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Riemannian-geometric concepts

� Length of a curve segment γ : [a, b] → Θ is L(γ) =
∫ b

a |γ̇(t)| dt

Tγ(t)Θ Tγ(s)Θ

Θ

γ̇(t)
γ̇(s)

θ = γ(a)

θ̂(y) = γ(b)

� Geodesic distance between θ and θ̂(y) in Θ:

d
(
θ, θ̂(y)

)
= inf

{
L(γ) : γ(a) = θ, γ(b) = θ̂(y)

}
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Riemannian-geometric concepts

� The acceleration of a curve segment γ : [a, b] → Θ is γ̈(t) = D
dt

γ̇(t)

Tγ(t)Θ

d2γ
dt2

(t)

γ(t)

γ̈(t)

Θ ⊂ R
p

� A curve segment γ is a geodesic iff γ̈ ≡ 0 (its acceleration vanishes identically)
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Riemannian-geometric concepts

� The exponential mapping

� expη : Uη (open) ⊂ TηΘ → Θ

� Let γ denote a geodesic such that γ(0) = η and γ̇(0) = Xη ∈ TηΘ

� expη(Xη) = γ(1)

TηΘ

γ(1)

η = γ(0)

γ̇(0) = Xη

Uη

� Geodesic ball: B(η; ε) = expη ({Xη : |Xη | < ε}) (diffeomorphic image)
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Riemannian-geometric concepts

� If γ is a unit-speed curve, then κ = |γ̈(0)| is its curvature at t = 0

TηΘ

η

Θ ⊂ R
3

� Gaussian curvature (GC) of a surface Θ ⊂ R
3 at η: κη = ±κmax · κmin

� Sectional curvature of a 2D-plane Π ⊂ TηΘ: Cη(Π) = GC of expη (Π)


