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Sufficient Condition for Survival of the Fittest in a Bi-virus
Epidemics

Augusto Santos*, José M. F. Moura*, and Joao M. F. Xavier!

Abstract—We study the spread of two strains of virus
competing for space in a network modeled by the classical
logistic ordinary differential equations. In large-scale com-
plex networks, the underlying nonlinear dynamical system
is high-dimensional and performing qualitative analysis of
the differential equation becomes prohibitive. The study of
such systems is often deferred to numerical simulations or
local analysis about equilibrium points of the system. In
this paper, we extend the work developed in [1], to formally
establish a simple sufficient condition for (exponentially
fast) survival of the fittest in a bi-layer weighted digraph:
the weaker strain dies out regardless of the initial condi-
tions if its maximum in-flow rate of infection across nodes
is smaller than the minimum in-flow rate of the stronger
strain. We bound any solution of the logistic ODE by one-
dimensional solutions over certain homogeneous networks,
for which the system is well understood. Our global stability
approach via bounds readily applies to the discrete-time
logistic model counterpart.

1. INTRODUCTION

What we study. We study bi-virus epidemics on bi-
layer networks where each layer renders the net-flow
of infection associated with each strain of virus as
illustrated in Fig.1. The dynamics is assumed to be the
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Figure 1: Bi-layer weighted network. The red (blue)
arrows represent the flow of infection associated with
the red (blue) strain of virus. The parameters 7;; are
cast as the rate of infection from node 7 to node j by
the strain z, as properly introduced in Section II.

classical logistic ODE model referred to in equations (1)-
(2). In particular, we will establish a simple selective ad-
vantage over the rate parameters +y that leads to survival
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of the fittest between the two competing strains: if the
maximum in-flow of strain y, across nodes, is smaller
than the minimum in-flow of z, then the y-strain will
vanish exponentially fast. Our approach rests upon global
qualitative analysis of the ODE model that is quite hard
to attain in general as the classical tools of Lyapunov
and Ergodic theory are hardly applicable. Rather, we
bound general solutions of the ODE (1)-(2) by those
on homogeneous networks — networks whose in-flow
rates are constant across nodes as it will be properly
defined. We explore the fact that the dynamics is much
simpler to be studied in homogeneous networks. Hence,
our general principle is to approximate, i.e., bound, the
hard dynamics on general bi-layer networks, by simpler
dynamics on homogeneous networks to extract valuable
exact global stability information, in particular, a simple
sufficient condition for survival of the fittest.

Why we study it. Bi-virus dynamics may model
the evolution of the fraction of infected vs vaccinated
individuals in an interconnected set of communities.
In particular, the population of i) infected individuals,
ii) healthy not-vaccinated individuals, and iii) healthy
vaccinated individuals evolve in a coupled manner. This
coupling is not captured by standard single-virus mod-
els and moreover, one cannot understand the bi-virus
dynamics of virus-vaccines by studying it separately
(i.e.., via the single-virus dynamics). The logistic bi-
virus ODE that we study in this paper emerges naturally
as the fluid limit dynamics from a microscopic peer-to-
peer model of infection among individuals in different
densely connected communities. A detailed motivation
on the underlying epistemology of the bi-virus logistic
ODE can be found, e.g., in Chapter 1 of [2].

Complex networked dynamical systems. The long-
term behavior of the state of any dynamical system
requires global qualitative analysis — characterizing the
attractors and corresponding basins of attraction — which
is in general hard to attain and often ignored in the
literature. Most of the existing literature, e.g., refer-
ences [3], [4] for single virus, or [5], [6], [7] on bi-virus
dynamics, deal only with local analysis, i.e., determine
properties of the equilibria, or study the dynamical sys-
tem on small neighborhoods of the equilibrium points,
or develop heuristics for their transitory behavior. The
challenge to perform global analysis has been noted by
the complex networked dynamical systems literature in
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general, and reference [8] provides a recent overview on
classical dynamical models over networks highlighting
the challenges that arise when studying such systems.
We remark, for instance, that the discrete-time counter-
part of the logistic ODE (1)-(2) exhibits chaotic behavior
and do not, in general, converge to the equilibria (refer
to the discussion on the logistic map in [9]). Thus, local
analysis often provides rather contrived conclusions and
rigorous results and techniques on the global stability of
a system are crucial to understand the long-term behavior
of its solutions.

Main contribution of this paper. We identify a
monotonous structure on the bi-virus logistic ODE to ob-
tain a global stability result under certain parameter con-
figurations, by bounding solutions to general weighted
systems by simpler solutions on homogeneous networks.
We established a survival of the fittest phenomenon.

