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Abstract
It is presented an efficient method to solve the problem that appears when we apply the
method of multipliers together with the Nonlinear Gauss—Seidel to solve the basis pursuit
(BP), i.e. minimizing ||z|1 = |z1] + ... + |zx| subject to Az = b (A € R™*", z € R"
and b € R™), distributedly. We assume a vertical partition for the matrix A. We also
make a detailed flop count analysis.

1 Introduction

In [2] we saw that the application of the method of multipliers (outer loop) together with the
Nonlinear Gauss-Seidel (inner loop) yields, for each node, a problem with the following format

min Il + vz + cl|lz]?, (1)
Az =D
var:z € R”

where v,z,a € R" and ¢ € Ry. In this paper we describe an efficient solver for this problem,
which can be found in Matlab code in http://www.isr.ist.utl.pt/~jmota/software.html.
First, we consider the case where A is just one row, i.e. the problem
Tmin Izl + vz + cl|z|> (2)
a'x=
var:x € R™

In what follows, we reformulate problem (2) and describe briefly our approach.
Using the epigraph technique, (2) is equivalent to

min Lt+o z+c||z)?
x <t

—x <t

a'z=5b

var: (x,t) € R x R"
being 1, = [1,1,...,1]T € R,
min [ ol 1;]{1’}—#6[9{'— tT]{In O"X”}[x},
t t
In _In <0
—1, —I, = n

x
t
(a7 o7 ]| ¥ [=0
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where I,, is the identity matrix in R"*" 0,, = [0,0,...,0]T

€ R™ and 0,,«, is the zero matrix
M nxn
in R ,

— min s'u+cu' Ru, (3)
MU S Ogn
plu=»d
var:u € R?"

where

p:{ocl] 8:[“ ”:[ﬂ

_ [n *In _ In Onxn
(I

nXxn 0n><n

Problem (3) is a quadratic program (QP). We will use an interior point method to solve it:
barrier method [1, page 568]. Doing so, we transform (3) into a sequence of problems

. T T
{ _min i (s'u+cu' Ru) Zlog —m u) 128, (4)
p'u=>o
var:u € R?"
where
my
L
m
M=
M3y
Note that each subproblem in (4) has the 1mp11c1t constraints m; u < 0,i=1,...,2n.
Let f(u) = pr (s u+cu’ Ru) — 3" log(—m, u), then
Vf(u) = pps + 2upcRu + M d(u)
V2f(u) = 2uxcR + M " Diag®(d(u)) M,
where
_ 1 -
x1—t1
1 :
—miru :
,W}Tu - zﬂ,l—tﬂ Bl
aw=| =] - )
: 1
1 T+t B2
—mg,u :
1
- Tn+in -
We use the following notation! (for a € R” and A € R"X")
a 0 - 0 ail  aiz - Qip ar
) 0 a -+ 0 ) a1 azp - A2p a2
Diag(a) = | . . | s diag(| . - )=
0 0 o Qp ap1  An2 App Unn

INote that in Matlab code both operations are performed using the same notation: diag. And the output is
a vector (resp. matrix) if the input is a matrix (resp. vector).



Newton’s Method. In each step of the barrier method, we have to solve (see (4))

RIS
for a function f(w) which is twice continuously differentiable (in its domain). Under this con-
ditions, it is possible to use a fast converging line search algorithm: Newton’s method. In [1,
Chapter 10], Boyd and Vanderberghe present a way to implement a version of Newton’s method
capable to deal with equality constraints. In section 5, we will see the implementation of this
algorithm in detail. At this point, it is important to note that at each iteration of Newton’s
method we have to solve the following linear system

7 1][11-13)

p pTu—b

Our goal is to solve this system efficiently, since it is usually the bottleneck of Newton’s method.
We will see that the structure of the matrix on the left—hand side of (5) will allow us to solve
that linear system with O(n) flops, being far more efficient than general purpose algorithms
that solve any kind of linear systems (O(n?) flops).

Organization. In sections 2 and 3 we will explore the structure of V f(u) and V2 f(u) respec-
tively. This will provide useful information when we solve (5) in section 4. Section 5 concerns
the implementation of Newton’s method and section 6 considers the outer loop of the the barrier
method. In section 7 we measure the performance of the algorithm through some simulations.
After that, in section 8, we show the steps needed to adapt the algorithm for the case where
each node stores more than one row of A.

