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ABSTRACT

In this paperwe addresstwo closelyrelatedproblems.The �rst is
theobjectdetectionproblem,i.e., theautomaticdecisionof whether
a given imagerepresentsa known objector not. Thesecondis the
correspondenceproblem,i.e.,theautomaticmatchingof thefeatures
of anobjectin two views. We usea feature-basedapproachfor both
problems.In the�rst problem,we assumeobjectrigidity andmodel
thedistortionsby a linearshapemodel. To solve thedecisionprob-
lem, we derive theuniformly mostpowerful (UMP) hypothesistest
thatis invariantto thelinearshapemodel.We usetheUMP statistic
to formulatethecorrespondenceproblemin amodelinvariantframe-
work. We show that it is equivalent to a quadraticmaximization
on the spaceof permutationmatrices.We derive LASIC, an itera-
tivecomputationallyfeasiblesolutionto thequadraticmaximization
problemfor theparticularcasewherethe linearshapemodelis the
af�ne model. SimulationsbenchmarkLASIC againsttwo standard
algorithms.

Index Terms— Correspondence,Linear ShapeModel, UMP-
InvariantTest,Optimizationmethods

1. INTR ODUCTION

The objective of this paperis to study two standardproblemsin
ComputerVision: objectdetectionandcorrespondence.We usea
featurebasedapproachto solve both problems.In objectdetection
thegoalis to decideif agivenimagecorrespondsto aknown object.
In thecorrespondenceproblemit is to establishthecorrespondence,
or matching,betweenthefeaturesin two views of thesameobject.

Object Detection Weassume:1) wearegivenasetof featuresthat
representtheshapeof theknown object;and2) if the imagecorre-
spondsto theknown object,thelocationof thefeaturesin theimage
canberelatedto thelocationof theknown featuresby a parametric
linearshapemodel. We formulatethe detectionproblemasan hy-
pothesistest.Werequiretheteststatisticto beinvariantto thelinear
shapemodel,i.e., theresultof thetestshouldnotdependon theval-
uesof theparametersthatrelatethefeaturesin theimageto thefea-
turesin the original representation.We obtaintheUniformly Most
Powerful (UMP) invariant test [1] [2] and thus establisha model
invariantframework. This is equivalentto theCFAR matchedsub-
space�lter developedfor communicationapplications[2].

Corr espondenceProblem Correspondenceis astandardproblem
in ComputerVision. A commonassumptionusesimagecorrela-
tion [3] [4] [5]. In not very fastvideos,thesolutionis usuallybased
on proximity assumptions[3]. A moregeneralassumptionis scene

rigidity [6]. Most of the methodsformulatecorrespondenceasan
optimizationproblemandcanthusbedistinguishedby theoptimiza-
tion algorithmsused:greedyalgorithms,linearprogrammingvia re-
laxationof constraints[5], randomizedsearch[6] [4], dynamicpro-
gramming[7], graphsearch[8] andconvex optimization[3] haveall
beenusedwith variousdegreesof success.

Weapplyto correspondencethemodelinvariantframework that
we develop for object detection. We model correspondenceby a
permutationmatrix Q andshow that its solutionleadsto an integer
quadraticoptimizationproblem. This is intractabledueto its com-
binatorialstructure.By particularizingtheshapeto theaf�ne model
andrelaxingthesearchspaceto doublystochasticmatrices,we can
designan iterative optimizationalgorithmfor the integer quadratic
problem. This is the (linear) af�ne shapeinvariantcorrespondence
(LASIC) algorithm.

Paper Organization In Section2, we presentthe solutionto the
objectdetectionproblemandintroducethe model invariant frame-
work. Section3 usesthis framework to formulatethe correspon-
denceproblemasan integerquadraticmaximizationproblem.Sec-
tion 4 particularizestheproblemto thespeci�c structureof theaf�ne
model,andSection5 presentsLASIC, theaf�ne optimizationalgo-
rithm that solves the optimizationproblem. Finally, Section6 de-
scribesexperimentsandSection7 concludesthepaper.

2. MODEL INVARIANT FRAMEW ORK

This sectionfocuseson the object detectionproblem. For clarity,
we startwith theaf�ne modelasanintroductionto thelinearshape
model. We formulatethedecisionproblemasa hypothesistestand
requireinvarianceto the linear shapemodel. We derive the UMP
invarianttestthatestablishesa modelinvariantframework.

