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Abstract

This thesis analyzes large deviations performance of linear consensus-based algorithms for distributed in-
ference (detection and estimation). With consensus-based algorithms, agents communicate locally with
their neighbors, through intermittently failing links, and assimilate their streaming observations in real time.
While existing work usually focuses on asymptotic consistency and asymptotic normality measures, we
establish the large deviations rates, thus giving parallels of the classical Chernoff lemma and Cramer’s the-
orem for distributed systems. Our main contributions are two-fold. (1) We find the large deviation rate 7
for convergence in probability of products of random stochastic matrices that model the local inter-agent
interactions. Our analysis includes a wide range of random stochastic matrix models, including asymmetric
matrices and temporal dependencies. Further, for commonly used gossip and link failure models, we show
how the rate 7 can be computed by solving a min-cut problem. (2) We find tight upper and lower bounds
on the large deviations performance of linear consensus-based inference, as well as the full large deviation
principle when the underlying network is regular. When translated into distributed detection, our results
reveal a phase transition behavior with respect to the network connectivity, measured by 7. If 7 is above a
threshold, each agent is an asymptotically optimal detector with the error exponent equal to the total Cher-
noff information of the network; if below the threshold, we characterize what fraction of the total Chernoff
information can be achieved at each agent. When translated into distributed estimation, our results show
that distributed system’s performance relative to the performance of an ideal, centralized system, is a highly
nonlinear function of the required estimation accuracy. Finally, our methodology develops new tools that

are of general interest in the large deviations theory and products of random matrices.
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Chapter 1

Introduction

This thesis is mainly devoted to the large deviations performance analysis of consensus-based distributed
algorithms for inference (detection, estimation) in networks. With these algorithms, each agent 7 in an N-
agent network collects (possibly vector) measurements y; j, over time k to perform the inference task. At
each time k, agent 7 updates its state (solution estimate) ; j, € R, by mixing it with the states of immediate
neighbors (consensus), and by accounting for the new local measurement y; ;. (innovation), [1, 2]. The

update of z; j, is generally of the form:

Tk = Z Wijk T k-1 (consensus) (1.1)
J€EO;
~ 1, . .

ik = Tig = 7 (@i — Zi) (innovation). (1.2)

In (1.1), Z; 1, is an intermediate state, O; j, is a (possibly random) neighborhood of agent 4 (including 7),

and W;;, > 0 is the averaging weight, with > Wik = 1;in (1.2), Z; ), is a deterministic function

€04 1
of ; . For example, with distributed detection, Z; , = log % is the log-likelihood ratio based on the
measurement y; . We refer to quantity Z; 5, as the innovation.

Recently, there has been a strong interest in the literature for distributed algorithms of type (1.1)—(1.2),
due to several favorable features of such algorithms: 1) they process data online; 2) utilize only inter-
neighbor communications, hence avoiding the fusion-node bottleneck; and 3) exhibit resilience to random
communication failures. Algorithms (1.1)-(1.2) have been studied in several application contexts, including

detection and estimation in sensor networks [2], modeling swarm behavior of robots/animals [3, 4], detection

of a primary user in cognitive radio networks [5], and power grid state estimation [6].

A relevant aspect with (1.1)—(1.2) is the randomness in communication links. For example, with wireless
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sensor networks, packet dropouts may occur at random times. We analyze (1.1)—(1.2) allowing for the
random underlying networks and link failures.

We now explain the main objective of the thesis, while we detail our contributions in the subsequent
section. For algorithms (1.1)—(1.2), existing literature provides convergence guarantees to the desired value
0 (e.g., true parameter in distributed estimation), under mild conditions on the underlying network and the
measurements’ distribution. Our objective is to establish the large deviations rates of convergence. More
specifically, suppose that x; ;. converges to 6 as k — oo in probability, so that, for any (measurable) set
E C R? that does not contain 6:

P(xz;r € E) — 0 as k — oo. (1.3)

We ask how fast P (z; , € E') converges to zero. In many situations, it turns out that P (z; , € E') converges

to zero exponentially fast in k£ (per-agent number of measurements), i.e.,
P(z;p € E) ~ e F1E) (1.4)

with a certain /(E) > 0. Our goal is to determine /(F') as a function of the underlying system parameters
— network topology and distribution of the agents’ measurements.

The metric I(F) is highly relevant in distributed inference. For example, in distributed detection —
hypothesis testing H; versus Hp, x; is compared at each time % against the zero threshold to make the
decision (H7 or Hy):

Hy
Lk 2 0.
0

The relevant detection metrics — probability of false alarm, probability of miss, and average error probability

are respectively (here 7, 7 are the prior probabilities):

a(k) =P (z;, > 0| Hp)
Bk) =P (zi), < 0| Hy)

P.(k) = mo a(k) + m1 B(k),

and they are of type (1.3).! The large deviation rates that correspond to them are known as error expo-
nents and are standard detection metrics, e.g., [7]. For the classical, centralized detection, the rates that

corresponds to the three probabilities are the same and are known as the Chernoff information, [7, 8]. In

"For example, consider the probability of false alarm where we take E = [0, +c0). It can be shown that, conditioned on Ho,

28’2” which is negative, so that § ¢ E.

T, converges in probability to § = E [log
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alternative, in distributed estimation of a vector 6, the rate () with:
P(aig— 0] > &) ~e "0 ¢ >0,

is known as the inaccuracy rate [9]. It measures how fast (in k) the probability P (||z; ; — 6| < ) enters a

given confidence level, e.g., 98%.

1.1 Thesis Contributions

We now state the main contributions of the thesis. We explain the contributions chapter by chapter.

Chapter 2: Products of random stochastic matrices: The symmetric i.i.d. case

The network effect on distributed inference (1.1)—(1.2) is captured through the N x N random, stochastic?
weight matrices W, that collect the weights W;; 1.’s. More precisely, performance of (1.1)—(1.2) is affected
by the products Wy, - - - W7. It is known that, under certain conditions on the underlying network, the product
Wy - - - W7 converges in probability to the ideal consensus matrix J := %MT (whose all entries are equal
to 1/N). We reveal by our analysis that the key parameter that controls the large deviations performance

of (1.1)—(1.2) is:

1
J = lim ——logP (||Wy--- W1 —J|| >¢€), €€ (0,1], (1.5)
k—oo k
where || - || is the spectral norm. We refer to J as the large deviation rate of consensus. Clearly, the larger

is, the faster consensus (convergence of product Wy, ---W7) is. In a sense, J measures the “connectivity”
of the network — the larger 7, the better the network connectivity. The quantity 7 has not been computed
in the literature before. We characterize the rate 7 for generic random, symmetric, independent, identically
distributed (i.i.d.) matrices W}, showing that 7 is solely a function of the graphs induced by the matrices
Wi, and the corresponding probabilities of occurrences of these graphs [10, 11]. Further, we show that 7
does not depend on € € (0, 1]. As mentioned, calculation of 7 is the key to analyzing the large deviations
performance of algorithms (1.1)—(1.2), but it is also important in its own right for the theory of products of
stochastic matrices [12, 13], non-homogenous Markov chains [14] and the standard averaging (consensus)
algorithms, e.g., [15].

In general, computation of the large deviation rate 7 is a combinatorial problem. However, we calculate

or tightly approximate 7 for many important cases. We give a closed form solution for 7 for arbitrary

2Stochastic means that rows of the matrix sum to one and all its entries are nonnegative.



type of averaging that runs on a tree. For example, for standard gossip (see Subsection 2.5.1) on a tree,
J = |log(1 — p.)|, where p is the probability of the link e that is least likely to occur. Further, we give

closed form expressions for 7 for standard gossip and link failures over a regular graph. For those, we show

that 7 equals | log piso1|, where piso) is the probability that an agent is isolated from the rest of the network.

Further, we give simple formulas for 7 for generic networks and commonly used gossip and link failure
models. For gossip, we show that 7 = |log(1 — ¢)|, where c is the min-cut value (or connectivity [16])
of a graph whose links are weighted by the gossip link probabilities; the higher the connectivity c is (the

more costly or, equivalently, less likely it is to disconnect the graph) the larger the rate 7 and the faster the

convergence are. This is illustrated in Figure 1.1.

0.1
0.3
\ ; 0.15
Figure 1.1: The rate J for random gossip algorithm is given by J = —log (1 — mincut) where mincut

is the minimum over all cuts of the graph with the edge costs equal to the corresponding link activation
probabilities in gossip; it can be seen that for the example in the figure mincut = 0.05.

Similarly, we show that J is computed efficiently via min-cut for link failures on general graphs, with
both independent and correlated fading (failing). Finally, we find easily computable tight approximations

for J for a more general class of gossip-like models including symmetrized broadcast gossip.

Chapter 3: Products of random stochastic matrices: Temporal dependencies and directed networks

We extend the results in Chapter 2 in two ways, by considering: 1) temporally dependent sequences of (sym-
metric) matrices Wy; and 2) temporally i.i.d., asymmetric (not necessarily doubly stochastic) matrices W.

1) Temporal dependencies. Our temporally dependent model of the I¥,’s associates a state of a Markov
chain to each of the possible realizations G of graphs that supports W;. The distribution of the graphs G,
t > 1, is determined by an M x M transition probability matrix P, where M is the number of possible
realizations of Gi¢. This model subsumes, e.g., the token-based protocols similar to [17], or temporally de-

pendent link failure models, where the on/off state of each link follows a Markov chain. We characterize the
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rate J as a function of the transition probability matrix P. We briefly convey here the general idea behind
the result. The rate 7 is determined by the most likely way in which the Markov chain stays “trapped” in
a subset of states (graphs) whose union is disconnected. The probability of this event is determined by the
spectral radius of the block in the transition matrix P that corresponds to this most likely subset of states,
and this spectral radius determines the rate 7. We illustrate the results on two examples, namely gossip
with Markov dependencies and temporally correlated link failures. The example with temporally correlated
link failures shows that “negative temporal correlations” of the links’ states (being ON or OFF) increase
(improve) the rate J when compared with the uncorrelated case, while positive correlations decrease (de-
grade) the rate. This result is in accordance with standard large deviations results on temporally correlated

sequences, see, e.g., [[18], exercise V.12, page 59].

2) Directed networks — Asymmetric matrices. We study temporally i.i.d. asymmetric matrices W,
hence relaxing the symmetricity assumption from Chapter 2. It is well known that, under certain conditions,
rather than converging to J = %HT, the product Wy, - - - W here converges almost surely to a random
rank-one matrix 1v'. (Here, the vector v € RY is random.) A natural measure of the “distance” of the
product Wy...W; to its limiting space is | Ao (W - - - W1)| — the modulus of the second largest (in modulus)

eigenvalue of the product Wy, - - - W;. Henceforth, a natural counterpart to (1.5) is the following rate:
) 1
Jair := lim  — = logP (|A\a(Wy---W1)| >€), €€ (0,1]. (1.6)
k——4o00 k

We fully characterize the limit Jy;, and show that, similarly as in the case of symmetric Wy, Jq4;, depends on
the distribution of matrices W, only through their support graphs. More precisely, Jg;, is determined by the
probability of the most likely set of support graphs whose union fails to form a directed spanning tree. Thus,
the characterization of 7g;, exhibits full consistency with the result for symmetric matrices in Chapter 2: for
undirected networks a collection of topologies is jointly tree-free® if and only if it is disconnected. Thus,
when the matrices are symmetric, the two rates 7 in (1.5) and Jg;; in (1.6) coincide. Finally, we illustrate
our results on a commonly used broadcast gossip protocol [19] in sensor networks, where (only one) node
u activates at a time with probability p,,, and broadcasts its state to all single-hop neighbors. For this model,

the rate 7 = |log 1 — pmin|, Where ppiy is the probability of the most rarely active node.

3We say that a collection of topologies (graphs) is tree-free if the graph that contains the edges of all the graphs in the collection
does not contain a directed spanning tree.



Chapter 4: Large deviations for distributed inference

We consider algorithms (1.1)—(1.2) for vector innovations Z; ;. with generic distributions, hence encompass-
ing distributed vector-parameter estimation in sensor networks. The matrices W}, are assumed i.i.d., but they

may be asymmetric (directed networks). We study the large deviation rates I (E):
P(zi) € E) ~ e FI(E)

for generic sets £ C R?%. We obtain several results, as we outline below.

1) Spatio-temporally i.i.d. innovations and asymmetric Wy,’s. For spatio-temporally i.i.d. observations
and asymmetric matrices W}, we show that performance I(E') of distributed inference (1.1)—(1.2) is always
better (or at worse the same) as the performance of the agents working in isolation. Further,distributed
inference (1.1)—(1.2) is always worse (or at best equal) to the performance of a centralized, fusion-based
inference that has access to all agents’ innovations at all times. The result is intuitive, as it says that coop-
eration cannot “hurt.” Likewise, a distributed system that does not have access to full information cannot
outperform the centralized system with full information. Although very intuitive, the result was surprisingly

difficult to prove.

2) Spatio-temporally i.i.d. innovations and symmetric W}’s. When the W}’s are symmetric (and still
i.i.d. in time), we establish tight upper and lower bounds on the large deviations performance I(E). The
results reveal a very interesting interplay between the underlying network and the distribution of the agents’
innovations, which we explain here at a qualitative level. To make our point clear, consider the sets F of
type

Ee={zeR: |z -0 >¢}, €>0,

where 6 is the mean of the innovations Z; ;,’s. Hence, requiring that the estimate x; ;, ¢ E¢ for a very small
¢ means requiring a very high estimation precision (high confidence); conversely, a large ¢ corresponds to
a coarse estimation. Our results show the following nonlinear behavior. Distributed inference (1.1)—(1.2) is
close to the centralized performance for very high precisions (very small £’s) and becomes much worse from
the centralized performance for very coarse precisions. Intuitively, reaching high precisions is intrinsically
difficult even for the centralized system, and hence the network-wide averaging process in (1.1)—(1.2) has
sufficient time to “catch up” with the centralized system. On the other hand, the centralized system reaches
a coarse accuracy very quickly, so that the distributed system cannot “catch up.” The point £&* where the

behavior significantly changes depends on the quantity 7 in (1.5), number of agents N, and distribution of
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the Z; 1.’s.

3) Spatio-temporally i.i.d. innovations and regular random networks. When we additionally assume
regular networks, we establish the full large deviations principle (see Chapter 4 for details) for (1.1)—(1.2)
and we characterize explicitly the corresponding rate function. More precisely, for generic sets E' and certain

additional conditions, we show that for any node i:
1
lim — logIP’(xz- k€ E) = —Ij N(E),
k—oo k ’ ’

where I 7 n(-) is the same at all nodes. Our result reveal that I 7 x has a very neat form: I 7 y is the convex
hull of two functions, I(-) + J and NI(-), where I(-) is the rate function of a node working in isolation,
is the large deviation rate of consensus in (1.5), and NI(+) is the optimal rate function, i.e., the rate function
of a (fictional) fusion node. Figure 1.2 illustrates I(-) + 7, NI(-) and I 7 n(-) for the case when the nodes’

observations are Gaussian.

80

30

Figure 1.2: Tlustration of I 7 y for a network of size N = 3, with 7 = 5, and Z;; ~ N(0,1). The more

curved blue dotted line plots NI(z) = $ N2, the less curved blue dotted line plots I(z) + J = 32* + J.

The solid red line plots /7 y = o (NI(-),I(-) +J).

4) Spatially different innovations and symmetric Wy’s. We extend the above conclusions to spatially
non-identically distributed observations, hence encompassing distributed Gaussian estimation in sensor net-
works. We show that distributed estimation exhibits qualitatively similar behavior as described above. For
sufficiently high accuracy (sufficiently small £), it achieves the performance of the centralized estimator; for

a very coarse accuracy, distributed estimator can be significantly poorer than the centralized estimator.
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Chapter 5: Large deviations for Distributed detection

We establish the large deviations performance of distributed detection of type (1.1)—(1.2) for random net-
works. Specifically, we consider distributed detector proposed in [1]. This result for distributed detection
may be seen as a counterpart result to the (centralized detection’s) Chernoff lemma [8]. We allow for ran-
dom, symmetric, i.i.d. matrices W}, and generic (non-Gaussian) distributions of the agents’ measurements.
We show that distributed detection exhibits a phase transition behavior with respect to the large deviations
rate of consensus J in (1.5) (network connectivity). If 7 is above a threshold, then the large deviations
rate of detection error probability with distributed detector equals the Chernoff information—the best pos-
sible rate of the optimal centralized detector. Thus, when the network connectivity is above the threshold,
distributed detection is as good as the optimal centralized detector. When 7 is below the threshold, we find

what fraction of the centralized detector’s performance can distributed detector achieve.

We demonstrate how the optimality threshold is a function of the logarithmic moment generating func-
tion of the measurements’ log-likelihood ratios and of the number of agents /N. This reveals for the perfor-
mance of distributed detection a very interesting interplay between the distribution of the agents’ measure-
ments (e.g., Gaussian or Laplace) and the network connectivity (the value of 7). We show that, for the same
network connectivity (same ), a distributed detector with given observations distributions, say, Laplace,
may match the optimal asymptotic performance of the centralized detector, while the distributed detector for
Gaussian observations may be suboptimal, even though the centralized detectors for the two distributions,
Laplace and Gaussian, have the same optimal asymptotic performance. (See Figure 1.3 for an illustration.)
This is a very interesting effect with distributed detection that does not have a parallel in the classical, cen-
tralized detection. Figure 1.3 illustrates the dependence of distributed detection’s large deviation rate on J
(network connectivity) and the observations’ distribution. We can see that, at the value J = J*, further
increase of J does not pay off in terms of detection performance, as we have already reached the best,
centralized detector’s level. Hence, in a sense, the threshold value J* represents the optimal operating point
of the network. Finally, we address the problem of “targeting” the value J* when the inter-agent links are
fading, and the fading probabilities depend on the allocated transmission powers. We optimally allocate the
agents’ transmission powers such that the value J* is achieved with the minimal overall (across agents)

invested power.
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Figure 1.3: Error exponent versus the large deviations rate of consensus 7 for the Gaussian and Laplace
sensor observations. The saturation level of the error exponent in the figure is the optimal centralized
detector’s error exponent. The centralized Gaussian and Laplace detectors are equivalent, while distributed
detectors are not equivalent: Laplace distributed detector has a lower value of the threshold J*. Simulated
data are: N = 20, Cind = Cina1, = Cina,c = 0.005, by, = 1, m, = 0.2, and m% /o = 0.04 = 8Cipa.
(See Section 5.3 for details.)

1.2 Literature review

We now provide a literature review that help us contrast our contributions with existing work. We consider
separately the literature on standard consensus and products of stochastic matrices and the literature on

distributed inference.

Literature on consensus and products of stochastic matrices

There has been a large amount of work on distributed averaging (consensus) algorithms and products of
stochastic matrices. In distributed averaging, each agent has a scalar measurement y;, and the goal is for
all agents to find the global average % Zf\;1 y;. This task can be done via the consensus algorithm, where
the network-wide state zj, = (21, ..., NJg)T updates as x 1 = Wj x, and W, is the weight matrix that
respects the sparsity pattern of the network (as in (1.1)-(1.2)). Early work on consensus includes [20, 21],
and the topic received renewed interest in the past decade [22, 15]. Reference [15] analyzes convergence
of the consensus algorithm under deterministic time-varying matrices ;. Reference [23] provides a de-
tailed study of the standard gossip model, that has been further modified, e.g., in [24, 25]; for a recent
survey, see [26]. Reference [27] analyzes convergence under random matrices W, not necessarily sym-

metric, and ergodic — hence not necessarily independent in time. Reference [28] studies effects of delays,
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while reference [29] studies the impact of quantization. Reference [30] considers random matrices W}, and
addresses the issue of the communication complexity of consensus algorithms. The recent reference [31]
surveys consensus and averaging algorithms and provides tight bounds on the worst case averaging times

for deterministic time varying networks.

Existing works mostly study the products Wy - - - W7 in the context of (standard) consensus or gossip
algorithms, and not with the consensus and innovations algorithms of type (1.1)—(1.2). Hence, these works
consider certain convergence metrics different than 7. In contrast, our main concern are the algorithms of
type (1.1)—(1.2), for which J appears as a natural convergence metric. For example, references [23, 32]
consider the e-averaging time, and A>(E[W2]). Further, [33] considers limy,_.o 1 log E[||[Wj...W1 — J||?].
To our best knowledge, the exact large deviations rate J in (1.5) has not been computed for i.i.d. averaging
matrices Wy, nor for the commonly used sub-classes of gossip and link failure models. From existing
results, one can deduce upper bounds on .7, but not the exact rate 7. (See [10] for an explanation how this

can be done.)

Products of random matrices appear also in many other fields that use techniques drawn from Markov
process theory. Examples include repeated interaction dynamics in quantum systems [13], inhomogeneous
Markov chains with random transition matrices [34, 13], infinite horizon control strategies for Markov chains
and non-autonomous linear differential equations [12], or discrete linear inclusions [35]. These papers are
usually concerned with proving convergence of the products and determining the limiting matrix. Refer-
ence [13] studies the product of matrices belonging to a class of complex contraction matrices and charac-
terizes the limiting matrix by expressing the product as a sum of a decaying process, which exponentially
converges to zero, and a fluctuating process. Reference [12] establishes conditions for strong and weak
ergodicity for both forward and backward products of stochastic matrices, in terms of the limiting points
of the matrix sequence. Using the concept of infinite flow graph, which the authors introduced in previous
work, reference [34] characterizes the limiting matrix for the product of stochastic matrices in terms of the
topology of the infinite flow graph. For more structured matrices, [36] studies products of nonnegative ma-
trices. For nonnegative matrices, a comprehensive study of the asymptotic behavior of the products can be
found in [14]. A different line of research, closer to our work, is concerned with the limiting distributions of
the products (in the sense of the central limit theorem and large deviations). The classes of matrices studied
are: invertible matrices [37, 38] and its subclass of matrices of determinant equal to 1 [39] and, also, positive
matrices [40]. None of these apply to our case, as the matrices that we consider are not invertible (W, — J
has a zero eigenvalue, for every realization of W}) and, also, we allow the entries of W}, to be zero, and

therefore the entries of W, — J might be negative with positive probability. Furthermore, as pointed out
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in [41], the results obtained in [37, 38, 39] do not provide ways to effectively compute the rates of conver-
gence. Reference [41] improves on the existing literature in that sense by deriving more explicit bounds on
the convergence rates, while showing that, under certain assumptions on the matrices, the convergence rates
do not depend on the size of the matrices; the result is relevant from the perspective of large scale dynamical
systems, as it shows that, in some sense, more complex systems are not slower than systems of smaller scale,

but again it does not apply to our study.

Literature on distributed inference

Distributed inference has been extensively studied, in the context of parallel fusion architectures, e.g., [42,
43,44,45, 46,47, 48], consensus-based inference [49, 50, 51, 52], and, more recently, consensus+innovations
distributed inference, see, e.g., [53, 2, 54, 55, 56] for distributed estimation, and [57, 58, 1, 5, 59, 60, 61]
for distributed detection. Different variants of consensus+innovations distributed detection algorithms have
been proposed; we analyze here the algorithm in [1]. In [62], we considered deterministically time vary-
ing networks, where the union networks over finite time windows are connected. In [63, 64], we study
random networks, where [63] considers Gaussian agents’ measurements, while in [64] we consider generic
agents’ measurements. Reference [65] considers the large deviations performance of a different consen-
sus+innovations detection algorithm when the noise is Gaussian and the communications among sensors are
noisy (additive noise).

Reference [1] considers distributed detection’s asymptotic optimality, but in a framework that is very
different from ours. Reference [1] studies the asymptotic performance of the distributed detector where the
means of the sensor observations under the two hypothesis become closer and closer (vanishing signal to
noise ratio (SNR)), at the rate of 1/ V'k, where k is the number of observations. For this problem, there is
an asymptotic, non-zero, probability of miss and an asymptotic, non-zero, probability of false alarm. Under
these conditions, distributed detector is as efficient as the optimal centralized detector, [66], as long as the
network is connected on average. Here, we assume that the means of the distributions stay fixed as k& grows.
We establish the large deviations rate of detection error probability, showing that detection error decays to
zero exponentially fast as k£ goes to infinity. We show that connectedness on average is not sufficient for
distributed detector to achieve the optimality of centralized detection; rather, phase transition occurs, with
distributed becoming as good as centralized, when the network connectivity (the value of 7), exceeds a
certain threshold.

We now contrast our work with reference [2]. The latter reference considers distributed estimation

algorithms of type (1.1)—(1.2) under very general conditions on the underlying network and the agents’

11



measurements; it also allows for the inter-agent additive communication noise and for the nonlinear state
updates. The reference proves convergence of the state x; ;, to the true parameter ¢ in the sense of: 1) con-
sistency: x; , — 6, almost surely; 2) asymptotic unbiasedness: E[x; ;] — 6; and 3) asymptotic normality:
ﬁ(%k —0) — N(0,S) in distribution, where A/ (0, S) is a Gaussian random variable with zero mean and
covariance matrix .S. In contrast, we study the large deviations rates of convergence, in the sense of (1.4).
Among the noted three aspects of convergence studied in [2], the closest study to ours is that of asymptotic
normality; but, the large deviations rate and asymptotic normality are different; see, e.g., [8]. While asymp-
totic normality captures only information about the first and second moments of x; ;, the large deviations
rates capture the information about all moments (full distribution) of x; ;.. The two metrics are equivalent

only when z; . is Gaussian, but, due to randomness of the underlying network (randomness of W) assumed

here, x; ; is not Gaussian even when the agents’ measurements are Gaussian.
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Chapter 2

Products of Random Stochastic Matrices:

The Symmetric LI.D. Case

2.1 Introduction

We study the convergence in probability of products Wy, - - - W7 of (doubly) stochastic symmetric N x N
matrices Wy, t > 1. These products arise in many contexts; we consider a power allocation application
in distributed detection in Chapter 5. When 1) the matrices W} are independent and identically distributed
(i.i.d.), 2) the support graph of the expected matrix E[W;] is connected, and 3) each W has positive diago-
nals almost surely, it is well known that these products converge to the average consensus matrix J = % 1’
almost surely [27], hence in probability. The goal of the current chapter is to study the rate of this conver-
gence in probability — namely, we establish that this convergence in probability is exponentially fast, and we
determine the exact exponential rate of this convergence.

We explain our problem in intuitive terms. Consider the static (deterministic) case W; = A, forallt > 1,
where A is a (doubly) stochastic symmetric matrix with [A\2(A)| < 1; let || - || denote the spectral norm. Then
Wi - W1 — J|| = [X2(A)|*, or, in words, the spectral norm of the error matrix Wy, --- Wy — J = AF — J
decays exponentially fast with exponent |A\2(A)|. When the W}’s are random i.i.d. matrices, a similar
behavior occurs, but now the role of |A2(A)| is taken by the Lyapunov exponent v < 1, i.e., the path of
the norm ||[Wy --- Wy — J||, K > 1, behaves as ~* 167, 33, 68]'. But, contrary to the deterministic case,

because the W},’s are random, there are paths of the norm ||Wj, - -- Wy — J||, k > 1, that decay slower than

~*, although with vanishing probability as the size k of the product increases. To be specific, consider an

1
"More precisely, limpy . yoo (||Wk - -- Wi — J||)* = =, almost surely. We also remark that ~ is a constant that depends only
on the statistics of the matrices W}, (and not on the particular choice of the sequence realization W, ..., Wh), see also [67].
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arbitrary € € (0, 1] and, for large k, the rare event {||W}, - - - W1 — J|| > €}. In this chapter, we consider the
probability of such rare events and the rate at which the sequence of these probabilities vanishes with k; in

particular, we show that the following large deviation rate J exists
) 1
J = lim ——logP (||Wg--- W1y —J| >¢€) 2.1
k- k

and we show how it can be computed in terms of network parameters and the statistics of the W, ’s. In fact,

we provide a stronger result on the rate J. We show that the same large deviation rate 7 holds for the

following events. Let di, k > 1, be a sequence with a decay rate slower than exponential; e.g., dj %
for k£ > 1. Similarly to the case when dj, = ¢, consider the rare event {||Wy --- W7 — J|| > d}. This is
a rare event because ||W},--- Wy — J|| ~ 4% << dj. We show that the large deviation rate at which the
probabilities of these rare events vanish with £ is the same as the rate 7 in (2.1). More precisely, for any

sequence di, k > 1, dj, € (0, 1], logdy = o(k),
1
J = lim — logP ([We--- Wi = J| > dy). 2.2)

and the rate 7 is the same for any such sequence dj.

Our results reveal that the large deviation rate 7 is solely a function of the graphs induced by the matrices
Wi, and the corresponding probabilities of occurrences of these graphs. In general, the computation of the
rate J is a combinatorial problem. However, for special important cases, we can get particularly simple
expressions. For example, when the matrices IV, are the weight matrices for gossip consensus on a tree, the
rate J is equal to |log(1 — p;;)|, where p;; is the probability of the link {4, j} that is least likely to occur in
the gossip protocol. Another example is with gossip consensus over a regular graph when p;; = p in which
case we show that the rate 7 equals | log pisol|, Where piso] = 1 — dp is the probability that a node is isolated
from the rest of the network, and d is the degree of a node. For gossip over more general graph structures,
we show that 7 = |log(1— c)| where c¢ is the min-cut value (or connectivity [16]) of a graph whose links are
weighted by the gossip link probabilities; the higher the connectivity c is (the more costly or, equivalently,
less likely it is to disconnect the graph) the larger the rate 7 and the faster the convergence are. Similarly,
for consensus algorithms running on networks with link failures on general graphs, the rate is computed by
solving a min-cut problem and is hence computable in polynomial time.

We further establish that for a generic model of W}’s, calculation of the rate 7 is equivalent to solving
a generalized min-cut problem. Albeit solving the latter is computationally hard in general, we approximate

the rate J efficiently for a class of gossip-like models that subsumes, e.g., standard pairwise gossip and
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symmetrized broadcast gossip. For this class, we provide easily computable tight approximations of 7. We
also explicitly calculate the rate [ for the correlated fading. Namely, we show that, with this model, there
is a single critical link that determines the rate; this link marks the transition between the connected and
disconnected regime of network operation. Finally, we give a closed form solution for 7 for arbitrary type
of averaging that runs on a tree.

The results from this chapter on the rate 7 are based on our work in [10] and [11].

Chapter organization. Section 2.2 introduces the model for random matrices W} and defines relevant
quantities needed in the sequel. Section 2.3 states and proves the result on the exact large deviation rate 7
of consensus. Section 2.4 formulates a generalized min-cut problem and shows that its solution gives the
rate J. In Section 2.5, we detail gossip and link failure averaging models, and we show how to compute the

rate J for each of the studied models.

Notation. We denote by A;; or [A];; the entry ij of a matrix A. For N € N, we denote by SV the set
of stochastic symmetric N by N matrices; by G the set of all undirected graphs on the set of vertices
V ={1,..., N}; by I the identity matrix of size N x N. For a graph G € G" we denote with Ar(G) the
Fiedler value of G, i.e., the second smallest eigenvalue of the Laplacian matrix of G; by A(G) the adjacency
matrix of G, defined by [A(G)];; = 1if {7, j} belongs to G, and [A(G)];; = 0 otherwise. U(0, 1) denotes
the uniform distribution on the interval [0, 1]; [z] denotes the smallest integer not less than . For a finite

set S we denote by (‘2/) the set of all two-element subsets of V'; by |S| the cardinality of S.

2.2 Problem setup

Let (€2, F,P) be a probability space, where 2 is the set of outcomes, F is a sigma algebra on 2, and P is a
probability measure on (2, F). Let W; : Q +— SV, ¢ > 1, be a sequence of maps that are (F, B(RY*N) N
S¥)-measurable, that is, for any B € B(RV*N) N SN, {W, € B} belongs to F, for all ¢ > 1. In other

words, {W; };>1 is a sequence of random matrices on (2, F, P).

Assumption 2.1 1. Random matrices W;, ¢t > 1, are independent and identically distributed (i.i.d.);

2. Diagonal entries of W, are almost surely positive, i.e., for each ¢, almost surely [W;];; > 0 for all

i=1,..,N.

Let ®(s,t) denote the product of the matrices that occur from time ¢ + 1 until time s, 1 <t < s, ®(s,t) =

Wi Wip1. Also, let ®(s, t) = (s, t) — J; we call ®(s,t) the error matrix from time ¢ until time s.
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To analyze the products ®(s, t), we introduce the induced graph operator G : SV — G. For W € SV,

we define G(W) by
GW) = (v, {{i, ite (g) LWy, > 0}) . 2.3)

Thus, for a given matrix W, G(W) is a graph on N nodes, without self-loops, with edges between those

nodes ¢ and j for which the entries W;;’s are positive. As W is symmetric, G(W) is undirected.

Sequence of induced graphs. Using the induced graph operator, from the sequence {W;};>1, we derive
the sequence of random graphs {G;};>1 by assigning G; = G(W;), for t = 1,2,.... More precisely,
Gy : Q — GY, fort > 1, is defined by G¢(w) = G(W;(w)), for any w € €. Intuitively, the graph G;
underlying W; at some time ¢ > 0 is the collection of all communication links that are active at time ¢. Note
that, for any ¢t > 1, Gy is (F, QGN)—measurable, that is, for any H C GV, the event {G; € H} belongs to F.

As the random matrices Wy, ¢ > 1 are independent, it follows by the disjoint block theorem [69] that
the random graphs GGy, t > 1 are also independent. Furthermore, as W; are identically distributed, it follows
that, for any H € GV, the probability P(G; = H) = P(G(W;) = H) is the same at all times. Thus, the
sequence {G¢}¢>1 is i.i.d., and each G is distributed according to the same probability mass function pg,
H € GV, where

pn =P (G(Wy) = H).

Further, for a collection H C G, let py; denote the probability that the induced graph of 1, belongs to H,
that is, py; = P(Gy € H). Then, py = > ;o4 pr- Finally, we collect in the set G all the graphs that occur
with positive probability:

G:={HeG" :py >0}, (2.4)

and we call G the set of realizable graphs. For example, if H contains a link {7, j} such that P([W;];; >
0) = 0, then H ¢ G; similarly, if for some {i,j} P([W;];; > 0) = 1, then all realizable graphs must
contain this link. The complete graph G = (V, (g)) is obtained whenever W; has a joint probability
density function that is strictly positive on S”. We next give examples of sequences of random matrices that

satisfy Assumption 2.1 and, for each of the examples, we derive the set of realizable graphs and compute

the distribution of the corresponding induced graphs.

Example 2.2 (Gossip with uniformly distributed weights) Let G = (V, E) be an arbitrary connected graph
on N vertices. At each time ¢ > 1 a node in V' is chosen independently from the previous choices and

according to the probability mass function r,, > 0, u € V, > ry, = 1. The chosen node then randomly

ueV

chooses a neighbor in G according to the probability mass function gy, > 0, {u, v} € B, > (uwel Quw = 1,
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u € V. Denote the node chosen at time ¢ and its chosen neighbor by u; and v, respectively. With gossip
with uniformly distributed weights, averaging occurs only at the edge that is active at time ¢, {u;, v;}, and
with weight equal to the realization of a uniformly distributed parameter a;; ~ U0, 1]. Correspondingly, the
weight matrix at time ¢ is W; = I — ay(€y, — €y, )(€u, — €y,) | . We assume that o, t > 1, are independent
random variables, and, also, that «; is independent of u, vs, for all s, ¢, implying that the sequence Wy, ¢t > 1
is i.i.d. Also, since oz = 1 with probability zero, diagonal entries of 1W; are almost surely positive, and we
conclude that the sequence of random matrices {W; };>1 constructed in this way satisfies Assumption 2.1.
By construction, every realization of T is of the form Iy — a(e, — e,) (e, — €,) T, for some a € [0, 1]
and u,v € V such that {u,v} € E. Thus, every realization of Gy is of the form: 1) (V, (), when a; = 0;
or 2) (V,{u,v}), for {u,v} € E. Since a; = 0 with probability 0, we have that pv,p = 0, and, so, the
potential candidates for realizable graphs are only graphs from the second category. Now, for {u,v} € E,
PV {up}) = P(ay > 0,us = wand vy = v or u; = v and v; = u). Since o is independent of u; and vy,
it follows that p(v,{uv}) = Tufuv + TvGuu > 0, showing that (V,{u,v}) is a realizable graph. Summing
up, the set of realizable graphs for gossip with uniformly distributed weights running on G is the set of all
one-link subgraphs of G
GGossip(G) = {(v, {u,v}) : {u,v} € E} . 2.5)

We remark that the same conclusions would be obtained if the uniform distribution, which generates o, was

replaced by an arbitrary distribution x : B([0, 1]) — [0, 1| satisfyin 0,1)) =1.
p y y Y ) ) ymg p((Y,

Example 2.3 (Link failure model with Metropolis weights) Consider a connected network defined by G =
(V, E ). We assume that, at any time ¢ > 1, only edges in E can occur, and, also, that occurrence of edge
e € E at time ¢ is modeled as a Bernoulli random variable Zey ~ Ber(pe), fore € E, where p, € (0,1).
We assume that occurrences of edges are independent across space and in time. Fort > land: =1,.., N,
letdi; = >, i Z{ij}e that is, d;; is the degree of node i at time ¢. The weight matrix at time ¢

ji{ijrek
is chosen by [W,];; = for all {i,j} € Ey, (Wil = 1 — Z;VZI[Wt]U, i =1,..,N and

[Wii; = 0, otherwise. It can be easily shown that, for every realization of Z. ;, e € E, diagonal entries of
W, are positive. Further, since {Z. ;}.cp are independent (in time), and for any e € E, Z.; fort > 1 are
identically distributed, it follows that random matrices W; are i.i.d. Thus, the sequence {W;};>; satisfies
Assumption 2.1.

For each time ¢, let E; collect all the edges that are online at time ¢, Ey = {e : Z.; = 1}. Then, by
construction of Wy, Gy = (V, E;), for all ¢t. Using this fact, forany H = (V, E) € G" such that E C E,

we get py = P(Z.; =1, e € Eand Z.; = 0, e ¢ E), which by the independence assumption yields
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pr = [leepPe[lp¢(1 — py) > 0. We conclude that the set of realizable graphs for the link failure model
on G is the set of all subgraphs of G-

GLink fail.(a) _ {(V, E):EC E} . (2.6)

Accumulation graph and disconnected collections. For a collection of graphs H C G", we denote by

I'(H) the union graph which contains all the edges of all the graphs in H:

T(H):=(V, | E@)), 2.7)

GeH

where E(G) denotes the set of edges of a graph G.
Specifically, for any 1 < ¢ < s, we denote by I'(s, ¢)? the random graph that collects the edges from all

the graphs G, that appeared from timer =t + 1tor = s, s > t, i.e.,
F(S, t) = F({GS, Gs—la PN >Gt+1})7

and we call I'(s, t) the accumulation graph from time ¢ until time s.
We next define collections of realizable graphs of certain types that will be important in computing the

rate in (2.2) and (2.1).

Definition 2.4 The collection H C G is a disconnected collection on § if its accumulation graph I'(H) is

disconnected.

Thus, a disconnected collection is any collection of realizable graphs such that the union of all of its graphs

yields a disconnected graph. We also define the set of all possible disconnected collections on G:
II(G) = {H C G : H is a disconnected collection on G} . (2.8)

Example 2.5 (Gossip model) Consider the gossip algorithm from Example 2.2 when G is the complete
graph on NNV vertices. In this case G = {(V, {i,5}) : {i,j} € (‘2/) }, that is, G is the set of all possible one-
link graphs on N vertices. An example of a disconnected collection of G is G\ {(V,{i,j}) :j =1,... N},

where 7 is a fixed vertex, or, in words, the collection of all one-link graphs except of those whose link is adja-

2Graph I'(s, t) is associated with the matrix product W - - - Wy going from time ¢ + 1 until time s > t. The notation I'(s, t)
indicates that the product is backwards; see also the definition of the product matrix ®(s, ¢) after Assumption 2.1 at the beginning
of this section.
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cent to i. Another exampleis G\ ({(V,{i,k}) : k=1,... N,k # j}U{(V,{j,1}):l=1,...N,l #1i}),
where {i, 7} is a fixed link.

