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ABSTRACT

In this paperwe addresdwo closelyrelatedproblems.The rst is

theobjectdetectiornproblem,i.e.,theautomaticdecisionof whether
a givenimagerepresents knowvn objector not. The seconds the
correspondencproblemii.e.,theautomatianatchingof thefeatures
of anobjectin two views. We usea feature-basedpproacHor both

problems.n the rst problem,we assumebjectrigidity andmodel
thedistortionsby a linear shapemodel. To solve the decisionprob-

lem, we derive the uniformly mostpowerful (UMP) hypothesidest
thatis invariantto thelinearshapemodel. We usethe UMP statistic
to formulatethecorrespondengaroblemin amodelinvariantframe-
work. We shawv thatit is equivalentto a quadraticmaximization
on the spaceof permutationmatrices. We derive LASIC, anitera-

tive computationallyfeasiblesolutionto the quadratianaximization
problemfor the particularcasewherethe linear shapemodelis the

afne model. SimulationsbenchmarkLASIC againsttwo standard
algorithms.

Index Terms— Correspondencd,inear ShapeModel, UMP-
InvariantTest,Optimizationmethods

1. INTRODUCTION

The objective of this paperis to study two standardproblemsin
ComputerVision: objectdetectionand correspondenceWe usea
featurebasedapproacho solve both problems.In objectdetection
thegoalis to decideif agivenimagecorrespond$o aknown object.
In the correspondencgroblemit is to establisithe correspondence,
or matching betweerthefeaturesn two views of the sameobject.

Object Detection Weassumel)wearegivenasetof featureghat
representhe shapeof the known object;and?2) if theimagecorre-
sponddo theknown object,thelocationof thefeaturesn theimage
canberelatedto the locationof the known featureshy a parametric
linear shapemodel. We formulatethe detectionproblemasan hy-

pothesidest. We requiretheteststatisticto beinvariantto thelinear
shapemodel,i.e., theresultof thetestshouldnot depencbntheval-

uesof the parametershatrelatethefeaturesn theimageto thefea-

turesin the original representationWe obtainthe Uniformly Most

Pawerful (UMP) invarianttest[1] [2] and thus establisha model
invariantframewvork. Thisis equivalentto the CFAR matchedsub-
spacelter developedfor communicatiorapplicationg2].

Correspondencé’roblem Correspondencis astandarcproblem
in ComputerVision. A commonassumptionusesimage correla-
tion [3] [4] [5]. In notvery fastvideos,thesolutionis usuallybased
on proximity assumption$3]. A moregeneralassumptioris scene
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rigidity [6]. Most of the methodsformulate correspondencas an
optimizationproblemandcanthusbedistinguishedy theoptimiza-
tion algorithmsused:greedyalgorithms linearprogrammingvia re-
laxationof constraintg5], randomizedsearcH6] [4], dynamicpro-
gramming[7], graphsearct8] andcorvex optimization[3] have all
beenusedwith variousdegreesof success.

We applyto correspondencthe modelinvariantframework that
we develop for object detection. We model correspondencby a
permutatiormatrix Q andshaw thatits solutionleadsto aninteger
guadraticoptimizationproblem. This is intractabledueto its com-
binatorialstructure.By particularizingthe shapeto theaf ne model
andrelaxingthe searchspaceto doubly stochastianatriceswe can
designan iterative optimizationalgorithmfor the integer quadratic
problem. This is the (linear) af ne shapenvariantcorrespondence
(LASIC) algorithm.

Paper Organization In Section2, we presenthe solutionto the
objectdetectionproblemandintroducethe modelinvariantframe-
work. Section3 usesthis framavork to formulatethe correspon-
denceproblemasaninteger quadraticmaximizationproblem. Sec-
tion 4 particularizeghe problemto thespeci ¢ structureof theaf ne
model,and Section5 presentd ASIC, the af ne optimizationalgo-
rithm that solves the optimizationproblem. Finally, Section6 de-
scribesexperimentsandSection7 concludeghe paper

2. MODEL INVARIANT FRAMEW ORK

This sectionfocuseson the objectdetectionproblem. For clarity,
we startwith theaf ne modelasanintroductionto thelinearshape
model. We formulatethe decisionproblemasa hypothesidestand
requireinvarianceto the linear shapemodel. We derive the UMP
invarianttestthatestablishes modelinvariantframework.