Throughout this text we will provide Matlab code for the implementation of this algorithm
and at the same time make a flop count. The assumption we make is that at each code portion
we have access to the variables defined in previous code portions.

2 Evaluating Vf(u) = pus + 2urcRu + M ' d(u)
o« MTd(u) = { b ] [ 5 ] - { 5B ]
® [ks +2upcRu = g [ 1vn } +2“kc{ (i ]

Therefore,

| mv+2ucr+Br =By | | @1
Vi) = [ pln — (B1 + Bz) } B [ 92 } '

Code 1 (Evaluating V f(u) — 11n + 2 flops).
Having has inputs a, b, v, ¢, u, andu=[ = t |7,

e n = length(x);

e omnesv = ones(n,1);

e Bl =1./(t - x); (2n flops)
e B2=1./(t + x); (2n flops)
o gl = mu*v + (2%mukc)*x + Bl - B2; (5n + 2 flops)
e g2 = mu¥onesv - (Bl + B2); (2n flops)




3 Analysis of V2f(u) = 2ucR + M "Diag?(d(u)) M

o M Diag?(d(u))M

- 1 .
(w1—t1)2 0 |
) |
In _In 0 (:En—tn)z : In
_|:_In _In:| - o - | _T_ - _a_ |:_In
(z1+t1)2
| 1
I 0 Tt
_ In _In [ Dl In _In
a L _In _In DQ _In _In
_ In _In D~1 _-@1
N L _In _In L _D2 _D2

D}'FD} _p1+p2:|
| —Di1+Dy; D1+ D,

In Onxn :l _ |: ZﬂkCIn Onxn :l

Oan Oan

® 2urcR = 2uc { 0

nxn Oan

Therefore,

Dy + @2 + 2pkcln *~D1 +p2 ]

V2f(u) =
J(w) [ —D1 + Dy Dy + Dy

Note that, although V2 f(u) is a matrix, we will not need to build any matrix because
e it is formed by blocks of diagonal matrices;

e we will only need to solve a linear system, i.e., for this purpose, there is no need to build
a matrix explicitly provided it has some simple structure.

At this point, we also note that V2 f(u) is positive definite (V2 f(u) > 0): M " Diag®(d(u))M >~
0 because if w € R?" \ {0}, we have w' M "Diag®(d(u))Mw = (Mw) Diag?(d(u))(Mw) =
q " Diag®(d(u))q > 0, where ¢ € R?" is arbitrary (notice that M is full-rank). This is true be-
cause all elements of d(u).? are positive (.2 denotes the pointwise power of 2). As we are summing
a positive semi-definite matrix (2uxcR) to a positive definite matrix (M "Diag?(d(u))M), the
result is positive definite.

Also note that?

Dy := Diag(D,) = Diag(B,.2), Dy := Diag(D,) = Diag(B-.?2).

4 Solving The Linear System

Here, we will provide an algorithm to solve (5):

7 11151-7)

2From now on, we will represent a matrix with a tilde above and the respective diagonal by the same letter
but without the tilde.
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Calculating [V2f(u)]~!. First, we will derive an expression for the inverse of the hessian
matrix V2 f(u). Note that

o _[Ax Ba
H'_VQf(u)_[Bh éh:|7

where the block matrices

Ah = Dl + EQ + 2urcl, =0
B =Dy — D,
C’h = Dl + DQ =0
are all diagonal. R y y 3 o o
The Schur complement of Ay, in H is S, = Cy — B;LA;IBh. Since H, A, = 0, we also
have S;, = 0 (|1, page 651]). Note that it is easy to compute the inverse of Sy, since it is a

diagonal matrix.
The inverse of H is given by

a1 A+ AT BLS T BLATY AT BLS,
= —Sgléhfigl 5}71 (6)
o [ C:211 C:212 ] '
Q12 QZZ

Notice that A, *B,S, ! = 5, ' B, A; " because all the matrices are diagonal.

Code for calculating the elements of H~'. Now, the Matlab code to calculate the ele-
ments of H~!. Note that we do not need to build any vector of size greater than n: we will
only work either with vectors of size n or with scalars.