Example 2.6 (Toy example) Suppose that, for some sequence of random matrices taking values in S?, the set
of realizable graphs is G = {G1, G2, G}, where graphs G;, i = 1,2, 3 are given in Figure 2.1. In this model
each realizable graph is a two-link graph and the supergraph of all the realizable graphs I'({G1, G2, G3})
is connected. If we scan over the supergraphs I'(H) of all subsets H of G, we see that I'({G1,G2}),

o A\ o
. -
o O
G G, Gs

Figure 2.1: Example of a five node network with three possible graph realizations, each realization being a
two-link graph

I'({G2,G3}) and T'({G1, G2, G3}) are connected, whereas I'({G1,G3}) and I'(G;) = Gy, i = 1,2, 3, are
disconnected. It follows that I1(G) = {{G1}, {G2},{Gs},{G1,Gs}}.

2.3 Convergence in probability - exponential rate

This Section states and proves the main result of this chapter, Theorem 2.7. We prove Theorem 2.7 by
proving the corresponding large deviation upper and lower bound; the proof of the lower bound is given in

Subsection 2.3.1, whereas the proof of the upper bound is given in Subsection 2.3.2.

Theorem 2.7 Let dj, be a sequence of real numbers such that dj, € (0, 1] and log dj, = o(k). Then:

lim 1logIED (HZIS(/{,O)H > dk) =-J,

k—o0

where

if 11 =
7 +00 if I(G) =0 | 2.9)

| 108 Pmax| otherwise

and pmax = maxycry(g) P 1s the probability of the most likely disconnected collection.
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We prove Theorem 2.7, by proving separately the lower bound (2.10) and the upper bound (2.11)3:

1 ~
im inf = > >
llggfklogP(H@(k,O)H_dk> > 7 (2.10)
1 -
limsupflogIP’(Hq)(k:,O)Hde> < -J @.11)
k—o0 k

Subsection 2.3.1 proves the lower bound (2.10), and Subsection 2.3.2 proves the upper bound (2.11).

2.3.1 Proof of the lower bound (2.10)

We first show that, for any £ > 1, a sufficient condition for the norm Hé(k, 0) H being above dj is that the

supergraph I'(k, 0) is disconnected. In fact, we prove the following stronger claim.

Lemma 2.8 For any fixed w € 2 and any k£ > 1

I'(k,0) is disconnected = H(f(k:,O)H =1

Proof Fix w € Q and k > 1 and suppose that I'(k, 0) is not connected. Suppose further (without loss of
generality) that I'(k, 0) has exactly two components and denote them by C; and Cs. Then, for all 7, j such
that i € C; and j € Cy, we have {7, j} ¢ I'(k,0), and, consequently, {i,j} ¢ Gy, forall 1 <t < k. By
definition of Gy, this implies that the corresponding entries in the matrices Wy, 1 <t < k, are equal to zero,
ie.,

Vi, 1 <t<k: [Wt]ij = O,V{i,j} st.1 € Cl, j € Cs.

Thus, every matrix realization W; from time 1 to time k£ has a block diagonal form (up to a symmetric
permutation of rows and columns, the same for all ;)
W, = [Wt}cl 0 ’
0 [Wt}cz
where [W;]¢, is the block of W; corresponding to the nodes in C, and similarly for [IW;]¢,. This implies

that ®(k, 0) has the same block diagonal form, which, in turn, proves that H&)(k, 0) H =1.0

3Note that we need to prove the lower bound (2.10) only for the case when II(G) # (), as the bound trivially holds when
J = +oo0.
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Using the result of Lemma 2.8, we get:
P (Hcf(k,())” > dk> > P (H%(k, O)H - 1) > P (I'(k, 0) is disconnected ) . 2.12)

We now focus on computing the probability of the event that I'(k, 0) is disconnected. For any fixed k > 1, a
sufficient condition that guarantees that I'(k, 0) is disconnected is that every graph realization G from time
1 to time k is drawn from some disconnected collection H € II(G). More precisely, for every H € I1(G)

and every k > 1, it holds for all w €
Gy € H, for 1 <t <k = TI'(k,0) is disconnected. (2.13)

This can be easily shown by observing that if {G1,...,Gr} C H, then I'(k,0) = T'{G4,...,Gi}) is a
subgraph of I'(), or, in other words, I'(k, 0) cannot contain any additional edge beyond the ones in I'(H).
Now, since I'(H) is disconnected, it must be that I'(k, 0) is disconnected as well. Claim in (2.13) implies

that for every H € II(G) and every k > 1
P (['(k,0) is disconnected ) > P(G; € H, for 1 <t < k) = p,, (2.14)

where the last equality follows by the time independence assumption. Combining the previous bound with

eq. (2.12) and optimizing the bound over H € I1(G) yields

P ([ @k, 0)[ = di) = P

Finally, taking the log, dividing by k, and taking the lim inf over k — oo, the lower bound (2.10) follows.

2.3.2 Proof of the upper bound (2.11)

To prove the upper bound, we first extend the concept of the induced graph operator to the é-induced graph
operator which accounts only for those entries that are above some given > 0, i.e., the entries that are
sufficiently important. Using the definition of the J-induced graph, we correspondingly extend the concepts
of the accumulation graph, the set of realizable graphs and the most likely disconnected collection. We

explain this next.

The family of §-induced graph sequences.
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Definition 2.9 For each § > 0 we define the d-induced graph operator G5 : SV — G~ U {E} by

(V,{{i,j} e (%) : Wy za}), it Wi > 6, Vi

E, otherwise

Gs(W) = (2.15)

As we can see from the definition, if a matrix has all diagonal entries above 9, then its d-induced graph
contains all the edges whose corresponding entries of the matrix are above d. On the other hand, any matrix
that has a diagonal entry below  gets mapped by G to the symbol E; note that, by doing this, we discard
all the potential edges for such a matrix (no matter how large their corresponding entries are). Intuitively,
d-induced graph operator G5, compared to (7, acts as an edge truncator that cuts off all the non-significant
edges and, also, it discards all the matrices with low diagonals by mapping them to E. We will see later in
the analysis that, whenever at some point in the sequence Wy, ¢ > 1, a matrix with a small diagonal entry
occurs, we cannot say much about the continuity of the “information flow” at that point. Thus, we introduce
a special symbol, E, to indicate such matrices that cut (or “erase”) the information flow.

We now use operators G, 6 > 0, to construct from {W, };>; new induced graph sequences. For every
§>0,t>1,1etGys: Q+— GY U{E} be defined by Gy 5(w) = Gs(Wi(w)), for w € Q. Thus, for every 6,
G, is the d-induced graph of the matrix W, ¢ > 1. Remark that, in contrast with the regular induced graph
G4, Gy s can take value E.

Each sequence {G¢ 5}¢>1 from this family indexed by ¢ is i.i.d., as the sequence {W;};> is i.i.d. For
any H € G", denote by pm,s the probability that Gy s is equal to H, i.e., is pgs = P(Gys = H). The
probability that G, s takes value E is denoted by pg s = P(G s = E). We show in Lemma 2.10 that, for each
t, Gy 5 converges almost surely to G as § — 0, thus implying the corresponding convergence in distribution.
For convenience, we state the result in terms of the adjacency matrices: for any w € ,¢ > 1and § > 0, we
define A;(w) = A(Gi(w)), Ars(w) = A(Gy5(w)), if Gy 5(w) # E, otherwise, we assign A; s(w) to be the

N by N matrix of all zeros.

Lemma 2.10 For any ¢ > 1, almost surely A; 5 — A, as § — 0. Hence, for any H € GV, lims_ PHS =

pu and also lims_.o pg s = 0.

Proof For any t > 1, let QF = {[W4];; > 0, V i}; note that, by Assumption 2.1, P (£27) = 1. Now, fix
t and w € 7, and consider W = Wy (w). Then, W;; > 0 for all 7 and let 59 = min; W; (note that 69 > 0
and also that it depends on w). For all § > &, G5(W) = E, whereas for all 6 € (0, o], G5(W) € GV.
Note that, to prove the claim, it is sufficient to consider only the case when ¢ < ¢g. First, for all {4, j} such

that W;; = 0, we have [A¢(w)];; = 0 and also [A; 5(w)];; = 0 for all § < d¢ (in fact, due to the definition

22



of Ay 5, the latter holds for all 6), showing that [A; 5(w)];; converges to [A;(w)];;. On the other hand, let «
be the minimum over all positive entries of W, a = ming; j3.w,;~0 Wi; and note that o < dp and o > 0.
Then, for all 6 < a, G5(W') and G(W') match, implying that A, 5(w) = A¢(w) for all such 6. As w was an
arbitrary point from 2} and since P (€2}) = 1, the almost sure convergence follows. The second part of the

claim follows from the fact that almost sure convergence implies the convergence in distribution. O

Similarly as with the set of realizable graphs, for each § > 0, we define the set of J-realizable graphs
Gs ={H € G" :pys>0}. (2.16)

For a collection of graphs H C G, we denote by py; 5 the probability that G5 belongs to H, which is equal
to Pr,s = D e PH,s- Similarly as before, I1(Gs) denotes the set of all possible disconnected collections

on Gs.

For 0 > 0 such that II(Gs) # 0, let paxs = maxyery(gs) PH,os that iS, pmax s is the probability that
G5 belongs to the most likely disconnected collection on Gs. The following corollary of Lemma 2.10 is
one of the main steps in the proof of the upper bound (2.11). We omit the proof of Corollary 2.11 noting

that it uses the similar arguments as the ones in the proof of Lemma 2.10.

Corollary 2.11 1f TI(G) # (), then there must exist > 0 such that I1(Gs) # () for every 0 < § < 0.

Moreover,

%li% Pmax,6 = Pmax-

Similarly as with accumulation graph I'(s, ¢) that collects all the edges of the (regular) induced graphs
Giy1,....Gs, for each § > 0, we define the d-accumulation graph I's(s,t) to collect the edges of the o-
induced graphs G¢41,....Gs 5. In contrast with I'(s, ), here we have to take into account that, for some J,
realizations of the d-induced graphs might be equal to E. To handle this, for each § > 0 and t > 1, we

introduce Ry 5 : 2 — N U {0} which we define by

0, if Grs5(w) #E, foralll <r <t
Rys(w) = ’ . 2.17)
max{l <r <t:G,5(w)=E}, otherwise
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Now, forany 1 <t < sand ¢ > 0, we define I'5(s, ) to be

F({GS,57 eeey Gt+1,5})7 lf Rs,5 S t
Ls(s,t) =< T({Gsg,-yGR, s+10})s it <Ry5<s - (2.18)
E, if Rss=s

We now explain the intuition behind this construction of I'5(s, t). If R, 5 < ¢, that is, if the interval from
t until s is clear from the realization E, then we assign I'5(s, t) to collect all the edges of all the -induced
graph realizations that occurred from time ¢ + 1 until time s. If, on the other hand, it happens that, starting
from time ¢ we encounter the realization E, i.e., if G, s = E for some r > ¢, we consider this to be a bad event
and we reset the number of collected edges so far to zero (formally, by assigning at time r I's(r, t) = E). We
repeat this until we hit time s. Since the last occurrence of the bad realization E was at time R, 5, assuming
that Ry 5 < s, the 6-accumulation graph will contain all the edges of the J-induced graph realizations that
occurred from time R s + 1 until time s.

We have seen in the proof of the lower bound in Lemma 2.8 that, if the accumulation graph I'(k, 0) is
disconnected, then the norm of the error matrix is still equal to 1 at time k. Lemma 2.12 is, in a sense,
a converse to this result, as it provides a sufficient condition in terms of I's(s, t) for the norm of the error

matrix to drop on the time interval from ¢ until s.

Lemma 2.12 For any fixedw € Q, forall 1 <t¢ < sand § € (0,1) such that I'5(s, ) # E, it holds
~ 2 )
H<I>(s,t)H <1 Ap (Ds(s, 1)) 82670, (2.19)

Using the fact that the Fiedler value (algebraic connectivity) of a connected graph is positive [70], if I's (s, t)
is connected (and I's (s, t) # E), then the squared norm of the error matrix on this interval drops for at least
Ar (Ds(s,t)) 026~ > 0. To get a uniform bound for this drop (that holds for all connected realizations of

I'(s,t)), we use the Fiedler value of the path graph on N vertices. This is stated next in Corollary 2.13.

Corollary 2.13 For any fixed w € Q, forall 1 < ¢t < s, > 0 such that I's(s,t) # E and T's(s,t) is
connected

Hé(s,t)uz e C) (2.20)

where ¢y = 2(1 — cos ;) is the Fiedler value of the path graph on IV vertices, i.e., the minimum of

Ar(H) > 0 over all connected graphs H on N vertices [70].
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We next prove Lemma 2.12.

Proof We first prove Lemma 2.12 for all w, 6, s, ¢ such that R 5(w) < t. To thisend, fix w € 2,5 > 0
and consider a fixed t,s 1 <t < s, for which R, 5(w) < t. Similarly to the proof of Lemma 1 a), b) in [71],
it can be shown here that: 1) [®(s, ¢)(w)];; > 6°7, for all 4; and 2)[®(s, t)(w)];; > 6577, forall {i, j} € E,

where we let £ denote the set of edges of the graph I's(s, ) (w).

~ 2
Notice that H(IJ(S, t) H is the second largest eigenvalue of ®(s,t) " ®(s, t), and, thus can be computed as:

~ 2
Hq)(s,t)H = max ¢ ®(s,t) D(s,t)q
q7q=1,qL11

Since ®(s,t)" ®(s,t) is a symmetric stochastic matrix, it can be shown, e.g., [15], that its quadratic

form, for a fixed vector q € RN, can be written as:

0 B0 B(s, )0 = g a3 | B0 B(5,0)] (0~ a)” 2.21)
{i.5}
Now, combining the two auxiliary inequalities from the beginning of the proof, we get that, for all {3, j} €
E, [®(s,t) T ®(s,1)];; > 62—, where, we recall, E is the set of edges of I's(s, t)(w). Further, since all the
entries of ®(s,t) are non-negative (for every ¢, every realization of W; is a stochastic matrix, and thus has
non-negative entries), we can upper bound the sum in (2.21) over all {7, j} by the sum over {i, j} € E only,
yielding:

¢ (s, 1) (s, t)g < q'q— " D (i) (2.22)
{i,j}€E

Finally, min,r 1 411> ¢ j1ep (6 — ¢;)? is equal to the Fiedler value (i.e., the second smallest eigenvalue
of the Laplacian) of the graph T's(s,¢)(w). This completes the proof of Lemma 2.12 for the case when
w, 0, s,t are such that Ry 5 < t. The claim of Lemma 2.12 for the case when w, d, s, ¢ are such that t <
R, 5(w) < s essentially follows from the submultiplicativity of the spectral norm, the result of Lemma 2.12
for the case that we just proved (with ¢’ = R, 5(w)), and the fact that I's(s, R, 5(w))(w) = T'5(s,t)(w).
O Lemma 2.12 and Corollary 2.13 say that, for each fixed § > 0, whenever there is an interval in which
the d-accumulation graph is connected, then the norm of the error matrix on this interval improves by some
finite amount (dependent on the interval size). We next introduce, for each § > 0, the sequence of J-stopping

times that registers these times at which we are certain that the error matrix makes an improvement.

Family of the sequences of J-stopping times. For each § > 0, we define the sequence of J-stopping times
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Tis: Qi NU{+o0},i=1,2,...by:

T;s(w) = min{t > T;_1 5(w) + 1 : T'5(t,Ti—1(w)) is connected}, fori > 1, (2.23)

TO,5 =0.

By its construction, the sequence {T; ;};>1 defines the times that mark the right end point of “clear” in-
tervals, without realization of d-induced graphs equal to E, on which I's is connected. Using the result of
Lemma 2.12, we have that at times T} 5 the norm of ® drops below 1 and the averaging process makes an im-
provement. Let further, foreachd > 0Oand k > 1, My s : Q — NU {0} count the number of improvements

with respect to the §-stopping times until time k:
My s(w) =max{i >0:T; 5(w) < k}. (2.24)

We now explain how, at any given time k, we can use the knowledge of M}, s to bound the norm of the
“error” matrix &)(k, 0). Suppose that M}, s = m. If we knew the locations of all the improvements until
time k, T; 5 = t;, ¢ = 1,...,m then, using Lemma 2.12, we could bound the norm of ®(k,0). Intuitively,
since for fixed k and fixed m the number of allocations of T} 5’s is finite, there will exist the one which
yields the worst bound on H&)(k, 0) H It turns out that the worst case allocation is the one with equidistant
improvements, thus allowing for deriving a bound on H@(k:, 0) H only in terms of My, 5. This result is given

in Lemma 2.14.

Lemma 2.14 For any fixedw € Q,0 > 0and k > 1:

A/[k,é

H%(k:,o)H < <1 —cN52Mkm) o (2.25)

Proof Fix w € Q,6 > 0, k > 1. If M 5(w) = 0, then the claim holds trivially. Thus, suppose
My s5(w) = m > 1, and, suppose further T} 5(w) = t1, Tas5(w) = t2, ..., Thsw) = tm < k
(T;5(w) > k, for i > m, because M}, 5(w) = m). By the construction of the J-stopping times, we
know that I's(¢;,¢;—1)(w) is connected for all ¢ = 1,...,m. Thus, we apply Lemma 2.12 on the intervals

~ 1
from ¢;_1 until ¢;, fori = 1,...,m, to get H{)(ti,ti_l)H < (1 — CN62(ti_ti—1)) 2. Combining this with
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submultiplicativity of the spectral norm, yields:

|8k 0@ = [ Bk, tu) @)t tra-1) (@) - B(11, 0) )
S | L
7 — oy §2(Ei—ti-1) % .
< 1;[1(1 ) (2.26)

Denote A; = t; — t;_; and note that >_"; A; < k. Further, remark that f(A) = log (1 — cy6?2) is a
concave function. Taking the log in (2.26) and applying Jensen’s inequality [72] for equal convex multipliers
1=1,...,m,yields

1
O = s

i a;log (1 — e 82%7) < log (1 — e a*EF168)) —log (1 — ey o T 4).
=1

Finally, since f is increasing and )" | A; < k, > — L log ( —cN 52(Ai)) < log (1 —cN 6%) . Multi-
plying both sides of the last inequality with Z¥, and computing the exponent yields (2.25). O

Lemma 2.14 provides a bound on the norm of the “error” matrix ‘5(1@, 0) in terms of the number of
improvements M}, s up to time k. Intuitively, if M, 5 is high enough relative to k, then the norm of 5(1@ 0)
decays exponentially fast (to see this, just take My, s = k in eq. (2.25)) and, thus, it cannot stay above dy,
which decays sub-exponentially as k increases. We show that this is indeed true for all w € €2 for which
M, s = ak or higher, for any choice of o € (0, 1]; this result is stated in Lemma 2.15, part 1. On the other
hand, if the number of improvements is less than ok, then there must have been long intervals on which
T's was disconnected. The probability that such an interval of length ¢ occurs is essentially determined by
the probability that the sequence of d-induced graphs is “trapped” in some disconnected collection for time
t —1, and it equals p max, 5 As the number of these intervals until time & is at most ak, this yields, in a crude
approximation, the probability of pma k for the event Mj, .5 < ak; this intuition is formalized in part 2 of

Lemma 2.15.

Lemma 2.15 For any fixed 6 € (0,1), a € (0,1]:

1. there exists sufficiently large ko = ko (9, o, {dj}) such that

P (Hcf(k,o)H > dy, My > ak) —0, k> ko(6,aq, {di)); 2.27)
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2. forevery A € (0,75)
P (M5 < ak) < exp(=A(k — [ak]))(1 — ag(\))~1e*], (2.28)

where a5(\) = exp(A — Js5) < 1 and J s is defined as J 5 = |10g(Pmax.s + [I1(Gs)|pes)], for & such

) pr—
that I1(Gs) # 0, and J 5 = |log pe s/, otherwise.

Proof Fix § € (0,1), a € (0, 1]. To prove 1, we first note that, by Lemma 2.14 we have:

My s

Bk, 0)| > di b 4 (1—ens®™5 ) > dy b (2.29)
(o] =a} < ( )

This gives

My, s

~ _k 2
P (Hq)(kao)H > dy, Mk,é > Ozk) <P <1 — CN(SQM’“‘S> > dy, Mkﬁ > ok

My, s

k E\ T k log d
I (1 - cN(SQMk,5> >dy, Mys=m|= Y P (g(k, My,s) > ng kMg = m) ,
m=[ak] m=[ak]

where g(k,m) := 3¢ log (1 —c N(SQ%) , for m > 0. For fixed k, each of the probabilities in the sum above

is equal to 0 for those m such that g(k, m) < —%. This yields:

k k
log d
Y P <g(k;, Mi,s) > ng L VA :m> < 3 s(kom), 2.31)

where s(k, m) is the switch function defined by:

0, if g(k,m) < ‘8
s(k,m) := 9l ) F
1, otherwise

Also, as g(k, -) is, for fixed k, decreasing in m, it follows that s(k, m) < s(k, ak) for m > ak. Combining
this with eqgs. (2.30) and (2.31), we get:

P (Hci(k,@)” > dy, Mys > ak:) < (k — [ak] + 1)s(k, ak).
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We now show that s(k, ak) will eventually become 0, as & increases, which would yield part 1 of Lemma 2.15.

To show this, we observe that g has a constant negative value at (k, ak):
g(k,ak) = %log (1 — CN5%> .

Since % — 0, as k — oo, there exists kg = ko(0, v, {dy}) such that g(k, ak) < %, for every k > ky.
Thus, s(k, ak) = 0 for every k > k. This completes the proof of part 1.

To prove part 2, we first prove the following result which is the main argument in the proof of part 2.

Lemma 2.16 Forany 6 > 0,t > 1
P(Ty5 > t) < e T, (2.32)

Proof Fix § > 0, t > 1. For the case when II(Gs) = () the claim easily follows by noting that
P(Ty s >t) = P(G,s =E, 1 <r <t). (The latter is true because each realization of G's which has a
positive probability of occurrence is either a connected graph or equal to E.) Suppose now that ¢ is such that
I1(Gs) # 0. Define S;, I > 1 to be the (random) locations of the realization E in the sequence of d-induced
graphs and let also (); be the number of such realizations until time ¢; for convenience, let also Sy = 0. By
definition of I';, the event {77 5 > t} is equivalent to the event that I's is disconnected on each block in the
sequence of G5, 1 < r < ¢ that is clear from realizations of E. Partitioning this event over all possible
number of realizations of E on the interval from time 1 until time ¢, (), and, also, over all possible locations
of E, S, we get

t
P(Tis>t)=)_ > P(Qi=L,S =s5,Ts(sy— 1,8-1) is disc.,l = 1,..., L, T5(t, s1) is disc. )

L=1 1<s1<...<s.<t

= pEs > P(Ts(t,s1) is disc. ) ﬁ P(Ts(s; —1,s-1) isdisc. ),  (2.33)
L=0 1<s1<..<s <t =1

where the last equality follows from the fact that realizations of G, 5 belonging to disjoint blocks are inde-
pendent, and, also, we implicitly assume that the statement I'5(s; — 1, 5;_1) is disc. implies that G, 5 # E
si-1 < 1 < s;. We now fix [, s;,s;—1 and focus on computing P(T's(s; — 1,s;,—1) is disc.). To this
end, let QO = Ny>1{Gis € {GsU{E}}} and note that, since each of the events in the intersection
has probability 1, the event 25 also has probability 1. We show that {I'5(s; — 1, s;_1) is disc.} N Q5 C
Uneri(gs) 1Grs € H, si—1 <1 < s1}, or, in words, if T's is disconnected on some interval and all the graph

realizations that occurred during this interval belong to Gs, then there must exist a disconnected collection
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on G; to which all the graph realizations belong to; the last claim, since P(£25) = 1, would yield

P(Ds(si—1,s1) isdise) < Y pa 77 < I(Gs)lpits (2.34)

HEeIL(Gs)
To prove the claim above, consider fixed w € € such that I's(s; — 1,5,_1) is disconnected, and let
H = {Gs,_,+16Ww), ..., Gs—15(w)}. Since w € €, and we assume that G, 5(w) # E, then it must
be that G, 5(w) € Gs, for all 551 < r < s;. On the other hand, since I'5(s; — 1,5-1)(w) = I'(H;)
is disconnected, it follows that H; is a disconnected collection on Gs, thus proving the claim. Combining

now (2.33) and (2.34) yields (2.32):

_1—1
P(Tus> <> pes D NG !pfn;ng TGs)lpfs
L=0 1§81<...<8L<t
t
t
=D <L> PEs TL(Gs)| " Pl 5 = (Pmaxs + TL(Gs) )" -
L=0

Now, notice that we can express the event that M}, ; < ok through increments of ¢-stopping times:
{Mys < ak} = {T[am s>k} = {Zgﬂ Tis—Ti—15 > k} Applying the exponential Markov inequal-
ity [69] with parameter A > 0

[ak]

P(Mps < ok) < exp(—Ak)E |exp(> " MTis — Ti—1,5)) | = exp(—Ak) (B [exp(AT1,)]) /™1, (2.35)
i=1

where the equality follows from the fact that the increments of §-stopping times are i.i.d. We now focus on

computing the expectation in the equation above. Using the result of Lemma 2.16

E [exp(AT7 5)] Zexp)\t (Ths=1) SZ P(Tys>t—1)
<exp()) Z exp(A(t — 1)) (Pmax,s + TL(Gs)Ipes)" - (2.36)
t=1

The sum in the previous equation converges for all A < J4 to 1/(1 — as()\)). Combining this with (2.35)

completes the proof of part 2. O
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From parts 1 and 2 of Lemma 2.15 it follows that for any fixed a € (0,1], 5 € (0,1) and X € (0, T 5):
1 -
lim sup log > P (H‘I’(k‘, o)H > dk> < A1 —a) —alog(1 — as(N)). (2.37)

k—o0 k

Now, taking first the infimum over « and then the infimum over \ yields:

1 ~
lim sup - log P (H(I)(k:, O)H > dk) < inf  inf —A(1—a) - alog(l — as(\)

k—too K AE(0,Ts) «€(0,1]
— inf A= (2.38)
AE(0,T5)

Finally, if TI(G) # @, then, by Lemma 9 and Corollary 10, J s converges to |10g pmax|, as § — 0. On the
other hand, if TI(G) = 0, it can be easily shown that J 5 goes to +oo, as § — 0. Taking the limit § — 0 in
eq. (36) yields the upper bound (10).

2.4 Computation of p,,,, via generalized min-cut

This section introduces a generalization of the minimum cut (min-cut) problem and shows that computing
Pmax 1S equivalent to solving an instance of the generalized min-cut. For certain types of averaging, in
which the number of graphs that “cover” an edge is relatively small, we show in Subsection 2.4.1 that the
generalized min-cut can be well approximated with the standard min-cut, and thus can be efficiently solved.
We illustrate this with the broadcast gossip example in Subsection 2.5.1, where we find a 2-approximation

for pmax by solving two instances of the standard min-cut.

Generalization of the min-cut. Let G = (V, E) be a given undirected graph, with the set of nodes V' and
the set of edges E. The generalization of the min-cut problem that is of interest to us assigns a cost to each
set of edges F' C FE. This is different than the standard min-cut, as with the standard min-cut the costs are
assigned to each edge of E and, thus, where the cost of F'is simply the sum of the individual costs of edges
in F. Similarly as with the standard min-cut, the goal is to find F' that disconnects G with minimal cost.
More formally, let the function C : 2¥ +— R assign costs to subsets of E, i.e., the cost of F'is C(F'), for

F C E. Then, the generalized min-cut problem is

minimize  C(F)

. (2.39)
subject to F C E: (V,E\ F) is disconnected

We denote by gmc(G, C) the optimal value of (2.39). We remark that, when the cost C(F’) is decomposable
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over the edges of I, i.e., when forall FF C E,C(F) = ) . c(e), for some function c : E' — R, then the
generalized min-cut simplifies to the standard min-cut. For this case, we denote the optimal value of (2.39)

by mc(G, ¢).

Consider now a general averaging model on the set of nodes V' and with the collection of realizable
graphs G. Let G = I'(G), where G = (V, E) and E collects all the edges that appear with positive
probability. The following lemma shows that the rate 7 for the general averaging model can be computed

by solving an instance of the generalized min-cut problem.

Lemma 2.17 Let the cost function C : 2F +— R be defined by C(F) = P(Ueer {e € E(G4)}), for F C E.
Then,

J = —log (1 — gme(G,C)) (2.40)

Proof For each F C E such that (V, E \ F) is disconnected, define S by: Sp = {H € II(G) :
E(I'(H)) C E\ F}. Note that Sp C II(G), for each F. We show that sets S cover II(G), i.e., that
Upca:(v,B\F)isdisc. SF = 11(G). To this end, pick an arbitrary H € II(G) and let F* := E \ E(T'(H)).
Then, because supergraph I'(H) is disconnected, F* must be a set of edges that disconnects G; if we now
take the set Sp« that is associated with F'*, we have that H belongs to Sr« proving the claim above. Since
we established that Upc g.(v, g\ F) is dise. SF = I1(G), in order to find pyax, We can branch the search over

the S sets:

= max = max max 2.41
Pmax HeH(g)pH FgE:(v,E\F)isdisc.HestH (2.41)

(where, for every empty Sr, we define its corresponding value maxy s, py to be 0). Next, pick a fixed set

F for which S is nonempty and define H g by:
Hrp={He€G:EH)CFE\F}, (2.42)

that is, H r collects all the realizable graphs whose edges do not intersect with F'. Note that, by construction
of Hp, E(T(Hp)) C E \ F, proving that Hr € Sr. Now, for an arbitrary fixed collection H € S, since
any graph H that belongs to { must satisfy the property in (2.42), we have that H C H r and, consequently,

pr < pH,. This proves that, for every fixed non-empty Sr the maximum maxycg,. py is attained at Hp
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and equals py, = P(E(G;) C E \ F). Combining the last remark with (2.41), yields:

max — P(E(G QE F). 2.43
i FgE:(Vra%%)})isdisc. ( ( t> \ ) ( )

Finally, noting that P(E(G;) C E\ F) = 1 — P (Ueer {e € E(G¢)}) completes the proof of Lemma 2.17.

a

Rate 7 for algorithms running on a tree. When the graph that collects all the links that appear with
positive probability is a tree, we obtain a particularly simple solution for 7 using formula (2.40). To this
end, let T = (V, E) be the supergraph of all the realizable graphs and suppose that 7" is a tree. Then, removal
of any edge from E disconnects 7T'. This implies that, to find the rate, we can shrink the search space of the
generalized min-cut problem in (2.40) (see also eq. (2.39)) to the set of edges of the tree:

min C(F) =minC(e).
FCE:(V,E\F)is disc. €l

Now, C(e) = P(e € E(G})) can be computed by summing up the probabilities of all graphs that cover e, i.e.,
C(e) = X_peg.eep(m) Pr- The minimum of C(e) is then achieved at the link that has the smallest probability
of occurrence prare = Mineep HeG:ec B(H) PH- Thus, the rate J is determined by the probability of the

“weakest” link in the tree, i.e., the link that is most rarely online and

jTree = - IOg (1 - prare) . (2.44)
2.4.1 Approximation of 7 by min-cut based bounds

We now explain how we can compute the rate 7 by approximately solving the instance of the generalized
min-cut in (2.40) via two instances of the standard min-cut. Our strategy to do this is to “sandwich” each
cost C(F'), FF C E, by two functions, which are decomposable over the edges of F'. To this end, fix " and

observe that

C(F)=P (U {ee E(GQ}) = > i (2.45)

ecF HeG:eeE(H),forecF

By the union bound, C(F") is upper bounded as follows:

<> PlecEG)=>, >  pu (2.46)

eeF ecF HeG:ec E(H)
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We next assume that for every set of m edges we can find m distinct graphs, say Hi, ..., Hy, € G, such
that H; covers e;, i = 1, ..., m* Then, for each e € F, we can pick a different graph in the sum in (2.45),
say H,, such that e € FE(H.), until all the edges in F have its associated graph H.. The sum of the
probabilities of the chosen graphs ) . pg, is then smaller than C(F'). Finally, we can bound each py, by
the probability of the least likely graph that covers e, thus yielding:

Z min  py < C(F).

R HEGie€ B(H)

Motivated by the previous observations, we introduce ¢, ¢ : ¥ — R defined by

ae)=" > pu cle) =, min anPH- (247)
HeG:ecE(H) <

Then, for each F' C F, we have:
D cle) <C(F) <) ele).
ecF ecF

Because the inequality above holds for all F' C E, we have that:
mc(G, ¢) < gme(G,C) < me(G, ). (2.48)

Therefore, we can efficiently approximate the rate 7 by solving two instances of the standard min-cut
problem, with the respective costs ¢ and ¢. To further simplify the computation of 7, we introduce D—
the maximal number of graphs that “covers” an edge e, where the maximum is over all edges e € E. We
also introduce p and p to denote the probabilities of the most likely and least likely graph, respectively,
ie., p = maxygeg py and p = mingeg py. Then, the function ¢ can be uniformly bounded by Dp and,

similarly, function ¢ can be uniformly bounded by p, which combined with (2.48) yields5 :
pmc(G, 1) < gme(G,C) < Dpmce(G,1); (2.49)

The expression in (2.49) gives a D p/p-approximation for gmc(G,C), and it requires solving only one

“The case when this is not true can be handled by splitting the probability pz of a graph H into d equal parts, where d is the
number of edges covered by H. The approximation bounds (that are derived further ahead) would then depend on d; we omit the
details here due to lack of space

>We are using here the property of the min-cut with uniform positive costs by which me(G, al) = amc(G, 1), for a > 0[73],
where 1 denotes the cost function that has value 1 at each edge
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instance of the standard min-cut, with uniform (equal to 1) costs.

2.5 Examples: randomized gossip and fading model

This section computes the rate 7 for the commonly used averaging models: randomized gossip and link
failure. Subsection 2.5.1 studies two types of the randomized gossip algorithm, namely pairwise gossip and
symmetrized broadcast gossip and it shows that, for the pairwise gossip on a generic graph G = (V| E), the
corresponding rate can be computed by solving an instance of the standard min-cut; for broadcast gossip, we
exploit the bounds derived in Subsection 2.4.1 to arrive at a tight approximation for its corresponding rate.
Subsection 2.5.2 studies the network with fading links for the cases when 1) all the links at a time experience
the same fading (correlated fading), and 2) the fading is independent across different links (uncorrelated fad-
ing). Similarly as with the pairwise gossip, the rate for the uncorrelated fading can be computed by solving
an instance of a min-cut problem. With the correlated fading, there exists a threshold on the fading coeffi-
cients, which induces two regimes of the network operation, such that if at a time ¢ the fading coefficient is
above the threshold, the network realization at time ¢ is connected. We show that the rate is determined by

the probability of the “critical” link that marks the transition between these two regimes.

2.5.1 Pairwise and broadcast gossip

Min-cut solution for pairwise gossip. Let G = (V, E) be an arbitrary connected graph on N vertices.
With pairwise gossip on graph (G, at each averaging time, only one link from E can be active. Therefore,

the set of realizable graphs GO°P is the set of all one link graphs on G
GOossiP — [(V,e):e € E}.

Now, consider the probability P(U.cr {e € E(G¢)}), for a fixed subset of edges F' C E. Because each re-
alization of GG} can contain only one link, the events under the union are disjoint. Thus, the probability of the
union equals the sum of the probabilities of individual events, yielding that the cost C(F') is decomposable

for gossip, i.e.,

C(F) = Zp(v,e)

eeF

Therefore, the rate for gossip is given by

JSP = —log (1 — mc(G, cF°P)) (2.50)
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where 0P (¢) = P(v,e)- We remark here that, for pairwise gossip, functions ¢, ¢ in (2.47) are identical
(each link e has exactly one graph (V/e) that covers it, hence c(e) = ¢(e) = p(v,)), which proves that
bounds in (2.48) are touched for this problem instance. For the case when all links have the same activation
,forall e € F and (2.50)

probability equal to 1/|E/|, the edge costs cG*P(¢) are uniform and equal to 1/|E

yields the following simple formula for the rate for uniform gossip:

jGossip — _ log (1 _ 1/|E| mc(G, 1)) . (2.51)

Gossip on a regular network. Consider the special case when the gossip algorithm runs on a connected
regular graph of degree d, d = 2,..., N — 1, and the link occurrence probabilities are all equal, p :=
Dij = %. It can be easily seen that the value of the min-cut is p times the minimal number of edges that
disconnects the graph, which equals pd = 2/N; this corresponds to cutting all the edges of a fixed node,

i.e., isolating a fixed node. Hence,
Pmax = P (nodeiisisolated) =1 —2/N, J = —log(1 —2/N).

Note that the rate 7 is determined by the probability that a fixed node is isolated, and, also, the rate [ does

not depend on the degree d.

2-approximation for broadcast gossip. With bidirectional broadcast gossip on an arbitrary connected
graph G = (V, E), at each time a node v € V is chosen at random and the averaging is performed across
the neighborhood of v. Thus, at each time ¢, the set of active edges is the set of all edges adjacent to the

vertex that is chosen at time ¢; hence, the set of realizable graphs GB-G°%P jg
gB-Gossie — ((V {{u, v} : {u,v} € E} ;v € V}.

We can see that each edge e = {u,v} can become active in two ways, when either node u or node v is
active. In other words, each edge is covered by exactly two graphs. This gives D = 2 and using (2.48) we

get the following approximation:
pme(G, 1) < gme(G,C) < 2pme(G, 1),

where p and p are the probabilities of the least, resp., most, active node. For the case when all the nodes
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have the same activation probability equal to 1/N, using (2.49) we get a 2-approximation:

L ne(@,1) < me(@,0) < %

N mc(G, 1).

Thus, the rate 7 for the broadcast gossip with uniform node activation probability satisfies:
B-Gossi 1 2
J Pe[—log(l— ch(G, 1)), —log(1l — ch(G, 1))]. (2.52)

We now compare the rates for the uniform pairwise and uniform broadcast gossip when both algorithms are
running on the same (connected) graph G = (V, F). Consider first the case when G is a tree. Then, £ =
N — 1 and, since all the links have the same occurrence probability 1 /(N — 1), the formula for gossip gives
JOossiP = _Jog(1—1/(N —1)). To obtain the exact rate for the broadcast gossip, we recall formula (2.44).
As each link in the tree is covered by exactly two graphs, and the probability of a graph is 1 /N, we have that
p"€ = 2/N. Therefore, the rate for broadcast gossip on a tree is J9%P = —log(1—2/N), which is higher
than J9°P = —1log(1 — 1/(N — 1)). Consider now the case when G is not a tree. Then, the number of
edges |E|in G is at least N and we have JO°P = —log(1—1/|E|mc(G, 1)) < —log(1—1/Nmc(G,1)).
On the other hand, by (2.52), JB6°P > —log(1 — 1/Nmc(G, 1)). Combining the last two observations
yields that the rate of broadcast gossip is always higher than the rate of pairwise gossip running on the same
graph. This is in accordance with the intuition, as with broadcast gossip more links are active at a time, and,

thus, we would expect that it performs the averaging faster.

2.5.2 Link failure: fading channels

Consider a network of N sensors described by graph G = (V, E), where the set of edges E collects all the
links {i, j} that appear with positive probability, 7, j € V. To model the link failures, we adopt a symmetric
fading channel model, a model similar to the one proposed in [74] (reference [74] assumes asymmetric

channels). At time k, sensor j receives from sensor ¢

_ i
Yijk = Gijk dfaxi,k + Nij ks
ij
where S;; is the transmission power that sensor 7 uses for transmission to sensor j, g;; i is the channel fading
coefficient, n;; is the zero mean additive Gaussian noise with variance o2, d;; is the inter-sensor distance,
and « is the path loss coefficient. We assume that g;; ., & > 1, are i.i.d. in time and that g;;; and g, s are

mutually independent for all ¢t # s; also, the channels (¢, j) and (j, ) at time k experience the same fade, i.e.,
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9ij.k = ji k- We adopt the following link failure model. Sensor j successfully decodes the message from

sensor ¢ (link (¢, j) is online) if the signal to noise ratio exceeds a threshold, i.e., if: SNR = UZ‘Z;&”“ > T,
n-ig
. . 2d, . . “ ” .
or, equivalently, if gfj e > TUS' . := ~;;. Since link occurrences are “controlled” by the realizations of the
) (%)

fading coefficients, the set of realizable graphs in the link failure model depends on the joint distribution of
{9ijx} (i.j1eE" In the sequel, we study the cases when the fading coefficients at some time k are either fully

correlated or uncorrelated, and we compute the rate 7 for each of these cases.