2.1. Linear ShapeModel

We assumewe aregiventwo setsof N features.The rst setcor
respondgo a known objectwhile the secondsetis extractedfrom
anew image. The goal of the objectdetectionproblemis to deter
minewhetherthefeaturesn thenawv imagerepresenanobsenration
of the featuresof the known object. We follow the terminologyof
shapetheory e.g.[9] [10].

We usethe N 1 vectorsx: andy, to representhe x and
y locationsof the featuresin the known object. Similarly, we use
theN 1 vectorsx, andy, to representhe featuresin the new
image. We assumenbjectrigidity andfar eld sothat,if theimage
correspondso the knowvn object,the locationof the featuresn the



new image(X 2; y ,) mustberelatedto thelocationof thefeaturesn
theknown object(x 1;y,) by alinearshapemodel.
To introducethis model,we considertheaf ne model:
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wherel represental N vectorof ones.To obtainalinearshape
modelfrom equation(1), we re-writeit as:

x= x3 jy;
x =S  with = anm ap 1 @y a» 2 | 2
_ X1y, 1 0
S =
0 [x1 y, 1

wherex istheobserationvector S istheshapematrixand isthe
obsenration parameterector

Equation (2) representghe particular structureof the linear
shapemodelin the afne case. Its generalformulationis simply
x = S wheretheshapematrixS isagenerain  m matrix with

no particularstructureandx and aren 1andm 1 vectors.

2.2. Object Detection: HypothesisTest

We assumehatthe obsenationis perturbedby a vectorn of i.i.d.
randomvariableswith distributionN (0; 21 ) andwrite:

S +n ?3)

wherewe usethe variable 0 to de ne thepresencég > 0) or
absencg¢ = 0) of theshapen theobsenration.
We formulatethefollowing binary hypothesidestingproblem:

X =

Hypothesis0: The obseration is not compatiblewith the known
shapematrix. The parametespaceassociateavith this hypothesis
is:So=f ; ; 2j =0; 2R"™nfog; 22R'g

Hypothesisl: Theobsenationcorrespondso theknown shapema-
trix. The parametespaceassociatedvith this hypothesids: S; =
f ; : %2j >0; 2R™nf0g; 22R'g
This formulation shavs that the decisionof whetheror not the

view correspondso the givenshapedepend®nly on the parameter

. Theremainingunknawvns, the obsenration parameters andthe
noisevariance 2, correspondo nuisanceparametersvhosepres-
enceis undesired This motivatesusto constructa decisiontestthat
isinvariantto and 2.

2.3. Model Invariant Test

We presenthe UMP modelinvarianttest. This testis equivalentto
the CFAR matchedsubspacdter [2]. We usethefollowing model-
invariantteststatistic:

kP sxk?=m
k(I Ps)xk=(n

2 TSTS
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M(x) = 4
wherethe notationF is usedto designatehe F distribution (with
parametersn andn  m). Notethe physicalinterpretatiorof this
statistic: it measuresheratio of “enegy perdimension”of the ob-
senationin thesubspac&Si andin thesubspacerthogonato hSi.
Usingthis statisticwe write the UMP invarianttestas:

1, M(x)> Fo

MOD= o Mo Ry (5)

wherethe thresholdF ¢ canbe found by specifyingthe size of the
test(probability of falsealarm) = P [M (x) > Foj Ho istrug.
UnderhypothesidHo, wehave = 0) M(X) Fmn m)(0),
sothatwe canderive F o anddesignthetest.

3. FEATURE CORRESPONDENCE

In section2, we assumedhat the obsered imageis in correspon-
dencewith the known shape.In computervision problemsthis is
seldomthe case.In atypical setup,we areableto relatethe obser
vationvectorx andthe shapematrixS only up to a generapermu-
tationmatrix Q. In this andthe subsequergectionswe presenour
approacho effectively estimateQ.

