
Solving the BP in sensor networks
The BP is the problem minimize ‖x‖1subje
t to ABPx = bBP ,

(1)where the variable is x ∈ R
nBP . We 
an re
ast it to a linear program in standard form:minimize c⊤xsubje
t to Ax = b

x ≥ 0 ,
(2)where x, c ∈ R

n, b ∈ R
m, A ∈ R

m×n, and
A =

[

ABP −ABP] b = bBP , and c = 12nBP .The passage from (1) to (2) is based on the fa
t that any x ∈ R 
an be written as x = x+−x−,where x+ = max{x, 0} and x− = max{−x, 0}. We also have |x| = x+ + x−. It followsthat x ∈ R
nBP in (1) 
an be written as x = u − v, where u, v ≥ 0. Thus, x =

[

u v
]⊤and n = 2nBP.Our goal is then to solve (2). We assume A is partitioned in rows into P blo
ks and ea
hblo
k Ap has mp rows (m1 + · · ·+ mP = m).
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A1...
AP

A =Rewriting (2), minimize c⊤xsubje
t to A1x = b1...
AP x = bP

x ≥ 0 .We now 
lone x into x1, . . . , xP and make the 
onsisten
y equalities be a

ording to a givennetwork V × E = {1, 2, . . . , P} × {. . . , (i, j), . . .} with P nodes, ea
h of whi
h stores a blo
k ofthe matrix A. minimize 1
P

∑P
p=1 c⊤xpsubje
t to A1x1 = b1...

AP xP = bP

xi = xj , (i, j) ∈ E
xp ≥ 0 , p = 1, . . . , P

(3)
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The next step is to 
al
ulate the dual problem of (3). For that, we will only dualize the
onstraints xi = xj , asso
iating to ea
h one of these equalities the dual variable λij . Weassume i < j for (i, j) ∈ E . Also, we 
ompute the dual in the augmented Lagrangian sense.The dual of (3) is un
onstrained and is given bymaximize L(λ)
λ

, (4)where the dual fun
tion is
L(λ) = inf

Apxp=bp

xp≥0
p=1,...,P

L(x, λ) (5)and
L(x, λ) =

1

P

P
∑

p=1

c⊤xp +
∑

(i,j)∈E

λ⊤
ij(xi − xj) +

∑

(i,j)∈E

ρ

2
‖xi − xj‖

2 . (6)It 
an be proved that the dual fun
tion L(λ) is 
on
ave and has a Lips
hitz 
ontinuousgradient with 
onstant 1
ρ
. We solve the dual problem using Nesterov's algorithm:Algorithm 1 Nesterov's algorithmInitialization 
hoose λ(0) = η(0) and set k = 11: repeat2: λ(k) = η(k−1) + ρ∇λL(η(k−1))3: η(k) = λ(k) + k−1

k+2

(

λ(k) − λ(k−1)
)4: k ← k + 15: until some stopping 
riterion is metThe above algorithm is edge-wise separable, in the sense that node i for (i, j) ∈ E 
anupdate λij . This is possible be
ause the gradient

∇L(λ, µ) =









...
xi(λ, µ) − xj(λ, µ)... 







, (7)where x(λ) := (x1(λ), . . . , xP (λ)) solves the optimization problem in (5), is �almost� separable.We now address the problem of 
omputing this gradient.Computing the gradient of L(λ). As seen in (7), to 
ompute ∇L(λ), we �rst need to �nda solution of the optimization problem in (5). We will �nd it in an iterative way using Nesterov's(proje
ted) algorithm again. Let λ be �xed and denote gλ(x) = L(x, λ). Our problem be
omesminimize gλ(x1, . . . , xP )subje
t to Apxp = bp

xp ≥ 0
p = 1, . . . , P .Algorithm 2 Nesterov's proje
ted algorithm. Finding xp in an �almost separable� way.Require: All nodes know ρ and the total number of nodes PInitialization 
hoose x(0) = y(0), Lin = ρP , and set t = 11: repeat2: x

(t)
p =

[

y
(t−1)
p − 1

Lin∇xp
g(y

(t−1)
p )

]+

Ap,bp3: y
(t)
p = x

(t)
p + t−1

t+2 (x
(t)
p − x

(t−1)
p )4: t← t + 15: until some stopping 
riterion is met 2



In the above algorithm, [·]+Ap,bp
denotes the proje
tion onto the set {z : Apz = bp, z ≥ 0},i.e.,

[p]
+
Ap,bp

= minimize 1
2‖z − p‖2subje
t to Apz = bp

z ≥ 0 .The following ensures that we 
an apply Nesterov's proje
ted algorithm on gλ.Lemma 1. There holds:1. gλ is 
onvex2. gλ is 
ontinuously di�erentiable and the gradient of gλ at the point x = (x1, . . . , xP ) is
∇gλ(x1, . . . , xP ) =
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∇x1
gλ(x1, . . . , xP )...

∇xp
gλ(x1, . . . , xP )...

∇xP
gλ(x1, . . . , xP )
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
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=
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


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







1
P

c + γ1 + ρD1x1 − ρ
∑

j∈N1
xj...

1
P

c + γp + ρDpxp − ρ
∑

j∈Np
xj...