Uncorrelated fading. With uncorrelated fading, g;; ;. are independent across different links for all k. There-
fore, in this model, the indicators of link occurrences are independent Bernoulli random variables, such that
the indicator of link {7, j} being online is 1 if the fading coefficient at link {i, j} exceeds the communica-
tion threshold of {1, j}, i.e., if gfj & > 7ij> and is zero otherwise. Due to the independence, each subgraph

H = (V,E') of G, E' C E, is arealizable graph in this model, hence,
gFail—uncorr — {H — (V E/) . E’ C E} .

Also, the probability of occurrence of H = (V, E') ¢ gFail-uncorr jg

pu= 1] Py II (=P,

{ij}eE’  {I,m}EE\E'

Denote with P;; = P(gfj . > 7ij) the probability that link {7, j} is online. We compute the rate 7" #l-uncorr
for the uncorrelated link failure using the result of Lemma 2.17. To this end, let F' be a fixed subset of E

and consider the probability that defines C(F'). Then,

C(F) =P (Uger {{i,j} € E(Gh)})
=1-P (N er ({67} ¢ E(G1)})
=1- [ a-pry,

{i.jrer
where the last equality follows by the independence of the link failures. To compute the rate, we follow
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formula (2.40):

1-— min C(F) (2.53)
FCE:(V,E\F)is disc.

= max H (1—P;)
FCE:(V,E\F)is disc. (i1

= — i —log(1 — F;;)). 2.54
exp( FQE:(VI,%I\I}?) is disc. {Z%F Og( J)) ( )

The optimization problem in the exponent is an instance of the standard min-cut problem with edge costs
CFail-uncorr({Z»,j}) — _ 10g(1 o R]) (255)

By formula (2.40), the rate is obtained from the expression in line (2.53) by taking the — log, which finally
yields:
jFail—uncorr — mc(G cFail—uncorr). (2.56)

Regular graph and uniform link failures. Consider now the special case when the underlying graph is
a connected regular graph with degree d, d = 2, ..., N — 1, and the uniform link occurrence probabilities

pij = p. Itis easy to see that pyay and J simplify to:

Pmax = P (nodeiisisolated) = (1 — p)<,

J = —dlog(1 —p).

Correlated fading. With the correlated fading, at any time & each link experiences the same fading, i.e.,
gijk = gi for all {i,j} € E and so the realization of the common fading g, sets all the link occurrences
at time k. For instance, if g,% = g2, then all the links {i, j} with Yij < g are online, and the rest of the
links are offline. Therefore, the graph realization corresponding to the fading realization g2 is (V, E'), where
E' = {{i,j} € E: v; < g*}. We can see that the higher the g is, the more links are online. Also, if we
slide g2 from zero to 400, the corresponding graph realization gradually increases in size by adding one
more link whenever g2 crosses some threshold ;; — starting from the empty graph (5% = 0), until the full
graph (V, E) is achieved, which occurs when g% crosses the highest threshold. Therefore, if we order the
links in the increasing order with respect to their thresholds +;;, such that e; € £ has the lowest threshold,

Ye; = ming; j1eg Vij» and ejg| € E has the highest threshold, Ve = MAX(; jyeE Vij» then the set of all
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realizable graphs with the correlated fading model is
grabeom — (H, = (V, {e1,e2,...,e1}) : 0 <1 < |E},

where the graph realization corresponding to [ = 0 is the empty graph (V,0). For fixed [, 0 < | < |E], let
D= ]P’(gi > ;) denote the probability that link e; is online. Then, the probability pg, of graph realization
Hyispy, =pr —piy1 = Py < g,% < 7141)- Let [° be the index corresponding to the link that marks the
connectedness transition of graphs Hj, such that H; is disconnected for all [ < [°, and H; is disconnected,
for all [ > I°. Then, any disconnected collection on GF4i¢° ig of the form { H1, Ho, ..., H;}, where | < I°.
The most likely one is { H1, Ha, . .., Hjc_1 }, and its probability is pg, +pm, +. . .+ PH. , = 1—pit, where

crit

we use p<it to denote the probability of the “critical” link e;c (i.e., p™" = pjc). Therefore, ppax = 1 — perit

and the rate for the correlated fading model is:

jFail—corr — log (1 . pcrit>) )
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Chapter 3

Products of Random Stochastic Matrices:
Temporal Dependencies and Directed

Networks

3.1 Introduction

We have seen in Chapter 2 how to find and compute the large deviation rate J for products of i.i.d. stochastic
symmetric matrices. In this chapter we go beyond the results in Chapter 2 in the following two ways. First,
we generalize Theorem 2.7 for the sequence of temporally dependent random matrices. More specifically,
we associate a state of a Markov chain to each of the topology realizations ;. The distribution of the
topologies G, t > 1, is then determined by a specified M x M transition probability matrix P, where
M is the number of possible realizations of G;. This model subsumes, e.g., the token-based protocols
similar to [17], or temporally dependent link failure models, where the on/off state of each link follows a
Markov chain. The model that we study is also very similar to the one proposed in [75]. Reference [75]
considers random consensus algorithms where the sequence of switching topologies follows a Markov chain
and derives conditions for almost sure convergence to consensus. Besides the difference in the problems
themselves, we note that the model that we study is more general than the one in [75]. In [75], the consensus
matrices W, are assigned deterministically once G, is given: Wy = I — aL(G}), where L(G,) is the
Laplacian matrix of the topology G; and « is a sufficiently small constant. Contrary to [75], in our model
we allow each W, to be chosen randomly from the set of matrices with the sparsity pattern defined by G,

and, furthermore, the conditional distributions of W; (conditioned on the realization of GG;) can differ across
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time ¢.

We characterize the rate 7 as a function of the transition probability matrix P. We refer to Theorem 3.3
for details, but here we briefly convey the general idea. Namely, the rate J will be determined by the most
likely way the Markov chain stays “trapped” in some subset of states (graphs) whose union is disconnected.
The probability of this event is determined by the spectral radius of the block in the transition matrix P that
corresponds to this most likely subset of states, and the value of this spectral radius will thus determined the
rate J. We illustrate the results on two examples, namely gossip with Markov dependencies and temporally
correlated link failures. The example with temporally correlated link failures shows that “negative temporal
correlations” of the links’ states (being ON or OFF) increase (improve) the rate J when compared with the
uncorrelated case, while positive correlations decrease (degrade) the rate. This result is in accordance with
standard large deviations results on temporally correlated sequences, see, e.g., [[18], exercise V.12, page
59.]

In our second generalization of Theorem 2.7 we remove the assumption that the matrices W; need to
be symmetric. This is of special importance for distributed algorithms that run on networks in which the
physical communication links can be asymmetric (e.g., at some time, ¢ successfully sends a packet to j, but
the packet that 5 sends to ¢ drops). When W,’s are stochastic and with positive diagonal, it is known that
the product Wy, - - - W7 converges almost surely (a.s.) to a random, rank one matrix 1vT (the vector v is
random) [27], under the condition that | Ao (E[W}])] is strictly less than one!. Further, the path-wise conver-
gence of Wy, --- Wy to 1v ' is equivalent to the path-wise convergence of [Ao(Wj, - - - W1 )| to zero. Thus, as
a measure of how far the product at time & is from its limit, we naturally adopt |Ao(WWy, - - - W7)|. Similarly
as in Chapter 2, we are interested in characterizing the probability that the convergence of Wy --- Wy to
a (random) limit 1v " is subexponential. More precisely, let di, & > 1, di, € (0, 1] be a sequence with a
decay rate slower than exponential, i.e., log d; = o(k). Then, adopting |A2(+)| as the metric, we study the
probability of the event that, at some time k, the product ®(k,0) = Wy, --- W is still dj, far away from its
limit:

P((Aa(Wy---Wi)| >dy), k=1,2,.... 3.1)

We show that the sequence of probabilities in (3.1) decays exponentially fast with k. More precisely, for
any sequence di, € (0,1], k > 1, such that log d;, = o(k), we show that the following large deviation limit
exists:

. 1
J = Jim — o logP([A(W - Wh)| 2 dy) - (3.2)

"Note that this condition is equivalent to the condition that the topology of the expected matrix E[WW}] contains a directed
spanning tree.
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We fully characterize the limit J and show that it depends on the distribution of matrices only through
their support graphs. More precisely, 7 is determined by the probability of the most likely set of support
graphs whose union fails to form a directed spanning tree. Thus, the characterization of 7 that we discover
exhibits full consistency with the result for symmetric matrices in Chapter 2: for undirected networks a
collection of topologies is jointly tree-free if and only if it is disconnected, and thus when the matrices are
symmetric the two rates 7 in (3.2) and in (2.2) coincide. Finally, to illustrate our results we consider a
commonly used broadcast gossip protocol [19] in sensor networks, where (only one) node u activates at
a time with probability p,, and broadcasts its state to all single-hop neighbors. For this model, the rate

J = |log 1 — pminl|, Where ppin is the probability of the most rarely active node.

Portions of this chapter have been published in conference proceedings [76] and [77]. The results from

this chapter are to be submitted for a journal publication.

Chapter organization. The next paragraph introduces notation that we use throughout the chapter. Sec-
tion 3.2 studies the model with temporal dependencies, and Section 3.3 studies the model with directed

networks.

Notation. We denote by: A;; or [A];; the entry in ith row and jth column of a matrix A; A; and Al the
I-th row and column, respectively; p(A) the spectral radius of A; Tand .J := (1/N)11T the identity matrix,
and the ideal consensus matrix, respectively; 1 and e; the vector with unit entries, and ith canonical vector
(with ith entry equal to 1 and the rest being zeros), respectively. Further, for a vector a, the inequality
a > 0 is understood component wise. Given a selection S C {1, ..., N} of rows and columns of a matrix
A: {A;: 1€ S}yand {A: | € S}, we denote by Ag the submatrix of A corresponding to the selection S.
Similarly, if S is a selection of rows, we denote by Ag; the part of A’ that corresponds to the selection S.

Likewise, for the selection of columns S, we denote by A;g the part of A; that corresponds to S.

3.2 Matrices with Markov dependencies

In Subsection 3.2.1 we explain the random model with temporal dependencies that we address and state
the main result on the large deviation rate 7 in Theorem 3.3. This result is proved in Subsections 3.2.2
and 3.2.3: in Subsection 3.2.2 we prove the large deviation lower bound, and in Subsection 3.2.3 we prove
the large deviation upper bound. Finally, Subsection 3.2.4 gives examples for the studied model with tem-

poral dependencies and it illustrates through the examples what is the effect of correlations on the rate 7.
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3.2.1 Random model and the main result

Graph temporal dependence. Let Gy, t > 1, be a sequence of random graphs that takes realizations in
G - the set of all undirected graphs on the set of vertices {1, ..., N}. We assume that G is defined on a
probability space (€2, F,P) such that {G; = H} € F for each H € G”. Similarly as in Chapter 2, let
G denote the set of all possible graph realizations; that is, G = {Hj, ..., Hyrq}, where, for each I, P(G; =
H;) > 0 for some ¢t > 1 and forevery t P (G; € G) = 1.

We assume that the sequence of random graphs G follows a Markov chain.

Assumption 3.1 (Markov chain of graphs G;) There exist a nonnegative matrix P € RM*M and a nonneg-
ative vector v € RM satisfying szl Py, =1foralll =1,..., M and le\il v; = 1, such that for all ¢

and all ly,1o,...,l; € {1,,M}
P(Gy = H,,,Ga=Hy,,...,Gy=H},) =v, Py, - P,_,1,-

Thus, each state in this Markov chain corresponds to one realizable graph H;, and the chain of graph realiza-
tions evolves according to the transition matrix P: assuming that H; is the current topology, the probability
to switch to topology H,, in the next time is given by the entry [, m of P, P,,.

Suppose that W;, ¢ > 1, is a sequence of random matrices defined on the same probability space
(©2, F,P) on which the sequence of graphs G; is defined, such that, for each ¢, the corresponding W; takes
realizations in SV — the set of all symmetric stochastic N by N matrices, and is (F, B(RY*N) 1 §V)-
measurable. We will further, for each ¢, assume that W; has positive diagonal entries a.s. (similarly as in
Chapter 2), and also that there exists a small positive number ¢ such that all positive entries of W; are a.s.
lower bounded by J. Now, in terms of the joint distribution of the W;’s, the only assumption that we make

is that at each time ¢, W, respects the sparsity pattern of Gs.

Assumption 3.2 (Matrices Wy) 1. G(Wi(w)) = G¢(w), for every ¢ and every w;
2. There exists 6 > 0 such that the following two conditions are satisfied:

e diagonal entries of W, are a.s. greater or equal to J; that is, for every ¢, with probability 1

[Wilii > 6 for all 4;

e Whenever positive, the entries [W;(w)];; are a.s. greater or equal to J; that is, for every ¢,
if P({i,7} € G¢) > 0 for some 1, j, then, conditioned on {{7,j} € G}, [W];; > ¢ with

probability 1.
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Thus, we see that W;’s will be intrinsically dependent between themselves as a result of correlations between
their support graphs: by construction, the sequence W, ¢ > 1, is such that the induced graphs G(W;),t > 1,
follow a Markov chain. However, note that this puts no constraints on the value of the positive elements
of the matrices: once the sparsity pattern of each W} is set by the sequence G, the joint distribution of the
positive entries of {W, : t > 1} can be arbitrary. For instance, for any ¢, given the realization of Gy, t > 1,
the positive entries of W; can be picked as a function of the arbitrary subset of elements of {W; : t > 1}.
Therefore, the model that we assume for the sequence W, allows for much stronger and longer ranging
correlations than those of the Markov chain of their induced graphs G;.

We next illustrate the model with two simple examples. First, the obvious choice for W; is when W;
is itself a Markov chain. For example, suppose that W; is a Markov chain of matrices on the set of states
{A1, ..., Apq}, such that each A,, has positive diagonal entries. Suppose that each A,, has a different
support graph 2. Then, defining G; = G(W;), and noting that the minimal positive entry among all the
matrices A,, is strictly greater than zero (due to finiteness of the set of states) we see that W; falls in the
class of models that satisfy Assumption 3.2. Note that in this example we have a one-to-one correspondence
between W; and G, for each ¢.

On the other extreme, we could create a sequence of matrices satisfying Assumption 3.2 in which, at ev-
ery time ¢, positive entries of W, are completely independent of ;. To show how this can be done, define for
every H € GV set SH = {S eSVN:G(S)=H, S; >6fori=1,..,N, and S;; > § for {i,j} € H},
where § is some small positive number; that is, S is the set of all stochastic symmetric matrices with the
sparsity pattern given by H, and whose diagonal and positive entries are lower bounded by § > 0. Let now
the sequence W; be defined as follows: for any time ¢, given Gy = H, W} is picked uniformly at random
from SH. Tt is easy to check that WW; satisfies Assumption 3.2. Also, we can see that the distribution of
W; given Gy depends on G only through its sparsity pattern, which we wanted to show. Remark finally
that, instead of the uniform distribution, we could have chosen for each H an arbitrary distribution on SH to
generate W, given H (e.g., uniform distribution on SH1 | for the realization G; = H;, and, say, discrete on
SH2_for realization G; = Hy = H1), and the same conclusions would hold.

Further models that satisfy Assumption 3.2 are given in Subsection 3.2.4.

We assume in the sequel that v > 0.

Note that we need this assumption because we assumed that each graph in the set of states G, of the graph Markov chain, is
different. In order to address the case when a Markov chain of matrices has matrices (states) with the same sparsity patterns, we
simply modify the model by creating (where necessary) multiple states for the same topology. The rest of the analysis would then
proceed the same.
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Theorem 3.3 Let dj; be a sequence of real numbers such that dj, € (0, 1] and log dj, = o(k). Then:
1 =
lim —logP (H@(k,O)H > dk> =-J,
k—oo k
where

l0g pmaxl ,  if TI(G) # 0

400, otherwise

J = 3.3)

and Pmax = MaXyer1(g) P (PH)

To prove Theorem 3.3, we consider first the case when I1(G) = (). In this case each realization of G is
connected (otherwise, I1(G) would contain at least this disconnected realization). Applying Corollary 2.13

from Chapter 2 to successive graph realizations (i.e., for s =t + 1) we get that
~ 9 k
H(I)(k,O)H < (1-cnd?)?. (3.4)

Now, for any given sequence dj, € (0, 1] satisfying log dx, = o(k), for any € > 0, there exists k1 = ki (e)
such that % > —e for all k > k;. Taking € to be the absolute value of the logarithm of the left hand side

<AIS(/€, O)H < d, for all K > k;. Therefore,

of (3.4), we have that, pointwise (and thus with probability 1),
the probability from Theorem 3.3 is equal to zero for all £ > k;, yielding the rate I = oo. This completes
the proof of Theorem 3.3 for the case when IT*(G) = ().

We prove Theorem 3.3 for the case when I1(G) # () by showing the upper and the lower large deviation

bound:

1 -
liminfflogIP’<H<I>(k,0)H > dk) > 108 pmax (3.5)
k—oo k
. 1 =~
hmsupglogIP’<H‘I>(k:,0)H de) < 10g pmax- (3.6)
k—o0

Subsection 3.2.2 states some important preliminary results needed later in the proofs of both the upper and
the lower bound, and then it proceeds to prove the lower bound. The proof of the upper bound is because of

its complexity given separately in Subsection 3.2.3.

3.2.2 Preliminary results and the proof of the lower bound (3.5)

Lemma 3.4 is a simple result for Markov chains: if we start from the state H; at time ¢, end up in the state

H,, at time s 4+ 1, and we restrict the trajectory (G, t + 1 < r < s) to belong to a subset of states S, the
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probability of this event occurring is determined by the submatrix Ps.

Lemma 3.4 Let H,, and H;, 1 <I,m < M be two given states and S C G a given subset of states. Then,

forany 1 <t¢ < s (assuming P (G, = H;) > 0):

P(Gr €S, t+1<r<s, Gsy1 = Hy |Gy = H)) = Ps P! P, (3.7)

Proof We prove Lemma 3.4 by induction on s — ¢. Fix [, m, S and s, ¢ such that s — ¢ = 1. We have

P(Grs1 € S,Gsp1 = Hp|Gy = H) = Y P(Gy1 = Hy,Goy1 = Hp|Gy = H))
n:H,eS

n:HpeS

= Pis1Psm,

which proves that the formula in (3.7) is correct for s — ¢t = 1. Assume now that (3.7) is true for all [, m, S
and all s, ¢ such that s — ¢t = r > 1. Consider now the probability in (3.7) for fixed [, m,S and s’, ' such

that s’ — ¢ = r + 1. Summing out over all realizations of Gy that belong to S, we get

]:P(th+1 687"'7GS/ GS’GSI+1 :Hm’Gg :Hl)

= Y P(Gyu€S,....Gy=Hy Gy = Hy|G) = H)

n:H,€S

= Y P(Gy€S,....Gy=Hy|G} = H)P(Gyy1 = Hn|Gy = H,)
n:Hp,€S

= Z PISP;'/_I_t/_IPSnan
n:H,eS

where in the second equality we use the Bayes formula together with the fact that the graph sequence is
Markov, and in the third equality we use the induction hypothesis. Finally, observing that ) . i, es PsnPam =

Ps,,, proves the claim. O

Spectral radius of P,,. We can see from Lemma 3.4, that as we let the time interval s — ¢ increase,
the probability to move in a restricted class S C G is essentially determined by the spectral radius of the

submatrix of P corresponding to this restricted class, Pg>. This observation is formalized in Lemma 3.5.

3Reader familiar with the results from Chapter 2 could now guess that the restricted set S that we have in mind here is some
disconnected collection H € II(G).
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Lemma 3.5 Let A € RV*Y be a nonnegative matrix. For every ¢ > 0, there exists C. such that for all ¢ > 1

p(A) <1TA'1 <O (p(A) ). (3.8)

Proof We first observe the following
14T < 17 A% 1 < NJJA"|,

where || - || denotes the 1 norm (for a nonnegative matrix equal to the maximum row sum of the matrix).
The left hand side of the inequality (3.8) now easily follows from the fact that spectral radius is a lower

bound for every matrix norm, and for the 1-norm, in particular:
p(A)" = p(A") < [|A"[|r.

To prove the right hand side of (3.8), we recall Gelfand’s formula, e.g., [78], which applied to the 1-norm
states that
1
Jim (A = p(A).
—00

The previous equation implies that for every ¢ > 0 there exists to = to() such that || A*||; < (p(A) + )" for
all t > to. Choosing Cc = N max{1, maxj<t<¢, || A*|1}, proves the right hand side of (3.8) and completes

the proof of Lemma 3.5. O

Focusing now on the subsets of states S that are disconnected in union, i.e., on S € II(G), from the

upper bound of Lemma 3.5 we derive the following Corollary.

Corollary 3.6 For each ¢ > 0, there exists C. > 0 such that the following holds:

> 1TP 1< Cc (pmax +9) (3.9)
HETIL(G)
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Proof Fix ¢ > 0. By lemma 3.5, we know that for each H € II(G) there exists C; such that 17 P}, <

Cr.c (p(Pr) +)". Thus, we have:

Yo 1TPi1< Y Cuo(p(Pr) +9)
HETL(G) HETL(G)

t
< |II C P
<| (Q)IHDGH%) M. <Hrgg(xg)p( H)+<> ,

and we see that equation (3.9) is satisfied with the constant C; = [IL(G)| maxycry(g) C,e- O

Proof of the lower bound (3.5).

We start from the fact, shown in Chapter 2 (see Lemma 2.8 and eq. (2.12))*, that, if I'(k,0) is dis-
connected, then H:I;(k,())H > 1, implying further H(AI;(k,O)H > dy. Thus, {I'(k,0) is disconnected} C
{Hé(k‘, 0) H > dk}, and passing to the probabilities,

P (HEI;(I@, O)H > dk) > P (T'(k,0) is disconnected) .

From the claim in eq. (2.13) from Chapter 2, we further have that, for any fixed disconnected collection
H e I1(G),
P (['(k,0) is disconnected) > P(Gy € H, 1 <t < s).

Computing the probability in the right hand side by partitioning over all possible realizations of the initial

and the final graph G; and GG}, which belong to H, and applying Lemma 3.4:

P(GieH, 1<t<k)= > > PG eH 2<t<k—1, Gy=Hy|G =H)P (G =H)
IHieHm:HneH

= > Y wPyP{ Py

IHieHm:HneH

= D uPw Pylff2< > PHm> > vminl | PR,

I:H eH m:Hm€H

where in the last inequality we used that (3.7 <3 Prm) = Pxl and Y pp 3 viPirg > Uminl | Pr.

Combining the previous findings, and applying Lemma 3.5 to the matrix Py, yields

P ([ 80,0)]| = i) > vuinp (Pro)" (3.10)

*Note that the claim in Lemma 2.8 holds in the point-wise sense for arbitrary sequence of realizations W, t > 1 (irrespective
of the distribution of W,’s), hence it applies here.
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Computing the logarithm, dividing by k, and passing to the limit:

1 ~
im inf — > > . .
lim inf - togP (|[8(k,0)|| = i) = p () (3.11)

Noting that the preceding inequality holds for arbitrary H € II(G), and thus for H* such that p (Pyx) =

Pmax, completes the proof.

3.2.3 Upper bound

Similarly as with the i.i.d. case from Chapter 2, the main tools in proving the upper bound will be the se-
quence of stopping times 7; 5 and the (random) number of improvements until time k, M}, s. However, note
that we have a slightly easier case here (modulo the complexity of the Markov chain setup), compared to the
model from Chapter 2: here we assume that positive entries of all the realizations of 1, are bounded away
from zero by some small number § = Jy, see part 2 of Assumption 3.2. As a result of this simplification,
the proof of the upper bound here will escape from the technicalities from the proof of the corresponding
upper bound in Chapter 2. Here, to prove the upper bound, we need only one member of the family of the
d-stopping times, 7; s and only one member of the family of 6-number of improvements, Mj, s: we take
Ti s, % > 1, and My, 5,. For simplicity, we will drop the index dy in the sequel and use T; = T; s,, for
t=1,...,N,and My = Mys,, for k > 1.

Following the arguments from Chapter 2, it can be easily checked that part 1 of Lemma 2.15 holds as

well for the model of W, that we study’. Therefore, to prove the upper bound (3.6), it suffices to show that
) 1
hmsupz logP (M, < ak) < —|pmax|- (3.12)

k—+4o00

We start from the following result which is the counterpart of part 2 of Lemma 2.15 from Chapter 2.

Lemma 3.7 For every ¢ > 0 and A > 0 such that A < |log(pmax + )|,

(3.13)

1— e()‘* [log(pmax-+s

[ak]
o ()\*|10g(Pmax+§)|)
P (Mj, < ak) < |G|[*¥|I1(G)|[*FT1** =A% ( - ))) !

where the constant C'. is the constant that verifies Corollary 3.6.

>In fact, part 1 of Lemma 2.15 holds for arbitrary deterministic sequence of stochastic symmetric matrices with positive diagonal.
The reason why this is true is that, for sufficiently large k, there is no sequence of realizations Wi,..., Wi, that satisfies both

H&(k, O)H > dy and M, > ak, where o € (0, 1) is fixed — i.e., for sufficiently large k, {H%(k, O)H > dk} N{My > ak} =0.
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Proof The key property which allows to derive the result in Lemma 3.7 is the following exponential

bound for the joint probability distribution of the first M stopping times.

Lemma 3.8 For M > 1,1 <t; < ... <ty and for every ¢
—M _
P (T = t1,.... Tag = tar) < [GIMTIG) M T, (pmax + )2 2M (3.14)
Proof Using the definition of the stopping times T}, (see (2.23) in Chapter 2) we have that for every m
the accumulation graph I" (7},,_1 — 1, T},,) must be disconnected. Therefore,

P(Tl =11,... ,TM = tM) < P(F(tm - 17tm—1) is disconnected, m = 1, ces ,M)

IN

Z P(Gtm71+1GHm,...,Gtm_lEHm,mzl,...,M).
Hm€ell(G),m=1,....M

Now, fix Hi, ..., Har € II(G) and consider the probability in the summation above corresponding to these

fixed collections. Summing out all possible realizations of graphs at times 0, %1, ..., £y we get

P(Gtmfl—i-l EHma-"7Gtm—1 EHmvmzlv"'aM)

= > P (Go = Hyy, G, 141 € Huns -+ Grypm1 € M, Gy, = Hyppym=1,..., M)
H;,€G,m=01,. .M

Applying the chain rule for probabilities on a fixed term in the previous summation:

]P)(GO :H107Gtm—1+1 S Hm,...,Gtm_l € H?TL)Gtm :Hlm, m = 1,,M)

M
=P(Go=Hy,) [[ P(Grrors1 € Hims oo, Grpim1 € Hin, G, = H,,|

m=1

thm—l = Hlm_laGtmflfl S Hmfb ey GO = Hlo)
M
= P(GO = Hlo) H P (Gtm,ﬁ—l S Hm, .. ,Gtm_l (S Hm, Gtm = Hlm|thm_1 = Hlm—l) ,
m=1

where the last inequality follows from the Markov property of the graph sequence. Applying the result of
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Lemma 3.4, we get:

P(GO :Hlo,Gtm71+1 (S Hm,---,Gtm—l < HmaGtm :Hlm, m = 1,...,M)

o t1—2 to—t1—2 tp—thr—1—2
= - PloHlPH1 PHlll : P11H2PH2 PHzlz T B]\/IHM+1PH1\/I PHMIM

S 1TP7t't11_21 . 1TP7t_l22_t1—21 - 1TP;—{N1[VI*tM71721'

Finally, summing over all possible H;, , Hp,, m =1,..., M

P(Ti=t,...., T =tar) <G [ D TR0 | ST TRt
Hi€(9) Har€ll(G)

and applying Corollary 3.6 to each of the terms in the product above yields the claim. O

To continue with the proof of Lemma 3.7, note first that { M}, < ak} = {T[ak] > k} Hence, from
now on we focus on the probability [P (T[ak] > k) Exponential Markov inequality with parameter A > 0

applied to the stopping time 77y yields:
P(Tjax > k) S E |eMTion1| e (3.15)

To compute the expected value in (3.15), we consider all different increments A; > 1 of the first [ak]
stopping times, T;11 — T; = A;, @ = 1,..., [ak]. Note that for any fixed realization of increments A;,

7= 1, e [Ozk}—|, T[ak] = Al + ...+ A]’ak]' Thus,

E[Mon] = 3 MOt )P (T = AL Ty~ Ty = Mg Tk = Tty -1 = D) -
Ar1>1,. Apgr 21
Applying then the bound from Lemma 3.8 to each probability in the sum above, where we note that M from

Lemma 3.8 now equals [ak] and for any fixed A;, i = 1,..., [ak], tyr equals Ay + ... + Apyy, yields

E |:e>\T(alﬂ:| S Z e/\(A1+...+A"ak")|g‘|—ak‘-| ‘H(g)“akﬂégak] (pmax + g)A1+"‘+AWM —2|'ak'\
A1>1,..., AMHZI

— GG MM ST T A lleslomacta)Da:

Ar>1, A 21
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Observe that the last sum can be represented as a product of equal terms, i.e.,

[ak]
S X121 O—llog(pmax+)NAs _ [T [ 3 et -tosteomactainas

A1>1,0, A >1 i=1 \A;>1

Hence, we obtain

[ak]

E |:6)\T|’ak"|:| S |g|’—ak-| |H(g)|fak1€£ak1 Z e()‘7|10g(pmax+§)|)Ai
A;>1

Finally, recognizing that for every fixed A and ¢ such that A < | log(pmax + ¢)]

A—|lo 'max
Z e(>‘_|10g(pmax+§)|)Ai _ 6( I g(p +<)|)

T 1 — e(A—log(pmax+s)])
Ai>1

proves (3.13). O

Having the result of Lemma 3.7, the proof of the upper bound (3.6) is now easy to complete. Computing

the logarithm and dividing by & in both sides of (3.13)

1 k —
LlogP (M < ak) < 1281 (1og|gr +10gC — 2108 (pas +5)] +log

— e ([log(pmax+<)|—A)

67(“0g(pmax+§)|7)‘)
k

Taking first the limit as k& — 400, and then the infimum over o > 0 yields

1
li —logP (M) < —A\.
kiToo k 8 ( k) -

Since the last inequality holds for every A > 0 and ¢ > 0 such that A < [log (pmax + <), we have

1
lim %log]P’(Mk) < inf

inf —A = — [10g prmax| -
k—-+o00 s>0 0S>\<|10g(pmax+<)|

This proves (3.12) and thus completes the proof of the upper bound (3.6).

3.2.4 Examples

We now give two instances for the assumed Markov chain model and we compute the rate 7 for each of the
given examples. The first example is a gossip-type averaging protocol with Markov dependencies, similar

to the protocol in [17] (except that protocol in [17] corresponds to directed graphs). One particular instance
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of this protocol is a random walk of a token along the edges of a given graph, according to a given transition
probability matrix. In the second example, we consider a network with temporal correlations of the link

failures, where we model the correlations by a Markov chain.

Gossip with Markov dependencies. Let G = (V| E) be a connected graph on N vertices. We assume
that at each time ¢ > 0 only one link of G can be active; if e = {u,v} € FE is active at time ¢, then
Wi = Iy — %(eu — ¢ey)(ew — €,)". Thus, at each time ¢, the topology realization, Gy, is a one-link graph.

The sequence of one-link graphs, G, t > 0, is generated according to a Markov chain:

P(Gyp = (V,e)) = v, forec E

B(Grar = (V, ))|Gi = (V,e) = Py, fore, f € E,

where v, > 0, Py > 0, ZfeE P,y = 1,foreach e € F, and ZeeE ve = 1. The set of states of the Markov
chain is therefore

GUosSIP — {(V,e) : e € E}

and there are M = |E| states. A disconnected collection on G is of the form {(V,e) : e € E \ F}, for

some set of edges F’ that disconnects GG. Thus, the set of all disconnected collections on GGossip g
I(GEP) = {Hp : F disconnects G} .
where Hp =:= {(V,e) : e € E'\ F'}, for F' C E. By Theorem 3.3, we get the formula for ppax:

p(PHF)'

Pmax = max
FCE: F disconnects G

Computing pmax for this model is difficult in general, as it involves computing the spectral radius for all
submatrices Py, of the transition matrix P associated with disconnected collections Hp. A simple ap-
proximation for ppax can be obtained using the row-sum based lower bound for the spectral radius. We
explain this next. For any fixed disconnected collection Hr, we denote by c(Pp,.) the minimal row sum
of its associated submatrix Py, c(Prp) = ming_y 3| Zyg' [P}, ]ij We then have, for any Hy [78]:
c(Pry) < p(Pry), implying

P, < . 3.16
FCE: F diooannects GQ( Hp) < Pmax (3.16)

In particular, for gossip on a tree, we get a very simple lower bound on pn,ax that involves no computations

(it involves only O(M?) comparisons of certain entries of the matrix P.) When G = (V, E) is a tree,
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removal of any edge f € E disconnects G. Also, for any F’ C F' C E, the matrix Py, is a submatrix of
Py, and so c(Py,) < c¢(Py,, ), i.e., the minimal row sum can only grow as the edges are removed from
F. This implies that we can decrease the space of search in (3.16) to the set of edges of G

P = P < «- 3.17
FCE: F icoonnects GQ( Hr) I}leagg( Hy) < Pma (.17

Now, for any fixed f € E, since P is stochastic, it holds that ¢( Py f) = 1 — max,.¢ E\f P,;; that is, to
compute the minimal row sum of P4, we only have to find the maximal entry of the column P/, with entry

Pyt excluded. This finally implies:

Pmax = I;lé%é(l — ergg@ Py=1- gcrgg erélEaicf P.y. (3.18)

We can see an interesting phenomenon in the lower bound on ppax in eq. (3.18): when max.cp\ 5 Pes
is high for every link e, that is, when the gossip token is more likely to jump to a different link f # e,
rather than to stay on the same link e (P.y >> P, for some f # e), the bound in eq. (3.18) has a small
value. Assuming that pp .« follows the tendency of its lower bound, we obtain a high rate 7 for this case
of “negative correlations”. This is in accordance with the intuition: if every link has a low probability P,
to be repeated (repeating a link is a wasteful transmission in gossip), the convergence of gossip is faster and

thus the rate J is higher.

Link failures with temporal correlations. Let G = (V, E) be a connected graph on N vertices. For each
e€ Fandt > 0,letY,; € {0,1} be a random variable that models the occurrence of the link e at time ¢:
if Y, ; = 1 then e is online at time ¢, and e is offline otherwise. For each link e, we assume that the failures
of e occur in time according to a Markov chain. Also, the failures of different links are independent. More

precisely, we assume that Y, ; and Y7 ; are independent for all ¢, s > O if e # f, and, fore € Fand ¢ > 1:

P(Yer+1 = 1Yot = 1) = pe,

IP)(Ye,m-l = O\Ye,t = 0) = (e,

P(Yeo = 1) = ve, for some pe, ge, ve € (0,1). In other words, the joint state of all the links in the network
evolves according to the | F| independent Markov chains, where each Markov chain determines the state of
one link. Given the network realization (7, the averaging matrix W can be chosen, e.g., as the Metropolis

or an equal weight matrix [79].

We compute the rate 7 for this model, following the reasoning in the proof of Theorem 3.3, and exploit-
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ing the decoupled single-link Markov chains. We first find the set of all network realizations at time ¢. Due
to the independence in space of the link failures, and the fact that each link is on/off at time ¢ with positive

probability, the set of all network realizations at time ¢ is the set of all subgraphs of G:
gLink fail. _ {(V E/) - E C E}

Consider now a fixed disconnected collection H on GU"k il and let F be I'(H) = E \ F; note that F’
disconnects G. Then H is necessarily a subset of the (bigger) collection Hr = {(V, E’) : E' C E'\ F'} and
thus P(Gy € H,0 <t < k) <P(Gt € Hp,0 <t < k). The latter implies that, in order to find the most
likely H that determines the rate 7, we can search over the smaller set {Hr : F' disconnects G'}. Thus, we

focus on the right hand side of the latter inequality:

P(GyeHp, 0<t<k)=P(Yo; =0, forec F, 0<t<k)

=[[P(Vee =0, 0<t <k)=J](1 - ve)at; (3.19)
ecF ecF

the second equality in (3.19) follows by the independence of failures of different links. The rate at which

the probability in (3.19) decays is equal to ) | log ge|, and thus the rate J equals

— 7)) = i log g|. 20
J j({q }) FCE: nglslcrtl)nnects G;‘ 08 4 ’ (3 )

Optimization problem in (3.20) is the minimum cut problem [16], with the cost of edge e € E equal to
|log ge|. (Recall that ¢, is the probability that the link e stays offline, given that in the previous time it was
also offline.) Problem (3.20) is a convex problem, and there are efficient numerical algorithms to solve it,

e.g., [16].

To get some intuition on the effect of temporal correlations, we let ¢ = ¢, = pe, forall e € E, i.e., all
the links have the same symmetric 2 x 2 transition matrix. Note that ¢ = 1/2 corresponds to the temporally
uncorrelated link failures. When ¢ < 1/2, a link is more likely to change its state (on/off) with respect to its
state in the previous time (“negative correlation”) than to maintain it. From (3.20), the rate 7 (q) > J(1/2)
for ¢ < 1/2. We conclude that a “negative correlation” increases (improves) the rate. Likewise, a “positive

correlation” (¢ > 1/2) decreases (degrades) the rate.
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3.3 Rate 7 for directed networks

In this section we study convergence of products of asymmetric stochastic i.i.d. random matrices W;. Prob-
lem setup and preliminaries are given in Subsection 3.3.1. The main result on the large deviation limit J
in (3.2) is stated in Theorem 3.13 in Subsection 3.3.2 and subsequently proven in Subsection 3.3.3. Subsec-

tion 3.3.4 then illustrates with examples how to compute the rate J .

3.3.1 Problem setup and preliminaries

Recall that AV and DV denote, respectively, the set of all stochastic matrices of size N by N and the set
of all directed graphs (possibly with self-loops) on the set of vertices V' = {1,..., N}. Let W, t > 1,
be a sequence of random matrices on a probability space (€2, F,P) taking values in AY. We assume the

following on the sequence W.

Assumption 3.9 1. W, t > 1, arei.id.;
2. there exists § > 0 such that the following two conditions are satisfied:

e diagonal entries of W, are a.s. greater or equal to J; that is, for every ¢, with probability 1
[Wilii > ¢ for all 4;

e Whenever positive, the entries [IV;(w)];; are a.s. greater or equal to §; that is, for every ¢, if
P ([Wi(w)]i; > 0) > 0 for some ¢, j, then, conditioned on {[W;(w)];; > 0}, [Wy];; > 6 with

probability 1.

Similarly as before, for 1 < ¢t < s, ®(s,t) denotes the product of the matrices that occur from time ¢ + 1
until time s, i.e., ®(s,t) = Wy Wiyy.

Thus, compared to the random model from Chapter 2, here we allow that matrices W, have realizations
that are asymmetric. It can also be seen that we make an additional assumption that positive entries of W,
are bounded away from zero. However, this assumption serves only to simplify the proofs and make them
more intuitive. In particular, the same formula for the rate 7 holds even when this assumption is relaxed.
We don’t pursue the proof here, but we note that the same technique from Chapter 2 of using the family of
improvements times 7; s indexed by ¢ (in the place of a single sequence of stopping times 7;), would yield

the result.