If weknew thecorrectpermutatiormatrix,Q°, we couldreplace
X with Q°x in M (x) in (4), which is the UMP invariantteststatis-
tic. However, the performanceof the testdecreasesigni cantly if
weuseaQ 6 Q7. Hence,we estimatethe permutationmatrix by
nding thevalueof Q thatmaximizegheteststatisticM (Qx):

kP sQX k2
Q2 P k(I

® = argmax P SOXEE

(6)

whereP denoteghe spaceof then n permutatiomrmatrices.Be-

causeheobjective functionin equation(6) is monotonicallyincreas-
ing with kP s Qx k?, we canwrite:

® = arg max kP s Qx k*: 0

Equation(7) shawvs that Q can be estimatedby maximizinga
corvex (quadraticyproblemin thespaceof N N permutatiorma-
trices. Dueto its combinatorialnature,this problemis intractable.
In the next sectionswe particularizethe problemto theaf ne shape
model,for whichwe areableto obtainanefcient heuristic.

4. AFFINE SHAPE MODEL

In this section,we returnto the af ne model,and particularizethe
correspondenceptimizationproblem(7) to the speci ¢ structureof
thismodel2. Usingthestructureof S andthefactthatin (7) only the
projectorP s matterswe canremove themeansaandorthonormalize
thevectorsx 1 andy,, i.e.,we canmale:
X1?2y,?1 kxik = ky, k=1 (8)

Giventhestructureof x andS in (2), the permutatiormatrix Q

is restrictedto have theform:

Q= 33 ©)

whereQ is agenericN N permutationmatrix (whereN is the
numberof features).With the structurein (9), andafter simplema-
nipulations we canwrite the objective functionin (7) (the “enegy”
of x in theshapeplane)as:

X4
f(q) = kPsQxk® = (10)

i=1

wherewe introducedthe N2 1 vectorsq = vedQ), andu; =
X1 Xz,U2=1Y; Xz,U3z3=X1 YyUs=Y; VY,

Note that the objective function (10) measureshe sum of the
“enelgy” of theprojectionof thevectorq into four known vectors.



5. LASIC: MAXIMIZA TION ALGORITHM

In Section3, we formulatedthe correspondencgroblemasaninte-
ger quadraticmaximizationproblem. In section4, we shaved that
for the afne shapemodel, a specialstructureappearedn the ob-
jective function (10). In this section,we explore this structureto
derive the (linear) afne shapeinvariant correspondencé ASIC)
algorithm,anef cient iterative heuristicfor the problem.

5.1. Relaxation: Doubly StochasticMatrices

Our goalis to maximizethe objective functionin (10) with respect
toq = vedQ) whereQ 2 P, thespaceoftheN N permuta-
tion matrices.We introducethe setof theN N doublystochastic
matricesDS, de ned as:

X X
0 Q; Q; 1 Q; L

i j

(11

Birkhoff's theorem[11] statesthatthe setof N N doubly
stochasticmatricesis a compactcorvex setwhoseextremepoints
aretheN N permutatiormatrices.Becausave aremaximizinga
corvex (quadratic)function over a compactcorvex set,DS, the so-
lution will beanextremepoint of thesetandsoin P. Thus,relaxing
theproblemfrom thesetP to DS doesnotchangéts solution,i.e.,

x4 T 2 x4
max u; g , max

(12)
g=vec(Q) . _ g=vec(Q)
Q2P i=1 Q2DS

i=1

The proposedLASIC algorithm solwes this in two steps: an
initialization algorithm and an iterative optimization procedure.
Theinitialization algorithmgenerategninitial solutionthatis then
usedby the iterative optimization procedure. After multiple re-
initializations, the limiting point that achieves the largestvalue of
the objective functionis taken asthe maximum.

5.2. LASIC Initialization Procedure

To obtainaninitial vectorq,, we approximateroblem(12) by:

X4
max urq ; (13)
g=vec(Q) .
Q2DS i=1

Thisis a sumof four absolutevalues.Eachonecanbereplaced
with its original valueor its symmetric.We solve for all the 16 (2*)
combination®f positive andnegative factors thuswriting 16 linear
optimizationproblemsof theform:

X4
( Dulq
i=1

; ki = f0; 1g; (14)

subjecttoq = vedQ),Q 2 DSand( 1)%ulq  0with

i = 1;2;3; 4. Writing the objective functionasa sumof only four
factorsis akey stepto obtainanef cient method,sincethe number
of linearprogramso solve grows exponentiallywith the numberof

factorsin (13). After solving all the 16 problems the solutionthat
attainsthe maximumof the objectie functionis takenasqy,.