II. PROBLEM FORMULATION

In this paper, we devise a sufficient condition for sur-
vival of the fittest between two strains of virus competing
for space in a network. To address this problem, we study
the global qualitative behavior of the logistic dynamical
model

()= D i () |1 —@i(t) = ya(t)) = za(t) (1)

J—1

Git)= [ S A% ) | = 2i()) = 3i(8) — ().
J—

For analytical purposes, this is a dynamical system over a
bi-layer weighted digraph as sketched in Fig. 1, where z;
and y; represent the states of node ¢, and the weight of
the edge (4,) in the layer x (respectively, y) is 7j; (re-
spectively, 'yfj). We denote G* = (V,I'#) as the weighted
graph associated with the strain z, where I'* = (fyfj)”
is the matrix of weights and V is the set of nodes.
From now on, we replace the term weighted digraph
by e-network. We represent a bilayer e-network as a
pair G = (G*,GY). In this model, one may construe
the state variables z;(t) and y;(t) as

o the probability of infection of node ¢ in an epidemics
at time ¢, as motivated in [10];

e the fraction of infected individuals in a community ¢
within a densely connected supernetwork of communi-
ties in the limit of large communities, as established
in [2].

The parameters v;; stand for the rates of infection
from community or node j to community or node 7 due
to strain z.

We are to prove a simple sufficient condition on the
parameters ['* and I'Y under which

> 0
li{nyi(t) = 0,

limt inf z;(t)

forall: =1,2,..., N. Our methodology readily applies
to the (chaotic) discrete-time logistic model.

Note that the underlying vector field of the ODE (1)-
(2) is Lipschitz and thus, to each initial condition, there
is associated a unique solution. Moreover, the compact
set

D= {(x,y) c [0, x[0,1Y ¢ 2ty < 1}

is invariant for the dynamics and, therefore, solutions are
well-defined for all ¢ > 0.

Define the incidence vector rate r(G*) of a weighted
graph G* = (V,T'?) as

r(G) = D v D YN

j—1 j—N
We call the weighted directed graph G* homogeneous

whenever A
I‘(Gz) = ’f‘ZlN

for some r* € R,4, ie., the in-flow rates are con-
stant across nodes. The notation 1, stands for the N-
dimensional vector of 1’s. In this case, we may also
call G* an r*-homogeneous e-network. Note that this
definition makes no reference to the out-flow rates 7
of a node i. In fact, the out-flow rates may differ and the
e-network G* may still be homogeneous. When both G*
and GY are homogeneous, we call G = (G*,GY) an
homogeneous bilayer e-network.

Before proceeding, we summarize some important
notation

o x(t,(x0,y0);G) = (z1(t),...,xn(t)): vector
collecting the state x;(¢) of each node ¢ = 1,...,N
associated with the strain = at time ¢, assuming initial
condition (x(0),y(0)) = (x0,y0) and underlying e-
network G = (G*, GY);

o (x(t,(x0,¥0);G)) = (x1(t),...,zn(t)): associ-
ated orbit, i.e., curve over time ¢ > 0. It will be also
referred as flow to (1)-(2).

Similar notation is adopted for the strain y.

III. BI-VIRUS RESULTS

In this Section, we establish a sufficient condition for
survival of the fittest as formally stated in Corollary 4.
Given two pairs

Let

(z1,51), (z2,92) € RY x RV,
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we define the binary relation >< as

A
(x1,91) =< (22,92) <= (21 > 22) A (Y1 < 2) -

It is trivial to check that =< is a partial order on RY x
RN, We refer to =< as skew-inequality.

The next Lemma states that the dynamical system (1)-
(2) is much simpler over homogeneous networks and
with even initial conditions.

Lemma 1 (Homogeneous bilayer e-network). Let G =
(G*,GY) be a bilayer e-network so that G* and GY
are r®-homogeneous and rY-homogeneous, respectively.
Then,

{ y(0) = yoln
X(O) :.’L‘()].N
)

{y(t,x(OLy(O);G) =
x(t,x(0),y(0;G) =

Y (t7 Zo, yO) 1N
T (t7 Zo, yO) 1N

where (x (t,x0,90),y (¢, %0, y0)) is the flow to the 2D
ODE

i = Q- -y -t
#t) = () (1= a(t) ~ y(1) - o(1)

Proof. We only need to show that
(v,%) (t, 201N, 401N G)

(y (t, 20, y0) 1n, @ (t, 0, y0) 1n)
is solution to (1)-(2) and therefore, the unique solution

as the underlying vector field F is Lipschitz. Indeed,
v (t,zoln, yoln; G)

y (t7 Zo, yO) 1N

((rYy(@) (1 —y(t) —=(t)) —y(t)) 1n

Fi(z(t)1n,y(t)1y) = F1 (x(t),y(t))

and the same for x. O

The next Theorem states that under certain conditions
of homogeneity, the dynamical system (1)-(2) preserves
the skew-inequality, and we can bound general solutions
by solutions on homogeneous e-networks.