Sequence of induced graphs. Introduce a graph operator G : AY — D/ and let G be defined by

GW) = (VA1) - Wiy > 0}), (321
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for W € AN, Thus, for any W € AN, G(W) is the graph on the set of vertices V' = {1,..., N} with the
set of edges consisting of all (ordered) pairs (j, %) (possibly ¢ = j) for which the corresponding entry W;; is
positive. Let now Gy, t > 1, be the sequence of random graphs such that G; = G(W;) for each t, that is, G;
is the sequence of the induced (or, support) graphs of W;’s. Note that G are i.i.d., the matrices W; being
i.i.d.. Further, for a graph H € DY, let py denote the probability that an induced graph G takes realization
H,py = P(G(W;) = H); for a collection of graphs H C DV, we let py = P(G(Wy) € H) = Y yer PH-

Set G collects all realizations of an induced graph that occur with positive probability:
G:={HeD" :py>0}. (3.22)

Accumulation graph I'(k,0) and tree-free collections. For a collection of graphs H C DY, let I'(H)
denote the graph that contains all the edges of all the graphs in H, I'(H) = (V,Ugen E(H)), where E(H)
denotes the set of edges of a graph . We call such a graph union graph (of the graphs in H). With a slight
abuse of notation, we use the same symbol I" for the union of subsequent realizations of GG,- over any given

time window 1 <t < s:

T(s,t) = (V, U E(GT)>, (3.23)

r=t+1
in which case we call I'(s, t) the accumulation graph from time ¢ until time s. Next paragraph recalls some
concepts from directed graph theory that we will need in our study.

Let H = (V, E) be a given directed graph on the set of vertices V' = {1, ..., N}. A directed path in H
is any sequence of nodes (ig, i1, ...,41,), 4 € V,l =1,...,L, L > 1, such that i; # i, forall 0 < k,l < L,
and, for each I, (i;,4;41 € E; nodes iy and iy, are then, respectively, called initial and end node. Further, it
is said that H has a directed spanning tree if there exists a node r, called a root node, such that r can reach
every other node j in H. Node i is a neighbor of j in H if (i,j) € E. A subset of nodes C' C V is called
a strongly connected component of H if for every ¢,j € C both ¢ can reach j in H and j can reach ¢ in
H; following the standard practice in the Markov chain literature, we will use also the term communication
class when referring to a strongly connected component of a graph, see, e.g., [14, 80]. Correspondingly, for
anode ¢ that can reach a node j in H we will say that ¢ can communicate to j in H. Finally, a communication
class C' of H (that is, a strongly connected component of H) is called initial if none of the nodes in C' has a
neighbor outside of C'.

The first step in relating the matrix sequence W; with the graphs sequence G is a simple, but important

relation between I'(k, 0) and the induced graph of ®(k,0).
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Lemma 3.10 For every w € (), and every k > 1:
1. I'(k,0) is a subgraph of G(®(k,0));

2. two nodes communicate in I'(k, 0) if and only if they communicate in G(®(k,0)).

ProofTo show 1, suppose that I'(k, 0) contains an edge (¢, 7). Then, it must be that [W;];; > 0, for
some 1 < ¢ < k. Using the positivity of the diagonal entries, this implies that [®(k,0)];; > 0, showing
that (i, 7) € G(®(k,0)). TO prove 2 we need to show that for any ordered pair of nodes (4, j), there exists
a directed path from ¢ to j in I'(k, 0) if and only if there exists a directed path from ¢ to j in G(®(k,0)).
Now, from part 1 we know that I'(k,0) is a subgraph of G(®(k,0)). Thus we only need to prove the
sufficiency part. Fix a pair (4, j) and suppose that there exists a path from i to j in G(®(k,0)). Then, by
construction of G(®(k,0)), it must be that [®(k,0)];; > 0, implying that there must exist a sequence of
nodes iy, = i, ig_1,..., ip = j such that [Wy];,;,_, > 0, for 1 < ¢ < k. By construction of G, we then have
(i¢,it—1) € E(Gy), implying that (i¢,i;—1) € E(T'(k,0)), for all ¢. This shows that there exists a directed
walk, and thus, a directed path from i to j in I'(k, 0), completing the proof of the claim. O

Note that the induced graph of the product matrix, which contains both one-hop information flows and
their superpositions in time, contains in general more links than the graph I'(k, 0) that registers only one-hop
information flows. However, Lemma 3.10 assures that the communication classes of these two graphs are
nevertheless the same. We use this observation to derive the key relation between the product matrix ® (%, 0)

and the accumulation graph I'(k, 0) which we state in Lemma 3.11.

Lemma 3.11 |A\2(®(k,0))| < 1if and only if I'(k, 0) contains a directed tree.

Proof We use (without proof, which can be derived from Lemma (3.20) on page 224 in [80]) the fact
that, for every stochastic matrix W with positive diagonals, |A2(W)| < 1 if and only if G(V) has exactly
one initial class. Combining this with Lemma 3.10, it follows that [\2(®(k,0))| < 1 if and only I'(%,0)
has exactly one initial class. Finally, the last condition is equivalent to the condition that I'(k, 0) contains a
directed tree. O

We say that a collection of directed graphs H C DY is tree-free if the union graph I'() does not contain

a directed tree. Denote with I1(G) the set of all tree-free collections H such that H C G:

II(G) = {H C G : T'(H) is tree — free} . (3.24)
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We illustrate the introduced concepts of accumulation graph and tree-free collection on the example of

broadcast gossip algorithm.

Example 3.12 (Broadcast gossip) Let G = (V, E) be a directed graph that collects all the available com-
munication links in a network. At each time k, a node is chosen at random in V' according to the prob-
ability mass function p,, > 0, u € V, ZuEV Py, = 1. Denote by uy the node chosen at time k. With
broadcast gossip [19], the weight matrix W}, has the sparsity pattern of a directed star graph centered
at uy and is given by: [Wgly,o = [Wklew = 1/2, for all v such that {ug,v} € E (out-neighbors of
ug), [Wilow = 1 otherwise, and the rest of the entries are zero. The graph realization at time & is then
Gr = (V, {(uk, v) v €V, (u,v) € E}) Since each node in V' has a positive probability of being cho-
sen, we conclude that the collection of realizable graphs with broadcast gossip is the collection of all star

subgraphs of G centered at its nodes:
gBeossie — (1 sy eV}, (3.25)

where H,, = (V, {(u,v) v eV, (u,v) € E})
For concreteness, we consider now a simple case when G is a four node graph, V' = {1,2,3,4}, and

with the set of edges £ = {(1,2),(2,1),(2,3),(3,2),(3,4), (4,3)}, as shown in Figure 3.1 a. We can

G=(V,E)
e i iy g
H1 H2
o—0 O O 3 b0 O

b)

oo‘/H_Sb—»oood/-\o

F({H1,Hs,Ha}) F({H2,Hs})

Vo T & o0

Figure 3.1: Example of a broadcast gossip on a 4-node chain; a) G = (V, E) is the total budget of commu-
nication links; b) G = {H1, Hy, H3, H,} is the set of realizable graphs; ¢) H = {H1, Hs, H,} is a tree-free
collection, whereas H' = { Ha, H3} is not.

see that, for node 1, its only out-neighbor in G is node 2 — thus, H; is the single arc graph (V,(1,2)),
as shown in Figure 3.1 b. Similarly, node 2 has two out-neighbors in G, node 1 and node 3, and thus
Hy = (V,{(2,1),(2,3)}). Checking the out-neighborhoods of the remaining two nodes, 3 and 4, we
conclude that the set of all realizable graphs is G = {H;, Ho, H3, Hy}, with H; as in Figure 3.1 b,

i = 1,...,4. To find the tree-free collections on G, we notice first that the removal of the edges of Ho
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and Hs makes G tree-free. Thus, any subset of G \ {H,} is a tree-free collection, and similarly for
G \ {Hs}; for example, H = {H;, H3, Hy} shown in Figure 3.1 c (left) is one such a collection (it is
easy to see from Figure 3.1 c that I'({ Hy, Hs, H4}) does not have a directed spanning tree). On the other
hand, simultaneous removal of edges of H; and Hy “does no harm”, as I'({ H2, H3}) still contains a di-
rected spanning tree (in fact, it contains two directed spanning trees, as can be seen from Figure 3.1 ¢
(right)). Summing up, the set of all tree-free collections on G is II(G) = 20\H2} |y 99\{H3} | where
29\ — (9 (H\},{Hs},{Hy}, {H1, H3},{H1, Hy},{H3, Hy}, {Hi,Hs, Hy}} is the power set of
G\ {H3}, and similarly for G \ {H3}.

3.3.2 Main result

Theorem 3.9 states the main result on the large deviation rate 7 in (3.2).

Theorem 3.13 Let dj, be a sequence of real numbers such that dj, € (0, 1] and log di, = o(k). Then

1
S o log P ([A2(2(k, 0)] 2 dy) = —J (3.26)
where
108 Prmax|, ETI(G) # 0
7= | 10g prax| 9) #

400, otherwise

and pmax = MaxXyeri(g) PH-

In the proof of Theorem 3.13, our general approach is to follow the lines of the proof of Theorem 2.7
in Chapter 2, and then focus only on those steps that require a different argument. Compared to the setup
from Chapter 2, we have here an additional difficulty which stems from the fact that the (almost sure) limit
limy_y Wi, ---W; = 1o is no longer deterministic (vector v is random). If we go back to the proof of
the upper bound (2.11) in Chapter 2, we can see that it was crucial to use the submultiplicativity of the
spectral norm. Because we don’t know the limit 1v ", we can no longer use the spectral norm (nor any
other matrix norm for that matter); on the other hand, |\2(+)| is not submultiplicative, i.e. |A2(A1A2)] is
not smaller than |A2(A;1)||A2(A2)] in general. Therefore, we need some other matrix function which is both
submultiplicative and is able to measure the distance from the set of rank one matrices (to be able to detect
the sequence W}, - - - W, approaching to a point 1v " in this set). A class of matrix functions that have these

two properties are ergodicity coefficients [14, 81]; for our purpose it will be convenient to use a specific
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ergodicity coefficient 7, which we define next®

Coefficient of ergodicity 7 and scrambling graphs. For A € AN let 7 : AV — R be defined by
1
7(4) = max 3 ZZ; | A — Ajl. (3.27)

Lemma 3.14, borrowed from [81], asserts that the matrix function 7 can indeed both detect a rank one
matrix (see part 2) and has the submultiplicativity property (see part 4). In addition, we have that 7 is always
between zero and one (see part 1), and that 7 is less than 1 only for (stochastic) matrices that have no two

orthogonal rows. The proof of Lemma 3.14 can be found in [81] and is omitted here.

Lemma 3.14 (Properties of 7, [81]) Forany A, Ay, Ay € AN:
1. 0< r(A) < 1;
2. rank(A) = 1 if and only if 7(A4) = 0;
3. 7(A) < 1if and only if A has no two orthogonal rows (“scrambleness”);

4. 7(A1A2) < 7(A1)7(A2) (submultiplicativity).

Of special importance in our context is a property of 7 by which 7 upper bounds all eigenvalues of a matrix

that are different than 1; hence we state this property in a separate lemma.
Lemma 3.15 (Spectral bound using 7, [81]) For any A € A"

|A| < 7(A), for all eigenvalues A of A s.t. A # 1. (3.28)

A stochastic matrix whose coefficient 7 is strictly smaller than 1 is called scrambling [14]. We can see
from part 2 of Lemma 3.14 that the property of “scrambleness” is a purely topological property: a matrix
A € AN is scrambling if for every two rows of A we can find a column in which both rows have a positive

element. Motivated by this, following [82], we introduce the concept of a scrambling graph.

Definition 3.16 (Scrambling graph) A graph H € DY is called scrambling if for every i, j € V there exists
[ € V such that the set of edges of H contains both (%) and (I, 7).

®We note that 7 is often referred to as the Dobrushin or Markov-Dobrushin coefficient, see, e. g., [14].
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In other words, a graph is scrambling if every two nodes in the graph have a common neighbor. Note that if a
graph H has a scrambling subgraph then H must be scrambling. It is also easy to see that a stochastic matrix
A is scrambling if and only if its induced graph G(A) is scrambling. Using the preceding two observations

together with part 1 of Lemma 3.10, it is easy to show that the following lemma holds.

Lemma 3.17 For any w and s5,t,1 <t < s,

if T'(s, t) is scrambling then 7(®(s,t)) < 1. (3.29)

The property of “scrambleness” of a graph and that of the existence of a directed spanning tree are tightly
related. First, a necessary condition for a graph to be scrambling is that it has a directed spanning tree. On
the other hand, as [82] shows, it turns out that if we take any N — 1 graphs such that each of the graphs has
all the self-loops and contains a directed spanning tree then their union graph will be scrambling. These two

claims are formally stated in Lemma 3.18.

Lemma 3.18 1. Any scrambling graph must contain a directed spanning tree.

2. If Ay, ..., Ay_1 have positive diagonal entries and each of their corresponding induced graphs

G(A1),...,G(Ay) has a directed spanning tree, then their product A; - - - Ax_1 is scrambling’.

Proof By the contraposition law, to prove part 1 it suffices to show the following implication: if a graph
H has no directed spanning tree then H is not scrambling. Fix H € D and suppose that H has no directed
spanning tree. Then, H must have (at least) two initial classes, say C and Cs. Fix i € C and j € Cy;
because class C is initial, all neighbors of ¢ are in C', and, similarly for j, all neighbors of j are in Cs.
Finally, since C; N Cy = (), it follows that ¢ and j do not have a common neighbor proving that H is not
scrambling. Since H was arbitrary, we proved part 1.

For the proof of part 2, see the proof of Theorem 5.1 in [82]. O

We summarize our findings so far. First, by Lemma 3.11 we have that [A2 (®(k,0))| = 1 as long as
['(k,0) is tree-free; in other words, the product ®(k, 0) stays put until a directed spanning tree emerges in
I'(k,0). On the other hand, from part 2 of Lemma 3.18, a small step towards the set of rank one matrices
is assured (7(®(k,0)) < 1) each time a directed spanning tree emerges /N — 1 in a row. Therefore, we see

that the “improvement” of the product is essentially determined by the number of spanning tree occurrence.

"Note that it is not required here that all the graphs G (A,,) have the same directed tree; in particular, part 2 of Lemma 3.18
applies (even) in the case when each G (A,,) has a different spanning tree.
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Now, to close the loop, it only remains to bring the two metrics,

Az2|| and 7, together. The following lemma

does the job.

Lemma 3.19 Forany A €¢ AN
[A2(A4) < 7(A). (3.30)

Therefore, an improvement in ||Az|| is always guaranteed by an improvement in 7. It is easy to show
that (3.30) holds: first, for any A € AV such that A\y(A) # 1 the inequality in (3.30) is true by Lemma 3.15.
Pick now A such that A\2(A) = 1. Then A must have (at least) two initial classes, and therefore, G(A) has
no directed spanning tree. But then, by part 1 of Lemma 3.18), G(A) is not scrambling, implying 7(A) = 1
and inequality (3.30) trivially holds as an equality: |A2(A)| = 7(A) = 1.

Having the above tools at hand we are now ready to prove Theorem 3.13.

3.3.3 Proof of Theorem 3.13

We first prove Theorem 3.13 for the case I1(G) # () by proving separately the corresponding large deviation

upper and the lower bound:

1
th:Il inf E IOgP (‘)‘2((1)(]{:7 0))| > dk) < logpmax (331)
1
linsup - 1og P (Aa(@(k, 0)] 2 di) 2 108 P (332
k—o0

Proof of the lower bound (3.32). If all induced graphs G; from time ¢t = 1 until time £ = k belong to some
tree-free collection on G, then it must be that I'(k,0) = I'(G1, ..., Gj) is tree-free. In other words, for any

H € I1(G), the following inclusion relation holds between the two events:
{G1 € H,...,Gr € H} C{T'(k,0) is tree — free} .

Computing now the probabilities of the events above and using the fact that G4, 1 < t < k, are i.i.d., it
follows

P (['(k,0) is tree — free) > pf,. (3.33)

Since equation (3.33) holds for every H € II(G), it also holds for the tree-free collection H* € II(G) that

has the highest probability pr« = pmax, and therefore:

P (T'(k,0) is tree — free) > pk . (3.34)
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To relate p¥ . and the probability of our event of interest {|\o(®(k,0))| > dy}, we observe that, because
di € (0,1]:
P (|A2(®(k,0))| > di) > P (|X2(P(k,0))] = 1). (3.35)

Using now Lemma 3.11 (the “only-if” part) to link (3.35) and (3.34) yields
P (|A2(®(k,0))| > di) > Phax-

Taking the log, dividing by k and taking the lim infy_, . -, the large deviation lower bound follows.

Proof of the upper bound (3.31). We start from the following intuitive observation: since § Assumption 3.9
guarantees a minimal “flow of information” in each realization of W, then we must be able to find a minimal
improvement in 7 over all products ®(s,t) = W --- Wiy of (any) fixed size s — ¢t. Lemma 3.20 confirms

that this is true.

Lemma 3.20 For any w, s,t,1 <t < s, if ®(s,t) is scrambling, then

7(®(s,t)) <1 —55" (3.36)

Proof Fix w, s,t such that ®(s,t) is scrambling. The proof is complete if we show that: 1) positive
entries of ®(s,t) bounded below by §°~%; and 2) for a scrambling matrix A, 7(A) < 1 — a, where a is the
minimum over all positive entries of A. It is easy to show that 1) holds: if for some 4, j [®(s,t)];; > 0
then there must existed a sequence of nodes i;+1 = 7J,%42,...,4s = ¢ such that [W,«]Z’THH > 0 for all r
between ¢ + 1 and s. But, then, because all positive entries of Wy, 1,..., W are by assumption greater than
g, it must be that [W,]; . ;, > ¢ for all ~ between ¢ + 1 and s; finally, claim 1) follows by noting that
[@(s,0)]ij = (Wi, [Wslis_1is_s -+ [Waliraj = 6571 To prove 2), we use the fact that for any stochastic

matrix A

N
T(A)=1- HZHJH > min {Ag, A}, (3.37)
=1

see [14]. Thus, fix a stochastic matrix A and suppose that it is scrambling; then for any i, j there exists
I* = 1*(i,j) such that both A;;~ and Aj;~ are positive. If a is the value of the minimal positive entry of
A, then min { A+, Aji«} > Wi and thus ZJJL min {A;, Ay} > min {A;«, Ajix} > a. Since the last
inequality holds for all pairs 4, j, the minimum of the sum Z{L min {A;;, A;;} over all 4, j, see (3.37), is
also greater than a and the claim in 2) follows. O

Motivated by the result of Lemma 3.20, we introduce the sequence of stopping times .S; that registers
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the times when ®(s, t) becomes scrambling. For w € Q define S; : Q — NU{+oo},i = 1,2,...1s defined

by

Si(w) =min{t > S;_1(w) +1: &(¢,5,—1)(w) is scrambling}, fori > 1, (3.38)

SoEO.

We observe that, for every i, ®(S;, S;_1) is scrambling, which by submultiplicativity of 7 implies 7 ($(.5;,1)) <
7 (®(Si—1,1)) < 1; therefore, at each new time .S; an improvement is guaranteed with respect to the previ-
ous time S;_1. For each k& > 1, we then introduce M}, : Q — {1,...,k} to count the number of improve-
ments made until time £:

My (w) =max{i >0:S;(w) < k}. (3.39)

The following lemma derives a bound on the coefficient of ergodicity of the product at time k in terms

of M},. We can see that this result counterparts Lemma 2.14 from Chapter 2.

Lemma 3.21 For any fixedw € Qand k& > 1,

T(®(k,0)) < (1 — oMe) M (3.40)

Proof Fix an outcome w and time k > 1. Let m = My (w), s; = Si(w), fori = 1, ..., m. Note first that
7(®(k,0)) = 7(P(k, $m )P (s, 0)) is, by the submultiplicativity of 7, bounded by 7(®(k, $,,,) )7 (P (81, 0)).
Further, because 7 is always between zero and one (see property 1 in Lemma 3.14), the last number is
further bounded by 7(®(s;,,0)). Thus, we have 7(®(%,0)) < 7(P(sy,,0)). We now focus on comput-
ing 7(®(sm,0)). By the construction of the sequence S;, ®(s;, s;—1) is scrambling for each i. Applying
Lemma 3.20 to each of the intervals (s;_1,s;], ¢ = 1,...,m yields the set of inequalities 7(P(s;, ;1)) <
1 —¢%7%i-1 4 =1,...,m. Submultiplicativity of 7, applied to the consecutive disjoint intervals (s;_1, s;],

used together with the derived set of inequalities yields

T(P(8m,0)) = 7 (P(Sm, Sm—1) - - - P82, 51)P(s1,0))

< (L=8%mmomt) o (1=6%27°1) (1= 6%). (3.41)

To complete the proof, it only remains to consider the logarithm of both sides in (3.41) and then apply the

Jensen’s inequality to the function f(A) = log (1 — 5A) at the set of points A; = s; — s;—1 and the set
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of convex multipliers a;; = %, 1 = 1,...,m; for details, we refer the reader to the proof of Lemma 2.14 in

Chapter 2. O

Continuing with mimicking the arguments from Chapter 2, Lemma 2.15 in particular, we can see
that if the number of improvements M, is big enough (i.e., greater than ak, for some o € (0,1), as in
Lemma 2.15), the coefficient of ergodicity of the products 7(®(k, 0)) cannot stay above dj, (recall here that
dy, satisfies log dy, = o(k)- thus, dj;, decays slower than exponential). More precisely, it can be shown that

there exists ko = ko(cv, {dx}) such that for all £ greater than ko the two events below are disjoint:

{Mys > ak} () {7(®(k,0)) > di} = 0. (3.42)

The proof of (3.42) is omitted, as it is the same as the proof of part 1 of Lemma 2.15 from Chapter 2. Relation
in (3.42) together with the fact that 7 upper bounds |A2|, see eq. (3.30), implies that for all & sufficiently
large

P (|Aa(®(k,0))| > dg, My > ak) =0, (3.43)

and thus

P(1X2(®(k,0))] = di) = P (|A2(@(F, 0))] = dy, My > ak) + P (|A2(D(k,0))] = di, My < k)

SIP’(Mk<ak),

for all k£ sufficiently large. We can see from the preceding inequality that that to prove 3.31 it suffices to
prove

1
lim sup Z logP (M}, < ak) <108 pmax- (3.44)
k—+o00

Thus, from now on we focus on computing the probability of the event { M}, < ak}. To do this, it will prove
useful, in addition to recording the emergence of a scrambling graph in ®(s, ), to record also the times when
a directed spanning tree emerges in I'(s,¢). For this purpose we use the sequence 7; :  — N U {+oo},

1> 1,1 > 1, defined by

Ti(w) =min{t > T;_1(w) + 1 : I'(t,Ti—1(w)) has a directed spanning tree}, for ¢ > 1, (3.45)

T()EO,

for w € ). Note that in each of the two sequences the increments, T;+1 — T; and S; 41 — .S;, 7 > 0, are i.i.d..

We have the following relations between the two sequences of times, the key behind which is Lemma 3.18.
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Lemma 3.22 For any wand ¢ > 1:
1. if 71 (w) > ¢ then Sy (w) > t;

2. if S1(w) > t then Ty_1(w) > t.

Proof To prove Lemma 3.22, note first that S; < t is equivalent to G(®P(¢,0)) being scrambling. Part 1
then says that the necessary condition for G(®(¢,0)) to be scrambling is that it has a directed spanning tree.
But, from part 1 of Lemma 3.18, we know that having a directed spanning tree is a necessary condition for
any graph to be scrambling, thus the claim follows. To prove part 2, suppose that for some fixed w and ¢
Txn—1 < t. Then, a directed spanning tree emerged at least N — 1 times until time ¢, i.e., there exist times
tn, 0 = to < t1 < ... < ty—1 < t,such that I'(¢,,t,—1). Then, by Lemma 3.10 each G (®(ty,,tn—1))
must also have a directed spanning tree. Denote A,, = ®(t,,t,—1), n > 1; note that each A,, has positive
diagonal entries and, thus, we are in the setup of Lemma 3.18. Observing that ®(¢,0) = Ay_1--- A; and
applying part 2 of Lemma 3.18 proves the claim. O

Passing to probabilities yields a neat “sandwiching” relation:
P(Tl > t) < (51 > t) < P(TN_l > t) (3.46)

Next lemma provides an exponential bound in ¢ for the probability of the event {T_1 > ¢} in the right
hand side of (3.46). As we explain below, Lemma 3.23 is the last piece that was missing to prove the upper

bound (3.31).

Lemma 3.23 Forallt > 2(N — 1)

Py > s -1 0 )@ g, (3.47)

To simplify further the right hand side in (3.47), note that for any € > 0 we can find a sufficiently large
constant C'¢ such that ( Nt_l)e_t“()gp’“a"' < C.e t[logpmax|=€) for all ¢. Therefore, for every € > 0 and
t>1,

P(S; > t) < (N — DG N tpzN=D e~ HI108 Pmax|=€) (3.48)

max

Now, observe that, by definition of My, {M}, < ak} = {Sar > k}; recall that for times 7T} 5 from
Chapter 2 we had an analogous relations with My, 5, {M} s < ak} = {Tars > k} (see the paragraph
before (2.35) in Chapter 2). Further, note the similarity between (3.48) with (2.32) from Chapter 2: they
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both provide an exponential bound in ¢ for the probabilities that the corresponding improvement times 5
and Ty s are greater than ¢. Finally, both sequences S; and 7T; 5 have independent increments. It is easy to
check that the proof of part 2 of Lemma 2.15 relied only on the the three listed features of the sequence 7 5.
Therefore, we can derive a counterpart to part 2 of Lemma 2.15 for M}, s = M), and T; 5 = S; by simply
reusing all the arguments of the corresponding proof: in all the formulas we only need to replace 7 5 with

| 10g pmax| — €. This will finally result in the bound below:

1
limsup — logP (M}, < ak) < —(|log pmax| — €)-
k—+4o00 k

Passing to the limit lim._.g, (3.44) follows. To complete the proof of the upper bound (3.31), it only remains

to prove Lemma 3.23.

Proof [Proof of Lemma 3.23] Remark that {7y _; > t} occurs if and only if one of the following disjoint
events occurs: {77 > t}, {17 < tand Ty >t} ,..., {Tn—2 < tand Tn_1 > t}. Thus,

N-2 N-2
P(Ty_y>t)=P < \J {70 < tand Tpy > t}) =Y P(T, <tand Tnp1 > 1). (3.49)
=1 =1

For fixed n, we compute the probability P (7, < t and 7,41 > t) by considering all different realizations
of T1,...,T,. Suppose T1 = s1,...,T;, = Sy,. Then, it must be that I'(s; — 1, s;-1), [ = 1, ..., n, are all tree-
free; also, because T}, 1 > t it must be that I'(¢, s,,) is tree-free. Using the fact that the graph realizations

from disjoint time intervals are independent, we get

P(Th =ty,....,T, = t,) <P (I'(t,s) is tree — free, and I'(s; — 1, 5;_1) is tree — free, for [ =1,...,n)

< P (I'(t, s1) is tree — free) H P(T'(s; — 1,5;-1) is tree — free) . (3.50)
=1

Now, we can show (similarly as in the proof of Lemma 2.16 in Chapter 2) that, up to a set of probability zero,
I'(s; — 1, s_1) is tree — free implies that all graph realizations in the time window (s;_1, s; — 1] belong to

some tree-free collection H € I1(G); thus,

P(T(s; —1,5,_1) is tree — free) < Z p;iflfslfl < [TI(G)|pila " (3.51)
HETL(G)

Using the preceding bound in (3.50) (for each of the factors indexed by [ = 1,...,n and also for the first
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factor corresponding to the interval (s;, t]) we get:

1—s;_
P(Ty =t1,.... Ty = tn, Tpy1 > t) < |I(G ;;;Hm Yprta "t = [I(G) Ml

The preceding bound holds for arbitrary choice of the realization ¢1,...,t,, and since there in total (th) such

possible choices, we have

P(Tw<tandTppr >t)= > P(Ti=tl,..,Ty=tn,Thy1 > t)
1<t1 <. <t <t

(1)@ st

IN

Going back to the probability in (3.49):

N—
IP)(11]\[—1 > t Z < >|H |n+1pmaxa

bounding each factor in the product on the right hand side by its maximal value for n between 1 and N — 2

yields (3.47) O

3.3.4 Computation of 7

In this subsection we illustrate computation of rate J with two random models: leader following with link

failures and broadcast gossip.

Leader following with link failures. Let 7" = (V, E) be a directed tree on N nodes and let r denote
the root node in I". We assume that each link e in 7" may fail with probability 1 — p. and also that links
fail independently in time and in space. With leader following algorithm on 7', every node in 7' at each
time k transmits its state to all of its children; however, due to link failures, some if its children may not
receive the sent information. The corresponding matrix of interactions Wy, is then given by [Wi]u:, = «
and [Wg]yy = 1 — « if the node u received the information from its parent denoted by ¢, (that is, if the
link (u,t,) € E was online at time k) and [Wy]y, = 0 and [Wi]y, = 1, otherwise; remark also that
[Wi]uw = 0 with probability one for all v # ¢,. Using the fact that the links fail independently, we get
that each subgraph of 7" occurs with positive probability and thus the collection of realizable graphs is the
collection of all subgraphs of T":

gleader = ([(V,E'): E' C E}. (3.52)
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Now, since T' = (V, E) is a directed tree, the easiest way to make 7" tree-free is to remove an arbitrary arc
from 7. Thus, a candidate for the most likely tree-free collection on G¥°24°T has to be of the following form:
{(V,E"): E' C E\ e}, for some e € E. The probability of such a collection equals 1 — p., e € E. Thus,

the one with the highest probability is the one for which p. is minimal. We conclude that

Leader

Leader
Pmax = 1 =pe, J

= ‘log(]‘ _pe*)‘7

where e* is the “weakest” link in " that has the lowest probability of occurrence.

Broadcast gossip on a tree. In the previous example we explained the broadcast gossip algorithm running
on a generic network that is defined by graph G= (V, E ). We consider now the case when Gisa symmetric
tree (the undirected graph of G is a tree and for every arc in G its inverted arc also belongs to (AJ). Note that
the four node graph from the example in Figure 3.1 is of this type. Similarly as in the case of the four node
graph, we can see that inhibition of any internal node (non-leaf node) u € V yields a tree-free network,
that is, I'(G \ {H,}) is tree-free. Thus, it suffices to remove just one graph of this type from G278 and
therefore the most likely tree-free collection must be of the form G \ { H,, }, where u is some internal node in
G. The probability of such a collection is 1 — p,,, and the most likely one is the one for which p,, is minimal:

B—gossip :
P =1- min Pu
max u€V:u is internal

B—gossip __ B—gossip
j - ‘log pmax } :

For the simplest case when all the nodes have the same probability of activation, equal to %, the rate

jBfgossip _ }log (1 _ %)‘ ~ l, for large N.
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Chapter 4

Large Deviations for Distributed Inference

4.1 Introduction

In this chapter, we establish large deviations upper and lower bounds for distributed inference algorithms
over random networks (see ahead equations (4.3)-(4.4)) for d-dimensional nodes’ vector observations, and
arbitrary subsets of R?. Further, for regular networks, we establish the full large deviation principle in the
sense of [8].

We explain distributed inference and our results in general terms; for specific applications we refer
to Chapter 5. Suppose that each node 7 in an N-node network observes the samples Z;; € R¢ from an
unknown distribution . The goal is for all nodes to estimate the mean Z of the distribution z. For example,
in linear estimation, Z; ; = 6 + n;;, where 6 € R? is an unknown deterministic parameter, n; ¢ is the zero-
mean noise, and Z = #. To motivate our analysis, we briefly describe three types of inference: isolated,
centralized, and distributed.

(1) Isolated inference. Node i is isolated from the rest of the network and estimates Z through the
sample mean of its own observations:

(iso)
Tik =

=

k
> Ziy. (4.1)
t=1

(2) Centralized inference assumes a (usually impractical) fusion node that collects the samples from

all nodes, at all times, and computes:

k
2 = ﬁ 3 Z Ziy. (4.2)

(3) Distributed inference. Each node 7 updates its estimate x; j, by communicating only with its imme-
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diate neighbors in the network, via the following recursive algorithm:

Tip = Z Wijk i k-1 4.3)
J€0; K
N 1,

Tik = Tk~ o (Zip — Zig) - 4.4)

Here, O; j, is node ¢’s neighborhood at time £ (including), Z; j is an auxiliary variable, and the Wijk's are

positive weights such that at any time k W;jr = 1 for each i. Distributed inference of type (4.3)—

JEO; Kk
(4.4) has been recently extensively studied in the literature and proved useful in many contexts, numerous
references are listed in Chapter 1. The scheme (4.3)—(4.4) has several favorable features: 1) it processes
data in real-time, recursively; 2) it utilizes only inter-neighbor communication and avoids the fusion-node

bottleneck; and 3) exhibits resilience to inter-node communication failures. The focus of our analysis is on

distributed inference.

With all the three types of inference (isolated, centralized, and distributed), full characterization of per-
formance requires knowledge of the full distribution of the random estimate (e.g., xszo)). Even for the
simplest, isolated inference, this is usually an intractable task. Hence, one typically resorts to asymptotic
measures, like consistency, asymptotic normality, and large deviations. For sample means, hence for the
centralized and the isolated inference, all three measures (and, in particular, large deviations) have been
studied in the literature and are well understood. Regarding distributed inference, consistency and asymp-
totic normality have been extensively studied [2]. However, large deviations analysis has not been addressed
before. Our focus here is on the large deviations analysis. Specifically, consider a (measurable) set E C R¢
that does not contain Z. For consistent estimators, the probability P (z; ;. € E) converges to zero as k — oo.

Here, we find the exponential decay rate (the large deviation rate) I(F) of this convergence:
P(z;) € E) ~ e FIE), (4.5)

That is, we find the function I(E) for any set £ € R, and we quantify I(E) in terms of the system pa-
rameters — the distribution of the Z; ;,’s, and the underlying network statistics. We achieve this for randomly
varying networks, the case which is highly relevant, e.g., with wireless sensor networks, where the packet

dropouts may occur at random times.

We give here qualitative explanation of our results, while quantitative statements are in Theorems 4.15
and 4.19. We discover interesting interplay between network and observations that arise from the large

deviations approach, and which are not visible through the existing approaches of asymptotic normality
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in [2]. First, we show that the performance of distributed inference (4.3)—(4.4) is always (equal or) better
than isolated inference and is always worse than (or at best equal to) centralized inference. While the result
is highly intuitive, it is technically very involved to prove it. Second, more interestingly, we show a highly

nonlinear behavior of distributed inference. To make our point clear, consider the sets E of type
E;={zeR’: |z -Z| > ¢}, ¢>0.

Hence, requiring that the estimate x;, ¢ FE¢ for a very small £ means requiring a very high estimation
precision (high confidence); conversely, a large £ corresponds to a coarse estimation. Our results show
the following nonlinear behavior. Distributed inference is close to centralized performance for very high
precisions (very small £’s) and becomes much worse from the centralized performance for very coarse
precisions. Intuitively, reaching high precisions is intrinsically difficult even for the centralized system,
and hence the network-wide averaging process in (4.3)—(4.4) has sufficient time to “catch up” with the
centralized system. On the other hand, the centralized system reaches a coarse accuracy very quickly, so
that the distributed system cannot “catch up.” The point £* where the behavior significantly changes depends
on the connectivity of the underlying network, number of nodes, and distribution of Z; ;.’s. We explicitly

quantify this interplay between network and observations in Theorem 4.19.

Notation. We denote by R the N-dimensional real coordinate space; 1 the vector of all ones in RY; Iy
the identity matrix of size N x N; e; the i-th canonical vector of RY; and || - || the Euclidean (respectively,
spectral) norm of its vector (respectively, matrix) argument; 3 (Rd) the Borel o-algebra on R%; Ay the unit
simplex in RV: Ay = {a e RV Zf\il a; =1, a; >0fori=1,.. .,N}; and 1 4 the indicator of event
A. Further, for a set E C R%, E° and E are, respectively, the interior and the closure of E. For a function
f: RY — RU {+0oc}, we denote its domain by Dy := {x € R?: f(z) < +oo}. We use notation By s

for the closed ball By, 5 := {x € R?: ||z — x| < 6}

4.2 Model and distributed inference algorithm

In this section, we detail the distributed inference algorithm (4.3)—(4.4) and the network and observation
models.

Distributed inference algorithm. Let z; ;. denote the state of node 7 at time k. The state x; . is im-
proved over time two-fold: 1) the nodes’ states are exchanged and averaged across the neighborhoods to

form an intermediate state update ; ;; and 2) the new observations Z; ;, are incorporated into the states.
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Mathematically, the algorithm is given by (4.3)—(4.4), where we recall that O, j, is the (random) neighbor-
hood of node i at time k (including %), and W;; ;. is the weight that node ¢ at time & assigns to the state of its
neighboring node j € O; ;.. We assume that the weights are nonnegative at all times. Also, at each node, and

at each time, they form a convex combination, i.e., » Wi,k = 1. For each k, collect all the weights

J€Oi k
Wijkinan N x N matrix Wy, such that the entry (i, j) of Wy, [W}];;, takes value of the weight Wj; . for
J € O; 4, and equals 0 otherwise.

Unwinding the recursion in (4.3)-(4.4), we rewrite the algorithm in a more compact form:

k
SO @k 1) i, (4.6)

t=1 j=1

N
Tk =

=

where ®(k,t) = Wy -+ - Wiy, for 1 <t < k, and ®(k, k) is the identity matrix (of size N).

We next state our assumptions on the joint distribution of the W;’s and the Z; ;’s.

Assumption 4.1 (Network and observations model) We assume the following:

1. Observations Z; 4, ¢ = 1,...,N,t = 1,2,... are independent, identically distributed (i.i.d.), both

across nodes and in time;

2. Random matrices Wy, t = 1,2, ... arei.i.d.;

3. Random matrix W, takes values in the set of stochastic matrices';

4. Wi and Z; , are independent for all 4, s, .

Model 4.1 on matrices W; is very general. For example, we do not require here that the W;’s are doubly
stochastic, nor do we require connectedness (in some sense) of the underlying network that supports the
Wy’s. Of course, to guarantee high benefits of inter-agent cooperation, we shall assume more structure on

the W;’s; this is considered in Section 4.5.

4.3 Preliminaries

This section gives preliminaries by introducing certain large deviation tools needed in the sequel. Sub-
section 4.3.1 introduces the logarithmic moment generating function and its properties. Subsection 4.3.2
defines the large deviation principle and the Fenchel-Legendre transform. Finally, Subsection 4.3.3 gives

the large deviation principle for centralized and isolated inference.

'With a stochastic matrix, rows sum to one, and all the entries are nonnegative
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4.3.1 Logarithmic moment generating function

To analyze the large deviation performance of algorithm (4.3)-(4.4), we use the well-known tools, namely,
the logarithmic moment generating function and Fenchel-Legedre transform. We first introduce the loga-

rithmic moment generating function A : R¢ — R U {400}, of the observations Zig:
A(\) = logE [eﬂzw] . AeRY. 4.7)

In general, function A can assume values in R U {+o0}. We illustrate how to compute A when Z; ; is a

discrete random vector.

Example 4.2 (Function A for a discrete random vector) Suppose that Z; ; is a discrete random vector that
takes values in the set A = {ay,...,ar}, aq; € R?, for I = 1,..., L, according to the probability mass

function p € Ay. Then, for any A € R?, the value A()\) is computed by

L
A(N) =log <Zple)‘T‘”> . 4.8)
=1

It can be shown similarly that the logarithmic moment generating function of a d-dimensional Gaussian
vector of mean vector m and covariance matrix S is the quadratic function R? 3 X +— 1/2(A —m) T S(\ —
We assume that function A is finite on whole R

Assumption 4.3 Dy = {A € R : A(\) < 0o} =R% ie., A(X) < 400 forall A € R%

Assumption 4.3 holds for Gaussian vectors and arbitrary discrete random vectors (as we have just shown),
but also for many other commonly used distributions; we refer the reader to Chapter 5 for examples beyond
the ones here for which Dy = R¢.

Logarithmic moment generating function has many nice properties, like convexity and smoothness.

They are listed in Lemma 4.4, for future reference.

Lemma 4.4 ([18]) The logarithmic moment generating function A of arbitrary random vector Z satisfies:
1. A(0) =0and VA(0) = E[Z];
2. A(+) is convex;

3. A(+) is C*°, i.e., it has continuous derivatives of all orders.
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Proposition 4.5 states one implication of convexity of A(-) which is important for our analysis and which

we frequently use in the sequel.

