) of their
local costs. We analyzed the convergence rate of the
distributed (sub)gradient algorithm proposed in [4], un-
der the class F of convex f;’s with Lipschitz contin-
uous and bounded gradients. We established that the
algorithm achieves the convergence rate O(1/k%/3) un-
der the class F, and that the obtained convergence rate
bound O(1/k?/3) is tight.
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