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ABSTRACT an optimization of the deformable parameters. Howeves, thi

We present an algorithm able to register a known 3D deprocedure is likely to be biased especially in the preseifice o
formable model to a set of 2D matched points extracted frondeformations which are strongly directional and asymmetri
a single image. Unlike previous approaches, the problem igal [2].

solved simultaneously for both the rigid and non-rigid para This paper deals with the case of aligning a given 3D de-

eters of the model. The key advantage of our approach i, \apie model to a set of 2D points taken from an image.

the projection of an initial af ne estimation of the motioap The novelty here introduced consists in nding a solution fo
rameters into thenotion manifoldcorresponding to the exact the model parameters which exactly lie in the so-caitest

parametrization of the problem. This projection is fornteith tion manifold[3] of the parameter space. In such way, the
as the minimization of the distance between the af ne sotuti estimation over this space re ects exactly the structurthef

and the surface of the manifold. Such optimization resultg, e m leading to a simultaneous estimation of the rigidl an

in a quadratically constrained quadratic minimizationkpro deformable motion parameters. Instead of solving the prob-

lem that can b.e ef ciently solved with standard optimizgtio lem directly on the surface space, we instead advocate a pro-

tools. Synthetic and real tests demonstrate the effeaen cedure which project an initial af ne solution onto the mani

of the approach. fold surface. This not only results in an ef cient algorittat
Index Terms— Image Registration, Deformable Mod- also it avoids the locality of an iterative algorithm miniimig

elling, Quadratic Optimization, Manifold Projection. over the manifold. In particular, we assume the camera ma-
trices being orthographic which is a reasonable approxima-
1. INTRODUCTION tion when the shape pro le is small compared to the distance

from the camera. Such cameras lie on Yhg Stiefel man-
The problem of registering deformable shapes from image#old®. Projecting into the space of deformable parameters
has stirred growing interests from the research communit@iven this constraint results in a non-convex problem which
Such interest rises from the practical necessity of automatve show that can be ef ciently solved by semide nite relax-
ically aligning shapes which vary their topology over time.ation. To the authors knowledge, the only approach trying to
This is rather important in a medical context where accurat&olve simultaneously for all the motion parameters is thekwo
image registration is a fundamental step for any clinicalyn of Xiao et al. [2]. However their method requires several 2D
sis. In a more theoretical sense, the complexity of thishask 0Observations of the non-rigid shape and a prior over thefset o
created an increasing attention over this problem. Thedbss basis shapes modelling the deformation. The work of GU and
rigidity constraints renders the 2D-3D registration eitiie ~ Kanade [4] can be also related to our work with the difference
conditioned or extremely non-linear. Ill-conditioningdléo  that it computes a solution for both the matching and registr
the introduction of extrinsic and intrinsic priors in respeo  tion problems while we restrict ourself exclusively to a 3D-
the object pose and its deformation parameters respactiveregistration of a deformable model (i.e. in our case thegassi
On the other hand, non-linearities resulted in methods avith ments are already given). Still, when registering the nedch
iterative nature which are prone to reach local solutiorgiv 2D points to the 3D shape, they decouple the 2D rotation and
the extension of the parameter space. Other approaches pfgformation parameters solving then for the registratios a
posed a simpli cation of the problem as a two-stage procematching using an iterative EM procedure.
dure [1]. First, a rigid registration of the shape is follahzy
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2. PROBLEM STATEMENT given the constraintRR = 1, ,. Optimizing (5) results in
the minimization of a non-linear cost function with nondar
A 2D point]j is de ned in non-homogeneous coordinates asconstraints. However in the next section we re-formulage th
avectorw; = (u; vj)T whereu; andy; are the horizontal problem in such a way it is solvable via quadratic optimiza-
and vertical image coordinates respectively. A sgipbints  tion. To notice that in this work we consider the assign-
lying over a deformable body can be then expressed in matriient problem between 3D model and 2D observations al-
form as: ready given.
W= wig b owp (1)