Proposition 4.5 Let a;, 1 < ¢ < N, be an arbitrary N-tuple of convex multipliers, i.e., the «;’s satisfy

o; > 0, for each ¢ and Zivzl a; = 1. Then, for every A € R%:

N
NA(I/NX) <> Aaid) < A(N). (4.9)
=1

Proof We prove first the right hand side inequality in (4.9). To this end, fix o € [0, 1] and recall that
A(0) = 0. Then, by convexity of A(-),

Alar) = Alar + (1 —a)0) < aA(N) + (1 — a)A(0) = aA(N).

Plugging o« = o4, ¢ = 1,..., N, and summing out the left hand sides and the right hand sides of the
resulting 7 inequalities yields the claim. To prove the left hand side inequality in (4.9), consider the function
g: RV — R, g(B) = Zfil A(BiN), for B = (B1,...,8n) € RY. Function g is is a sum of convex
functions RY > 3 — A(B;A) = A(e/ B\) and this convex (note that each of these functions is convex
as a composition of the linear map eiT)\, for the corresponding i, and the convex function A). Therefore,
we prove the left hand side inequality in (4.9) if we show that the minimum of g(-) over the unit simplex
Ay = {a e R : Y% a; =1, a; > 0Vi} is attained at 1/N1y = (1/N,...,1/N). We show this
by verifying that there exists a multiplier » € R such that the pair (1/N1y,v) satisfies the Karush-Kun-
Tucker (KKT) conditions [83]. Let L(3,v) = g(3) + v(13 — 1). Then

95, L(B,v) = \"Vg(B) + v.

Taking v = —ATA(1/N) proves the claim. O

4.3.2 Rate function, the large deviation principle, and Cramér’s theorem

In this Subsection, we review some concepts from large deviations theory. We start by the rate function I and
the large deviation principle. We first informally introduce them and then give formal definitions. Consider
a sequence of random vectors {Y;} and their measures iy, : B(R?) — [0,1], up(E) = P(Y; € E),

and suppose that Y;, — Y, in probability, where Y is a constant vector. Under certain conditions, for a
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measurable set F that does not contain Y, the probability mass vanishes from F exponentially fast, i.e.:

() ~ e FIE), (4.10)

~ ~

where [(F) is a nonnegative function that can further be expressed as: [(F) = inf,cp I(z), for some
function I : R¢ — [0,00]. The large deviation principle (LDP) formalizes (4.10) in the following two

definitions.

Definition 4.6 (Rate function I) Function I : R? — [0, +oo0] is called a rate function if it is lower semicon-

tinuous, or, equivalently, when its level sets are closed.

Definition 4.7 (The large deviation principle) A sequence of measures 11, on (R, B (R?)), k > 1, is said

to satisfy the large deviation principle with rate function I if the following two conditions hold:

e For any closed set E C RY,

1
limsup — log ux(E) < — inf I(x); (4.11)
k——4o00 k zel
e For any open set F' C R,
1
liminf — 1 F) > — inf I(z). 4.12
lim inf - og pu(F) > inf (z) (4.12)

A set E C R? for which inf,cpo I(x) = inf _— I(x) is called an I continuity set.

z€E

Cramér’s theorem gives a canonical way to establish LDP and find the rate function I, when Y} is
a sample mean of i.i.d. random vectors Z, i.e., Y := %Zle Z;. (Note that this is precisely the case
with isolated (4.1) and centralized inference (4.2), but it is not the case with distributed inference (4.3)—
(4.4).) Namely, the Cramér’s theorem states that (the measures of) { Y} } satisfy LDP with the following rate

function

I(z) = sup Az — A()\), z € R, (4.13)
AeR4

where A is the logarithmic moment generating function of Z;; hence, the rate function [ is the Fenchel-
Legendre transform (conjugate) of A.
The Fenchel-Legendre transform [ has several interesting properties that are relevant for our study. We

state them here for future reference (proofs can be found in [8].)

Lemma 4.8 (Properties of I, [8]) Let I be the Fenchel-Legendre transform of the logarithmic moment gen-

erating function of a random vector Z with mean Z. Then:
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1. I is nonnegative;
2. 1(Z)=0;
3. I is lower semicontinuous; if 0 € D9, then I has compact level sets.

4. I is convex.

Finally, a reader familiar with convex analysis will notice that I is (in the language of convex analysis) the

conjugate of A, see, e.g., Chapter E in [72]. We will use both terms interchangeably.

4.3.3 Large deviation principle: Isolated and centralized inference

We now turn to the three inference algorithms from the introduction: xgizo) (isolated), x,(:en) (centralized),

and x; j, (distributed). We apply Cramér’s theorem to establish the large deviation performance of the former
two, while we analyze distributed inference is Sections 4.4 and 4.5.

(1) Isolated inference. Applying Cramér’s theorem [8] to the sample mean in (4.1), we obtain that the
sequence of measures F/ — P (:EZ(IZ,O) € E) satisfies the large deviation principle with the rate function
given by (4.13): Therefore, for a node working in isolation, its large deviations performance is fully char-
acterized by the Fenchel-Legendre transform I of the logarithmic moment generating function A associated
with its local samples Z; ;.

(2) Centralized inference. Consider now the sample mean at the fusion node in (4.2). To apply
Cramér’s theorem to the sequence :cgfen), we start from a simple observation that x](:en) is the sample mean
of k samples of the random vector 1/N Ef\; 1 Zit- Now, the logarithmic moment generating function of
1/N ZZJL Zipis A — NA (1/NX) (this can be easily shown using the independence of Z; 4, i = 1, ..., N),

and its Fenchel-Legendre transform is given by:

sup ATz — NA(1/NX) = N sup (1/NX)' 2 — A(1/NX) = NI(z), = € R%
)\ERd )\eRd

Applying Cramér’s theorem to mfjen), we obtain that the sequence of measures £ — P (xz(c,:’n) € E),

EekB (Rd), satisfies the large deviation principle with the rate function N I(-), where [ is given in (4.13).
The advantage of the fusion node over an isolated node in terms of large deviations is now obvious:
for any “deviation” set F, Z ¢ E, the probability that the sample mean of the fusion node falls in E,
P (a:,(:en) € E) , decays at an N times higher rate with time k than the corresponding probability for m,(jso).

To explain important practical implications of the conclusion above, suppose that we are a given a target

accuracy for the estimates of Z defined in terms of a Borel set S C R¢ containing Z, so that we are satisfied
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if, say, with probability p°®™f = 0.95, our estimate belongs to S. (We allow S to be an arbitrary Borel set
that contains Z.) We now exploit the conclusions from above for the Borel set £ = R%\ S = S¢. Recall the
definition of the large deviation principle in (4.7) and, with slight abuse of notation, let [ (E) = inf,cp I (x).

Then, assuming that I is continuous on E? and ignoring the factors that are slower than exponential®, we

have:

P (x,(js") ¢ S) ~ e RIS 4.14)
and

P (mg:en) ¢ S) o o kNI(S) (4.15)

The earliest time when the estimate :c,(clso) meets the accuracy requirements is the minimal integer k& for

which
P (x’(ciso) ¢ S) <1 7pconf‘

Denote this number by T;;gnf. Then, exploiting (4.14), we have

o = [ ~log(1 = p)/1(5)]

Computing the corresponding time for a:;:en)

2

st = [~ log(1 — )N I(5°) .

Therefore, the fusion node hits the target set S with high probability p°°™f N times sooner than an isolated

node:

cen _i

iso
pconf - N Tpconf'

Moreover, the same ratio between the two times holds for arbitrary design parameters (S, p°f).

(3) Overview of the large deviation results for distributed inference (4.3)-(4.4). Having the LDP
with the rate function I(-) for isolated inference and the LDP with the rate function N I(-) for a fusion node,
it is natural to ask if the LDP, or at least an exponential decay, occurs also with distributed inference (4.3)—

(4.4). We answer the above question affirmatively. We detail the results in Sections 4.4 and 4.5, while

here we summarize our findings. First, Section 4.4 shows that the performance of distributed inference is

*Note that this is satisfied for any B C D?.
3To be more precise, in each of the two equations there exists a constant Cj multiplying the exponential function; how-
ever, this constant goes to zero on the exponential scale, limy_ 4 log Ck, and it can be therefore neglected for large k; i.e.,

log P <9:,(€iso) ¢ S) =log Cy — kI(S°) ~ kI(S°), for k large enough, and similarly for P (x,icen) ¢ S)
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always bounded between the performance of isolated and centralized algorithms. Although highly intuitive,
this result was surprisingly difficult to prove. We remark that this conclusion holds for arbitrary sequence
of stochastic matrices Wy, t > 1, for example, with arbitrary correlations among the W,’s, and/or when,
e.g., Wy’s are permutation matrices. We address the case of more structured W,’s in Section 4.5. Under a
“balanced” exchange of information, where each node gives a positive weight to its own opinion, and the
matrices are doubly stochastic, cooperation guarantees much larger gains in performance. First, for regular
networks, we establish the LDP with (4.3)—(4.4), and we provide a closed form formula for the rate function.
The formula shows that the rate depends only on the number of nodes N, a single node’s rate function I,
and the probability that a node is isolated. Further, when the algorithm runs on a graph with i.i.d. random
link failures, the LDP holds for every leaf node and, moreover, each leaf node has the same rate function. To
explain our third finding, we recall from Chapter 2 the large deviation rate 7 for the products Wy - - - W7.
Now, we show that, whenever [J equals log |p; isol|, for some node i*, where pj» iso1 is the probability that

node 7* has no neighbors, then the probability distribution of this node’s estimate x;« ;. satisfies the LDP.

For more general cases, we establish tight bounds I; and I; on the exponential decay of the sequence of

measures E — P (z; ), € E), E € B(RY):

1
limsup — log (z; 1 € F) < —I;(E) (4.16)
k—+o0 k ’

1 _
liminf = log (2, € E) > —I,(E), 4.17
lim inf — log (zix € E) > ~1i(E) 4.17)

and we explicitly characterize these bounds in terms of the number of nodes N, the single node’s rate

function 7, and the statistics of the graphs that support W;’s.

4.4 Large deviations rate for distributed inference: Generic matrices 11,

The main result of this section, Theorem 4.15, asserts that, for any Borel set E, the bounds in (4.16)
and (4.17) hold with I; = NI and I, = I. Before giving Theorem 4.15, we state and prove the key

technical lemma behind this result, Lemma 4.9.

Lemma 4.9 Consider a family of random vectors Z;; satisfying Assumptions 4.1 and 4.3. Let oy =
(o1t,...,any), t > 1 be a given sequence of sets of N convex multipliers, i.e., oy € Ay for all ¢.

Then, the following holds for the sequence xj = % Zle Zf\; 1 @i Zig, k> 1
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1. (No worse than isolation) For any closed set F C R<:

1
limsup — logP (z € E) < — inf I(z); (4.18)
k——4o00 k zel

2. (No better than centralization) For any open set F' C R%:

1
im i — > —Ni . .
%Eligf p logP (2 € F) > N;&fw I(x) (4.19)

4.4.1 Proof of the “no worse than isolation’’ bound

To prove (4.18), it suffices to show that for any open ball G € R%:

P (x5 € G) < e Finfrea(AT2=AN) (4.20)

The upper bound (4.18) can then be established by applying the standard “finite cover” argument for the
case of compact E (see, e.g., the proof of the Cramer’s theorem in R?, [8]), combined with the exponential

tightness of the sequence of measures £ — P (x, € E).

The proof of (4.20) is based on two key arguments: exponential Markov inequality [69], and the property
of A(+), proven in Proposition 4.5, that for any \, and any set of convex multipliers & € Ay, A(\) upper

bounds Zfil A (agN).

Fix an arbitrary measurable set G C R?. Then, for any A € R¢, the following statement holds point-wise
1xkeG < ek)\Txkfkinf&.eG )\Tz; 4.21)

taking the expectation, yields
P (z; € G) < e~Finfeca Ao [ekmk} . (4.22)

We now focus on the right hand side of (4.22). Using the fact that the Z; ;’s are independent, together with

the definition of the logarithmic moment generating function of Z; ; in (4.7),
E [ekAka} —F |:62le i O‘i,t)‘TZiﬂt] = ezf:l i A(O‘i,”‘)v 4.23)
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and applying the upper bound from Proposition 4.5, yields (4.20):

P (x5 € G) < e F(infeca ATe=AN) (4.24)
4.4.2 Proof of the ‘“no better than centralization” bound

We prove part 2 of Lemma 4.9 following the general lines of the proof of the Girtner-Ellis theorem lower
bound, see [8]. However, as we will see later in this proof, we encounter several difficulties along the
way which force us to depart from the standard Gértner-Ellis method and use different arguments. The
main reason for this is that the sequence of the (scaled) logarithmic moment generating functions of zy,
(see ahead (4.26)) does not have a limit in general (that is, for any sequence «; of convex multipliers).
Nevertheless, with the help of Proposition 4.5, we will be able to “sandwich” each member of this sequence

between A(-) and NA (1/N-). This is the key ingredient that allows us to derive the lower bound in (4.19).

First, remark that to prove (4.19), it suffices to show that for any z € Dy,

1
i im inf — > — . .
}5% %Ti{}f p logP (xy, € B.5) > —NI(z) (4.25)

To see this, observe that for an open set /" and a point z € I’ we can find a small neighborhood B, s, that is
fully contained in £'. Then, for all § < ¢y

P(zy € F) > P(zy € B,s),

implying
1 1
lim inf z logP (zf, € F) > lim liminf z logP(z € B 5) .

k—+o00 d——+00 k—+o00

Using now (4.25) to bound the righthand side of the preceding inequality,

1
lggig%logp(xk € F)>—-NI(z),

and taking the supremum over all z € F', proves that (4.25) is a sufficient condition for (4.19) to hold. Thus,

from now on we focus on proving (4.25).

We introduce a normalized logarithmic moment generating function Ay : R% +— R U {+oco} of zy,
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defined by:

1
Ar(A) == = log E {ek”mk} A e R%, (4.26)

k

Using independence of the Z; ;’s, we have that, for any A,

k N
Z Z A (). 4.27)

t=1 i=1

?r'\}—‘

We now depart from the standard Gértner-Ellis method and use a regularization of z; with a Gaussian
variable of vanishing probability, see Exercise 2.3.20 in [8] °. To this end, introduce a standard multivariate
Gaussian variable V' independent of the observations Z; ;. Fix M > 0 and define y;, = x, + V/v/MEk for
k > 1. Introduce the normalized logarithmic moment generating function of yy:

1 logE {ek)‘Ty’“} .

Ap () == A

Using that the logarithmic moment generating function of a Gaussian vector of zero mean and covariance
matrix X is %)\TZ)\, after simple algebraic manipulations, we obtain:

A2

Apar(A) = Ap(A) + oA

(4.28)

Thus, we can see that adding a small Gaussian noise V// V/MF to x, brings a quadratic term to the (nor-
malized) logarithmic moment generating function Aj. We note that both Ay 5; and Ay are convex and
differentiable functions, and with continuous gradients. In addition, Ay, s is strictly convex.

The first step towards proving (4.25) is to show its counterpart (4.29) for the regularized sequence .

For each k, let p1; denote the distribution of yy: pux(E) =P (y, € E), E € B (R?).

Lemma 4.10 For any z € Dy,

lim lim inf — 1 B.s) > —NI(z). 4.2
lim lim inf koguk( 5) > (2) (4.29)

Proof Introduce the conjugate Ij, s of Ay ar,

_ T, AP
I v () = sup A" — Ag(A)

4.
AER4 2M (430

*Note that A, (\) = 1 fr(kX), where f is the logarithmic moment generating function of @y.
>The reason for this regularization is to be able to handle the case when z € D is not an exposed point of I, as will be clear
from later parts of the proof.
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for z € R?. Exploiting that, for each ¢, Z —1 @t = 1, and applying the lower bound from Proposition 4.5
to Zi:l A (ot A) in (4.27) for each ¢, yields, for each A,

Ax(N) > NA (1/N)),

and thus

Iar(x) < sup Moz — Ap(\) < sup Az — NA (1/N)) = NI(z). (4.31)
AER4 AER4

Note that the preceding inequality holds for all z, k£ and M > 0. In particular, it follows that D; C Dy, ,,.
The result of the next lemma makes clear the benefit of the regularization: the quadratic term in (4.30)

assures that the infimum in (4.30) has a maximizer A\, = Ai(x) for any given =. This in turn implies that

every point z € R? is an exposed point of I, k,Mm > Which is what we need in our proof®. Note that we could

not guarantee this property for the conjugate of Ag.

Lemma 4.11 Forany € R? and any k > 1, there exists A, = A\,(z) € R? such that I v () = el —

Aj v (Ai). Moreover, the pair (x, A) satisfies = VA ar(Ag).

Proof Fix v € R? and define g, (\) := A2 — Ag a1 (A), A € R% note that

I () = sup gz(A). (4.32)
AERE

If we show that g, has compact level sets, this would imply that g, has a global maximizer (see, e.g.,
Proposition 1.1.3. (Weierstrass theorem) in [84]), which in turn would prove that A} (z) exists. We now
show that g, has compact level sets.

First, observe that Ay, is convex as a sum of convex functions A — 1/kA (o A), i = 1,...,N, t =

1, ..., k. Therefore, Aj, is minorized by its linear approximation at 0:
Ar(N) > Ap(0) + VAL(0)TA, VA € R4, (4.33)

Computing the gradient of Ay, at zero, and using the fact that, for all ¢, the coefficients «; ; satisfy Zf\il it =

1, we obtain

wm

1 k N k N L
VAL(0) = - Z Z @i VA (0 0) = Z Y aiZ=17
t=1 i=1 t=1 i=1

8See the paragraph before Lemma (4.14) to appreciate the importance of this result
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Further, it is easy to see that A (0) = 0. Thus, from (4.33) we get

MOV = Z T

for every A, implying
1Al
2M -

9x(N) =Xz — AN < A (2-2) -

Since A — A\ (y —7) — ”;‘H which majorizes g, has compact level sets, it implies that g, has bounded
level sets. Finally, using that g, is continuous on R? (which follows by the continuity of A on R%) we prove
that g, has compact level sets. Thus, we proved the existence of A\, = Ay (x) corresponding to our chosen
x. To show the last part of the claim of Lemma 4.11, we observe that, because )\ is a minimizer of g,, there

holds that 0 = Vg, (Ax) = * — VAg asr (Ag). Finally, noting that x was arbitrary completes the proof. O

Although we use the result of the following lemma later in the proof, it is convenient to state it now

because of its relation with the preceding lemma, Lemma 4.11.

Lemma 4.12 Let x be an arbitrary point € R?. Consider the sequence \;, k& > 1, where, for each k, \j, is a
maximizer of (4.30). Then, for all &:
Akl < M [l — =],

or, equivalently, {\; : k > 1} C By arjjz—z]-

Proof Fix x € RY. Fix k > 1 and consider the point \; from the setup of the lemma. We prove the

claim by showing that \;, cannot go too far in neither direction.

Suppose that m)\k = v for some v € RY, |jv]| = 1. Denote by p, the norm of A, p, = [|Ax|. We

show that p, cannot be greater than Mv " (x — Z). Starting from the identity x = VA ps(Ag),

k N
ZZ it VA (aiippv) + 1/Mpyo, (4.34)

??' \

and multiplying both sides with v ", yields

k N
ZZ ;v VA (i ppv) + 1/ Mp,. (4.35)

?v \

where, to get the right-most term, we used that ||v|| = 1. Now, since A is convex, it has non-decreasing

86



slopes in any direction, and thus along the line pv, p > 0 as well; hence,
v VA (i tpyv) > ’UTVA(O) =o' Z, Vi,t.
(Note that we use here that «; ; is nonnegative). Combining the preceding inequality with (4.35), we get
vz >0 Z+1/Mp,, (4.36)

and we conclude that p, < Mv' (2 — Z). Repeating this argument for all directions v, and computing the

SUPTEMUM SUPy,cRd |[p—1| MvT(z —Z) = M|z — Z||, proves the claim. O

Now, fix z € Dy and fix § > 0. Then, by Lemma 4.11, there exists a point 7, such that I}, y/(z) =
n];rz — Ay ar(nx); note the subscript & which indicates the dependence of this point on k. For any k we use

the 7, to change the measure on R? from s, to 7z, through:

fli’;(x) — ek —kheain) oy e R, (4.37)
x € RZ Note that, in contrast with the standard method of Girtner-Ellis Theorem where the change
of measure is fixed (once z is given), here we have a different change of measure for each k7 3 Using
the transformation of measure above, it is easy to show that the logarithmic moment generating function
associated with i, is given by JMX;C,M = N v (N + 1) — A (). Fix 8 > 0 and consider pu, (B, 5) (for
the fixed z and §). Expressing this probability through s, for each k, we have:

1 1 T (o) 1~
—1og g (Bz5) = Agaar () — 713 2 + 7 log / M ) iy () (4.38)
k k 2€B.
1 ~
> A () =iz = el + 1 Tog i (B 5) (439)
The first term in the equation above equals Ag a7 (1) — n;—z = —1I;; m(%2), and since Iy, ps(-) < NI(-) (see
eq. (4.31)) it follows
1 1 ~
7 1081k (Bzg) 2 —NI(z) = 6 |[mill + 1 log pik (B6) - (4.40)

"The obvious reason for this alteration of the standard method is the fact that our sequence of functions A, s does not have a
limit.

81t can be shown that all distributions Lk, k > 1, have the same expected value z; we do not pursue this result here, as it is not
crucial for our goals.
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Letting now £ — o0 and then § — 0

1 1 -
%iir(l) léfigf e log pi, (Bs) > —NI(z) — }ig(l)él/i:ifg llmel| + %ig(l) %Ti{.lf o log i (B.s).  (441)

Applying now Lemma 4.12 to the sequence 7, we have that limsup,_, o ||| < M Hz — Z||, and,

thus, the second term in (4.41) vanishes:
lim 6 lim sup ||nx|| = 0.
0—=0  k—too

To prove the claim of Lemma 4.10 it remains to show that the third term in (4.41) vanishes as well.

Recall that the logarithmic moment generating function associated with iy is Kk, v =Ny (A1) —

Aj ar(ng), and let .ka’M denote the conjugate of /NX;C7M. It can be shown that

I fir (BSs) < — liminf inf I . 4.42
m sup iy (B2 5) < Jimint E T () (4.42)

If we show that the right hand side in (4.42) is strictly negative, that would imply i, (B, s5) — 1, as
k — 400, which in turn yields that the third term in (4.41) vanishes. Thus, from now on we focus on

proving that the the right hand side in (4.42) is strictly negative.

Consider
inf fk7M(w). (4.43)

wEB;S

Now, from the fact that ka e R%, we can show that I k,m has compact level sets (note that I, k,M 1s lower
semicontinuous). Thus, the infimum problem in (4.43) has a solution. Denote a solution by wy, and let (i be

a point for which wy, = V/~\k,M (Ck) (= VAgar (G + m1)) (such a point exists by Lemma 4.11).

We now show that ||wg|| is uniformly bounded for all k, which, combined with Lemma 4.12, in turn

implies that 1 + (i is uniformly bounded.

Lemma 4.13 For any fixed 6 > 0 and M > 0, there exists R = R(z,d, M) < +oo such that, for all k,
L. [Jwg|| < R, implying {wy : k > 1} C Bo,g;

2. |Gk 4 mll < M supyep, , ||w = Z||.
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Proof Fix M > 0,6 > 0. Define f,; and f, as

= Al A2
= AT —NAlNA—H = Az — AN = 220
fu(@) sup A /NN =7 fu(@) sup A N =537

r € R%. Note that both ?M,iM

Let ¢ = infepe §fM € R, and define S, = {x € R?: foyl@) < c}.

are lower semicontinuous, finite for every = and have compact level sets.

Fix arbitrary k& > 1. It can be shown with the help of Proposition (4.5) that for any = € R,

fo (@) < Do () < fpg(a). (4.44)

Observe now that I}, pr(wy) = infrepe I v(x) < infrepe fu(z) < c. On the other hand, taking
in (4.44) x = wy, yields iM (wi) < I, (wy), and it thus follows that wy, belongs to S..
Finally, as S, is compact, we can find a ball of some radius R = R(z, M, §) > 0 that covers S,, implying

wy, € Bo,r. Since k was arbitrary, the claim in part 1 follows.

We now prove part 2. Fix k = ko > 1 and consider the pair wy,, Cx, + Mk, for which wy, =
V Ako.mr (Cko + M )- Applying Lemma 4.12 for for z = wy,, we have that ||Cx, + nx, || < M Hwko — 7“
Using now part 1 of this lemma (which asserts that for any k wy, € By g, and thus for k = kg) we have

Wy, € Bo r. Combining the two preceding conclusions,

Gk + ol < M J|wiy — Z|| <M sup lw—Z]|. (4.45)

weEbY R

Since kg was arbitrary, the proof of Lemma 4.13 is complete. O

Observe now that

fk,M (wy) = ¢ wi — Agar (G + k) + Agar (1)

By strict convexity of Ay ps (recall the quadratic term 1/2M [|A|| in Ay pr), we have
Ao () > Aear (G + 1) + VAkar (Ge+ ) " O — (G + 7))
and using that VA, a7 (Cx + 1) = wy, finally yields
Agoar () > Mgoar (G + i) — wy G

Therefore, we obtain that fk u (wy) is strictly positive. Note also that, since k was arbitrary, the same
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conclusion holds for all k. However, we need a stronger claim for our purpose: each member of the sequence

of values fk u (wy) be bounded away from zero. The next lemma asserts that this is indeed the case.

Lemma 4.14 For any fixed z € R%, § > 0,and M > 0, there exists £ = £(z,d, M) > 0 such that, for all k,

s (wy) > €.

Proof Fix z,0 and M and define 1y = M Hz -7 , where R is the

. T2 = SUPyep, , M |lw—Z
constant that verifies Lemma 4.13. Fix now k£ > 1 and recall that 7, (; and wy are chosen such that z =
V Ak (M), j:Vk’M (wy) = infxeB;,a, and wy, = VA ( + (). Now, by Lemma 4.12 and 4.13 we have
for ny, and Ck, ||kl < r1, ||k + Ckl| < 2. We will now show that there exists some positive constant 73 (>
0) independent of & such that ||n;|| > r3. Consider the gradient map A — V Ay 57(A), and note that it is con-
tinuous, and hence uniformly continuous on every compact set. Note that ||| , || + Ck || < max{ri,r2}.
Suppose now for the sake of contradiction that ||7;|| — 0, as k — +oo. Then, ||(n + (x) — || — 0, and

thus, by the uniform continuity of VA 1/() on By maxfr, .} We have
IV Ak () = VAga (e + Ge)|l — 0, as k — oo
Recalling that z = VA as (M), wie = VAg ar (), yields

[wr, — 2] — 0.

This contradicts with wy, € Bj ;. Thus, we proved the existence of r3 independent of k such that

lnk|l > 73, for all k.

Now, let

T={(0.¢) e R xR s nll <, [ln+ ¢l < 7o, Sl = s

and introduce f : R4 x R? — R,

F(Cm) = Apar(n) — Apar(C+n) + VA (C+n) "¢ (4.46)

By strict convexity of Ay a/(-), we see that for any 1 and ¢ # 0, the value f(n, {) is strictly positive. Further,

90



note that since Ay, 37 and V Ay, ps are continuous, the function f is also continuous. Consider now

£ = ir%ff(n, ¢). (4.47)

Because T is compact, by the Weierstrass theorem, the problem in (4.47) has a solution, that is, there exists
(no,Co) € S, such that f(no, (o) = &. Finally, because f is strictly positive at each point in T (note that
¢ # 01in T), we conclude that £ = f(ng, (o) > 0.

Returning to the claim of Lemma 4.14, for every fixed k, (nx, nx + (i) belongs to T, and, thus,

Tear(wr) = Aear () — Mear (Ce + k) + VAR ar(Ce + 1) " = f (i, Ge) > €.

This completes the proof of Lemma 4.14. O

We now establish that the third term in (4.41) vanishes. From (4.42), and the existence of £ > 0 from

Lemma 4.14, we have

1 ~
lim sup Z log fur, (BS5) < — lgm inf I, pr(wy) < =€ <0.

k——+o0 —+00

This implies that for any fixed 6 > 0
pi (Bzs) — 1, as k — +oo,

which finally yields:

lim lim inf log fiy, (B. ) = 0.
iy at08 e (=) =0

Thus, the third term in (4.41) vanishes, establishing (4.29). O
Having (4.29), it is easy to establish (4.25). Recall that x, = y — V/kv/ M. Then,

P (z), € B, os) > P (yk € B.s,V/kVM € Bzﬁ) >P(yy € Bog) — P (V/\/k:M ¢ Bzy(g) . (4.48)

From (4.29), the rate for the probability of the first term above is at most NI(z). On the other hand, the

probability that the norm of V is greater than v/kM ¢ decays exponentially with &k with the rate M 62 /2,

1 M2
Jim - logP (V/VEM € B.s) = - T (4.49)

M o2

Observing that, for any fixed §, for all M large enough such that NI(z) < 5~ the rate of the difference
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in (4.48) is dominated by the rate of the first term, NI(z). This finally establishes (4.25), and proves the
lower bound 4.19.

4.4.3 Large deviations for distributed inference: Generic matrices IV;

We are now ready to state and prove Theorem 4.15.

Theorem 4.15 Consider distributed inference algorithm (4.3)—(4.4) under Assumptions 4.1 and 4.3. Then,

for each node :

1. (No worse than isolation) For any closed set E:

1
limsup — logP (x; € F) < — inf I(x) (4.50)
k——4o00 k zelR

2. (No better than centralization) For any open set F:

1
liminf — logP (x; F)> —N inf I(x). 4.51
iminf = logP (25, € F) > —N inf I(z) (4.51)
Proof of the “No worse than isolation” bound. Fix Wi, ..., W} and consider the conditional proba-
bility P (z; x € E|W1,- -, Wg). Let G be an arbitrary measurable set in R?. Then, similarly as in Subsec-

tion 4.4.1 we obtain,

P (24 € GIWY,. .., W) < e Finfeer(ATe=AN)

which further, by monotonicity of the expectation, yields:
P (2 € G) =E[P (214 € E[W1,..., Wy)] < e F(AT7=400),

From here, the proof proceeds analogously to the proof of the upper bound (4.18).

Proof of the “No better than centralization” bound. We now prove the lower bound (4.51). Consider
again a fixed realization of W7,...,Wy.

Similarly as in the preceding proof, applying Lemma 4.9, now the lower bound (4.19), to the sequence

x; 1, (given Wr,..., W), yields

1
coie b . W) > =N i ) .
légirgofklogP(SUz,kEF’Wh W) > Nilelgl(x) (4.52)
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Applying Fatou’s lemma [69] to the sequence of random variables Ry = %bg}P’ (i € FIWh,...,Wy),
k=1,2,...,

1 1
lklgigofE [klogP(:vi7k € F|W1,...,Wk)} >E [lkig_iirgklogp(xm e FWy,....Wp)|,

and then using the monotonicity of the expectation in (4.52), yields

1
liminfE | = logP (z;, € F|Wy. ... > _N inf I(z). 4,
im inf [k ogP (z;x € F|Wh, 7Wk)} > inf () (4.53)

Now, by concavity of the logarithm:

1 1 1
EIOgP(ZL‘i,k € F) = ElogE[P(mi,k € F|W1,...,Wk)] >E [klog]P’(a:M S F‘Wl,...,Wk)

Finally, passing to lim infy_, , o, and using (4.53), completes the proof. O

4.5 Large deviations for distributed inference: Doubly stochastic matri-

ces W,

This section shows that if an additional structure is assumed in cooperation, namely double-stochasticity of

the 1W}’s, the performance guarantees under cooperation significantly improve.

4.5.1 Model, assumptions, and graph-related objects

To state the corresponding result, we first need to introduce certain concepts.

Definition 4.16 (Convex hull of a function, [72]) Let f : R? — R U {400} be minorized by an affine func-
tion. Consider the closed convex hull coepi f of the epigraph of f, epif = {(z,r) : r > f(z),z € R?}.
The closed convex hull of f, denoted by cof(+), is defined by:

cof(x) :=1inf{r : (x,r) € coepi f}. (4.54)

The convex hull o f (x) of the function f is constructed by first finding the convex hull of the epigraph of
f, and then defining o f (x) to be the function whose epigraph is coepi f. Intuitively, cof(x) is the best

convex approximation of f.
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We recall from Chapter 2 some objects related with random matrices W;. The induced graph of W,
Gy = G(W,), is the graph that collects all the edges corresponding to positive entries of W;. Set G is then
the set of all possible realizations of G, i.e., G is the minimal set for which P (G, € G) = 1. For a collection
of graphs H C G on the same set of vertices V', I'({) denotes the graph that collects all the edges of all the
graphs in H, i.e., I'(H) is the union graph of graphs in H. For a given collection of graphs H, we introduce

— what we call — the clique of a node ¢ in H.

Definition 4.17 (The clique of node 1 in the set of graphs H) Let H be a collection of graphs, and let C'y, ..., Cy
be the components of the union graph I'(). Then, for any node 7, C; 7 is the component of I'(7{) that con-

tains i, i.e., if i € C}y,, then C; 3y = C)y, and call it the clique of node ¢ in H; thus,
Cix = {j € V : there exists a path in I'(H) from ¢ to j}. (4.55)

We explain the intuition behind this definition. Suppose that the sequence of induced graphs G; takes
realizations in a fixed collection of graphs H = {Hy,..., H;} C G, H; € G". Consider the union graph
I'(H); note that, because C} 7/ is by construction a component of I'(7{), there are no edges in I' () between
the nodes in C; 3 and the rest of the network V'\ C; 7). Now, because each H; is a subgraph of I'(H) (I'(H)
being the union graph of the H;’s), there cannot be any edges between C; 3, and V'\ C; 3 in the H;’s as well.
Thus, none of the realizations along the sequence of graphs G; can connect C; ¢ with the remaining nodes,
implying that C; 7 is the only part of the network that node 7 can “see”, i.e., communicate with over time.
To explain why we call C; 3/ a clique, imagine that, along the sequence G, each realization H;, [ =1, ..., L
occurs infinitely often (note that this happens with probability 1). Then, after a finite time, loosely, “the
information from every node in C; 3y has reached every other node in Cm”9 We end this Subsection by

stating an additional Assumption on the matrices W.

Assumption 4.18 The random matrices W; are symmetric and have positive diagonals, with probability one.
4.5.2 Large deviations rate, corollaries, and interpretations

We are now ready to state and prove our main result of this chapter, Theorem 4.19.

Theorem 4.19 Consider distributed inference algorithm (4.3)—(4.4) under Assumptions 4.1, 4.3, and 4.18.

Then, for each node i:

To make this statement more precise, note that if each H; occurs infinitely often, then, if the W;’s have positive diagonal
entries, the product matrix Wy, - - - Wy has all the entries strictly positive after a finite time.

94



1. For any closed set E:

1

limsup — logP(z;, € E) < — inf I7 y(z), (4.56)

k——+00 k zelE
I7n(x)=7coinf{l(x)+T,NI(z)}; (4.57)

2. For any open set F:
1 _
e L ' > A ‘

lligigf ’ logP (z; € F) > ;glfwfz(af), (4.58)
Ii(x) = nf €0 {|CiplI(x) + [logpyl, NI()} . (4.59)

Before proving Theorem 4.5, we first give the interpretation of the upper bound function I 7, and then
we state some important corollaries of Theorem 4.5.

As we can see from part 1 Theorem 4.5, function /7  gives an upper bound on the exponential decay
rate for the large deviation probabilities of each node ¢ in the network. We provide an illustration for I 7
in Figure 4.1. We consider an instance of the inference algorithm (4.3)-(4.4) running on a N = 3-node
network, with the rate of the matrix products 7 = 5, and where the observations Z; ; are standard Gaussian
(zero mean and variance equal to one); it can be shown that, for this case, I(x) = %x? The more curved
blue dotted line plots the function NI(z) = %N 22, the less curved blue dotted line plots the function
I(x)+J = %902 + J, and the solid red line plots I 7 x. Observing the figure, we can identify three regions
that define /7 . First, there exists a region around the mean value (equal to zero) in which /7 n matches
the optimal rate NI. On the other hand, for all values of x that are sufficiently large, /7 y follows the
slower rate, I(-) + J. Finally, for the range of values of x that are in between the preceding two regions,
function I 7 n is linear; this linear part is the tangent line that touches both the epigraph of NI and the
epigraph of I + 7, and Intuitively, the linear part is responsible for the “convexification” (recall that co
of two functions is defined through the convex hull of their corresponding epigraphs) of the point-wise
maximum max {I(-) + 7, NI()}.

The first corollary of Theorem 4.19 asserts that if every realization of the network topology is connected,

then the sequence z; . satisfies the large deviation principle at each node 7 in the network and with the best

possible rate function, NI(-).

Corollary 4.20 Assume that the induced graph G is connected with probability 1. Then, for each i =

1,..., N the sequence of states of node i, x; x, satisfies the large deviation principle with rate function V1.
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Figure 4.1: Tlustration of I 7 y for a network of size N = 3, with 7 = 5, and Z;; ~ N(0,1). The more
curved blue dotted line plots NI(z) = $ N2, the less curved blue dotted line plots I(z) + J = 32% + J.
The solid red line plots /7 y = o (NI(-),I(-) +J).

Proof If the induced graph G is connected with probability 1, then by Theorem 2.7 from Chapter 2 we
have J = +o0, and so for any z, I .7 y(x) = NI(z). Combining this with the lower bound Theorem 4.15
which asserts that, for any open set F', the exponential rate of the probabilities P (x; ;, € F') is at most
inf,cp NI(E), the claim follows. O

In particular, it follows that any deterministic cooperation algorithm such that, with probability 1, W; =
A, and |[\2(A)| < 1 satisfies the large deviation principle with the optimal rate function NI(-).

Consider now a situation when there exists a node i such that J = |log p; isol|, Where p; jso1 is the
probability that ¢ has no neighbors at some time ¢. This means that the most likely disconnected collection
(recall the definition from Chapter 2) is the one which consists of all the topology realizations that isolate i:

H*={H € G: C; g =i}, hence,
Pmax =PH+ = Y, DH (4.60)

HEg:CLH:’i

Thus, for H*, C; 4+ = i and so |C; 3~| = 1. Consider now the lower bound in (4.58) where, instead of the
(tighter) infimum bound we use the looser bound ¢o6 { NI(x), I(x) + |log py+|}. Now, simply noting that
|log py+| = J, we see that the two functions in the upper and the lower bound coincide, thus implying the

large deviation principle for node i. This is formally stated in the next corollary.

Corollary 4.21 (LDP for a critical node) Suppose that for some i, J = |log p; isol|- Then, the sequence of
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measures £ — P(z;, € E), E € B (Rd), satisfies the large deviation principle with the rate function

CO{NI(z),I(x) + [log p; sol|}-

Further important corollaries along the same line of thought are the two corollaries below: LDP for regular

networks and the LDP for leaf nodes in a graph.

Corollary 4.22 (LDP for leaf nodes) Suppose that algorithm (4.3)—(4.4) runs on a network (V, E) , where
E collects all the links that have positive probability of occurrence. Further, assume that all links in E have
the same probability p of being online. Then, for every leaf node i, the corresponding sequence of measures

satisfies the LDP with the rate function co { NI (z), I(x) + [log(1 — p)|}.

Corollary 4.23 (LDP for regular networks) Suppose that algorithm (4.3)—(4.4) runs on a regular network of
degree d in which each link has the same probability p of being online. Then, for every node ¢, the corre-

sponding sequence of measures satisfies the LDP with the rate function @6 { N1(x), I(z) + d |log(1 — p)|}.

The next two subsections prove Theorem 4.19; Subsection 4.5.3 proves the upper bound (4.56) and

Subsection 4.5.4 proves the lower bound (4.58).

4.5.3 Proof of the upper bound in (4.56)

For k > 1, let S}, be defined by

max1<s<k:|®(k,s)—J|| <z, if ®(k,0)<¢

Sy = (4.61)
0, otherwise
To prove (4.56), it suffices to show that for any open ball G and any € > 0
P (2 € G) < Cee—k(infzec )\Tgc—max{A(A)—(J—e),NA()\/N)})7 (4.62)

where the constant C is the constant that verifies
W, W- 1 k(T —e)
P{[[W--- 1_JNH2E < Cee .