Theorem 2 (Bounds). Let G = (G*,GY) be so that
(r(G*),r(GY)) =< (r"1n,7"1N),

ie.,

r(G*)>r"1n

r(GY) <r¥ly.

e e

Then,

(x (t,x0,%0) In,y (t, %0, %0) 1N)

Sor all t > 0, where the flow (x (t,x0,%0),y (t, %o, Yo))
is the solution to the ODE (3).

Proof. We assume that

rY >3 4% and  y,(0) <o
j—i
r® < Z’y;l and .%‘Z(O) > Zo
Jj—
for all ¢ = 1,..., N, with strict inequality for (at least)

some node m in the e-network:
r¥(m) < r¥ or y,,(0) < y(0),

or
r®(m) > r® or x,,(0) > z(0).

Note that, if no strict inequality holds, then from
Lemma 1,

(Xa Y) (t, X(O)7Y(O); G) = (CE (t7 o, Z/o) Y (t7 Lo, yO)) )

and, thus, Theorem 2 holds true. Define the hitting time
T=mf{t>0:y{t) £ylt)ln V x(t) ? z(t)1n}

and assume finiteness 7' < oo. To ease the notation, we
say that the hitting time 7" is e-extendable with respect
to y;, (respectively, x;), whenever there exists an ¢ > 0
such that y;(t) < y(t) (respectively, z;(t) > x(t)) for
all t € (T,T +¢). Note that if T is extendable with
respect to y; and z; for all i = 1,..., N, then T cannot
be finite and we reach a contradiction. That is our goal
in this proof.

Note first that strict inequality holds at T’
T (T') > x(T) or ym (T') < y(T)
for some m, otherwise
(x(T),y(T)) = (=(T)1n,y(T)1N)

violates uniqueness of the ODE. Assume that y,,(7") <
y(T') for some m (the case z,,,(T") > x(T) is analogous).
Define

I ={j: y;(T) =y(T)}
and
I = {j : 2,(T) = o(T)}.

Remark that if I* U [Y = (), then T is obviously e-
extendable w.r.t. x and y, which contradicts the finite-
ness T < oo. Now, assume [Y # () and let k € IY.
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Assume first that m € A/(k). Then, comparing termwise
the equations

gi(t) = | Do Afi() | (1 —ait) — wi(t) —wi(t)
R
A
git) = | DAyt | (1= 2i(t) — yi(t) — wilt)
R A
D
a(t) = rra(t) (1—at) —y) - x(t)
—_——— =~
i = Al B cr

rfy(t) (1 —2(t) —y(t) - y(t)
—_— L

D’ B F
we have ' = F/, E < E’ and D < D’ due to the
assumption m € N (i). Therefore, 3;(T) < y(T') and
there exists €/ > 0 such that

yi(t) <ylt)Vt e (T, T +¢€). 4)

If m € N (i) with n > 1 then, similarly to as done
in [1], we can show by induction on the neighborhood
(k) (k) (n) (n)
order that 'y ,(T) > y'(T) and y ,(T) > y (T). In any
case, (4) holds.

Now, if z;(T) = z(T) for any j € N (i) and with
the initial assumption that y,,(7") < y(7') for some
neighbor m € N(i) then, ;(T) = =z(T), but we can
compare the equations for the second derivative ;(t)

() = | Do (1) | (1= it) = wil?)

A
- Z;;ry;ixj(t) (ii(t)+yi(t))*ﬁ@

C

#(t) = () (1 — 2(t) — (1))

(1)) (Ele) + 9(0) — ()
~—
B’ C’

to readily see that: i) C' = C’; ii) B > B’ since ;(T) <
y(T), as we have seen; iii) A > A’ since &, (T) >
#(T') as can be easily checked. Therefore, #;(1) > x(T")
and there is an €7 such that x;(¢t) > x(t) for all ¢ €
(T, T + €¥). In case, ym (T) < y(T') (or 2, (T) > x(T))
only for some m n-hops away from i, then one can prove
by induction that x§"+1>(T) > ¢("+)(T) (or x§") (T) >
(" (T)). In any case we have that there exists

€., >0and €¥,..., 4 >0

with
y(t) Vi € (T,T + €Y)
x(t)Vte (T, T+ €7)

yi(t) <
Il(t) >

for all ¢ and thus,

< y(t)ly
> x(t)lN

for all t € (T, T + ¢), with

min
z=x,y;k=1,...