1
P

c + γP + ρDP xP − ρ
∑

j∈NP
xj

















, (8)where Np is the set of neighbors of node p, Dp the number of neighbors of node p (Dp =
|Np|) and γp =

∑

j∈Np
sign(j − p)λpj3. gλ has a Lips
hitz gradient with 
onstant Lin = ρP .Proof. 1. We start by rewriting gλ as

gλ(x1, . . . , xP ) =

P
∑

p=1

[

1

P
c⊤xp + γ⊤

p xp

]

+
∑

(i,j)∈E

ρ

2
‖xi − xj‖

2 . (9)The 
onvexity follows dire
tly from 
onvex analysis arguments, namely that the sumof 
onvex fun
tions is 
onvex and the pre-
omposition with a�ne fun
tions preserves
onvexity. In parti
ular, the �rst of (9) is a linear fun
tion of xp and ea
h term in these
ond sum of (9) is a pre-
omposition of an a�ne fun
tion of x with a 
onvex quadrati
fun
tion. Thus, gλ is a 
onvex fun
tion.2. The gradient of the �rst sum of (9) w.r.t. xp is (1/P )c + γp. To 
al
ulate the gradient ofthe se
ond sum w.r.t. xp, we �rst rewrite this sum as
∑

(i,j)∈E

ρ

2
‖xi − xj‖

2 =
∑

(p,j)∈E

ρ

2
‖xp − xj‖

2 +
∑

(j,p)∈E

ρ

2
‖xj − xp‖

2 +
∑

(i,j)∈E
i6=j

ρ

2
‖xi − xj‖

2

=
∑

j∈Np

j>p

ρ

2
‖xp − xj‖

2 +
∑

j∈Np

j<p

ρ

2
‖xj − xp‖

2 +
∑

(i,j)∈E
i6=j

ρ

2
‖xi − xj‖

2

=
∑

j∈Np

ρ

2
‖xp − xj‖

2 +
∑

(i,j)∈E
i6=j

ρ

2
‖xi − xj‖

2 .Then, its gradient w.r.t. xp is ∑j∈Np
ρ(xp − xj) = ρDpxp − ρ

∑

j∈Np
xj .3



3. In order to prove that gλ has a Lips
hitz gradient with 
onstant Lin = ρP , we willprove that ∇2gλ,µ(x1, . . . , xP ) � LinInP for any x = (x1, . . . , xP ). The matrix InP is theidentity matrix in R
nP×nP . We partition the hessian matrix ∇2gλ,µ(x1, . . . , xP ) into P 2blo
ks of size n× n and denote ea
h blo
k by ∇xi

∇xj
gλ,µ(x1, . . . , xP ), i.e.,

∇2gλ =











∇2
x1

gλ ∇x1
∇x2

gλ · · · ∇x1
∇xP

gλ

∇x2
∇x1

gλ ∇2
x2

gλ · · · ∇x2
∇xP

gλ... ... . . . ...
∇xP
∇x1

gλ ∇xP
∇x2

gλ · · · ∇2
xP

gλ











. (10)Let us now 
al
ulate ∇xi
∇xj

gλ for all pairs (xi, xj):
• If j = i, we have

∇2
xi

gλ = ∇xi

(

1

P
c + γp + ρDixi − ρ

∑

l∈Ni

xl

)

= ρDiIn .

• If j 6= i, we have two 
ases� If j ∈ Ni, then
∇xi
∇xj

gλ = −ρIn .� If j 6∈ Ni, we have
∇xi
∇xj

gλ = 0 .Thus,
∇2gλ = ρ


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D1In −In · · · 0
−In D2In · · · −In... ... . . . ...
0 −In · · · DP In











= ρ(L ⊗ In) ,where the (i, j)th blo
k of W1 is In whenever (i, j) ∈ E . The matrix L is the Lapla
ianof the network. It is known (PUT REF) that all eigenvalues of L are bounded by P .Therefore, by the properties of the Krone
ker produ
t1, we have that ‖∇2gλ(x)‖ ≤ ρP ,for all x.Solving the proje
tion problem. We now address the problem of proje
ting point ontothe set {z : Apz = bp, z ≥ 0}, i.e., solving
[p]

+
Ap,bp

= minimize 1
2‖z − p‖2subje
t to Apz = bp

z ≥ 0 .

(11)We �rst start by re
asting (11) as an un
onstrained problem (PUT REF).The KKT 
onditions for (11) are






















x ∈ arg minz
1
2‖z − p‖2 − λ⊤(Az − b)− µ⊤z

Ax = b
x ≥ 0
µ ≥ 0
µ⊤x = 0

⇔























x− µ = p + A⊤λ
Ax = b
x ≥ 0
µ ≥ 0
µ⊤x = 0

.1If λi(A) and λj(B) are respe
tively the ith and jth eigenvalues of the matri
es A and B, then all theeigenvalues of A ⊗ B are given by all the pairs λi(A)λj (B).4



The equations x − µ = p + A⊤λ, x ≥ 0, µ ≥ 0 and µ⊤x = 0 imply that x = [p + A⊤λ]+,where [z]+ = max{z, 0}. Therefore the KKT 
onditions are equivalent to
{

x = [p + A⊤λ]+

A[p + A⊤λ]+ = b
. (12)This also means that on
e we �nd the Lagrange multiplier λ, we 
an re
over x using the �rstequation of (12).We now fo
us on solving the se
ond equation of (12). Solving this equation is equivalent tosolving the following un
onstrained optimization problem:minimize Φ(λ)

λ
(13)where Φ(λ) = η(A⊤λ + p)− b⊤λ, and

η(x) =
1

2
‖x‖2 −min

z≥0

1

2
‖z − x‖2 . (14)To see why, let us �rst 
ompute the gradient of η(x) at the point x. Let z⋆(x) solve theoptimization problem in (14). It is straightforward to see that z⋆(x) = x+. Therefore, byDanskin's theorem, ∇η(x) = x− x + x+ = x+. Consequently,

∇Φ(λ) = A[A⊤λ + p]+ − b .Thus, setting ∇Φ(λ) = 0, we �nd the minimizer of (13). Here we 
an �nally 
on
lude thatsolving the se
ond equation of (12) is equivalent to solving (13).
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