The claim in (4.56) can then be established by the standard “finite cover” argument, combined with the
exponential tightness of G — P(x; 1), and the fact that the conjugate of max {A(A\) — J, NA (A/N)}is
the convex hull of the conjugates of A(A\) — 7 and NA(\/N), respectively, given by I(z) + J and N1 (x).
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By the law of total probability:
k
P(2ir€G)=> P(zif € G|Sk=5)P(Sk=s). (4.63)

s=0

Consider a fixed realization of W7, ..., Wy. Similarly as in the proof of Lemma 4.9, see eq. (4.23), by the
independence of the terms [®(k,t)];;Z;; (given Wi, ..., W), 5 =1,...,N,t =1, ..., k, we have

P (3, € GIW,...,Wy) < e Finfrea ATot iy X301 AR (KD (4.64)

®(k,s) — J|| < % and
|®(k,s+ 1) — J|| > 1. Then, [®(k,1)];; € [% — +, % + 1), forall 1 < ¢ < s. By the convexity of A(-),

Suppose now that, for this fixed realization of the random matrices, S = s, i.e.,

and the fact that A(0) = 0, this implies

A([®(k, )]5A) < A <<le + ;) A) (4.65)

, for each t between 1 and s, and for each j. Therefore, summing out over all j’s for a fixed ¢, 1 <t < s,

ields
y f}u@@wmﬁoswA<(;+;>A). (4.66)

=1
On the other hand, ¢ greater than s, we cannot say much about the entries of ®(k,¢), so we use the “worst

case” bound from Proposition 4.5,
D Ak, B)]iA) < AN, (4.67)

Consider now the sum in the exponent in (4.64). Applying (4.66) to the first s terms (i.e., the terms for

which 1 <t < s) and (4.67) to the remaining k£ — s terms,

k N
D) A([®(k, t)iA]) < sNA <(;, + ;) )\) + (k= s)A(N). (4.68)

t=1 j=1

Since the preceding bound holds for any realization of W7,...,W}, for which S = s, computing the condi-

tional expectation in (4.64) over the event {S; = s} yields

P (214 € GISy — 5) < - Fintrea A ToroNA((F+E)H- A (4.69
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We next consider probability of the event {S) = s}:

P(Sk=s) —]P’(Hfb(k,s) —J|| < %and |P(k,s+1)—J|| > 2)

1
<P (||<I>(k,s+ 1)~ J|| > k) .

(4.70)

@4.71)

By Theorem 2.7 from Chapter 2, the probability in the right hand side of (4.70) decays exponentially with

k — s and with the rate equal to J defined in (2.2). In particular, for any € > 0, there exists a constant C,

such that for each k
1
P (H(b(k, s+1)—J|| > k) < Qe k=)

implying
P(Sp = 5) < Cee~*k=9)(T=9)

Combining (4.72) and (4.69) in (4.63)

k
P24 €G) < Zoeefkinfxeg )\Tm+sNA((%+%)/\)+(k75)/\()\)e—(k—s)(J—s)
s=0

< kC.e kinfeec ATIemaxlgsgkSNA((%—&-%))\)—I—(k—s)(A(A)—(J—e))

< ke Finfrea A @ hmax{ NA((F+1)A) (AN (T =)}

We next prove the lower bound (4.58).

4.5.4 Proof of the lower bound (4.58)

Fix a collection H C G and consider the following sequence of events

1
£l = {Gt €M, (0K +1 <<k, (@00 k= [VEDloy — | < 7.

| ecr6m1, rom) — (VA — | < ]1}

(4.72)

(4.73)

4.74)

4.75)

(4.76)

k > 1, where 6 € [0,1] and M = |C; 5|. We explain the motivation behind this construction. Fix k, 6 and

an outcome w € 572{,1« and denote A; = Wy(w), t > 1'°. Let 71, T3, 73 and 7, denote the four disjoint

'We see from the definition of 57‘?‘7 & that we don’t need to consider the realizations A; of all W’s but only of those until time k.
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intervals according to which 5791 i, 18 defined,

{te [1,k]: 1 <t < [0k] —[\/H}
5:{te[1,k]:[9k1—[\/%1+1gtg wm}
{te[1,k]:m/@1+1gtgk—[\/m}

ﬂ:{te[l,k]:k—[\/HJrlgtgk}.
Note that 77, ..., 74 constitute a partition of the discrete time interval [1, k].

Lemma 4.24 For any w € 5%’ s
L. fort € T3U Ty, [(k,t)(w)]s; = 0forall j ¢ C;ay;
2. fort € T3, [®(k,t)(w)]ij € 1/ |Cin| —1/k, 1/ |Cs 1| + 1/K] forall j € C;
3. fort € Ty, [®(k,t)(w)]i; € [I/N —1/k,1/N + 1/k] forall j(=1,...,N).

where ®(k, k)(w) = Iy, and ®(k,t)(w) := Wi(w) -+ - Wit (w), for 1 <t < k.

Proof Fix w € 5797[7,C and denote A; = Wi(w), fort = 1,....k. To prove part 1, note that, because
wé’% i» all A;’s in the interval 73 U 74 have their induced graphs, G(4;), in H. Therefore, node 4 over this
time interval can only communicate with the nodes in C; 3. Let M = |C; |. Without loss of generality'!,

suppose that C; 1y = {1, ..., M }. Hence, for any ¢ € 73 U 74 A; has the following block diagonal form

A — [Atlc, s Onmx(v—nn)

Onvrx(v—nry  [Athnox

where [A¢]c, ,, is the (M x M) submatrix of A; that corresponds to the nodes in Cj 2, Oprx(nv—nr) 18

H

the M x (N — M) matrix of all zeros, and similarly for the two remaining blocks. It follows that each

O(k,t) = Ay -+ Ay, t € T3 U Ty, has the same sparsity pattern, and thus

ok, Do . Onp(ne
(k1) = @k, )lcir Onrx(v—nn)

Orrs(n—nr) [Pk, H)ncia

proving part 1.

""'We can always find a permutation matrix that reduces A; into a block diagonal form.
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To prove part 2, consider the second property of the A;’s: H [D(k, k — [\/E-‘ Nesa — JMH < % Due
to the following monotonicity: ||AD — Jys|| < ||A — Jas|| that holds for any A and D of size M that are

doubly stochastic, we have here that for all ¢t € 73

Gk e — Tua] < 7.

Finally, exploiting the property of the spectral norm by which for any matrix D |D;;| < || D||, for all
entries 7, j of D, completes the proof of part 2.

To prove part 3, note that that for all £ € 7; (in fact for all t < k)
D(k,t) =  (k, [0K]) @ (0K], [0k] — [V]) @ (0] — [VE]¢).

Using now the fact that | ADC — Jy || < ||D — Jn|| for doubly stochastic A, D and C of size N, applied

to the product of the three matrices above,

@Gk, 1) — Jnll < @ ([6K1, [0k] — [VAT]) < 7, @.77)

e

which holds for all ¢ € 7.

Similarly as in part 2, it follows that [®(k,t)];j € [I/N — 1/k,1/N + 1/k], for each entry i, j of
[®(k,t)], completing the proof of part 3 and the proof of Lemma 4.24. O

Define now the probability distribution v, : B (R?) — [0,1] by

) = P ({wir € By {E,}) | )

P (57‘%{7,6)

that is, v, is the conditional probability distribution of x; j, on 879{ > we remark that P (8% k) > 0 for k
sufficiently large, as we show later in this proof, see Lemma 4.26. Let T, be the (normalized) logarithmic

moment generating function associated with vy, defined by

1
Th() = 7 logE [ekATmi’k]5%7k , (4.79)

for A € R,
Using the properties of the entries of ®(k,t) in intervals 77, ..., 7, we establish in Lemma 4.25 that the

sequence of functions Y, has a point-wise limit, which will allow us to apply the Gartner-Ellis Theorem to

101



get a large deviations lower bound for the sequence v;. We first state and prove Lemma 4.25

Lemma 4.25 For any )\ € R%:

. Ti(A) = (1= 0)MA (1/MA) +ONA (1/N)). (4.80)

Proof Starting from the expected value in (4.79):

1 -
E ek)\T$i,k|g%7k:| — p 15791k
P(ef,)

el

ek,\Tzi,k]

——E g B[Pk, W | (4.82)
P <5H k) L
where in the last equality we used that, given W7, ..., W, the indicator 1 g, 1S a constant.

Now, fix an outcome w € Eﬁl - and let Ay = Wi(w), t = 1, .., k; focusing on the conditional expectation

in the preceding equality for W; = A;, t = 1, ..., k, and using the independence of the Z; ;’s

E [Tk Wy = Ay, Wi = Ay | = e Zom MPGDL, (4.83)

where ®(k,t) = Ag--- Ay, for t = 1,..., k. We split the sum in the exponent of (4.83) over the

disjoint intervals 77, ..., 74 that cover [1, k], and analyze each of the obtained summands separately. First,
for each A € RY, define

hi(X) == max A(PN)  hi(N) =

min A (oN),
$€[1/M=1/k1 /M+1/k]

bE[1/M—1/k,1/M+1/k]
and

[ACYE

¢€[1/N7III}%§/N+1/M (¢ ) gk( ) min (¢ )’

- ¢€[l/N—-1/k,1/N+1/k]

for \ € RY. Note that hy, b, — A (1/N-), as k — +oc pointwise (for every \); likewise, Tk, 9, —
A(1/M-), as k — +o0, pointwise.
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Then, by part 2 of Lemma 4.24,

Mhy(X) < > A([®(,1)]ijA) < Mhy(X), for each t € T,
JjeCin

and, similarly, by part 3 of Lemma 4.24

N
Ng,(A) <> A([®(k,1)]ijA) < Ngi()), foreacht € Ty
=1

As for the summands in the intervals 73 and 7, we apply Proposition 4.5 to get

A(1/MN) < Z A(] iA) < A(X), foreacht e Ty,
.76017-(
and N
A(1/NX) < Z ®(k, 1)]i;A) < A(N), for each t € Tp.

Noting that |71| = [0k] — [VE], |T3| = k — [0k] — [V'k], and |T3| = |T4| = [V/k], and summing out

the upper and lower bounds over all ¢’s in the preceding four inequalities yields:

M=
.sz

EX5 (M) < Big) < kKTx (), (4.84)
t=1 i=1
where
k| — | VE k k—10k| — |VEk
1o = P vy ) IEL v v + e paagy + BT IVR Ly )
and
= k| — [VEk k k— |0k k] —
Tr(N) = Hk(\ﬂ]\f (A + @ (NA(1/NX)+ MA(1/MX)) + [0K] — [VE] Mhy(N)
Since the preceding inequality holds for any fixed w € 579{7 &> it follows that
leg TN < gy B [Ty W] <1 FTHO), (4.85)
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Finally, by the monotonicity of the expectation:
P (&@,Q HFLVE [1 g B [e’mm Wi, ..., WkH <P (57%) kTR,
which combined with (4.81) implies
LN < [Tk | < T (4.86)
Now, taking the logarithm and dividing by &,
Tr(A) < T (N) < Ti(N),
and noting that

kgrfw?k(x) = kgrfw?k(x) =(1—-60)MA(1/MX)+ (0)NA (1/NN),

the claim of Lemma 4.25 follows by the sandwiching argument. O

Now, remark that the limiting function A\ +— limy_, T (\) is finite everywhere. By the Girtner-Ellis
theorem it follows then that the sequence of measures v}, satisfies the large deviation principle!2. Therefore,

we have that for every open set F' C R,

1
lim - logP (g; p € F\é’%k> = —inf sup AT — (1 — O)MA (1/NX) —ONA(1/NN).  (4.87)
k——+oo k ’ ’ €L )\ cRd

We next turn to computing, more precisely, tightly approximating, the probability of the event 5% o P (5% k:) .

Lemma 4.26 For any 6 € (0,1),

1 )
<P () <oy, (4.88)

2We use here the variant of the Girtner-Ellis theorem that claims the (full) LDP for the case when the domain of the limiting
function is the whole space Rd; see Exercise 2.3.20 in [8] for the proof of this result.
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Proof To start with, by the disjoint blocks theorem [69] applied to the matrices in the two disjoint
intervals 77 U 75, and 73 U 74:

P(&fu) =P <Gt €M, forallt € GUT, |[@(k,k — VAo — Jur| < 11) .

IP’(HCI)(@k:,Gk— [\/EW)—JNH < ;) (4.89)

Conditioning in the first factor on the event {G; € H, for all ¢ € 73 U 74} (the probability of which equals

p’;{_ [6F] and thus is non-zero),

1
i (Gt eH, forallt € T,UTs, ‘[<I>(k:, k= [VED]0s0 — JMH < k) (4.90)

1
:IP’(H[@(/{:,/?— f\/ﬂ)]qﬁ —JMH < E’Gt €H, forallt e quﬂ> P(G e H,t e T3UTh)

1 _
_p <H[<I>(/-c, k= [VED]e,, — JMH < lGienteTu 7;) ovalals 4.91)

Computing the probability through the complement

1
P (H[q»(k;, k= VED]e,, — JMH < |G e, forallt e T T4> -

1
1-P (H[@(k,k — VEDIeur — JMH > |G e H, forallt € TU T4> , 4.92)

and we recognize in the righthand side the familiar event from Chapter 2: { H [®(k, k — [VE] Ny — JIm H > 1 }
Using the results from Chapter 2, we can show that the probability in the righthand side goes to zero expo-
nentially fast as & — 0. Therefore, we can find kg such that for all £ > k, this probability is smaller than
which combined with (4.92) shows that the probability of the first factor in (4.89) is bounded between

k—k—[0K] g

1
2 9
% Py p;?kf 9% for all & > ko. Similarly as with the first factor, we can show that the probability

of the second factor in (4.89) is between % and 1. The result follows by summarizing the preceding findings.

|

To bring the two key arguments together, namely, Lemma 4.26 and the lower bound (4.87), we start
from the simple relation

P(vi € F) > P ({oin € FYNEY,).
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Passing to the limit, and exploiting (4.88) and (4.87)

o1 .1 .1
lim inf Z logP (z;, € F) > khm z log v (F) 4+ kEToo z log P (8%’k)

k—+o0 100

= —inf sup Az — (1 —0)MA (1/MX) —ONA(1/NX) — (1 — 0)|log px|.
xGFAERd

Since 6 is an arbitrary number in [0, 1]), we optimize the last bound over 6 € [0, 1]:

1
lim inf Z logP (z;, € F) >

k—+o0

— inf inf sup Az — (1 —0)MA (1/MX) —ONA(1/NX) — (1 — 0)|log px|
0€[0,1] zEF ) cRrd

— inf inf sup Az — (1 —0)MA(1/MX) —ONA (1/NX) — (1 — 6)|log px|.
z€F 0€[0,1] \cRd
Fix x € F and consider the function f(6, \) := ATo—(1—0)MA (1/MX)—0NA (1/NX)—(1—0)|log px/|.
Function f is convex in # and concave in X for every fixed 6 € [0, 1]. Also, sets [0, 1] and R? are convex and

set [0, 1] is compact. Thus, we can apply the Sion’s Minimax theorem [85] to obtain inf sup f = supinf f:

inf sup Az — (1 —60)MA(1/MX) —ONA (1/NX) — (1 —6)|logpy| =
0€[0,1] Ac€Rd

sup inf Az — (1 —0)MA(1/MX) —ONA (1/NX) — (1 — 6)|log px|
ACRd 0€[0,1]

= sup A @ — max {MA (1/MX) — [logpx|, A (1/N))}.
A€ERE

Similarly as in the proof of the upper bound, using properties of conjugation (the conjugate of the maximum

of two functions is the convex hull of their respective conjugates,

sup ATz — min {MA (1/MA) = [logpp|, A (1/NA)} =0 (NI(z), MI(z) + |logpul),  (4.93)
AERE

and thus,

1
liminf% loglP (z;, € F) > — inlfrﬁ(NI(x),MI(x) + | logpyl) - (4.94)

k—+4o00 S

Optimizing now over all H C G, yields the lower bound. This completes the proof of the lower bound and

the proof of Theorem 4.19.
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4.6 Distributed estimation

Consider distributed estimation where each agent 7 acquires over time ¢ scalar measurements y; ; with:
o—al B . 4.95
Yit = Qy + Nngt. ( 95)

Here, a; € R% is a deterministic vector known to agent i, 0 € R? is the unknown parameter to be estimated,
and n; ¢ is the zero mean additive Gaussian, spatio-temporally uncorrelated noise, with variance equal to 1.
Centralized estimator. For benchmarking purpose, we consider the minimum variance unbiased esti-

mator based on £ measurements from all NV agents:

N —1

~ 1

OriL g = (Z aia;) ) (k > aiyi,t> : (4.96)
=1 t=1 =1

Distributed estimator. The estimator assumes that all agents beforehand know the matrix A :=
SN | aia; . For example, the matrix A can be computed by a consensus algorithm (with N (N + 1)/2-

dimensional variables). Each agent 7 updates its estimate x; j, of the parameter ¢ as follows:

k 1 _
Tiktl = T ‘EEO (Wilijzjr + Pl 1NA Yaiyi ki (4.97)
J ik

Large deviations performance. We are interested in the inaccuracy rates [9]:
~ 1
1(¢) = klim —Elog}P’(Hﬁk—OH >&), £€>0, (4.98)
— 00

where 6}, is the estimator after k per-agent samples are processed; e.g., 0 = §M Lk for the centralized
estimator (4.96), and 6, = x; ;. for the distributed estimator (4.97). It can be shown that the inaccuracy rate

for the centralized estimator (4.96) is given by:
62
ﬂcen) (f) = 9 Amin (A) )

where Apin () denotes the minimal eigenvalue.
In Theorem 4.27 we derive an upper bound for the inaccuracy rate of the distributed estimation algo-
rithm 4.97. We omit the proof of Theorem 4.27, but we remark that the proof exploits the same techniques

as in the proof of the upper bound of Theorem 4.19.
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Theorem 4.27 For any node ¢, for any £ > 0

1
lim sup — log P (|| — 0] > €) < — inf o (Il(x) + T, In@)+ T, I(Cen)(x)) (4.99)
kotoo K ’ TER : ||z —0||>¢

where, for j = 1,..., N, I;(z) = supycpa A @ — NTQ ()\TAflaj)Z — N)\TAflaja;-FQ, and I (z) =
Ta—0)T Az —0).
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Chapter 5

Large Deviations for Distributed Detection

In this chapter, we analyze the large deviations performance of distributed detection where agents in a
network decide between the two alternative hypothesis H; versus Hy. Each agent ¢ improves its (scalar) state
x; ), over time k through a distributed detection algorithm of type (4.3)-(4.3), and makes its local decision
by comparing z; j, with a zero threshold.! Detection performance at agent  and time k is characterized by

the probability of false alarm, probability of miss, and average error probability, respectively given by:

aix =P (20 >0| Ho) =P (2 €[0,00) | Hp) 5.1
Bik=P(xix <0| H)=P(xi} € (—00,0) | Hi) (5.2)
Pfy = mo i + 1 Bk, (5.3)

where 71 and 7o are the prior probabilities. Conditioned on, say, H, the state x; j (under appropriate
conditions) converges in probability to a positive number 1, so that the probability mass “escapes” from the
set (—o0,0), and thus 3; ;, converges to zero. Likewise, conditioned on Hy, x; ;, converges in probability to
a negative number 7 and the mass “escapes” from the set [ 0, c0), thus implying c; ;, — 0. In the language
of large deviations from Chapter 4, the sets (—o0,0) and [0, 0o) are deviation sets. In this Chapter, our goal

is to find the large deviation rates:

g =P (@) €10,00) | Ho) ~ e Flei (5.4)

Bir =P (i) € (—00,0) | Hy) ~ e Floi, (5.5)

'For simplicity of introductory explanation, we take here a zero threshold, but the chapter analyzes generic thresholds .
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and to ultimately determine the decay rate of the average error probability:

Py~ ek (5.6)

(2

We refer to rate I; as the asymptotic performance of agent .

We quantify the asymptotic performance in terms of the agents’ observations and the underlying ran-
dom network. Our results reveal a nonlinear, phase transition type behavior with respect to the network
connectivity, measured by the quantity 7 in (2.1) from Chapter 22. When the network connectivity 7 is
above a threshold, then the distributed detector is asymptotically optimal at each agent ¢, i.e., asymptotically
equivalent to the optimal centralized detector that collects the observations of all agents. When 7 is below
the threshold, we quantify what fraction of the centralized performance distributed detector can achieve.
Hence, there exists a “sufficient” connectivity J*, such that asymptotic detection performance saturates at
the optimal (centralized) value for any 7 > J*. Translated in practical terms, once [7* is achieved, e.g., by
increasing the amount of invested resources, further increase does not pay off. In this chapter, we address the
design problem of “targeting” the point [7* in a wireless sensor network, where the inter-agent probabilities
(and hence, J) of successful communication depend on the invested transmission power. We optimize the
agents’ transmission powers, such that connectivity [7* is achieved with the minimal overall investment.

We discover a very interesting interplay between the distribution of the agent observations (e.g., Gaus-
sian or Laplace) and the connectivity J of the network. For a network with the same connectivity, a dis-
tributed detector with say, Laplace observations distributions, may match the optimal asymptotic perfor-
mance of the centralized detector, while the distributed detector for Gaussian observations may be subopti-
mal, even though the centralized detectors for the two distributions, Laplace and Gaussian, have the same
optimal asymptotic performance.

For distributed detection, we determine the range on the detection threshold v for which each agent
achieves exponentially fast decay of the error probability (strictly positive error exponent), and we find the
optimal ~ that maximizes the error exponent. Above the critical (phase transition) value for the network
connectivity J, the optimal detector threshold is v* = 0, mimicking the (asymptotically) optimal threshold
for the centralized detector. Below the critical connectivity, the optimal distributed detector threshold may

be non zero.

We remark that the results presented in this chapter are based on our work in [63, 64, 62, 86].

Brief review of the literature. A large body of work on distributed detection considers fusion center (FC)-

2For convenience, in this chapter, we refer to quantity ;7 simply as the network connectivity.
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based architectures, e.g., [43, 44, 45, 46, 47, 42], and, recently, e.g., [48, 87, 88, 89]: [48, 87, 88] consider
the problem of selecting a subset of agents that optimizes detection performance at the FC; and [89] op-
timizes the local linear pre-coding of the agents’ messages to the FC, to optimize detection performance
subject to a transmit power constraint. References [49, 50, 51, 52] study consensus-based detection. Con-
sensus+innovations estimation is considered by references [53, 2, 54, 55, 56], while several mutually dif-
ferent variants of consensus+innovations detection are studied in [57, 58, 1, 5, 59, 60, 61]. We analyze here
running consensus, the variant in [1].

Reference [1] considers asymptotic optimality of running consensus, but in a framework that is very
different from ours. Reference [1] studies the asymptotic performance of the distributed detector where the
means of the agent observations under the two hypothesis become closer and closer (vanishing signal to
noise ratio (SNR)), at the rate of 1/ \/E, where k is the number of observations. For this problem, there is
an asymptotic, non-zero, probability of miss and an asymptotic, non-zero, probability of false alarm. Under
these conditions, running consensus is as efficient as the optimal centralized detector, [66], as long as the
network is connected on average. Here, we assume that the means of the distributions stay fixed as k& grows.
We establish, through large deviations, the rate (error exponent) at which the error probability decays to
zero as k goes to infinity. We show that connectedness on average is not sufficient for running consensus to
achieve the optimality of centralized detection; rather, phase transition occurs, with distributed becoming as

good as centralized, when the network connectivity, measured by 7, exceeds a certain threshold.

Chapter outline. Section 5.1 introduces the network and agent observations models and presents distributed
detector. Section 5.2 presents and proves our main results on the asymptotic performance of the distributed
detector. For a cleaner exposition, this section proves the results for (spatially) identically distributed agent
observations. Section 5.3 illustrates our results on several types of agent observation distributions, namely,
Gaussian, Laplace, and discrete valued distributions, discussing the impact of these distributions on dis-
tributed detection performance. Section 5.4 provides elaborate simulation results for the setup of corre-
lated Gaussian observations and a generic random network. Section 5.5 extends our main results to non-
identically distributed agents’ observations. Finally, Section 5.6 addresses the problem of optimal power

allocation for distributed detection.

Notation. We denote by: A;; the (i,7)-th entry of a matrix A; a; the i-th entry of a vector a; I, 1, and
e;, respectively, the identity matrix, the column vector with unit entries, and the i-th column of I; J the
N x N ideal consensus matrix .J := (1/N)11"; || - ||; the vector (respectively, matrix) [-norm of its vector
(respectively, matrix) argument; || - || = || - ||]2 the Euclidean (respectively, spectral) norm of its vector

(respectively, matrix) argument; ;(-) the i-th largest eigenvalue; E [-] and P (-) the expected value and
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probability operators, respectively; Z 4 the indicator function of the event A; vV the product measure of
N i.i.d. observations drawn from the distribution with measure v; h’(z) and h”(z) the first and the second

derivatives of the function h at point z.

5.1 Problem formulation

This section introduces the agent observations model, reviews the optimal centralized detector, and presents
the distributed detector. The section also reviews relevant properties of the log-moment generating function

of a agent’s log-likelihood ratio that are needed in the sequel.

5.1.1 Agent observations model

We study the binary hypothesis testing problem H; versus Hy. We consider a network of IV agents where

Y; + is the observation of agent ¢ at time ¢, where ¢t = 1,... , N, t =1,2,...

Assumption 5.1 The agents’ observations {th} are independent and identically distributed (i.i.d.) both in

time and in space, with distribution v; under hypothesis H; and vy under Hy:

v, Hp
Yig ~ i=1,...,N, t=1,2,... (5.7
vy, Ho

Here v and 1 are mutually absolutely continuous, distinguishable measures. The prior probabilities 71 =

P(Hy) and mp = P(Hy) = 1 — 7y arein (0, 1).

By spatial independence, the joint distribution of the observations of all agents
Y= (Yoo Yoe) (5.8)

at any time ¢ is 2 under H; and V(]]V under Hy. Our main results in Section III are derived under Assump-

tion 5.1. Section V extends them to non-identical (but still independent) agents’ observations.
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5.1.2 Centralized detection, logarithmic moment generating function, and optimal error

exponent

The log-likelihood ratio of agent ¢ at time ¢ is L; ; and given by

1 (Yie)
L;y =log —
" fo(Yiz)
where, f;(-), 1 = 0,1, is 1) the probability density function corresponding to v, when Y; ; is an absolutely
continuous random variable; or 2) the probability mass function corresponding to v;, when Y; ; is discrete
valued.
Under Assumption 5.1, the log-likelihood ratio test for k time observations from all agents, for a thresh-

old vis: 3
E N

1 H,y
Dy = — Liy 2 7. 5.
k Nk;z; it 27 (59

Logarithmic moment generating function.
Let A; (I = 0,1) denote the logarithmic moment generating function for the log-likelihood ratio under
hypothesis H;:
AR — (=00, +00], Ay(\) =logE [eAL1<1>|Hl}. (5.10)

In (5.10), L (1) replaces L; ¢, for arbitrary ¢ = 1,..., N, and t = 1,2, ..., due to the spatial and temporal
identically distributed observations, see Assumption 5.1. Recall that we already studied logarithmic moment
generating functions in Chapter 4, and gave several properties of these functions. Here, we are interested
in the logarithmic moment generating functions for log-likelihood ratios; these functions enjoy additional
properties with respect to those in Chapter 4, as we state below. (We repeat here the convexity property for

convenience.)

Lemma 5.2 Consider Assumption 5.1. For Ag and A; in (5.10) the following holds:
(a) Ag is convex;
(b) Ao()\> S (—OO7 0), for A € (0, 1), A0(0> = Ao(l) =0, and AE(O) =E [L1<1)’Hl], [=0,1;

(c) Ai()) satisfies:
Al()\) :Ao()\—l—l), for A € R. (5.11)

3In (5.9), we re-scale the spatio-temporal sum of the log-likelihood ratios L; ; by dividing the sum by N'k. Note that we can do

Hy
so without loss of generality, as the alternative test without re-scaling is: >°F | SN L;, = +/, withy' = Nk~.
Ho
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Proof For a proof of (a) and (b), see [18]. Part (c) follows from the definitions of Ay and A;, which
we show here for the case when the distributions v and 1/ are absolutely continuous (the proof for discrete

distributions is similar):

<f1(y)>A o)y —log /yER <f1<y>>1” Joly)dy —Ro(1+ A).

oo E [ (D) 1o
Ai(X) =1 gE[ |H1} 1 g/ foly) fo(y)

yeR

O
We further assume that the logarithmic moment generating function of a agent’s observation is finite

(just like we assumed in Chapter 4).

Assumption 5.3 No(\) < +o0, VA € R.

In the next two remarks, we give two classes of problems when Assumption 5.3 holds.

Remark I. We consider the signal+noise model:

m+n’i,t7 Hl
Yie = (5.12)

7 it Hy.
Here m # 0 is a constant signal and n; ; is a zero-mean additive noise with density function f,(-) supported
on R; we rewrite f,,(-), without loss of generality, as f,(y) = ce™9 ¥), where ¢ > 0 is a constant. It can be
shown that Assumption 5.3 holds under the following mild technical condition: either one of (5.13) or (5.14)

and one of (5.15) or (5.16) hold:

9(y)

ygrfm e = p4, forsome pi, 74 € (0,+00) (5.13)
% = p4, forsome pi € (0,400), pt € (1,400) (5.14)
y—-+oo (log([yl))
lim g(ﬁ) = p_, forsome p_,7_ € (0,400) (5.15)
y——oo |y|™-
: 9(y) _
lim ——=— = p_, forsome p_ € (0,400), u— € (1,400). (5.16)

y——oo (log(ly[))"~

In (5.14) and (5.16), we can also allow either (or both) p, u— to equal 1, but then the corresponding p
is in (1,00). Note that f,,(-) need not be symmetric, i.e., f,(y) need not be equal to f,,(—y). Intuitively,
the tail of the density f,(-) behaves regularly, and ¢g(y) grows either like a polynomial of arbitrary finite
order in y, or slower, like a power y7, 7 € (0, 1), or like a logarithm c¢(log y)*. The class of admissible

densities f,(-) includes, e.g., power laws cy P, p > 1, or the exponential families e/ ?®) =40 A(9) :=
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log yJ;OfOO o) x(dy), with: 1) the Lebesgue base measure x; 2) the polynomial, power, or logarithmic

potentials ¢(+); and 3) the canonical set of parameters § € © = {6 : A(f) < o0}, [90].
Remark II. Assumption 5.3 is satisfied if Y; j has arbitrary (different) distributions under H; and Hy with

the same, compact support; a special case is when Y; ;. is discrete, supported on a finite alphabet.

Centralized detection: Asymptotic performance. We consider briefly the performance of the centralized
detector that will benchmark the performance of the distributed detector. Denote by ~; := E[L11|H],
I = 0,1. It can be shown [8] that 79 < 0 and ; > 0. Now, consider the centralized detector in (5.9) with

the constant thresholds ~, for all k£, and denote by:

ag(y) =P (Dy > v|Ho), Br(v) =P (Dy < v[H1),: P(v) = ar(y)mo + Br(v)71, (5.17)

respectively, the probability of false alarm, probability of miss, and Bayes (average) error probability. In this
chapter, we adopt the minimum Bayes error probability criterion, both for the centralized and later for our
distributed detector, and, from now on, we refer to it simply as the error probability. we relate the quantity
Br(y) with large deviation metric in Chapter 4. (Similar relations can be made for ay(y) and Pg(v) as
well.) To this end, note that E [Dy, | H1] = 71, Vk. Further, by the law of large numbers, D}, converges to 1
in probability. Hence, for v < 71, the set (—oo,7y) is a deviation set, i.e., the “probability mass” vanishes
from this set exponentially fast. Therefore, the analysis of (5 (7) reduces to the large deviation analysis for

the set E := (—00,7).

We restrict the threshold + to lie in (Yo, v1). It can be shown that, for any v € (0, v1), P (y) converges
to zero exponentially fast as k& — oco. On the other hand, for v ¢ (70,71), P¢(7) does not converge to zero
at all. To see this, assume that H; is true, and let v > ~y;. Then, by noting that E[Dy|H1| = 71, for all k, we
have that 3(k,v) = P(Dy, < y|H1) > P(Dy, < v1|H1) — 4 as k — oo, by the central limit theorem.

Denote by I;(+), I = 0, 1, the Fenchel-Legendre transform of A;(-):

Ii(z) =sup Az — Aj(N), z € R. (5.18)
AER

It can be shown [8] that I;(-) is nonnegative, strictly convex (unless Lji(1) is an almost sure constant),
Ii(y) =0, forl = 0,1, and I1(2) = Iy(z) — z, [8]. We now state the result on the centralized detector’s

asymptotic performance.

Lemma 5.4 Let Assumptions 5.1-5.5 hold, and consider the family of centralized detectors (5.9) with the
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constant threshold v € (79, y1). Then, the best (maximal) error exponent:

1
lim — Z log Py, ()

k—o0

is achieved for the zero threshold v = 0 and equals N Cj,q, where Cing = 1p(0).

The quantity Cj,q is referred to as the Chernoff information of a single agent observation Y; ;. Lemma 5.4
says that the centralized detector’ error exponent is IV times larger than an individual agent’s error expo-
nent. We remark that, even if we allow for time-varying thresholds v;, = -, the error exponent N Cjj,q cannot
be improved, i.e., the centralized detector with zero threshold is asymptotically optimal over all detectors.
We will see that, when a certain condition on the network connectivity holds, the distributed detector is
asymptotically optimal, i.e., achieves the best error exponent NCj,q, and the zero threshold is again op-
timal. However, when the network connectivity condition is not met, the distributed detector is no longer

asymptotically optimal, and the optimal threshold may be non zero.

Proof[Proof of Lemma 5.4] Denote by Ag n the logarithmic moment generating function for the log-
likelihood ratio Zf\il L;, for the observations of all agents at time ¢. Then, Ag xy(A) = NAg(A), by the
ii.d. in space assumption on the agents’ observations. The lemma now follows by the Chernoff lemma

(Corollary 3.4.6, [8]):

1
lim —— log P(0) = A _N “Ao(\)} = NTo(0).
on, g 1os R (0) = max 1= Ron (M) = N i (=AW} = No(0)

5.1.3 Distributed detection algorithm

We now consider distributed detection when the agents cooperate through a randomly varying network.
Specifically, we consider the running consensus distributed detector proposed in [1]. The algorithm is of
distributed inference type, similar to the algorithms that we considered in Chapter 4. Each agent 7 maintains
its local decision variable x; j, which is a local estimate of the global optimal decision variable Dy, in (5.9).
Note that Dy, is not locally available. At each time k, each agent ¢ updates x; ;, in two ways: 1) by incor-
porating its new observation Y; ; to make an intermediate decision variable £-tz;(k — 1) + +L;(k); and
2) by exchanging the intermediate decision variable locally with its neighbors and computing the weighted

average of its own and the neighbors’ intermediate variables.
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More precisely, the update of x; j is as follows:

k—1 1
Tk = T Z [Wk],’jxjyk,l + % Li,ka k=0,1,2,... (5.19)
JE€O;

;0 = 0. (5.20)

Here O; j, is the (random) neighborhood of agent i at time % (including ), and [Wj];; are the (random)

averaging weights. The agent ¢’s local decision test at time k is:

Hy
Tik 2 7, (5.21)
Hy

i.e., Hy (respectively, Hy) is decided when x; j, > v (respectively, x; 1, < ).

Write algorithm (5.19) in vector form. Let x;, = (z1k, 224, ---, :cN,k)T and Ly, = (L1, ..., LNJC)T

Also, collect the averaging weights [W}];; in the N x N matrix W}, where, clearly, [W}];; = 0 if the agents

1 and j do not communicate at time step k. The algorithm (5.19) becomes:

1
Wisrxp + —Lg, k=0,1,2,... 29 =0. (5.22)

S T k

Network model. We state the assumption on the random averaging matrices W} and the observations Y;.

Assumptions 5.5 The averaging matrices W}, satisfy the following:
(a) The sequence {W},} -, is i.i.d.

(b) W}, is symmetric, stochastic (row-sums equal 1 and W;;(k) > 0), and has positive diagonal entries,

with probability one, Vk.

(c) W} and Y; are mutually independent over all k and ¢.

Note that we assume here the doubly stochasticity of matrices Wy’s.

Define the matrices ®(k,t) by:
O(k,t) = WeWi_1.. Wis1, k>1t> 1. (5.23)

It is easy to verify from (5.22) that xj, equals:

T —

S

k
> @k t)Ly, k=1,2,... (5.24)
t=1
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Choice of threshold . We restrict the choice of threshold v to v € (70,71), 70 < 0, y1 > 0, where we
recall v, = E[L1(1)|H;], I = 0,1. Namely, W; is a stochastic matrix, hence W;1 = 1, for all ¢, and thus
®(k,t)1 = 1. Also, E[L;|Hj] = 1, for all ¢, [ = 0, 1. Now, by iterating expectation:

k
1
Elxi|H;| = E[E[xg|Hy, W1, ..., Wi]] = E % E O(k,t)E[L|H]| =v1,1=0,1,
t=1

and so E[x; ;|H;] = ~, for all 4,k. Moreover, it can be shown using the results from Chapter 4 that
Z; , converges in probability to -; under H;. Now, a similar argument as with the centralized detector in
Subsection 5.1.2 shows that for v ¢ (79, 7y1), the error probability with detector (5.19) and (5.21) does not
converge to zero when k — co. We will show that, for any v € (79, 71), the error probability converges to
0 exponentially fast, and we find the optimal ¥ = ~* that maximizes a certain lower bound on the exponent

of the error probability.

Network connectivity. From (5.24), we can see that the matrices ®(k,t) should be as close to J =
(1/N)11T as possible for enhanced detection performance. To measure the “quality” of matrices ®(k, ),
we invoke the quantity 7 from Chapter 2. We refer to 7 as the connectivity, and we recall the definition:*

J = lim -— 1
(k—t)—o0 —t

logP (||®(k,t) — J|| > €). (5.25)

The following lemma easily follows from (5.25).

Lemma 5.6 Let Assumption 5.5 hold. Then, for any § € (0,J), there exists a constant C'(J) € (0, 00)
(independent of € € (0, 1)) such that, for any € € (0,1):

P(||®(k,t) — J|| > €) < C(8)e” kDT for all k > ¢.

5.2 Main results: Error exponents for distributed detection

Subsection 5.2.1 establishes the asymptotic performance of distributed detection under identically dis-

tributed agents’ observations; subsection 5.2.2 proves the results.

*The limit in (5.25) exists and it does not depend on ¢ for € € (0, 1).
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5.2.1 Statement of main results

In this section, we analyze the performance of distributed detection in terms of the detection error exponent,
when the number of observations (per agent), or the size k of the observation interval tends to +o0o0. As we
will see next, we show that there exists a threshold on the network connectivity 7 such that if 7 is above this
threshold, each agent in the network achieves asymptotic optimality (i.e., the error exponent at each agent
is the total Chernoft information equal to N Cj,q). When J is below the threshold, we give a lower bound
for the error exponent. Both the threshold and the lower bound are given solely in terms of the log-moment
generating function Ag and the number of agents V. These findings are summarized in Theorem 5.7 and

Corollary 5.8 below.

Let a; (7). Bik(7), and Py () denote the probability of false alarm, the probability of miss, and the

error probability, respectively, of agent ¢ for the detector (5.19) and (5.21), for the threshold equal to ~:

@ix(v) =P (2ip > v[Ho), Bix(y) =P (zir <v[H1), Pip(v) = moair(v) + mBik(v), (5.26)

where, we recall, 7m; and 7 are the prior probabilities. Also, recall [;(-), [ = 0, 1, in (5.18). Finally, for two

functions ¢1, @2 : R — R, recall from Chapter 4 the definition of their convex hull ¢3 = €o(¢1, p2) : R —

R, ¢3(z) = o(d1, ¢2) ().

