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‘ Connections ‘

Definition [Connection] Let M be a smooth manifold. A linear connection
on M is a map

V:TM)xT(M)—T(M) (X,)Y)— VxY

such that
(a) VxY is C°(M)-linear with respect to X:

VixiennY = AVaY+HVLY  for fi, fo € C°(M), X1, Xa, Y € T(M);
(b) VxY is R-linear with respect to Y

Vx(a1Y1 + axYs) = a1 VxY1 +aeVxYe foraj,as € R, XY, Y € T(M);
(c) V satisfies the rule:
Vx(fY)=(Xf)Y + fVxY for fe C®*(M), X,Y € T(M).

Example 1 [Euclidean connection] Let M = R™. For given smooth vec-
tor fields X = X0, Y = Y'9; € T(R") define

VxY = (XY90,.

Then, V is a linear connection on R", also called the Euclidean con-
nection.

Lemma [A linear connection is a local object] Let V be a linear con-
nection on M. Then, VxY at p € M only depends on the values of ¥ in a
neighborhood of p and the value of X at p.

Definition [Christoffel symbols] Let {Ey, Es, ..., E,} be a local frame
on an open subset U C M (i.e., each E; is a smooth vector field on U and
{E1p, Eop, ..., Enpy} is a basis for T,M for each p € U).
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For any 1 < 1,7 < n, we have the expansion
Ve E; =T} Ey.

The n? functions Ffj : U — R defined this way are called the Christoffel
symbols of V with respect to {Ey, B, ..., E,}.

Example 1 [Christoffel symbols for the Euclidean connection] Let
M = R" and consider the (global) frame {0, 0s,...,0,} on M.

The Christoffel symbols corresponding to the Euclidean connection
vanish identically with respect to this frame.

Definition [Covariant derivative of smooth covector fields] Let V be
a linear connection on M and let w be a smooth covector field on M. The
covariant derivative of w with respect to X is the smooth covector field V xw
given by

(Vxw) (V) =XwY)—w(VxY) forY eT(M).

Lemma [An inner-product on V' establishes an isomorphism V' ~ V*]
Let (-,-) denote an inner-product on the n-dimensional vector space V. To
each X € V corresponds the covector X* € V* given by X’ = (-, X), that is,

X(Y)=(V,X) forYeV.

The map
VoVt X=X

is an isomorphism. Its inverse is denoted by

Ve —V W — wh

Definition [Gradient and Hessian of a smooth function]| Let M be a
Riemannian manifold and let f be a smooth function on M.



The gradient of f, written grad f, is the smooth vector field defined point-
wise as

grad fl, = (df|p>ﬁ»
for all p € M. Thus, for any tangent vector X, € T, M, we have
Xpf = (df)p(Xp) = (X, grad f1p).

Let V be a linear connection on M. The Hessian of f with respect to V,
written V2 £, is the smooth tensor field of order 2 on M defined as

V2F(X,Y) = (Vydf) (X) =Y(Xf)— (VyX) f, for X,Y € T(M).

Example 1 [Gradient and Hessian of a smooth function in (flat) R"]
Let f : R® — R be a smooth function. Thus,

df = 0y fdx' + Oafdx® + -+ + 0, fda".
Consider the usual Riemannian metric on R":
9 (ilp, O51p) = 51]
The gradient of f at p is given by
grad f(p) = O1f(p) Oulp + 02/ (p) Dalp + -+ + On f (P) Onlp-
Let V be the Euclidean connection. The Hessian of f at p is given by
V2 (X, Y,) = X'Y0% f(p)  for X, = X'04],, Y, = Y95,

Example 2 [Gradient and Hessian of a smooth function in R"] Let
f : R — R be a smooth function.

Consider the Riemannian metric on R™:
g=e*"dr @dr+ (2 —cos(2))dy @ dy + (y* + 1) dz ® dz.

The gradient of f at p is given by

Oy dy 0.
grad f(p) = ezﬁfz) Oulp + #ésp()z) Oylp + yzf_ﬁpl)

0sp-

Let V be the Euclidean connection. The Hessian of f at p is given by
V(X Y,) = Xiyjaz?jf(p) for X, = X'0i[,,, Y, = Y/ ,.



Definition [Vector fields along curves| Let M be a smooth manifold and
let v : I C R— M be a smooth curve (I is an interval).

A vector field along 7 is a smooth map V' : I — TM such that V(t) €
T,pyM for all t € 1.

The space of vector fields along v is denoted by 7 (7).
A vector field along « is said to be extendible if there exists a smooth
vector field V' defined on an open set U containing (/) C M such that

V(t) = ‘77@) for all t € I.

Lemma [Covariant derivatives along curves| A linear connection V on
M determines, for each smooth curve v : I — M, a unique operator

Dy : T(y) = T(v)

such that:
(a) [linearity over R]

Di(aV +bW) =a D,V +bD;W  fora,b e R, VIV € T(v);
(b) [product rule]
Di(fV)=fV+fDV for feC(I),VeT(y);
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(¢) [compatibility with V]
DV (a) = Vi)V

whenever V is an extension of V.
The symbol D;V is termed the covariant derivative of V' along ~.

Example 1 [The canonical covariant derivative in R"] Let M = R"
and V denote the Fuclidean connection. Let v : [ — R” be a smooth
curve and

V(t) = V'(t) il
be a smooth vector field along v. Then,

Definition [Acceleration of curves, geodesics| Let V be a linear con-
nection on M and 7 a smooth curve. The acceleration of v is the smooth
vector field along v given by D;7.

A smooth curve 7 is said to be a geodesic if Dy = 0.

Example 1 [The geodesics in (flat) R"] Let M = R"™ and V denote the
Euclidean connection. Let

’y : [—>Rn V(t) = (71<t)772<t>777n(t))
be a smooth curve.

The acceleration of ~ is given by
Dyy = ’V(t)ai’w(t)
Thus, 7 is a geodesic if and only if
v(t) = a+tb

for some a,b € R™.

Note that the curve c(t) = (t,t%,...,t?) is not a geodesic.
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