Code 2 (Calculating the elements of H~' — 16n + 2 flops).
Assumption: we have access to all variables defined in Code 1.

e D1 = B1.72; (n flops)
e D2 = B2.72; (n flops)
e d_plus = D1 + D2; (n flops)
e d_minus = D2 - Di; (n flops)
e A_h_ inv = 1./(d_plus + (2*mu*c)*onesv); (2n+ 2 flops)
e S_h_ inv = 1./(d_plus - (d_minus.*A_h_inv).*d_minus); (4n flops)
e auxl = (S_h_inv.*d_minus).*A_h_inv; (2n flops)
e Q12 = -auxl; (n flops)
e Q11 = A_h inv + (A_h_inv.*d_minus).*auxl; (3n flops)




Solution of the linear system. The linear system that we need to solve is

EMINEE
TollalT |
p Cq
with
H=v2f( | \Y 9L =b—p'
- U), D= On ) f('ll;)— 92 ) Cg— P u
Let, -
_ | H p
-

From a previous discussion, H = V2 f(u) > 0. Consequently, the Schur complement S of H
in A is well defined and given by

S=-p H'p
T T [@n @izl [a
=la" 0] [Qu sz] |:On:|
= —a'Qua

=-Q,(a?)  (eR),

where Q11 = diag(@n)-
The inverse of A is given by

e H71+]§[71p§j1pTH71 7ﬁj1p5~71
- *SilpTHfl 571 .

And the solution of the linear system is

d i ~ =
I U R H 1+ H_1ij1pTH_1 HjlpS_1 —g
\ _ ; _ SflpTHfl Sfl Cq ’

where g := V f(u),

Before we write the code to evaluate these expressions, let us first analyze some of its terms:

« Hlg= [Qn Q12} _91} _ [(Qn ©g1) + (Q2 992)] o [Hgl]
Q12 Q2] |92 (Qi2091) + (Q2©g2)] = |[Hg2]’ i
where a ® b denotes the Hadamard product of two vectors a and b, and Q;; = diag(Q;;)-

ep Hlg=[a" 0] Hgl} =a'Hgl :=w

| Hg2
o Hlp= |:Q11 Qm] _a] _ [(Qn @a)] _ [Qal}
Q12 Q22] [On (Ri2Ga)| 7 |Qa2



Simplifying the solution,

dy [—(Hgl +w- 57" Qal + c,S7" - Qal) —(Hgl + (w- 57" +¢,5 1) Qal)
do _ —(Hg2+w-S71- Qa2+ ¢,571 - Qa2) _ —(Hg2+ (w-S™' 4+ ¢,571)Qa2)
A L wS™ + ¢, 571 (w4 cg)S~!
[ —(Hgl+ X-Qal)
| —(Hg2+ X Qa2)
(w4 cg)S~!
Code 3 (Solving the linear system — 21n + 4 flops).

Assumption: we have access to all variables defined in Codes 1 and 2.
o S_inv = -1/(Q11°*(a."2)); (4n + 1 flops)
o Hgl = (Q11.%gl) + (Q12.%xg2); (3n flops)
e Hg2 = (Q12.%gl) + (S_h_inv.*g2); (3n flops)
e Qal = Ql1.*a; (n flops)
o Qa2 = Q12.*a; (n flops)
e lambda = (a’*(Hgl-x) + b)*S_inv; (3n + 3 flops)
e dil = -(Hgl + lambda*Qal); (3n flops)
e d2 = -(Hg2 + lambda*Qa2); (3n flops)

With this, the total number of flops required to calculate V f(u) and to solve the linear

system (5) is (11n + 2) + (16n + 2) + (21n +4) = | 48n + 8 flops |



5 Modified Newton’s Method

Suppose that we want to find the minimizer of a differentiable function f : R™ — R. A general
descent method or line search algorithm consists of the following steps:

Algorithm 1 (Line Search Algorithm).

Initialization

I
e

Choose xg € R™ and € > 0; set k

Loop

Calculate g, = V f(xg);
If |k || < e, stop;

Find a descend direction dy;

Choose a step ay,;

° ’xk+1 = + ard

U

o k—k+1.

We say that a direction dj, is a descent direction of a function f at a point zy, if d] V f(x5) < 0,
i.e., if the function f decreases (locally) along that direction starting from xy. If the function is
twice continuously differentiable and strictly convex (this is equivalent to saying that V2 f(x) =
0 for any z), then d, = —[V2f(xx)] 'V f(xx) is a descent direction. Indeed, d] V f(zy) =
VT f(xr)dr = =V 7T f(21)[V2f(2x)] 7V f(zx) < 0. Such direction is called a Newton’s direction.