2.1. Linear ShapeModel

We assumewe aregiven two setsof N features.The �rst setcor-
respondsto a known objectwhile the secondset is extractedfrom
a new image. Thegoal of the objectdetectionproblemis to deter-
minewhetherthefeaturesin thenew imagerepresentanobservation
of the featuresof the known object. We follow the terminologyof
shapetheory, e.g.[9] [10].

We usethe N � 1 vectorsx 1 and y 1 to representthe x and
y locationsof the featuresin the known object. Similarly, we use
the N � 1 vectorsx 2 andy 2 to representthe featuresin the new
image.We assumeobjectrigidity andfar �eld so that, if the image
correspondsto theknown object,the locationof the featuresin the



new image(x 2 ; y 2) mustberelatedto thelocationof thefeaturesin
theknown object(x 1 ; y 1) by a linearshapemodel.

To introducethismodel,we considertheaf�ne model:
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where1 representsa 1 � N vectorof ones.To obtaina linearshape
modelfrom equation(1), we re-writeit as:
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wherex is theobservationvector, S is theshapematrixand� is the
observationparametervector.

Equation (2) representsthe particular structureof the linear
shapemodel in the af�ne case. Its generalformulation is simply
x = S� wheretheshapematrix S is a generaln � m matrix with
noparticularstructureandx and� aren � 1 andm � 1 vectors.

2.2. Object Detection: HypothesisTest

We assumethat the observation is perturbedby a vectorn of i.i.d.
randomvariableswith distributionN (0; � 2 I ) andwrite:

x = � S� + n (3)

wherewe usethevariable� � 0 to de�ne thepresence(� > 0) or
absence(� = 0) of theshapein theobservation.

Weformulatethefollowing binaryhypothesistestingproblem:

Hypothesis0: The observation is not compatiblewith the known
shapematrix. Theparameterspaceassociatedwith this hypothesis
is: S0 = f � ; � ; � 2 j � = 0 ; � 2 Rm nf 0g ; � 2 2 R+ g

Hypothesis1: Theobservationcorrespondsto theknown shapema-
trix. Theparameterspaceassociatedwith this hypothesisis: S1 =
f � ; � ; � 2 j � > 0 ; � 2 Rm nf 0g ; � 2 2 R+ g

This formulationshows that thedecisionof whetheror not the
view correspondsto thegivenshapedependsonly on theparameter
� . The remainingunknowns, theobservation parameters� andthe
noisevariance� 2 , correspondto nuisanceparameterswhosepres-
enceis undesired.This motivatesusto constructa decisiontestthat
is invariantto � and� 2 .

2.3. Model Invariant Test

We presenttheUMP modelinvarianttest. This testis equivalentto
theCFAR matchedsubspace�lter [2]. We usethefollowing model-
invariantteststatistic:

M (x ) =
kP S x k2=m

k(I � P S )x k2=(n � m)
� F

�
� 2 � T ST S�

� 2

�
(4)

wherethe notationF is usedto designatethe F distribution (with
parametersm andn � m). Note thephysicalinterpretationof this
statistic: it measurestheratio of “energy perdimension”of theob-
servationin thesubspacehSi andin thesubspaceorthogonalto hSi .

Usingthis statisticwe write theUMP invarianttestas:

� (M (x )) =
�

1; M (x ) > F 0

0; M (x ) � F 0
(5)

wherethe thresholdF 0 canbe found by specifyingthe sizeof the
test (probability of falsealarm) � = P [M (x ) > F 0 j H 0 is true].
UnderhypothesisH 0 , we have � = 0 ) M (x ) � F ( m;n � m ) (0),
sothatwecanderive F 0 anddesignthetest.

3. FEATURE CORRESPONDENCE

In section2, we assumedthat the observed imageis in correspon-
dencewith the known shape. In computervision problemsthis is
seldomthecase.In a typical setup,we areableto relatetheobser-
vationvectorx andtheshapematrix S only up to a generalpermu-
tationmatrix Q. In this andthesubsequentsections,we presentour
approachto effectively estimateQ.

If weknew thecorrectpermutationmatrix,Q? , wecouldreplace
x with Q?x in M (x ) in (4), which is theUMP invariantteststatis-
tic. However, the performanceof the testdecreasessigni�cantly if
we usea Q 6= Q? . Hence,we estimatethepermutationmatrix by
�nding thevalueof Q thatmaximizestheteststatisticM (Qx ):

bQ = arg max
Q2 P

kP S Qx k2

k(I � P S )Qx k2
; (6)

whereP denotesthespaceof then � n permutationmatrices.Be-
causetheobjectivefunctionin equation(6) ismonotonicallyincreas-
ing with kP S Qx k2 , we canwrite:

bQ = arg max
Q2 P

kP S Qx k2 : (7)

Equation(7) shows that Q can be estimatedby maximizinga
convex (quadratic)problemin thespaceof N � N permutationma-
trices. Due to its combinatorialnature,this problemis intractable.
In thenext sections,weparticularizetheproblemto theaf�ne shape
model,for whichwe areableto obtainanef�cient heuristic.