Theorem 5.7 Let Assumptions 5.1-5.5 hold and consider the family of distributed detectors in (5.19) and (5.21)

parameterized by detection thresholds v € (79, 71). Let A} be the zero of the function:

AN = A (NX) — T — NAJ(A), 1=0,1, (5.27)

and define v, ,~;", 1 = 0,1 by
Yo =Ao(A), 70 = Ap(NAG) > 7 (5.:28)
o= AN, =AY > (5:29)

Then, for every v € (7y0,71), at each agent i, i = 1,..., N, we have:

1 1
liminf — - log i (7) > I n(7),  liminf —-log B x(7) > L7 n (%), (5.30)

k—o0
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where

NlIo(7), v € (70,7% ]

Ign() = (lo+T, NIp) (7) =3 Nlo(vg) + NX3(v =), 7€ (9,73)
Io(v) +J, v € hgsm)

[ L)+, v € (70,71 ]

Iyn()=e(i+J, NL) ()= NL(w)+NX0 =), 7€)
NIi(y), 7€ m).

\

Corollary 5.8 Let Assumptions 5.1-5.5 hold and consider the family of distributed detectors in (5.19) and (5.21)

parameterized by detector thresholds v € (70, ~1). Then:

(a)

1
lim inf —-log P (v) > min{I5 v (7), Iy x (1)} > 0, (5.31)

k—o0
and the lower bound in (5.31) is maximized for the point v* € (79,71)” at which I% (v*) = I }7 N ().

(b) Consider A* = argminycgAo(A), and let:
T* (Ao, N) = max{Ag(NA®*) — NApg(A®*), Ao(1 — N(1 =A%) — NAo(A*)}. (5.32)

Then, when J > J*(Ag, N), each agent ¢ with the detector threshold set to v = 0, is asymptotically
optimal:

1
lim ——log P{,(0) = NCipa.
k—oo k ’

(c) Suppose Ag(A) = Ag(1 — A), for A € [0,1]. Then, v* = 0, irrespective of the value of r (even when
J <J*(Ao,N).)

Figure 5.1 (left) illustrates the error exponent lower bounds I\077 ~(7) and 1;17, ~(7) in Theorem 5.7, while
Figure 5.1 (right) illustrates the quantities in (5.28). (See the definition of the function ®4()\) in (5.44) in
the proof of Theorem 5.7.) Note that B;(-) is the convex envelope of the functions NI;(-) and [;(-) + 7,
[ = 0,1. We consider N = 3 agents and a discrete distribution of Y;; over a 5-point alphabet, with the
distribution [.2,.2,.2,.2,.2] under Hy, and [0.01,0.01,0.01,0.01,0.96] under Hy. We set here J =~ 0.92
Remark. Consider part (c) of Corollary 5.8. When Ag(\) = Ag(1 — N), for A € [0, 1], it can be shown that

3 As we show in the proof, such a point exists and is unique.
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Figure 5.1: Left: Tllustration of the error exponent lower bounds I%y ~(7) and I}, ~(7) in Theorem 5.7;
Right: Illustration of the function ®¢(\) in (5.44), and the quantities in (5.28). We consider N = 3 agents
and a discrete distribution of Y;; over a 5-point alphabet, with the distribution [.2, .2, .2,.2,.2] under H;,
and [0.01,0.01,0.01,0.01, 0.96] under Hy. We set here 7 ~ 0.92.

Y = — < 0, and 127N(7) = I}7N(—7), for all v € (y0,71). This implies that the point v* at which
I %7 n and I\177 n are equal is necessarily zero, and hence the optimal detector threshold v* = 0, irrespective
of the network connectivity 7 (even when J < J*(Ag, N).) This symmetry holds, e.g., for the Gaussian
and Laplace distribution considered in Section 5.3.

Corollary 5.8 states that, when the network connectivity 7 is above a threshold, the distributed detector
in (5.19) and (5.21) is asymptotically equivalent to the optimal centralized detector. The corresponding
optimal detector threshold is v = 0. When 7 is below the threshold, Corollary 5.8 determines what value of
the error exponent the distributed detector can achieve, for any given v € (7, y1). Moreover, Corollary 5.8
finds the optimal detector threshold v* for a given r; +* can be found as the unique zero of the strictly
decreasing function Ap(y) := I, x(v) — I% n(v) ony € (70,71), see the proof of Corollary 5.8, e.g., by
bisection on (g, 71)-

Corollary 5.8 establishes that there exists a “sufficient” connectivity, say J*, so that further improvement
on the connectivity (and further spending of resources, e.g., transmission power) does not lead to a pay off
in terms of asymptotic detection performance. Hence, Corollary 5.8 is valuable in the practical design
of a network, as it says how much connectivity (resources) is sufficient to achieve asymptotically optimal

detection.
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Equation (5.31) says that the distribution of the agent observations (through the logarithmic moment
generating function) plays a role in determining the performance of distributed detection. We illustrate and

explain by examples this effect in Section 5.3.

5.2.2 Proofs of the main results

In this subsection, we prove Theorem 5.7 and Corollary 5.8. We follow essentially the same arguments as
in the proof of Theorem 4.19 in Chapter 4. Differently from the latter proof, 1) we explicitly characterize
the convex hull of the functions NI;(-) and I;(-) + J, I = 0,1; and 2) we analyze the (average) error
probability and the choice of thresholds . (The average error probability and thresholds are specific to
distributed detection and are not considered in Chapter 4.) For convenience, we include here the full proof

of Theorem 5.7 and Corollary 5.8.

Proof[Proof of Theorem 5.7] Consider the probability of false alarm «; 5 () in (5.26). We upper bound

; 1;(7y) using the exponential Markov inequality [69] parameterized by { > 0:
a;ip(y) =P(zip >v|Ho) =P (e@iv"“‘ > Y | Ho) <E [e@iv’“]Ho] e 7. (5.33)
Next, by setting ( = N k A, with A > 0, we obtain:

aip(y) < E[eN’“”iv’fIHo} e VEX (5.34)
- E [eNAZle Zj'v=1[¢(k:t)]z‘,ij,t|HO e~ NEAY. (5.35)

The terms in the sum in the exponent in (5.35) are conditionally independent, given the realizations of the
averaging matrices Wy, t = 1,...,k, Thus, by iterating the expectations, and using the definition of Ay

in (5.10), we compute the expectation in (5.35) by conditioning firston Wy, t =1,... k:

E [Nt Zihi ks Ly Ho} - E [E [eNAEi;lzjil[cbck,t>1i,m,t| Hy Wi, ... Wk“
_E [ez,’f:l ijzle(NA[é(k,t)]i,j)] . (5.36)
Partition of the sample space. We handle the random matrix realizations Wy, ¢ = 1,...,k, through a

suitable partition of the underlying probability space. Adapting the argument from Subsection 4.5.3 in
Chapter 4, partition the probability space based on the time of the last successful averaging. In more detail,

for a fixed k, introduce the partition P}, of the sample space that consists of the disjoint events Ay, s =
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0,1,..., k, given by:
Asi ={||®(k,s) — J|| < ecand ||®(k,s + 1) — J| > €},

fors =1,..,k—1, Ayy = {||®(k,1) — J|| > €}, and Ay = {||®(k, k) — J|| < e}. For simplicity
of notation, we drop the index £ in the sequel and denote event A, j, by As, s = 0,..., k. fore > 0.
Intuitively, the smaller ¢ is, the closer the product ®(k,t) to J is; if the event A5 occurred, then the largest ¢
for which the product ®(k, t) is still e-close to J equals s. We now show that Py, is indeed a partition. We
need the following simple lemma. The lemma shows that convergence of ®(k, s) — J is monotonic, for any

realization of the matrices Wy, Wy, ..., W.

Lemma 5.9 Let Assumption 5.5 hold. Then, for any realization of the matrices W71, ..., Wj:

|D(k, ) — J|| < ||®(k,t) — J|, for 1 < s <t <k

Proof Since every realization of W, is stochastic and symmetric for every ¢, we have that ;1 = 1 and
1"W; = 17, and, so: ®(k,s) —J = Wy---W(s) —J = (W, — J)--- (W(s) — J). Now, using the

sub-multiplicative property of the spectral norm, we get

@k, s) = T = [(Wre =)+ (Wy = YW (t = 1) = J)--- (W(s) = J)
< NWe = J) - (We = DIV (E = 1) = )| - [(W(s) = S|

To prove Lemma 5.9, it remains to show that ||W; — J|| < 1, for any realization of W;. To this end, fix a
realization W of ;. Consider the eigenvalue decomposition W = QM Q", where M = diag(u1,. .., in)
is the matrix of eigenvalues of W, and the columns of () are the orthonormal eigenvectors. As \/Lﬁl
is the eigenvector associated with eigenvalue p; = 1, we have that W — J = QM’ QT, where M =
diag(0, pa, ..., un). Because W is stochastic, we know that 1 = pg > po > ... > uny > —1, and so
W = J|| = max{|pal, [un|} < 1.0

We now show that Py, is indeed a partition. Note first that (at least) one of the events Ay, ..., A nec-
essarily occurs. It remains to show that the events A, are disjoint. We carry out this by fixing arbitrary
s = 1,..., k, and showing that, if the event A, occurs, then A;, t # s, does not occur. Suppose that A
occurs, i.e., the realizations W1, ..., Wy, are such that || ®(k, s) — J|| < eand ||®(k,s+ 1) — J|| > e. Fix any

t > s. Then, event .A; does not occur, because, by Lemma 5.9, ||®(k,t)—J|| > ||®(k,s+1)—J| > €. Now,
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fix any ¢t < s. Then, event .4; does not occur, because, by Lemma 5.9, ||®(k, t+1)—J|| < || ®(k,s)—J|| <e.
Thus, for any s = 1, ..., k, if the event A, occurs, then Ay, for t # s, does not occur, and hence the events
A are disjoint.

Using the total probability law over Py, the expectation (5.36) is computed by:

k
E Xt E;V:lAf)(NA[cbck,t)]i,j)] -3 E {ezle e Ao(NA@ (ki) 7, ] 7 (5.37)

s=0

where, we recall, Z 4, is the indicator function of the event 4. The following lemma explains how to use

the partition Py, to upper bound the expectation in (5.37).

Lemma 5.10 Let Assumptions 5.1-5.5 hold. Then:

(a) For any realization of the random matrices W, t = 1,2, ..., k:

N
D Ao (NA[@(K,1))ij) < Ao (NX), VE=1,... k.
j=1

(b) Further, consider afixed sin {0, 1, ..., k}. If the event A, occurred, then, fori = 1,..., N: Ag (NA[®(k,1)]; ;) <
max (AO (A—eN\/NA) Ao ()\—i—eN\/N/\)) Vi=1,...,8,¥j=1,...,N.

Proof To prove part (a) of the lemma, by convexity of Ay, the maximum of Zf;l Ao(NAaj) over
the simplex {a e RV Zjvzl aj=1,a;>0,j=1,... ,N} is achieved at a corner point of the simplex.
The maximum equals: Ag(N) + (IV — 1)Ag(0) = Ag(INVA), where we use the property from Lemma 5.2,
part (b), that Ag(0) = 0. Finally, since for any realization of the matrices W71, ..., Wy, the set of entries
{[®(k,t)];; : 5 =1,..., N} is apoint in the simplex, the claim of part (a) of the lemma follows.

To prove part (b) of the lemma, suppose that event A occurred. Then, by the definition of A,
|P(k,s) = J||=[[Wg-...-W(s) = J|| <e

Now, by Lemma 5.9:
|P(k,t) —J|| = ||Wk-...- Wy —=J|| <k,

for every t < s. Then, by the equivalence of the 1-norm and the spectral norm, it follows that:
1
‘[@(k‘,t)]i,j — N‘ <+VNe, fort=1,...,s, foralli,j=1,...,N.
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Finally, since Ag is convex (Lemma 5.2, part (a)), its maximum in |A — e N VN, + eNVN)| is attained

at a boundary point and the claim follows. O

We now fix 0 € (0,J). Using the results from Lemma 5.6 and Lemma 5.10, we next bound the

expectation in (5.37) as follows:

k k
ZE [ezlez;vzle(NA[é(k,t)]i,j)IA } < Z (esN max(AO(A—EN\/N/\),Ao()\—&—eN\/N)\))—&—(kz—s)Ao(N)\))
s=0 s=0
% (C@B)ek-G+D)T —5>) : (5.38)

To simplify the notation, we introduce the function:
g0 R2 — R, goe, \) := max (AO ()\ _ eN\/NA) Ao (A n eN\/NA)) . (5.39)

We need the following property of go(-, -).

Lemma 5.11 Consider go(-, -) in (5.39). Then, for every A € R, the following holds:

inf go(e, A) = Ao (N).

Proof Since Ay(+) is convex, for €’ < € and for a fixed A, we have that

go(e,A) = max Ag ()\—|— 5N\/N)\) > max Ap ()\ + 5N\/N)\> = go(€', N).
d€[—e,€ se[—¢ €]

Thus, for a fixed A, f(-, \) is non-increasing, and the claim of the lemma follows. O

We proceed by bounding further the right hand side in (5.38), by rewriting e ~(*=(s+1)(J=9) a5 Lo o= (k=5)(T =),

TEe

k
3 C(9) 5N G0 (eN) + (k=)Ao (VA) — (k—5)(T —3)
7’66

=0

»

< (k+1) max @6[5N90(67A)+(k—s)(AO(NA)_(J_g))]
s€{0,....k} Te

— k+1) %3) omXe (o) [sNg0(€) + (k—5) (Ao (NA) (T —3))]

re
< 1) &? Gk masoeo11[ONgo(eA) + (1-0)(Ao(NA) (T —6))]
re
_ (k‘ + 1) C;,ii) ek max{ Ngo(e,A),Ao(NA)—(J—(S)}‘ (540)
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The second inequality follows by introducing ¢ := 7 and by enlarging the set for ¢ from {O, %, cee 1} to

the continuous interval [0, 1]. Taking the log and dividing by k, from (5.34) and (5.40) we get:

1 log(k+1) log %
Z log a; 1:(7) ? + ’ +max {Ngo(e,\), Aog(NA) — (T —6)} — NyA. (5.41)

Taking the lim sup when £ — oo, the first two terms in the right hand side of (5.41) vanish; further, changing

the sign, we get a bound on the exponent of «; (k) that holds for every € € (0, 1):
lim inf —% logak(y) > —max{Ngo(e,N), Ag(NA) — (T —6)} + NvyA.
By Lemma 5.11, as ¢ — 0, Ngo(€, A) decreases to N Ag(\); further, letting § — 0, we get
lim inf —% loga;i(v) > —max{NAg(N), Ag(NA) — T} + NyA. (5.42)

The previous bound on the exponent of the probability of false alarm holds for any A > 0. To get the best
bound, we maximize the expression on the right hand side of (5.42) over A € [0, 00). (We refer to Figure 5.1,
left and right, to help us illustrate the bounds %7 ~(7) and I’ (v) for the discrete valued observations Y;

over a 5-point alphabet.) More precisely, we calculate the convex hull 1 %7 ~ (7) from Theorem 5.7:

I7.5(7) = max NyA = o), (5.43)
where
(I)U()\) = Imax {NA()()\), Ao(N)\) — ._7} . (5.44)

To calculate 127 ~(7) in (5.43), we need to find an optimizer A\* = \*(vy) (if it exists) of the objective

in (5.43); from the first order optimality conditions, \* is a point that satisfies:
Ny € 0Pp(X*), A* >0, (5.45)

where 0®(\) denotes the subdifferential set of &g at A. We next characterize 9®(A), for A > 0. Recall
the zero A\§ of Ag(-) from Theorem 5.7. The function ®(\) in (5.44) equals: 1) NAg(A) on A € [0, Af);
2) NAo(A)) = Ao(NA)) — T at A = AJ; and 3) Ag(NA) — J on A > Aj. Thus, by the rule for the
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subdifferential of a pointwise maximum of two convex functions, the subdifferential 9P (\) is:

{NAL(N)}, for X e€0,A))
OPo(N) = [NAL(N), NAG(NN)], for A=\ (5.46)
{NAL(NN)}, for A > A5

Geometrically, 0P () is the set of slopes of the tangent lines to the graph of ®q(-) at the point A, see
Figure 5.1, right. We next find I%7N(7) for any v € (70, 71), by finding \* = \*(«y) for any v € (y0,71)-
Geometrically, from Figure 5.1, right, given a slope v € (79,71), finding a \* corresponds to finding a
point at which a tangent line to the graph of ®((-) has a slope ~. Recall v, and yar from Theorem 5.7. We
consider separately three regions: 1) v € [y0,7,]: 2) v € (7 » ’ya“ ); and 3) v € [’ya’ ,71]. For the first
region, (5.45) reduces to finding A\* > 0 such that v = A{(\*). Recall that A{(0) = o, i.e., for v = 7o,
equation (5.45) holds (only) for \* = 0. Also, for v = -y, we have, by definition of v, , that A{(N\}) =, ,
i.e., equation (5.45) holds (only) for \* = Xj. Because A((\) is continuous and strictly increasing on
A € [0, Ag), it follows that, for any v € 79,7, | there exists a solution A* to (5.45), it is unique, and lies in

[0, A§]. Now, we calculate 127 N )

19 () = NXy — $p(X*) = NA*y — NAg(\*) (5.47)
= Ny —Ao(X)) = NS;;IS(M —Ao(N) = NIo(), (5.48)

where we used the fact that ®o(A\*) = NAg(A*) (because A* < AJ), and the definition of the function Iy(-)
in (5.18). We now consider the second region. Fix v € (v, , 75“ ). It is trivial to verify, from (5.46), that

A* = )j) is the solution to (5.45). Thus, we calculate IP% ~(7) as follows:

I3 n(7) = NAYY — Po(A5) = NAGY — NAo(A) (5.49)

=N =7 ) + NAg — NAg(AY) = NAG(Y =9 ) + Nlo(p ) (5.50)

where we used the fact that A\jyy — Ao(A§) = supy>o Ay — Ao(A) = Io(7g ). The proof for the third

region is analogous to the proof for the first region. Hence, the part of the proof for ; ;(7) is complete.

For a proof of the claim on the probability of miss ; .(v) = IP (z;x < ~|H1), we proceed analogously

to (5.33), where instead of { > 0, we now use ( < 0 (and, hence, the proof proceeds with A < 0). O

Proof[Proof of Corollary 5.8] We first prove part (a). Consider the error probability Pfk('y) in (5.26).
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By Lemma 1.2.15 in [8], we have that:

1 1 1
lim inf ~Z log P;(7y) = min {lim inf ~Z log (i k(Y)m0), likm inf ~Z log(ﬁi7k(’y)7r1)}

k—o0 k—oo

k—oo

1 1
= min {lim inf ~Z log o 1, (77), lign inf ~Z log 3; 1. (7)}

> min{]%,N(V% I},N(V)},

where the last inequality is by Theorem 5.7; thus, the left inequality in (5.31). We now show the right
inequality in (5.31), i.e., min{I&N('y), I}ZN(W)} > 0 for all v € (y0,71)- First, from the expression for
I%7N(7) in Theorem 5.7, for 7 > 0, we have: I\O77N(70) = NIy(v) =0, and I%’N/(fy) = NI\(y) > 0 for
any 7 € (70,7 )- As the function I% y(-) is convex, we conclude that I r(v) > 0, for all 7 > 7o. (The
same conclusion holds under J = 0, by replacing NIy(y) with Ip(y) + J = Ip(y).) Analogously, it can
be shown that I\177N(’y) > 0 for all v < ~y; thus, min{Ig’N('y), I},N('y)} > 0, for all v € (v0,71).

We now calculate max e, ) min{I%7N(y), I;7N(7)}. Consider the function Ap(y) := Ib7N(7) —
I% n(7). Using the definition of I% y(v) in Theorem 5.7, and taking the subdifferential of I% y(7) at
any point v € (70,71), it is easy to show that Ig7N,(7) > 0, for any subgradient I%N/(v) € 8]?77]\,(7),
which implies that [ %7 ~ () is strictly increasing on v € (o, ~1). Similarly, it can be shown that 1 }7 N() s
strictly decreasing on v € (70,71). Further, using the properties that Io(p) = 0 and I;(y1) = 0, we have
Ap(y) = 1\17,N (70) > 0,and Ap(y) = —IP%N(%) < 0. By the previous two observations, we have that
Ap(y) is strictly decreasing on y € (79, 71), with Ag(79) > 0 and Ag(v1) < 0. Thus, Ap(-) has a unique
Y0,71) min{[%,N(’Y)a I}Y,N(V)} = I%,N(’Y*) = I}7,N(7*) holds

trivially because 1%  (-) is strictly increasing ony € (y0,71), I y(-) is strictly decreasing on y € (70,71),

zero y* on (70,71). Now, the claim: max ¢

and [’ %7 ~(-)and 1\177 ~(+) intersect at v* € (70,7v1). This completes the proof of part (a).

We now prove part (b). Suppose that 7 > J* (Ao, N). We show that, for vy = 0:
19 n(0) = N1g(0), I’ 5(0) = NI1(0) = N1o(0). (5.51)

(The last equality in (5.51) holds because 1 (0) = (Io() — ¥)|y=0 = 10(0).)

We prove only the equality for I\077 N 1n (5.51) as the equality for I\177 n follows similarly. Because
J > J*(Ag, N), we have, by the definition of ®¢(-) in (5.44), that Po(A®) = NAg(\®). Recall that
I&N(O) = —®((A*), where \* is a point for which (5.45) holds for v = 0. However, because 0®y(\*) =
{NA{(A®)}, and AG(A®) = 0, it follows that \* = A® and I‘%’N(O) = —Pg(A\®) = —NAo(A*) = NIy(0),
which proves (5.51).
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Now, (5.51) means that I%,N(O) = I‘177N(0). Further, 0 € (9, 71), and, from part (a), v* is unique, and

s0 7* has to be 0. This shows that sup,¢(; 4, min{I\%’N('y), I‘177N('y)} = NIy(0) = NCiyg, and so, by

part (a):
1
li’gn inf ~Z log P (0) > NCing. (5.52)
On the other hand,
1
lilrcn Sup — o log P71,(0) < NCing, (5.53)

because, by the Chernoff lemma [8], for any rest (with the corresponding error probability P} (),) we have

that lim supy,_, o, —% log P (v) < NCipg. Combining (5.52) and (5.53) yields*

1 1
NCina < lign inf % log P;(0) < limsup % log P;(0) < NCing.
—00

k—o00

Thus, the result in part (b) of the lemma. O

5.3 Examples

This section illustrates our main results for several examples of the distributions of the agent observations.
Subsection 5.3.1 compares the Gaussian and Laplace distributions, both with a finite number of agents N
and when N — oo. Subsection 5.3.2 considers discrete distributions with finite support, and, in more
detail, binary distributions. Finally, Subsection 5.3.3 numerically demonstrates that our theoretical lower
bound on the error exponent (5.31) is tight. Subsection 5.3.3 also shows through a symmetric, tractable
example how distributed detection performance depends on the network topology (agents’ degree and link

occurrence/failure probability.)

5.3.1 Gaussian distribution versus Laplace distribution

Gaussian distribution. We now study the detection of a signal in additive Gaussian noise; Y;; has the

following density:

_ (y_’"QG)2
1 20
e G Hl
— V2mog ’
fa(y) e
oG e G s Ho.
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A(1-N)

2
The logarithmic moment generating function is given by: Agc(\) = === % The minimum of Ag ¢
G

is achieved at \* = % and the per agent Chernoff information is

mé
Cind,G = 95 -
8o,

Applying Corollary 5.8, we get the sufficient condition for optimality:

N 1
J >N <2> — NAopc <2) = N(N = 1)Cina,G-

(5.54)

Since Ag(A) = A;1(A), the two conditions from the Corollary here reduce to a single condition in (5.31).

Now, let the number of agents N — oo, while keeping the total Chernoff information constant, i.e.,

not dependent on N; that is, Cq := NCinq,c = const, Cipa,g(N) = Cc/N. Intuitively, as N increases,

we deploy more and more agents over a region (denser deployment), but, on the other hand, the agents’

quality becomes worse and worse. The increase of NV is balanced in such a way that the total information

offered by all agents stays constant with [NV. Our goal is to determine how the optimality threshold on the

network connectivity J*(N, Ao c) depends on N. We can see from (5.54) that the optimality threshold for

the distributed detector in the Gaussian case equals:

T* (Mo, N) = (N - 1)Cc.

(5.55)

Laplace distribution. We next study the optimality conditions for the agent observations with Laplace

distribution. The density of Y ; is:

1 ~ly—mq|
b
. QbLe L, Hy
fuly) = B}
LeThy Hp.

2br,

The logarithmic moment generating function has the following form:

b -
1—22° " 1=

AoL(A) = log ( L=X gk A _(I_A)?LL) .

Again, the minimum is at A* = %, and the per agent Chernoff information is Ciyq 1, = Q”TIL‘ —log (1 + ?Ti) .
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The optimality condition in (5.31) becomes:

1
(2) (5.56)

2—N _Nm N  _aq-NymL
= log e T e )% — Nlog 1—|—@ —G—N@.
201, 20y,

J

Vv
=
(=)
=
A~
S
~
|
=
(=)
I

Gaussian versus Laplace distribution. It is now interesting to compare the Gaussian and the Laplace case
under equal per agent Chernoff information Ciyq 1, = Cing . Figure 5.2 (left) plots the logarithmic moment
generating function for the Gaussian and Laplace distributions, for N = 10, Cing = Cina, = Cind,c =

0.0945, b, = 1, my, = 1, and m% /o2 = 0.7563 = 8Cina. By (5.32), the optimality threshold equals
INAo(1/2)] + [Ao(N/2)],

as A* = 1/2, for both the Gaussian and Laplace distributions. The threshold can be estimated from Fig-
ure 5.2 (left): solid lines plot the functions Ag(INA) for the two different distributions, while dashed lines
plot the functions N Ag(\). For both solid and dashed lines, the Gaussian distribution corresponds to the
more curved functions. We see that the threshold is larger for the Gaussian case. This means that, for a
certain range J € (Jmin, Jmax), the distributed detector with Laplace agents is asymptotically optimal,
while with Gaussian agents the distributed detector may not be optimal, even though it uses the same net-
work infrastructure (equal r) and has equal per agent Chernoff information. (See also Figure 5.2 (right) for

another illustration of this effect.)

We now compare the Gaussian and Laplace distributions when N — oo, and we keep the Gaussian total

Chernoff information C'g constant with N. Let the Laplace distribution parameters vary with [V as:

2:/2C,
mi, = mp,(N) = S by =by(N) = 1.

Nl

We can show that, as N — oo, the total Chernoff information C,(N) — Cg as N — oo, and so the
Gaussian and the Laplace centralized detectors become equivalent. On the other hand, the threshold for the
Gaussian distributed detector is given by (5.55) while, for the Laplace detector, using (5.56) and a Taylor

expansion, we get that the optimality threshold is approximately:

T (Ao, N) = /2CeN.

Hence, the required 7 to achieve the optimal error exponent grows much slower with the Laplace distribu-
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tion than with the Gaussian distribution.

v/ 0.1
o\
\ — AN %) / / _ 0.08f
oS — g (N2 E
\ N Ay () le Ao (N2 8
. seeNAG () s 0.061
4....’. . s
ot L_T E
el Ay (N2 o
" \\ // e Mol §0.04f
2 "x; § == Laplace, theory
N - 3 -+ Laplace, Monte Carlo
Ao (172) Lot 0.02 — Gaussian, theory
0 =N-AG (1/2) % L ——Gussian, Monte Carlo
.b..."'"-- N p 5 wenm . 1
0.5 0 0.5 1 % 0.5 1 15 2 2.5
A llog rl

Figure 5.2: Left: Logarithmic moment generating functions for Gaussian and Laplace distributions with
equal per agent Chernoff information, for N = 10, Cinq = Cinq,r, = Cina,c = 0.0945, b1, = 1, my, = 1, and
mé / aé = 0.7563 = 8Cyq. Solid lines plot the functions Ag(/N \) for the two distributions, while dashed
lines plot the functions NAg(\). For both solid and dashed lines, the Gaussian distribution corresponds
to the more curved functions. The optimality threshold in (5.32) is given by |[NAo(1/2)| + |Ao(N/2)], as
A®* = 1/2. Right: Lower bound on the error exponent in (5.31) and the Monte Carlo estimate of the error
exponent versus J for the Gaussian and Laplace agent observations: N = 20, Cinq = Cing 1, = Cina,g =
0.005, br, = 1, my, = 0.2, and m¥ /02 = 0.04 = 8Cipq.

5.3.2 Discrete distributions

We now consider the case when the support of the agent observations under both hypothesis is a finite
alphabet {ay, ag, ...,apr}. This case is of practical interest when, for example, the sensing device has an
analog-to-digital converter with a finite range; hence, the observations take only a finite number of values.
Specifically, the distribution of Y; j, Vi, Vk, is given by:

dm, Hl
P(Yip=am)=4{

)

(5.57)

Then, the logarithmic moment generating function under Hy equals:

M
Ao() = log (z m—%) |
m=1

Note that Ag()) is finite on R. Due to concavity of —Aq(-), the argument of the Chernoff information
A® (Cing = max) 6[071]{—1\0()\)} = —Ap(\®)) can, in general, be efficiently computed numerically, for

example, by the Netwon method (see, e.g., [83], for details on the Newton method.) It can be shown,
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defining c,, = log (1%), that the Newton direction, e.g., [83], equals:

— " =1 4/ _ 1
d(>\) - (AO(A)) AO()\) - 27]\7/11:1 anpme)\cm _ z%zl Cmpmekcm .
Z’{\Y/ALIZI cmpmekcm Zi‘:f:l CTneACm

Binary observations. To gain more intuition and obtain analytical results, we consider (5.57) with M = 2,
i.e., binary agents,
dm Hl
P(Y;,t = Fym) = , m=1,2,
Pm, HO

withpo =1—p1 =1—p,q =1—¢q; =1 — q. Suppose further that p < g. We can show that the negative
of the per agent Chernoff information A 1, and the quantity \* are:

lg%

10g% ) R log&—i_log <log}g>
1-q) _ a)

log(lip) log p)

—Cina = Aopin(A*) = A® log (q) +logp +log (1 - —2
p log i

Further, note that:

NA® 1 g\ VN NA®
Aopin(NA®) = log <p <q> +(1—p) (q> > < log (q> — NX*log (q)(S.SS)
p I—p P p

Also, we can show similarly that:

Aopin(1 = N(1 =A%) < N(1 = \*) log G:f;) . (5.59)

Combining (5.58) and (5.59), and applying Corollary 5.8 (equation (5.31)), we get that a sufficient condition

for asymptotic optimality is:

1 ‘logg‘ ‘logi_;q
P P

J >max{ Nlog— — Nlog | 1+ , N log —Nlog |1+
D ‘log —}:g’ L - ‘log%‘

From the equation above, we can further obtain a very simplified sufficient condition for optimality:

J > N max {[logp]|, [log(1 — )} (5.60)

The expression in (5.60) is intuitive. Consider, for example, the case p = 1/2, so that the right hand

side in (5.60) simplifies to: N|log(1l — ¢)|. Let g vary from 1/2 to 1. Then, as q increases, the per agent
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Chernoff information increases, and the optimal centralized detector has better and better performance (error
exponent.) That is, the centralized detector has a very low error probability after a very short observation
interval k. Hence, for larger ¢, the distributed detector needs more connectivity to be able to “catch up”
with the performance of the centralized detector. We compare numerically Gaussian and binary distributed
detectors with equal per agent Chernoff information, for N = 32 agents, Cj,q = 5.11 - 1074, m2G / oé =
8Cind, p = 0.1, and ¢ = 0.12. Binary detector requires more connectivity to achieve asymptotic optimality

(J = 1.39), while Gaussian detector requires J ~ 0.69

5.3.3 Tightness of the error exponent lower bound in (5.31) and the impact of the network

topology

Assessment of the tightness of the error exponent lower bound in (5.31). We note that the result in (5.31)
is a theoretical lower bound on the error exponent. In particular, the condition 7 > J*(Ag, N) is proved
to be a sufficient, but not necessary, condition for asymptotically optimal detection; in other words, (5.31)
does not exclude the possibility of achieving asymptotic optimality for a certain value of 7 smaller than
J*(Ag, N). In order to assess the tightness of (5.31) (for both the Gaussian and Laplace distributions,)
we perform Monte Carlo simulations to estimate the actual error exponent and compare it with (5.31).
We consider N = 20 agents and fix the agent observation distributions with the following parameters:
Cind = Cinar, = Cinac = 0.005, by, = 1, my, = 0.2, and m% /o2 = 0.04 = 8Cinq. We vary J as
follows. We construct a (fixed) geometric graph with N agents by placing the agents uniformly at random
on a unit square and connecting the agents whose distance is less than a radius. Each link is a Bernoulli
random variable, equal to 1 with probability p (link online), and equal to O with probability 1 — p (link
offline). The link occurrences are independent in time and space. We change [J by varying p from 0O to
0.95 in the increments of 0.05. We adopt the standard time-varying Metropolis weights: whenever a link
{i,7} is online, we set [W];; = 1/(1 + max(d; x,d;)), where d; j, is the number od neighbors of agent ¢

at time k; when a link {i, j} is offline, [Wy];; = 0; and [Wg];; =1 — > [Wk]ij, where we recall that

J€0; K
O; (k) is the neighborhood of agent i. We obtain an estimate of the error probability ﬁfk at agent 7 and time

k using 30,000 Monte Carlo runs of (5.19) per each hypothesis. We then estimate the agent-wide average

error exponent as:
N ~ ~
1 log P; K~ log P; s
N “4 - Ky — K3 ’
i

with K1 = 40, K9 = 60. That is, we estimate the error exponent as the average slope (across agents) of

the error probability curve in a semi-log scale. Figure 5.2 (right) plots both the theoretical lower bound on
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the error exponent in (5.31) and the Monte Carlo estimate of the error exponent versus J for Gaussian and
Laplace distributions. We can see that the bound (5.31) is tight for both distributions. Hence, the actual
distributed detection performance is very close to the performance predicted by (5.31). (Of course, above
the optimality threshold, (5.31) and the actual error exponent coincide and are equal to the total Chernoff
information.) Also, we can see that the theoretical threshold on optimality J*(Ag, V) and the threshold
value computed from simulation are very close. Finally, the distributed detector with Laplace observa-
tions achieves asymptotic optimality for a smaller value of 7 (J ~ 1.2) than the distributed detector with
Gaussian observations (J ~ 1.6), even though the corresponding centralized detectors are asymptotically

equivalent.

Impact of the network topology. We have seen in the previous two subsections how detection performance
depends on J. In order to understand how 7 depends on the network topology, we consider a symmetric
network structure, namely a regular network. For this case, we can express J as an explicit (closed form)
function of the agents’ degrees and the link occurrence probabilities. (Recall that the larger 7 is, the better

the network connectivity.)

Consider a connected regular network with NV agents and degree d > 2. Suppose that each link is a
Bernoulli random variable, equal to 1 with probability p (link online) and 0 with probability 1 — p (link

offline,) with spatio-temporally independent link occurrences. Then, as we show in Chapter 2, 7 equals:

J = d|log(1 — p)|. (5.61)

This expression is very intuitive. When p increases, i.e., when the links are online more often, the network
(on average) becomes more connected, and hence we expect that the network connectivity 7 increases
(improves). This is confirmed with expression (5.61). Further, when d increases, the network becomes more
connected, and hence the network speed again improves. Note also that 7 is a linear function of d.

We now recall Corollary 5.8 to relate distributed detection performance with p and d. For example, for

J* (Ao,N)
[log(1—p)|

is asymptotically optimal when the agents’ degree is above a threshold. Further, because d < N, it follows

a fixed p, the distributed detection optimality condition becomes d > , 1.e., distributed detection
that, for a large value of J7*(Ap, N) and a small p, even the networks with a very large degree (say, d =
N — 1) do not achieve asymptotic optimality. Intuitively, a large J*(Ag, N) means that the corresponding
centralized detector decreases the error probability so fast in k that, because of the intermittent link failures,
the distributed detector cannot parallel in performance the centralized detector. Finally, when p = 1, the

optimality condition becomes d > 0, i.e., distributed detection is asymptotically optimal for any d > 2.
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This is because, when p = 1, the network is always connected, and the distributed detector asymptotically
“catches up” with an arbitrarily fast centralized detector. In fact, it can be shown that an arbitrarily connected
network with no link failures achieves asymptotic optimality for any value of 7*(Ag, N). (Such a network

has the network connectivity J +00.)

5.4 Simulations

In this section, we present a simulation example for the distributed detection algorithm where the observa-
tions Y; ; are correlated Gaussian. To account for the correlations, we correspondingly adjust the values of
the innovations L; ;; we detail this adjustment below. Our simulation results demonstrate that the distributed
detector with correlated observations exhibits a similar behavior with respect to the network connectivity J
as its i.i.d. counterpart: when 7 is sufficiently large, the error probability of each node in the network de-
cays at the optimal rate equal to the total Chernoff information in the network. Further, we demonstrate that
a sensor with poor connectedness to the rest of the network cannot be an optimal detector,and, moreover,
its performance approaches the performance of an isolated sensor, i.e., a sensor that works as an individual

detector, as connectedness becomes worse and worse.

Simulation setup. We consider a network (V, E) with N = 40 nodes and M = 247 edges. Nodes are
uniformly distributed on a unit square and nodes within distance less than a radius £ are connected by an
edge. As averaging weights, we use the standard Metropolis weights.The link failures are spatially and
temporally independent. Each link {7, j} € E has the same probability of formation, i.e., the probability of
being online at a time, ¢;; = ¢. This network and weight model satisfy Assumption 5.5.

We assume equal prior probabilities, mp = 71 = 0.5, and thus we set the threshold  to be the optimal
threshold v = 0. We assume that the vector of all observations Y; is Gaussian with mean value m; = 1y
under hypothesis H; and mean value my = Op under hypothesis Hy, with the same covariance matrix
S under both hypothesis. We generate randomly the covariance matrix S, as follows. We generate: a
N x N matrix Mg, with the entries drawn independently from U [0, 1]-the uniform distribution on [0, 1]; we
set Rg = MgM ST ; we decompose Rg via the eigenvalue decomposition: Rg = QSASQE; we generate a
N x 1 vector ug with the entries drawn independently from U 0, 1]; finally, we set S = ag QsDiag(us)QJ,
where ag > 0 is a parameter. It can be shown that the log-likelihood ratio for this problem (after k ob-
servations are processed) has the form Dj, := Zle(ml — mg) 'S (Y; — 140 and the decision
test consists of comparing Dj, with 0. Observe that Dy is Gaussian random variable with mean value

_ Tg-1 _ .
mpi = (m1—mo) g (m1=mo) ynder hypothesis Hj, mean value mpo := —mp, under the hypoth-
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esis Hop, and variance (m; — mg)' S™'(m1 — mg) (under both hypotheses). This implies that, for the
optimal centralized detector, the error probability P;(0) can be computed by the @ function and equals:

PE(0) = moP (Dy > O|Hy) + mP (D < 0|Hy) = Q (k <m1‘m°)T§‘1(m1‘mO>>. Also, the total Chernoff

_ (m1—mo) TS (m1—mo)
3 .

information in the network is equal to Ciot =

Taking into account the correlations between the observations Y; ¢, we run the distributed detector (5.19)
with L;; = v; (YM — W) where v = S~!(m; — mg). Note that this choice of L;;’s aims at
computing the optimal decision statistics Dy, in a distributed way: at each time ¢, Zf\i 1Liy = Dy We
evaluate Pfk(O) by Monte Carlo simulations with 20,000 sample paths (20,000 for each hypothesis Hj,

[ =0, 1) of the running consensus algorithm.

Exponential rate of decay of the error probability vs. the network connectivity 7. First, we examine
the asymptotic behavior of distributed detection when the network connectivity 7 varies. To this end, we
fix the graph G = (V, E), and then we vary the formation probability of links ¢ from 0 to 0.75. Figure 5.3
(right) plots the estimated exponential rate of decay, averaged across sensors, versus q. For g greater than 0.1
the rate of decay of the error probability is approximately the same as for the optimal centralized detector
Ciot—the simulation estimate of Cyoy is 0.0106. © For q < 0.1 the detection performance becomes worse
and worse as g decreases. Figure 5.3 (left) plots the estimated error probability, averaged across sensors,
for different values of q. We can see that the curves are “stretched” for small values of ¢; after ¢ exceeds
a threshold (on the order of 0.1,) the curves cluster, and they have approximately the same slope (the error

probability has approximately the same decay rate,) equal to the optimal slope.