5.3. LASIC lterati ve Optimization Procedure

After the initialization, in subsectiorb.2, we usean iterative algo-
rithm to solve problem(10). Since(10) is quadratic,cornvex up-
wards,given an estimateq, of q, we canusethe tangentto lower
boundf (q):

f(a) f(a)+Ogf(a) (@ s

whereO is the gradientoperator To maximizef (q), we maximize
thislower bound.This leadsto the LASIC iterative algorithm:
!

(15)

x4
Oa = arg max uige ul g (16)
Q2DS i=1

Theprocesss repeatedintil a convergencecriteriumis met.

5.4. Multiple Initializations

The LASIC iterative maximizationalgorithm(16) is not guaranteed
to cornvergenceto the absolutemaximumof the objective function.
Werunit with severalinitializationsandkeepthe overall maximum.
Thequestionis how to generateheseseveralinitializations.\We ob-
senethatthe original problemis (12) is invariantto rotationsin the
vectors(X1;Yy,) but the LASIC initialization algorithm(13) is not.
Sowe re-initialize the algorithmwith a new setof vectors(x 1;y,)
thatis arotationof theoriginal set(x1;y,).

6. EXPERIMENT AL RESULTS

We benchmarklASIC againstthe proposedmethodto two corre-
spondencelgorithms: image correlationcorrespondencégs] and
featurelocationcorrespondencelhesealgorithmsattemptto solve
theproblemby maximizingmeasuresf correlationbetweerthefea-
tures. The rst methodextractsanimagepatch(we usea21 21
square)aroundeachfeatureand maximizesthe correlationin the
imagevalues. The secondmethodmaximizesthe correlationin the
featurelocationsusing an objectie function similar to [12]. Like
LASIC, both comparisonalgorithmsformulate correspondencas
anoptimizationproblemin the spaceof permutatiomrmatrices.

We develop three syntheticsituationsto comparethe perfor
manceof the algorithms: addition of Gaussiamoiseto the loca-
tion of thefeaturesjsotropiczoomin the object,androtationof the
object. We measurahe performanceof the algorithmsby the aver-
ageof the correspondencerror rate (CER) de ned asthe ratio of
mismatchego the total numberof features.In all experiencesthe
numberof featureds setto 30 andLASIC is re-initialized20 times.

Figures2, 3, and4 summarizethe results. Figure 1 shaws the
featuresof the known object. Figure 2 plots CER versusthe noise
standarddeviation, . Figure 3 displaysCER versusthe isotropic
zoomparameterz, for aconstannoiselevel. Notethattheisotropic
zoomcanbe modeledby the afne model(1) whereA is a scalar
timestheidentity andthereis no translactionFinally, gure 4 illus-
tratesthe CER versusthe rotationparameter . Again, therotation
canbemodeledby anafne model(1) whereA is arotationmatrix
andthereis nottranslation.

The imagecorrelationcorrespondencis known to be very ro-
bustto to noiseaddedon the imagepixel values[5], while herethe
noiseis addedto thefeaturelocation. Our experimentsshow thatit
fails whennoiseis addeddirectly to the featurelocations,or when
eitherzoomor imagerotationoccur



Figures2 and 3 shawv that LASIC is robust under noise and
zoom,its performancas slightly worstthanthelocationcorrespon-
dencemethod. Further exploration into the zoom experienceis
neededn orderto determinef we arepreventingfull corvergence
by restrictingthe numberof initializationsto 20. Rotationdemon-
stratesthe strengthof LASIC: while the comparisonalgorithms,
especiallythe locationcorrespondencalgorithm, breakdown even
for smallrotations LASIC obtainsnearlyperfectresults.

7. CONCLUSION

We consideredhe problemof decidingif agivenimagecorresponds
to a known object. We took a featurebasedapproachandmodeled
the distortionsbetweenthe new imageandthe known objectby a
linear shapemodel. We presentedan invariantframevork and de-
velopedthe corresponding MP test.We thenformulatedthe corre-
spondenc@roblemin thisinvariantframevork asa quadraticnaxi-
mizationonthespaceof permutatiormatrices.For af ne shapeswe
canderive an ef cient iterative optimizationalgorithm,the (linear)
afne shapdnvariantoptimization(LASIC) algorithm.Experiments
shavedthatLASIC handlessituationsvhereothermethoddail, e.g.,
largerotations.
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