We now introduce the image projection and deformable mod- 3, 2D-3D REGISTRATION WITH PROJECTIONS
els describing the space of variations of the image coordi-
nates. A deformable 3D shapg , at a certain time instance Our algorithm can be summarized as it follows:
is projected by an orthographic caméa ; as:

W= RX+ T (2)  Algorithm 1 2D-3D registration of deformable shapes

Require: A set of 2D pointsNand the assignment to the de-
formable modeb.
Ensure: The motion matrixMas in eq. (4).

whereR lies onto the Stiefel manifold (i.,eRR = 1, »)

which from now it will be called &Stiefel matrixandT is a
2 p matrix such thall = t17. The vectort is the image
centroid of the object coordinates storedvifand1 a vector 1: Compute an initial af ne estimatsasMe V&' SS

of p ones. 2: Extract the translatioh asM= M\ t .

3: Projectonto the deformablmotion manifoldby solving

n 0
A deformable shape varies its topology at each time instance leTll:i:fllk M 1R it kR ,2: (6)
Such variations can be modelled as a linear approximation
using a set ok basis shapes which expresses the modes of
variation of the shape. Such models have been already used
with 2D points (Active Shapes Models [5]), morphable mod-Now the problem is to nd the best projection giv&iying
els for face analysis and animation [6] and non-rigid stitet  onto a Stiefel manifold as given in eq. (6). This problem

from motion [7]. In such framework, the 3D structuxds  was previously solved using a two-step procedure (i.e. rst

2.1. THE NON-RIGID MODEL

given as: estimatingR and thenl; [1]) or by considering some priors
& on the parameter space [2]. Differently, we will show that is
X = 14By; B2RP I42R 3) possible to reformulate the problem in Step 3 in such way we
d=1 can project to the correehotion manifoldof the parameter
space.

whereBy are the given basis shapes dpdhe con guration
weights which linear combination gives the deformation at
each time instance. A more compact form can be obtained-1: MOTION MANIFOLD PROJECTION

substituting the previous equé’:ltion '3” eq. (2) giving: The projection is carried out on eagh 3k sub-matrixMas
B, de ned in Algorithm 1 and it corresponds to solve the mini-
W= ;R 0 IR g : g FT=MSET  (4) mization problem as stated in eq. (6). Our aim is to project

the af ne solution obtained previously to a motion subspace

B which exactly respect the given constraints B.de a2 3
whereMis a2 3k matrix andSa3k p matrix. It is con- Stiefel matri}. This is equivalent to minimizing separately all
venient to de ne here the homogeneous formulatiorsafs the2 3 blocks ofMgiving:

S=[S"1]". To notice the particular structure bwhich en- )«
tails strong non-linearities given by the repetitive steme of min min M 4R 2 @)
the Stiefel matricesThe space of these matrices is the actual R oz @ F

motion manifoldvhere our solution has to lie. o _
which is equivalent to:

2.2. THE NON-RIGID COST FUNCTION K n o
. . 2 2 2 .
The registration problem now can be written as an optimiza- mEn _ nun M-+ IgkRE 2 Tr[lvl R:
tion of the following cost function: d=t
o n ,0 We can then reformulate the problem by computing the min-
R kw (MS+ Tkg () imum rst for Iy given R This resolves in computing the



minimum of the quadratic function ity given byf (I4) =

alfj 2bly + c¢. Such minimum is found ity = b=agiving:
Tr[rvi R_
o [lvl R

putting this value back in eq. (7) and following with the sim-

pli cation, the minimization can be written as:

v #

T T ; T
mgm min Er (9
dd r=vec(R") ( )

d=1

min r
r=vec(R)

r =

wherer = veqR") andmy = vec(le). The matrixRmust
satisfy the constraint of being Stiefel matrix(i.e. RR =

Noise %
0 10 20 30 40 50
W 0 | 0:00332 | 0:00334 | 0:00336 | 0:00334 | 0:00335
Serr 0 0:100 0:114 0:114 0:114 0:115

Table 1. The table shows the rms error for the 2D eVgk

and the 3D reconstruction err8¢, computed or8500ran-

dom trials for each level of gaussian noise. The 2D image
points are always constrained in a square with a side 2 units
long. Instead, the 3D err@&,,; is always shown as a percent-
ages relative to the overall 3D shape size.