4. AFFINE SHAPE MODEL

In this section,we returnto the af�ne model,andparticularizethe
correspondenceoptimizationproblem(7) to thespeci�c structureof
thismodel2. Usingthestructureof S andthefactthatin (7) only the
projectorP S matters,wecanremovethemeansandorthonormalize
thevectorsx 1 andy 1 , i.e.,we canmake:

x 1 ? y 1 ? 1 kx 1k = ky 1k = 1 (8)

Giventhestructureof x andS in (2), thepermutationmatrix Q
is restrictedto have theform:

Q =
�

Q 0
0 Q

�
(9)

whereQ is a genericN � N permutationmatrix (whereN is the
numberof features).With thestructurein (9), andaftersimplema-
nipulations,we canwrite theobjective functionin (7) (the“energy”
of x in theshapeplane)as:

f (q) = kPS Qx k2 =
4X

i =1

�
u T

i q
� 2

(10)

wherewe introducedthe N 2 � 1 vectorsq = vec(Q), andu 1 =
x 1 
 x 2 , u 2 = y 1 
 x 2 , u 3 = x 1 
 y 2 , u 4 = y 1 
 y 2 .

Note that the objective function (10) measuresthe sumof the
“energy” of theprojectionof thevectorq into four known vectors.



5. LASIC: MAXIMIZA TION ALGORITHM

In Section3, we formulatedthecorrespondenceproblemasaninte-
gerquadraticmaximizationproblem. In section4, we showed that
for the af�ne shapemodel,a specialstructureappearedin the ob-
jective function (10). In this section,we explore this structureto
derive the (linear) af�ne shapeinvariant correspondence(LASIC)
algorithm,anef�cient iterative heuristicfor theproblem.

5.1. Relaxation: Doubly StochasticMatrices

Our goal is to maximizetheobjective function in (10) with respect
to q = vec(Q) whereQ 2 P, the spaceof the N � N permuta-
tion matrices.We introducethesetof theN � N doublystochastic
matrices,DS, de�ned as:

0 � Q ij ;
X

i

Q ij � 1 ;
X

j

Q ij � 1: (11)

Birkhoff 's theorem[11] statesthat the set of N � N doubly
stochasticmatricesis a compactconvex setwhoseextremepoints
aretheN � N permutationmatrices.Becausewearemaximizinga
convex (quadratic)functionover a compactconvex set,DS, theso-
lution will beanextremepointof thesetandsoin P. Thus,relaxing
theproblemfrom thesetP to DS doesnotchangeits solution,i.e.,

max
q= v ec( Q )
Q 2 P

4X

i =1

�
u T

i q
� 2

, max
q = v ec( Q )
Q 2 DS

4X

i =1

�
u T

i q
� 2

(12)

The proposedLASIC algorithm solves this in two steps: an
initialization algorithm and an iterative optimization procedure.
Theinitialization algorithmgeneratesaninitial solutionthat is then
usedby the iterative optimization procedure. After multiple re-
initializations, the limiting point that achieves the largestvalue of
theobjective functionis takenasthemaximum.

5.2. LASIC Initialization Procedure

To obtainaninitial vectorq0 , weapproximateproblem(12) by:

max
q = v ec( Q )
Q 2 DS

4X

i =1

�
�
�u T

i q
�
�
� ; (13)

This is a sumof four absolutevalues.Eachonecanbereplaced
with its original valueor its symmetric.We solve for all the16 (24)
combinationsof positive andnegative factors,thuswriting 16 linear
optimizationproblemsof theform:

max
4X

i =1

(� 1)k i u T
i q ; ki = f 0; 1g; (14)

subjectto q = vec(Q), Q 2 DS and(� 1)k i u T
i q � 0 with

i = 1; 2; 3; 4. Writing theobjective functionasa sumof only four
factorsis a key stepto obtainanef�cient method,sincethenumber
of linearprogramsto solve grows exponentiallywith thenumberof
factorsin (13). After solving all the 16 problems,thesolutionthat
attainsthemaximumof theobjective functionis takenasq0 .