A z
€= 7N{€1€}-

We reached a contradiction on the assumption 7" < oo.
O

The next Theorem states the long term behavior on
homogeneous e-networks.

Theorem 3. Consider the 2D ODE
(v z(t) (L —z(t) — y(t) — z(t)
yt) = (Vy) 1 —z(t) —y@)) —y().

Ifv¥ <" and x(0) > 0, then y(t) — 0, exponentially
fast, regardless of the initial conditions x(0) and y(0).

=
—~

~+
~

I

Proof. Define z(t) 2 % and observe that

4oy = 2OUO6Y—")(a()-y()
dt? (@(1))?

= 2(t) (v =) (L —x(t) —y(t)) O
z(t) > 0

for all ¢ > 0. Note that, if 2(0) # 0 then, x(t) # 0 for
all ¢t and the derivative in equation (5) is well defined.
By Gronwall’s inequality,

2(t) < 2(0)e0 =Y J§ 1-a(s)—u(s)ds ©

and note that v¥ — «v* < 0. Also, we observe that the
positive quantity 1—x(t) —y(t) is bounded away from 0.
Indeed, let w(t) 2 2(t) + y(t)

d
%w(t) =

(v 2 (t) +9%y(t)) (1 — =(t) — y(1))
= (2(t) +y(t))

= (v"(2z(t) +y@) + (v =7 )y(t)) x
x (1 —a(t) —y(t)) — (x(t) +y(t))
(v w(t) (1 —w(t) — w(?t)

+ (v = ")y(t) (1 —w(t))

<0

and since the latter term is negative for all time, we have
w(0) < v(0) = w(t) <wv(t) Vt >0,

where (v(t)) is solution to the 1D single-virus logistic
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ODE
200 = (7"0(1) (1 = v(t)) = v(?).
it is trivial to check that wv(t) converges

Now,
monotonously to 1 — % < 1, and, therefore, for any

initial condition

2(0) + y(0) < v(0) < (1 — €) A (1 - 1)

v
we have,
1
x(t) +yt) <v(t) < (1—e)A (1 - 7—£>

for all t > 0 and z(t) — 0, exponentially fast, — with a
rate of at least (y* —~Y) (e v 7%) — from equation (6).
In particular, y(t) — 0, exponentially fast, as x(t) is

bounded. O

The next Corollary establishes the main result of this
paper.

Corollary 4 (Survival of the fittest). Let G = (G*, GY)
be so that
z A A
SR S S e

J—rat J—ryl

Then,
Yy (t7X07 YO) — ONa

exponentially fast, for any initial condition (Xo,yo)
with X0 ;é 0.

Proof. Let xg > 0. From Theorem 2, we have that

(X, y (t, Xod’o)) == (x (t>$07 yO) 1n,y (t7 L0, yO) 1N)

where (z (t, o, y0) ,y (t, 20, yo)) is solution to

w(t) = (Fx(t)) (1—2(t) —y(t) —x(t)
gty = (Rry(®) (1 - o) - y(t) - y(o).
with, ~
> 7> RY > RY,
for some 7%, RY. From Theorem 3,
y (t,%0,¥0) <y (t,20,y0) In — 0

exponentially fast.

If xo #» 0 and xo # O, then it is easy to show
that x (¢, xg,¥yo) > 0 for any ¢ > 0 and the convergence
above still holds. O

IV. CONCLUDING REMARKS

We presented a global qualitative analysis technique
that allows to develop relevant results for a complex
networked dynamical system — namely survival of the

fittest — by analyzing much simpler dynamical systems.
The results presented in this paper extend those in ref-
erence [1]. Our approach readily extends to the discrete
time bi-virus logistic difference equations, namely, all
relevant Theorems in the previous Section hold for the
discrete-time model with obvious adaptations. Moreover,
similar analysis holds for a broader class of dynamical
models other than the logistic equations. For instance,
it naturally applies to establish survival of the fittest for
the more general dynamics

i (t)= Zvﬂ\/ () |(1 = zi(t) — yi(t)) — ()
4i(t)= Z 95 () |(1 = 2i(t) — 9i(8)) — i 2)-

where y(t) — 0 whenever the parameter conditions in
Corollary 4 hold. The global stability property arises
without the need for further analysis of the system. An
extension of our results for more general vector fields is
ongoing.
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