SeDuMi [8], we quickly obtain the optimal matrixfor (14)
with rank X = 1. By factorizingX = rr T, we obtain the op-

I »). This quadratic minimization problem presents non-timal Stiefel matrixasR" = vec *(r). For more details and

convex constraints given By however, it is possible to obtain
a tight convex relaxation. We rewrite (9) as

min
r=vec(R')

Tr(ErT) = min Tr(EX); (10)

whereS is the set of all real symmetri@ 6 matricesX =

;{ (E:; ,with A2 R® 3, satisfying
X< 0; (11)
TT(A=Tr(Q=1; Tr(B=0; (12)
rank X=1: (13)

This quadratic problem, has a nonconvex constraamk X =

proofs about the tight convex relaxation proposed the reade
can check [9]. The computestiefel matrixRis then used to
recover the weightk; from eq. (8), obtaining a non-rigid mo-
tion matrix that satis es the metric constraints. This alfoto
solve for the motion parameters as described in Algorithm 1.

4. EXPERIMENTS

We evaluate our algorithm with synthetic experiments tb tes
the converge of the algorithm and to evaluate its resili¢ace
noise. Real tests will demonstrate the algorithm capéadslit
in dealing with realistic deformations.

4.1. SYNTHETIC TEST

1). So, we do a convex relaxation of this problem. Since the

cost function is linear we have

inTr(EX = in Tr(EX; 14
min Tr(EX o r(EX; (14)
whereco(S) is the convex hull of the s&.

Here, we approximate the convex had(S) by the set of

real symmetri®& 6 matricesXthat satisfy

X< 0; (15)
Tr(A=Tr(Q=1; Tr(B=0; (16)
s 3WTA c V]\{ <0 (17)
with w given by
2 3

s b2
w=4%4by bygd (18)

b by

whereB = [by; ]. Moreover, this set is de ned only by linear
matrix inequalities (LMI).

A 3D modelSis obtained by randomly generating each basis
shaped,, ..., Bc. The orthographic camera matrices are ob-
tained by generating random rotations and then by trungatin
the last row of the matrix. The con guration weightsare
generated more carefully since we require tBats a mean

3D shape of the deforming object (as it h@ppens naturally).
Thus we constraints thg such thakl, Bk > _, KklgBgk.
Then we add a random translatibrto the projected points
and we formW Finally, aN> , Gaussian noise matrix is
added to the measurement with a noise strength represented
askNk=kW. The experiments show a peculiar resilence to
noise leading to rather similar results at each level. The re
sults with no noise always converged to the optimum.

4.2. REALTEST

We tested our algorithm in a face registration scenario. In
the rsttest, we used a PCA model of a face computed from
3D ground truth data obtained from a VICON motion cap-
ture system. The subject in this learning stage was perform-
ing different facial expressions and slight head rotatidrise

Hence, we have that our problem (9) is equivalent to nd-PCA model consisted df = 5 basis shapes ar@i7 points

ing the minimum of a linear functionT¢( EX)) on a convex
set €o(S)), which is given only by LMI (15)-(17). By using

(i.e. Si5 37). We then selected an image (Figure 1a) from a
video of the same subject and tried to register the poin¢s aft



the rigid and non-rigid parameters involved in the registra

o 92 B tion at once. In such case, the proposed optimal projeation t

. N the motion manifoldof non-rigid shapes has shown promis-
ing results. To notice that such projections can be success-

> 8® " % fully used for the task of reconstructing 3D deformable mod-

5, els from a set of images as shown in [12]. As future work

a) b)x 0 we are planning to tackle the problem of the point assignment

given the mathematical insights provided by this work and to
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