5.3. LASIC Iterati ve Optimization Procedure

After the initialization, in subsection5.2, we usean iterative algo-
rithm to solve problem(10). Since(10) is quadratic,convex up-
wards,given an estimateqk of q, we canusethe tangentto lower
boundf (q):

f (q) � f (qk ) + OT
q f (qk ) � (q � qk ); (15)

whereO is thegradientoperator. To maximizef (q), we maximize
this lower bound.This leadsto theLASIC iterative algorithm:

qk +1 = arg max
q= v ec( Q )
Q 2 DS

 
4X

i =1

�
u T

i qk

�
u T

i

!

q: (16)

Theprocessis repeateduntil a convergencecriteriumis met.

5.4. Multiple Initializations

TheLASIC iterative maximizationalgorithm(16) is not guaranteed
to convergenceto the absolutemaximumof the objective function.
Werun it with severalinitializationsandkeeptheoverall maximum.
Thequestionis how to generatetheseseveralinitializations.We ob-
serve thattheoriginal problemis (12) is invariantto rotationsin the
vectors(x 1 ; y 1) but theLASIC initialization algorithm(13) is not.
Sowe re-initialize thealgorithmwith a new setof vectors(x 1 ; y 1)
thatis a rotationof theoriginal set(x 1 ; y 1).

6. EXPERIMENT AL RESULTS

We benchmarkLASIC againstthe proposedmethodto two corre-
spondencealgorithms: image correlationcorrespondence[5] and
featurelocationcorrespondence.Thesealgorithmsattemptto solve
theproblemby maximizingmeasuresof correlationbetweenthefea-
tures. The �rst methodextractsan imagepatch(we usea 21 � 21
square)aroundeachfeatureand maximizesthe correlationin the
imagevalues.Thesecondmethodmaximizesthecorrelationin the
featurelocationsusingan objective function similar to [12]. Like
LASIC, both comparisonalgorithmsformulatecorrespondenceas
anoptimizationproblemin thespaceof permutationmatrices.

We develop three syntheticsituationsto comparethe perfor-
manceof the algorithms: addition of Gaussiannoiseto the loca-
tion of thefeatures,isotropiczoomin theobject,androtationof the
object. We measuretheperformanceof thealgorithmsby theaver-
ageof the correspondenceerror rate(CER) de�ned as the ratio of
mismatchesto the total numberof features.In all experiences,the
numberof featuresis setto 30 andLASIC is re-initialized20 times.

Figures2, 3, and4 summarizethe results. Figure1 shows the
featuresof the known object. Figure2 plots CER versusthe noise
standarddeviation, � . Figure3 displaysCER versusthe isotropic
zoomparameter, z, for aconstantnoiselevel. Notethattheisotropic
zoomcanbe modeledby the af�ne model(1) whereA is a scalar
timestheidentityandthereis no translaction.Finally, �gure 4 illus-
tratestheCERversustherotationparameter, � . Again, therotation
canbemodeledby anaf�ne model(1) whereA is a rotationmatrix
andthereis not translation.

The imagecorrelationcorrespondenceis known to be very ro-
bust to to noiseaddedon the imagepixel values[5], while herethe
noiseis addedto thefeaturelocation. Our experimentsshow that it
fails whennoiseis addeddirectly to the featurelocations,or when
eitherzoomor imagerotationoccur.



Figures2 and 3 show that LASIC is robust under noiseand
zoom,its performanceis slightly worst thanthelocationcorrespon-
dencemethod. Further exploration into the zoom experienceis
neededin orderto determineif we arepreventingfull convergence
by restrictingthe numberof initializationsto 20. Rotationdemon-
stratesthe strengthof LASIC: while the comparisonalgorithms,
especiallythe locationcorrespondencealgorithm,breakdown even
for smallrotations,LASIC obtainsnearlyperfectresults.

7. CONCLUSION

Weconsideredtheproblemof decidingif agivenimagecorresponds
to a known object. We took a featurebasedapproachandmodeled
the distortionsbetweenthe new imageandthe known objectby a
linear shapemodel. We presentedan invariant framework andde-
velopedthecorrespondingUMP test.Wethenformulatedthecorre-
spondenceproblemin this invariantframework asa quadraticmaxi-
mizationonthespaceof permutationmatrices.For af�ne shapes,we
canderive an ef�cient iterative optimizationalgorithm,the (linear)
af�ne shapeinvariantoptimization(LASIC) algorithm.Experiments
showedthatLASIC handlessituationswhereothermethodsfail, e.g.,
largerotations.
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Fig. 1. Original image
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Fig. 2. Addingnoiseto featurelocations
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Fig. 3. Zoomingin on theobject
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Fig. 4. Rotatingtheobject