Study of a sensor with poor connectivity to the rest of the network. Next, we demonstrate that a
sensor with poor connectivity to the rest of the network cannot be an asymptotically optimal detector;its
performance approaches the performance of an individual detector-sensor, when its connectivity becomes
worse and worse. For the i-th individual detector-sensor (no cooperation between sensors), it is easy to

show that the Bayes probability of error, P; ;" “**"*"" equals: Py ;" “**P*" = (f Jp Zino cooper. > , where

0i,no cooper.

—mg|? . .
M no cooper. = %% and O’l “no cooper. = W It is easy to show that the Chernoff information

a2,

(equal to limy,_, 7 log Py P for sensor i, in the absence of cooperation, is given by g 1

We now detail the simulation setup. We consider a network with NV = 35 nodes and M = 263 edges.
We initially generate the graph as a geometric disc graph, but then we isolate sensor 35 from the rest of
the network, by keeping it connected only to sensor 3. We then vary the formation probability of the link

{3,35}, ¢3,35, from 0.05 to 0.5 (see Figure 5.4.) All other links in the supergraph have the formation

®In this numerical example, the theoretical value of Ctor is 0.009. The estimated value shows an error because the decay of the
error probability, for the centralized detection, and for distributed detection with a large g, tends to slow down slightly when & is
very large; this effect is not completely captured by the simulation with k£ < 700.
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probability of 0.8. Figure 5.4 plots the error probability for: 1) the optimal centralized detection; 2) the
distributed detection at each sensor, with cooperation (running consensus;) and 3) the distributed detection
at each sensor, without cooperation (sensors do not communicate.) Figure 5.4 shows that, when g3 35 = 0.05,
sensor 35 behaves almost as bad as the individual sensors that do not communicate (cooperate) with each

other. As g increases, the performance of sensor 35 gradually improves.
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Figure 5.3: Monte Carlo estimate of the performance of distributed detection for different values of the link
formation probability gq. Left: Error probability averaged across N sensors. Each line is labeled with the

value of ¢; performance of centralized detection is plotted in gray. Right: Estimated exponential rate of
decay of the error probability vs. g.

5.5 Non-identically distributed observations

We extend Theorem 5.7 and Corollary 5.8 to the case of (independent) non-identically distributed observa-
tions. First, we briefly explain the measurement model and define the relevant quantities. As before, let Y; ;

denote the observation of agent 7 attime ¢, =1,...,N,t=1,2,....

Assumption 5.12 The observations of agent ¢ are i.i.d. in time, with the following distribution:

vii, Hi
Yie ~ ,i1=1,...,N, t=12,..
vio, Ho
(Here we assume that v; 1 and v; o are mutually absolutely continuous, distinguishable measures, for ¢ =

1,..., N). Further, the observations of different agents are independent both in time and across agents, i.e.,

for i # j,Y; s and Y}, are independent for all ¢ and k.
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Figure 5.4: Error probability averaged across sensors for the optimal centralized detection, distributed de-
tection at each sensor (with cooperation), and detection at each sensor, without cooperation. The formation
probability g3 35 of the link {3,35} varies between 0.05 and 0.5: g3 35=0.05 (top right); 0.2 (top left); 0.3

(bottom left); 0.5 (bottom right).
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Under Assumption 5.12, the form of the log-likelihood ratio test remains the same as under Assump-

tion 5.1: .
1 H,
Dy = — Li; =
e g 2 2 i &
t=1 i=1
where the log-likelihood ratio at agent ¢, 7 = 1, ..., IV, is now:
fia(Yiz)
L;y =log 7-——=,
TR oY)

and f;;, | = 0,1, is the density (or the probability mass) function associated with v;;. We now discuss
the choice of detector thresholds . Let 5, = E [% sz\; 1 Li,t\Hl] = (Zf\; 1 ’Yz‘,l) /N. We can show that,
if 7 > 0, then any v € (7,,7;) yields an exponentially fast decay of the error probability, at any agent.
The condition [ > 0 means that the network is connected on average, see Chapter 2; if met, then, it is
not difficult to show that for all i, Ez; ;| H;] — 7, as k — oo, [ = 0, 1. Clearly, under identical agents,
Vi1 = vj, for any ¢, 7, and hence the range of detector thresholds becomes the one assumed in Section 5.1.3.

Denote by A; o the logarithmic moment generating function of L; ; under hypothesis Hy:
Aio: R — (—00,+00], Ajg(A) =logE [e’\Li’1|H0} :
We assume finiteness of A; o(+) of all agents. Assumption 5.3 is restated explicitly as Assumption 5.13.

Assumption 5.13 Fori=1,...N, A;o(\) < +00, VA € R,

The optimal centralized detector, with highest error exponent, is the log-likelihood ratio test with zero
threshold v = 0 [8], its error exponent is equal to the Chernoff information of the vector of all agents

observations, and can be expressed in terms of the logarithmic moment generating functions as:

N

N
Ciot = max — > Ajo(A) == Aig(A%).
=1

Ael0,1] P

Here, \* is the minimizer of Y.~  A; ¢ over [0,1]. We are now ready to state our results on the error
exponent of the distributed detector for the case of non-identically distributed observations. (We continue to
use o (7Y), Bix(7), and P?, (7) to denote the false alarm, miss, and Bayes error probabilities of distributed

detector at agent 7.)

Theorem 5.14 Let Assumptions 5.5, 5.12, and 5.13 hold, and let, in addition, J > 0. Consider the family
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of distributed detectors in (5.19) and (5.21) with thresholds v € (¥;,7;). Then, at each agent i

1 1
lim inf —7 log o k() = I3 n(y) >0, Lim inf — log Bik(v) = I n(7) >0, (5.62)

where
19 = N Aio(N), Aio(NX 5.63
a8 (M) max Ny —max {Z o), max Aio(NA) = } (5.63)
It = N Aiq( , Ai1(NX . 5.64
7.8 () sinax  NAy = max {Z 1(A), max Ay (NA) =T } (5.64)

Corollary 5.15 Let Assumptions 5.5, 5.12, and 5.13 hold, and let, in addition, 7 > 0. Consider the family
of distributed detectors in (5.19) and (5.21) with thresholds v € (7, 7). Then:

(a) Ateach agent i:

1
lim inf — - log P (v) > min{ 7 n(7), L7,n(7)} > 0, (5.65)

k—o0

and the lower bound in (5.65) is maximized for the point v* € (7,71) at which IY - (v*) = I, y(7*).

(b) Consider A\* = argminy¢ 1) SN Aio()), and let:

T (Mo, Anp) = (5.66)

N N
max {ii?,??fzv Aio(NA®) — Z; Aig(A), max Aio(1 = N(1 =A%) - Z; Ai,o(x)} :
Then, when J > J* (A10,...,ANy), each agent ¢ with the detector threshold set to v = 0, is asymp-
totically optimal:

1
lim _E log (0) = Ctot-

k—o00

Comparing Theorem 5.7 with Theorem 5.14, we can see that, under non-identically distributed observations,
it is no longer possible to analytically characterize the lower bounds on the error exponents, If]77 ~(7) and
1}7, ~ (7). However, the objective functions (in the variable \) in (5.63) and (5.64) are concave (by convexity
of the logarithmic moment generating functions) and the underlying optimization variable A is a scalar, and,
thus, 1 2’ ~N(v)and I }7 ~ (7) can be efficiently found by a one dimensional numerical optimization procedure,

e.g., a subgradient algorithm [72].
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The proof of Theorem 5.14 mimics the proof of Theorem 5.7; we focus only on the steps that account

for different agents’ logarithmic moment generating functions. The proof of Corollary 5.15 is omitted.

Proof[Proof of Theorem 5.14] First, expression (5.36) that upper bounds the probability of false alarm

; 1;(7y) for the case of non-identically distributed observations becomes:

B emzf:lzj-il[é(k,t>1i,ij,t|Ho} _ E[E [61\”\2121Zf‘v=1[¢’(’“’t)]ij»t|H0,Wl,...,WkH
- E {621;1 zyleAj,()(NM@(k,t)]i,j)] .

Next, we bound the sum in the exponent of the previous equation, conditioned on the event A, for a fixed

sin{0,1,...,k}, deriving a counterpart to Lemma 5.10.

Lemma 5.16 Let Assumptions 5.5, 5.12, and 5.13 hold. Then,

(a) For any realization of Wy, t = 1,2, ..., k:

N
> " Ajo (NA[@(k, 1)]ij) < max Ajo(N), ¥t =1,... k.
. J=4.

(b) Consider a fixed s in {0, 1, ..., k}. If the event A, occurred, then, fori =1, ..., N:

3 Ay (VA0 i (Mo (A= VA g (At VA W= 1

The remainder of the proof proceeds analogously to the proof of Theorem 5.7. O

5.6 Power allocation

Part b of Corollary 5.8 says that there is a sufficient large deviation rate [7* such that the distributed detector
is asymptotically optimal; a further increase of 7 above J* does not improve the exponential decay rate of
the error probability. Also, as we have shown in Subsection 2.5.2 of Chapter 2, the large deviation rate J
is a function of the link occurrence probabilities, which are further dependent on the sensors’ transmission
power. In summary, Part b of Corollary 5.8 suggests that there is a sufficient (minimal required) transmission
power that achieves detection with the optimal exponential decay rate. This observation motivates us to

formulate the optimal power allocation problem of minimizing the total transmission power per time k
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subject to the optimality condition J > J*. Before presenting the optimization problem, we detail the

inter-sensor communication model.

Inter-sensor communication model. We adopt a symmetric Rayleigh fading channel model, a model
similar to the one proposed in [74] (reference [74] assumes asymmetric channels). At time k, sensor j

receives from sensor :

ik + Nijk,

Yijk = Gijk

where ;; is the transmission power that sensor 7 uses for transmission to sensor j, g;; x is the channel fading
coefficient, n;;  is the zero mean additive Gaussian noise with variance JTQL, d;; is the inter-sensor distance,
and « is the path loss coefficient. We assume that the channels (7, j) and (j,) at time k experience the
same fade, i.e., g;j x = Gji k> Gijk 18 1.i.d. in time; and g;;¢ and g;,, s are mutually independent for all ¢, s.

We adopt the following link failure model. Sensor j successfully decodes the message from sensor 7 (i.e.,

the link (7, j) is online) if the signal to noise ratio exceeds a threshold, i.e., if: SNR = UJQQC;Q;’“ > T, Of,
n z‘j
2 do -
equivalently, if gfj e > TU; —L = IS(?? . The quantity gfj ;. 18, for the Rayleigh fading channel, exponentially
) 1] 17 )

distributed with parameter 1. Hence, we arrive at the expression for the probability of the link (i, j) being

online:

K _Kiy
Pj=Pghr>—<>)=e 0. (5.67)
7, S;:
We constrain the choice of the transmission powers by S;; = Sjﬂ, so that the link (¢, 7) is online if and
only if the link (j,4) is online, i.e., the graph realizations are undirected graphs. Hence, the underlying

communication model is the link failure model, with the link occurrence probabilities F;; in (5.67) that are

dependent on the transmission powers S;;.

With this model, the large deviation rate 7 is given by (2.55), where the weight ¢;; associated with link
(i,7) is:
Cij(Sij) = —log (1 — e_Ki]'/Sij> ]

We denote by {.5;;} the set of all powers S;;, {1,j} € E.

Lemma 5.17 The function J ({S;;}) = mincut(V, E, C), with ¢;; = — log(1 — e~ Ki/%4), for {i, j} € E,

and ¢;; = 0 else, is concave.

"We assumed equal noise variances 62 = Var(ni; ) = Var(n;; ) so that K;; = K;, which implies the constraint S;; = Sj;.

Our analysis easily extends to unequal noise variances, in which case we would require o+ = —=?*; this is not considered here.
ij Jji

143



Proof Note that the function J ({S;;}) = mincut(V, E, C') can be expressed as

E'CE: G/_(V%}ﬁs disconnected Z i (SU ) .
o {ig}€E\E/
On the other hand, ¢;;(.S;;) is concave in S;; for S;; > 0, which can be shown by computing the second
derivative and noting that it is non-positive. Hence, 7 ({.5;;}) is a pointwise minimum of concave functions,

and thus it is concave. O

Power allocation problem formulation. We now formulate the power allocation problem as the problem
of minimizing the total transmission power used at time k, 2> (i j}eE Sij, so that the distributed detector

achieves asymptotic optimality. This translates into the following optimization problem:

minimize ¢ hep Sij

. (5.68)
subjectto  J ({S;5}) > J*.

The cost function in (5.68) is linear, and hence convex. Also, the constraint set {{.S;;} : J ({Si;}) > T*} =
{{Si;} :+ =T ({Si;}) < —J*} is convex, as a sub level set of the convex function —7 ({S;;}). (See

Lemma 5.17.) Hence, we have just proved the following lemma.

Lemma 5.18 The optimization problem (5.68) is convex.

Convexity of (5.68) allows us to find a globally optimal solution.

5.6.1 Simulation example

We first describe the simulation setup. We consider a geometric network with N = 14 sensors. We place
the sensors uniformly over a unit square, and connect those sensors whose distance d;; is less than a radius.
The total number of (undirected) links is 38. (These 38 links are the failing links, for which we want to
allocate the transmission powers 5;;.) We set the coefficients K;; = 6.25d7;, with a = 2. For the averaging
weights, we use Metropolis weights, i.e., if link {4, j} is online, we assign W; ,, = 1/(1+max{d;x, d;x}),
where d; ;. is the degree of node 7 at time & and W;; ,, = 0 otherwise; also, Wi, = 1 — Ejeoi,k Wi k-
For the sensors’ measurements, we use the Gaussian distribution f; ~ N'(m,c?), fo ~ N(0,0?), with
02 = 1. For a lower signal-to-noise ratio (SNR) case, we set m = 0.0447, and for a higher SNR case, we
set m = 2-0.0447. The corresponding values are J* = (N — l)Ng = 0.0455, for a lower SNR, and and
J* = 0.182, for a higher SNR; see [64].

To obtain the optimized power allocation, we solve the optimization problem (5.68) by applying the
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subgradient algorithm with constant stepsize 5 = 0.0001 on the unconstrained exact penalty reformulation
of (5.68), see, e.g., [72], which is to minimize }_; -1 p Sij + pmax {0, —mincut(V, E, C) + J*}, where
C = [cij], cij = —log(1 — e~%/Sis) for {i, j} € F, and zero else; and yu is the penalty parameter that we
set to ;. = 500. We used the MATLAB implementation [91] of the min-cut algorithm from [73]. Note that
the resulting power allocation is optimal over the class of deterministic power allocations, i.e., the power
allocations that: 1) use the same total power across all links per each time step; and 2) use deterministic

power assignment policy at each time step.

Results. Figure 5.5 (left) plots the detection error probability for a lower SNR case, of the worst sensor
max;—1,.. N Pfk versus time k. We compare: 1) the optimized power allocation {SZ*]} (solid blue line);
2) the uniform power allocation S;; = S across all links, such that the total power per k£ over all links
2 Z{z‘,j}eE Sij = 2 Z{z‘,j}eE Si*j =: §; and 3) a random, gossip like, power allocation, where, at a time
step k, only one out of all links is activated (uniformly across all links) such that the power S is invested in it
(half of S in each direction of the communication.) Note that this allocation is random, hence outside of the
class that we optimize over. The optimized power allocation significantly outperforms the uniform power
allocation. For example, to achieve the error probability 0.1, the optimized power allocation scheme requires
about 550 time steps, hence the total consumed power is 550S; in contrast, the uniform power allocation
needs more than 20008 for the same target error 0.1. In addition, Figure 5.5 plots the detection performance
for the uniform power allocation with the total power per k equal to sr x 3S. This scheme takes more than
700 time steps to achieve an error of 0.1, hence requiring the total power of 700 x 3 x & = 21008 to achieve
an error of 0.1. Further, we can see that, for a lower SNR case, the random, gossip policy achieves — exactly
as the optimized policy — the best detection error exponent D. (Note that the two corresponding lines are
parallel.) This is not a contradiction as the random policy is outside of the class of deterministic allocations
that we optimize over. Furthermore, the randomized gossip policy is slightly better than the optimized policy
(It has a better constant C' in the detection error P ~ Ce~*P). However, for a larger SNR (Figure 5.5,
right), the gossip policy no longer achieves the optimal slope D, and the optimized policy becomes better.
In particular, for the 10! detection error, the optimized policy saves about 50 time steps (from 200 to 150),

with respect to gossip, hence saving 25% of total required power.
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Chapter 6

Conclusion

This thesis analyzed the large deviations performance of consensus-based distributed algorithms for infer-
ence (detection, estimation) in networks. Consensus-based distributed algorithms have recently attracted
much attention in the literature, in the context of distributed estimation and detection in sensor networks [2],
modeling swarm behavior of robots/animals [3, 4], detection of a primary user in cognitive radio net-
works [5], and power grid state estimation [6].

In contrast with existing literature that usually adopts asymptotic normality or asymptotic consistency
metrics, the metric that we adopt are the rates of large deviations. This enables us to quantify an inter-
esting interplay between the underlying random network parameters and the distributions of the agents’
observations.

We recapitulate chapter-by-chapter contributions of this thesis.

Chapter 2: Products of random stochastic matrices: The symmetric i.i.d. case

We consider a sequence of i.i.d., symmetric, stochastic matrices {WW}} with positive diagonal entries. We
characterize the large deviation limit: 7 := limy_.oc —3 log P (||[Wy - - WoWq — J|| > €), € € (0,1], The
quantity J has not been computed in the literature before. We show that 7 is solely a function of the graphs
induced by the matrices W}, and the corresponding probabilities of occurrences of these graphs, and we
show that 7 does not depend on € € (0, 1].

Computation of the quantity 7 is in general a hard problem. However, for commonly used gossip and
link failure models, we show that 7 = |log(1 — ¢)|, where ¢ is the min-cut value (or connectivity [16])
of a graph whose links are weighted by the gossip link probabilities. Similarly, we show that 7 is also

computed via min-cut for link failures on general graphs. Finally, we find tight approximations for 7 for a
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symmetrized broadcast gossip and similar averaging models.
Besides distributed inference algorithms, the result on the characterization of 7 is of independent in-
terest in the theory of products of stochastic matrices [12, 13], non-homogenous Markov chains [14], and

consensus algorithms, e.g., [15].

Chapter 3: Products of Random Stochastic Matrices: Temporal Dependencies and Directed Networks

We go beyond symmetric i.i.d. matrices from Chapter 1 by studying: 1) temporally dependent, symmetric
matrices Wy; and 2) temporally i.i.d., asymmetric (not necessarily doubly stochastic) matrices W.

Our temporally dependent model of the W},’s associates a state of a Markov chain to each of the possible
realizations G of graphs that supports ;. The distribution of the graphs Gy, t > 1, is determined by
a M x M transition probability matrix P, where M is the number of possible realizations of G;. We
characterize the rate 7 as a function of the transition probability matrix P. We show that the rate 7 is
determined by the most likely way in which the Markov chain stays in a subset of states (graphs) whose
union is disconnected. The probability of this event is determined by the spectral radius of the block in the
transition matrix P that corresponds to this most likely subset of states, and this spectral radius determines
the rate 7.

We study temporally i.i.d. asymmetric matrices Wy, and we characterize the following large deviation
limit: Jair = limg— 100 — 7 log P (|A2(Wy--- W1)| =€), € € (0,1], which is a natural generalization of
the quantity J to directed networks. We show that the limit Jy; depends on the distribution of matrices
only through the support graphs: Jg;, is determined by the probability of the most likely set of support
graphs whose union does not contain a directed spanning tree. We illustrate our results on a commonly used
broadcast gossip protocol, where (only one) node u activates at a time with probability p,,, and broadcasts its
state to all single-hop neighbors. We show that the rate Jg;; = | log 1 — pmin|, Where ppi, is the probability

of activation of the node that activates least frequently.

Chapter 4: Large deviations for distributed inference

We consider linear distributed inference algorithms with vector innovations Z; ; and generic distributions.
We study the large deviation rates I(F) for generic sets £ C R?. For spatio-temporally i.i.d. observations
and asymmetric matrices W}, we show that performance I (F) of distributed inference is at least as good as
the performance of the performance of isolated inference. Likewise, distributed inference is always worse,
or at best equal, to the performance of the centralized, ideal inference. Although very intuitive, the result

is challenging to prove, and requires modification of the arguments of the Gartner-Ellis Theorem. When
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the Wy’s are symmetric, distributed inference guarantees much larger gains over isolated inference. The
results reveal a very interesting interplay between the underlying network and the distribution of the agents’
innovations. Distributed inferenceis close to the centralized performance for very high required accuracies,
but it can become much worse from the centralized performance for very coarse precisions. Further, for reg-
ular networks, we establish the full large deviations principle for distributed inference. Finally, for spatially
different innovations and symmetric W;’s, we show that the relative performance of distributed inference

over the centralized inference is still a highly nonlinear function of the target accuracy.

Chapter 5: Distributed detection

We establish the large deviations performance of distributed detection algorithm in [1], hence establishing
a counterpart result to the (centralized detection’s) Chernoff lemma [8]. We show that distributed detec-
tion exhibits a phase transition behavior with respect to the large deviations rate of consensus 7 (network
connectivity). If J is above a threshold, then distributed detector’ error exponent equals the Chernoff
information—the best possible error exponent of the optimal centralized detector. For 7 below the threshold,
we quantify the achievable fraction of the centralized detector’s performance with the distributed detec-
tor. We discover a very interesting interplay between the distribution of the agents’ measurements (e.g.,
Gaussian or Laplace) and the network connectivity (the value of 7). For example, for the same network
connectivity (same ), a distributed detector with Laplace observations may achieve the optimal asymp-
totic performance, while the distributed detector for Gaussian observations may be suboptimal, even though
the corresponding centralized detectors are asymptotically equivalent. Finally, we address the problem of
allocating the agents’ transmission powers such that they achieve asymptotically optimal detection while

minimizing the invested transmission power.

149



Bibliography

[1]

[9]

P. Braca, S. Marano, V. Matta, and P. Willet, “Asymptotic optimality of running consensus in testing

binary hypothesis,” IEEE Transactions on Signal Processing, vol. 58, pp. 814-825, February 2010.

S. Kar, J. M. F. Moura, and K. Ramanan, “Distributed parameter estimation in sensor networks: Non-
linear observation models and imperfect communication,” Accepted for publication in IEEE Transac-

tions on Information Theory, 51 pages, August 2008.

J. Li and A. H. Sayed, “Modeling bee swarming behavior through diffusion adaptation with asym-
metric information sharing,” EURASIP Journal on Advances in Signal Processing, Jan. 2012.

doi:10.1186/1687-6180-2012-18.

S.-Y. Tu and A. H. Sayed, “Mobile adaptive networks,” IEEE J. Selected Topics on Signal Processing,
vol. 5, pp. 649-664, Aug. 2011.

F. Cattivelli and A. Sayed, “Distributed detection over adaptive networks using diffusion adaptation,”

IEEE Transactions on Signal Processing, vol. 59, pp. 1917-1932, May 2011.

L. Xie, D. Choi, S. Kar, and H. Poor, “Fully distributed state estimation for wide-area monitoring

systems,” to appear in the IEEE Transactions on Smart Grid, May 2011.

T. M. Cover and J. A. Thomas, Elements of Information Theory. New York: John Wiley and Sons,
1991.

A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications. Boston, MA: Jones and

Barlett, 1993.

M. Arcones, “Large deviations for m-estimators,” Annals of the Institute of Statistical Mathematics,

vol. 58, no. 1, pp. 21-52, 2006.

150



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

D. Bajovié, J. Xavier, J. M. F. Moura, and B. Sinopoli, “Consensus and products of random stochastic
matrices: Exact rate for convergence in probability,” IEEE Transactions on Signal Processing, vol. 61,

pp. 2557-2571, May 2013.

D. Bajovié, J. Xavier, J. M. F. Moura, and B. Sinopoli, “Exact rate for convergence in probability of
averaging processes via generalized min-cut,” in CDC 12, 51st IEEE Conference on Decision and

Control, (Hawaii, USA), December 2012.

A. Leizarowitz, “On infinite products of stochastic matrices,” Linear Algebra and its Applications,

vol. 168, pp. 189-219, April 1992.

L. Bruneau, A. Joye, and M. Merkli, “Infinite products of random matrices and repeated interaction
dynamics,” Annales de I’Institut Henri Poincar, Probabilits et Statistiques, vol. 46, no. 2, pp. 442-464,
2010.

E. Seneta, Nonnegative Matrices and Markov Chains. New York: Springer, 1981.

R. Olfati-Saber and R. M. Murray, “Consensus problems in networks of agents with switching topology

and time-delays,” IEEE Transactions on Automatic Control, vol. 49, pp. 1520-1533, Sept. 2004.

R. D. Carr, G. Konjevod, G. Little, V. Natarajan, and O. Parekh, “Compacting cuts: a new lin-
ear formulation for minimum cut,” ACM Transactions on Algorithms, vol. 5, July 2009. DOI:

10.1145/1541885.1541888.

B. Johansson, M. Rabi, and M. Johansson, “A randomized incremental subgradient method for dis-
tributed optimization in networked systems,” SIAM Journal on Optimization, vol. 20, no. 3, pp. 1157—

1170, 20009.
F. d. Hollander, Large deviations. Fields Institute Monographs, American Mathematical Society, 2000.

T. C. Aysal, M. E. Yildiz, A. D. Sarwate, and A. Scaglione, “Broadcast gossip algorithms for consen-
sus,” IEEE Transactions on Signal Processing, vol. 57, pp. 2748-2761, July 2009.

J. N. Tsitsiklis, Problems in decentralized decision making and computation. Ph.d., MIT, Cambridge,

MA, 1984.

M. H. DeGroot, “Reaching a consensus,” Journal of the American Statistical Association, vol. 69,

pp. 118-121, 1974.

151



[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

A. Jadbabaie, J. Lin, and A. S. Morse, “Coordination of groups of mobile autonomous agents using

nearest neighbor rules,” IEEE Trans. Automat. Contr, vol. AC-48, pp. 988—1001, June 2003.

S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Randomized gossip algorithms,” IEEE Transactions
on Information Theory, vol. 52, pp. 2508-2530, June 2006.

A. Dimakis, A. Sarwate, and M. Wainwright, “Geographic gossip: Efficient averaging for sensor net-

works,” IEEE Transactions on Signal Processing, vol. 56, no. 3, pp. 1205-1216, 2008.

D. Ustebay, B. Oreshkin, M. Coates, and M. Rabbat, “Greedy gossip with eavesdropping,” IEEE
Transactions on Signal Processing, vol. 58, no. 7, pp. 3765-3776, 2010.

A. G. Dimakis, S. Kar, J. M. F. Moura, M. G. Rabbat, and A. Scaglione, “Gossip algorithms for
distributed signal processing,” Proceedings of the IEEE, vol. 98, pp. 1847-1864, November 2010.
Digital Object Identifier: 10.1109/JPROC.2010.2052531.

A. Tahbaz-Salehi and A. Jadbabaie, “Consensus over ergodic stationary graph processes,” IEEE Trans-

actions on Automatic Control, vol. 55, pp. 225-230, January 2010.

A. Nedi¢ and A. Ozdaglar, “Convergence rate for consensus with delays,” Journal of Global Optimiza-

tion, vol. 47, no. 3, pp. 437-456, 2008.

A. Nedi¢, A. Olshevsky, A. Ozdaglar, and J. N. Tsitsiklis, “On distributed averaging algorithms and
quantization effects,” IEEE Transactions on Automatic Control, vol. 54, no. 11, pp. 2506-2517, 2009.

Y. Mo and B. Sinopoli, “Communication complexity and energy efficient consensus algorithm,” in 2nd
IFAC Workshop on Distributed Estimation and Control in Networked Systems, (France), Sep. 2010.
DOI: 10.3182/20100913-2-FR-4014.00057.

A. Olshevsky and J. N. Tsitsiklis, “Convergence speed in distributed consensus and averaging,” SIAM
Rev., vol. 53, pp. 747772, November 2011.

A. Tahbaz-Salehi and A. Jadbabaie, “On consensus over random networks,” in 44th Annual Allerton
Conference on Communication, Control, and Computing, (Monticello, I1), pp. 1315-1321, September

2006.

F. Fagnani and S. Zampieri, “Randomized consensus algorithms over large scale networks,” IEEE

Journal on Selected Areas in Communications, vol. 26, pp. 634-649, May 2008.

152



[34] B. Touriand A. Nedi¢, “Product of random stochastic matrices,” Submitted to the Annals of Probability,

2011. available at: http://arxiv.org/pdf/1110.1751v1.pdf.

[35] B. Touri and A. Nedi¢, “On backward product of stochastic matrices,” 2011. available at:
http://arxiv.org/abs/1102.0244.

[36] P. Diaconis and P. M. Wood, “Random doubly stochastic tridiagonal matrices,” 2011. available at:

http://stat.stanford.edu/ cgates/PERSI/papers/TriDiagl.pdf.

[37] V. N. Tutubalin, “On limit theorems for products of random matrices,” Theory of Probability and its
Applications, vol. 10, pp. 15-27, 1965.

[38] Y. Guivarc’h and A. Raugi, “Products of random matrices: convergence theorems,” Contemporary

mathematics, vol. 50, pp. 31-54, 1986.

[39] E. Le Page, “Théorémes limites pour les produits de matrices aléatoires,” Probability Measures on

Groups (Oberwolfach, 1981), Lecture Notes in Mathematics, vol. 928, pp. 258-303, 1982.

[40] H. Hennion, “Limit theorems for products of positive random matrices,” The Annals of Probability,

vol. 25, no. 4, pp. 1545-1587, 1997.

[41] V. Kargin, “Products of random matrices: dimension and growth in norm,” The Annals of Probability,

vol. 20, no. 3, pp. 890-906, 2010.

[42] S. A. Aldosari and J. M. F. Moura, “Detection in sensor networks: the saddlepoint approximation,”

IEEFE Transactions on Signal Processing, vol. 55, pp. 327-340, January 2007.

[43] R. Viswanatan and P. R. Varshney, “Decentralized detection with multiple sensors: Part I-

fundamentals,” Proc. IEEE, vol. 85, pp. 54—63, January 1997.

[44] R. S. Blum, S. A. Kassam, and H. V. Poor, “Decentralized detection with multiple sensors: Part II-
advanced topics,” Proc. IEEE, vol. 85, pp. 64—79, January 1997.

[45] J. F. Chamberland and V. V. Veeravalli, “Wireless sensors in distributed detection applications,” IEEE

Signal Processing Magazine, vol. 24, pp. 16-25, May 2007.

[46] J.FE. Chamberland and V. Veeravalli, “Decentralized dectection in sensor networks,” IEEE Transactions

on Signal Processing, vol. 51, pp. 407-416, February 2003.

153



[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

J. F. Chamberland and V. Veeravalli, “Asymptotic results for decentralized detection in power con-
strained wireless sensor networks,” IEEE Journal on Selected Areas in Communications, vol. 22,

pp- 1007-1015, August 2004.

D. Bajovié, B. Sinopoli, and J. Xavier, “Sensor selection for event detection in wireless sensor net-

works,” IEEE Transactions on Signal Processing, vol. 59, pp. 4938—4953, Oct. 2011.

S. Kar, S. A. Aldosari, and J. M. F. Moura, “Topology for distributed inference on graphs,” IEEE

Transactions on Signal Processing, vol. 56, pp. 2609-2613, June 2008.

M. Alanyali, S. Venkatesh, O. Savas, and S. Aeron, “Distributed detection in sensor networks with
packet losses and finite capacity links,” IEEE Transactions on Signal Processing, vol. 54, pp. 4118—
4132, July 2004.

S. A. Aldosari and J. M. F. Moura, “Topology of sensor networks in distributed detection,” in
ICASSP 06, IEEFE International Conference on Signal Processing, vol. 5, (Toulouse, France), pp. 1061
— 1064, May 2006.

S. Kar, S. Aldosari, and J. M. F. Moura, “Topology for distributed inference on graphs,” IEEE Trans-
actions on Signal Processing, vol. 56, pp. 26092613, June 2008.

C. G. Lopes and A. H. Sayed, “Diffusion least-mean squares over adaptive networks: formulation and

performance analysis,” IEEE Transactions on Signal Processing, vol. 56, pp. 3122-3136, July 2008.

I. D. Schizas, G. Mateos, and G. B. Giannakis, “Distributed LMS for consensus-based in-network

adaptive processing,” IEEE Trans. on Signal Processing, vol. 57, pp. 2365-2381, June 2009.

G. Mateos, I. D. Schizas, and G. B. Giannakis, “Distributed recursive least-squares for consensus-
based in-network adaptive estimation,” IEEE Trans. on Signal Processing, vol. 57, pp. 4583-4588,
November 2009.

F. S. Cattivelli and A. H. Sayed, “Diffusion LMS strategies for distributed estimation,” IEEE Transac-
tions on Signal Processing, vol. 58, pp. 1035-1048, March 2010.

F. S. Cattivelli and A. H. Sayed, “Distributed detection over adaptive networks based on diffusion esti-
mation schemes,” in Proc. IEEE SPAWC 09, 10th IEEE International Workshop on Signal Processing

Advances in Wireless Communications, (Perugia, Italy), pp. 61-65, June 2009.

154



[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

F. S. Cattivelli and A. H. Sayed, “Diffusion LMS-based detection over adaptive networks,” in Proc.
Asilomar Conf. Signals, Systems and Computers, (Pacific Grove, CA), pp. 171-175, October 2009.

S. Kar, R. Tandon, H. V. Poor, and S. Cui, “Distributed detection in noisy sensor networks,” in Proc.
ISIT 2011, International Symposium on Information Theory, (Saint Petersburgh, Russia), pp. 2856—
2860, August 2011.

S. S. Stankovié, N. Ili¢, M. S. Stankovi¢, and K. H. Johansson, “Distributed change detection based
on a consensus algorithm,” fo appear in the IEEE Transactions on Signal Processing, Digital Object

Identifier: 10.1109/TSP.2011.2168219 2011.

S. S. Stankovié, N. Ili¢, M. S. Stankovié, and K. H. Johansson, “Distributed change detection based on
arandomized consensus algorithm,” in ECCSC 10, 5th European Conference on Circuits and Systems

for Communications, (Belgrade, Serbia), pp. 51-54, March 2010.

D. Bajovi¢, D. Jakovetié, J. Xavier, B. Sinopoli, and J. M. E. Moura, “Distributed detection over time
varying networks: large deviations analysis,” in 48th Allerton Conference on Communication, Control,

and Computing, (Monticello, IL), pp. 302-309, Oct. 2010.

D. Bajovié, D. Jakoveti¢, J. Xavier, B. Sinopoli, and J. M. F. Moura, “Distributed detection via Gaus-
sian running consensus: Large deviations asymptotic analysis,” IEEE Transactions on Signal Process-

ing, vol. 59, pp. 4381-4396, Sep. 2011.

D. Bajovié, D. Jakoveti¢, J. M. F. Moura, J. Xavier, and B. Sinopoli, “Large deviations performance of
consensus+innovations distributed detection with non-Gaussian observations,” IEEE Transactions on

Signal Processing, vol. 60, pp. 5987-6002, Nov. 2012.

D. Jakoveti¢, J. M. F. Moura, and J. Xavier, “Distributed detection over noisy networks: large devia-

tions analysis.” Submitted for publication, August 2011.
S. A. Kassam, Signal Detection in Non-Gaussian Noise. New York: Springer-Verlag, 1987.

H. Furstenberg and H. Kesten, “Products of random matrices,” Annals of mathematical statistics,

vol. 31, pp. 457-469, June 1960.

P. Denantes, F. Benezit, P. Thiran, and M. Vetterli, “Which distributed averaging algorithm should I
choose for my sensor network?,” in INFOCOM 2008, The 27th IEEE Conference on Computer Com-
munications, (Phoenix, Arizona), pp. 986-994, March 2008.

155



[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

A. F. Karr, Probability. New York: Springer-Verlag, 1993.

M. Fiedler, “Algebraic connectivity of graphs,” Czechoslovak Mathematical Journal, vol. 23, no. 98,

pp. 298-305, 1973.

A. Nedi¢ and A. Ozdaglar, “Distributed subgradient methods for multi-agent optimization,” IEEE

Transactions on Automatic Control, vol. 54, no. 1, pp. 48-61, 2009.

J.-B. Hiriart-Urruty and C. Lemarechal, Fundamentals of Convex Analysis. Grundlehren Text Editions,

Berlin, Germany: Springer-Verlag, 2004.

M. Stoer and F. Wagner, “A simple min-cut algorithm,” Journal of the ACM, vol. 44, pp. 585-591, July
1997.

K. Chan, A. Swami, Q. Zhao, and A. Scaglione, “Consensus algorithms over fading channels,” in Proc.

MILCOM 2010, Military communications conference, (San Jose, CA), pp. 549-554, October 2010.

I. Matei, N. Martins, and J. S. Baras, “Almost sure convergence to consensus in markovian random

graphs,” in CDC 2008. 47th IEEE Conference on Decision and Control, (Cancun, Mexico), Dec. 2008.

D. Bajovi¢, J. Xavier, , and B. Sinopoli, “Products of stochastic matrices: large deviation rate for
markov chain temporal dependencies,” in Allerton’12, 50th Allerton Conference on Communication,

Control, and Computing, (Monticello, I1), October 2012.

D. Bajovi¢, J. Xavier, , and B. Sinopoli, “Products of stochastic matrices: exact rate for convergence
in probability for directed networks,” in TELFOR 12, 20th Telecommunications Forum, (Belgrade,
Serbia), November 2012.

R. A. Horn and C. R. Johnson, Matrix analysis. Cambrige, United Kingdom: Cambrige Univesity
Press, 1990.

L. Xiao and S. Boyd, “Fast linear iterations for distributed averaging,” Syst. Contr. Lett., vol. 53,

pp. 65-78, September 2004.

A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences. New York, NY:

Academic Press, INC., 1970.

I. C. F Ipsen and T. M. Selee, “Ergodicity coefficients defined by vector norms,” SIAM Journal on
Matrix Analysis and Applications, vol. 32, pp. 153-200, March 2011.

156



[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

C. W. Wu, “Synchronization and convergence of linear dynamics in random directed networks,” IEEE

Transactions on Automatic Control, vol. 51, pp. 1207-1210, July 2006.

S. Boyd and L. Vandenberghe, Convex Optimization. Cambrige, United Kingdom: Cambridge Univer-
sity Press, 2004.

J. M. Borwein and A. S. Lewis, Convex Analysis and Nonlinear Optimization: Theory and Examples.

CMS Books in Mathematics, Canadian Mathematical Society, Springer, second ed., 2006.

M. Sion, “On general minimax theorems,” Pacific Journal of Mathematics, vol. 8, pp. 171-176, March

1958.

D. Bajovié, D. Jakovetié, J. M. F. Moura, J. Xavier, , and B. Sinopoli, “Large deviations analysis of
consensus+innovations detection in random networks,” in Allerton’l1, 49th Allerton Conference on

Communication, Control, and Computing, (Monticello, I1), October 2011.

D. Bajovié, J. Xavier, , and B. Sinopoli, “Robust linear dimensionality reduction for hypothesis testing
with application to sensor selection,” in Allerton’09, 47th Allerton Conference on Communication,

Control, and Computing, (Monticello, I1), October 2009.

D. Bajovi¢, B. Sinopoli, and J. Xavier, “Sensor selection for hypothesis testing in wireless sensor
networks: a Kullback-Leibler based approach,” in CDC 09, 48th IEEE Conference on Decision and
Control, (Shanghai, China), December 2009.

J. Fang, H. Li, Z. Chen, and S. Li, “Optimal precoding design and power allocation for decentralized
detection of deterministic signals,” IEEE Transactions on Signal Processing, vol. 60, pp. 3149-3163,
June 2012.

M. J. Wainwright and M. 1. Jordan, “Graphical models, exponential families, and variational infer-

ence,” Foundations and Trends in Machine Learning, vol. 1, pp. 4938-4953, Oct. 2008.

Y. Devir, “Matlab m-file for the min-cut algorithm,”  2006. available at:

http://www.mathworks.com/matlabcentral/fileexchange/13892-a-simple-min-cut-algorithm.

157