The idea of a line search algorithm is that from iteration to iteration we decrease the
function f. In order to do that, the step «j that we choose must yield f(zx + ardi) < f(ag).
There are several choices for this step (exact line minimization, Armijo’s rule, Wolfe’s rule,. . . ),
but we will only be concerned in using Armijo’s rule, since it can be proved that the line search
algorithm with Newton’s direction and Armijo’s rule converges (quadratically!) for strictly
convex self-concordant functions ([1, page 503]). We have shown that the objective of (4) for
each subproblem is strictly convex, since V2f(u) = 0 (see page 3). We still need to show that

2n
fu) = pg (sTu + cuTRu) - Zlog(—m?u)
i=1

is self-concordant. A function f : R™ — R is self-concordant if the function ¢(a) = f(u +
ad) verifies |dd—(:3¢(a)\ < k[%qﬁ(a)]w2 for some positive k and for all v and v in R™. In [1,
page 499] it is proved that the sum of self-concordant functions is also self-concordant, and
that — Y"1, log(b; — a; u) is self-concordant. Summing this function with a quadratic convex
function yields a self-concordant function, since the third derivative of a convex quadratic
function is zero and the second derivative is positive.

Newton’s method with equality constraints has the same properties as the unconstrained
Newton’s method, namely quadratic convergence. The difference is that Newton’s direction is
obtained by solving a linear system of the type of (5). In fact, if we start from a feasible point
(pTw = b in our case) that system simplifies to

REEHINE RG]

pT 0| A 0

We will always assume this, as it makes sense in our context.

Also, the stopping criterion can no longer be ||gx|| < €. The quantity /—V T f(u)d gives
an estimate of the error on the cost function at the actual iteration, thus it will be used in
the stopping criterion. This expression applies both to the constrained and the unconstrained
cases.



Armijo’s rule. The Armijo’s rule or backtracking line search consists of the following. Con-
sider the function ¢ : R — R defined by ¢(«) = f(zx + ady), where di, is a descent direction
of f at the point xg.

Algorithm 2 (Armijo’s rule).

Initialization
Choose ag >0,0< <1 and 0 < c; <1 (usually ag =1 and c; = 1072 ~ 107%).

Loop
o If p(a) < ¢(0) + c1ad(0), stop.

L4 04k+12504k;
o k+—k+1.

Application to our problem. Given a direction d; (solution of the linear system (5)), we
need to compute ¢(a) = f(u; + ad;), $(0) and ¢(0).

o) = px (sTuj + cujTRuj) + (ostdj + 2acujTRdj + onCdjTRdj)
- Z log(—m; u; —am] d;)

= [ [vij + ll—tj + cx;»rxj] + g [a(del + 1,Id2 + 2cm;—d1) + azcd]—dl]

does not depend on «

2n
- Z log(—m; u; —am] d;)
i=1
Note that
2n n 2n
Zlog(fmiTuj —am] d;) = Zlog(fmjuj —am; d;) + Z log(—m, uj — am] d;)
i=1 i=1 i=n+1

= 3 loulty(9) = (i) + a(da(i) +Zlog i) + 5(6) + alda(i) + da (1))

1,1— log .(t; — x; + a(ds — dy)) + 1) log .(t; + 25 + a(dy + dy))
where log . is the pointwise logarithm of a vector. Therefore,
dla) = g [vaj + 10t + cx;xj] + [a(del +1,)dy + 2cx;-rd1) + a20d;rd1]
— 1;: IOg.(tj —x; + Oz(dg — dl)) — 1;[ IOg.(tj + x5+ Oz(dg + dl)) (7)
Designating the terms t; —xz; + a(ds —dy) and t; +x; + a(d2 +dy ) respectively by arglog,
and arglog,, we can write
1) log .(tj—x;+a(dy—dy))+1,) log.(tj +2;+a(ds+dy)) = loglarg log(1) x arg log(2) x
. x arglog(n)], (8
where arg log := arglog; ® arglog,, whenever the bit—precision of the processor is accurate
enough®. Hence, (7) is written as
o(a) = pg [vij + 10t + cija:j] + pg [a(del + 1, dy + 2cijd1) + ozzcledl]
— log[arglog(1) x arglog(2) x ... x arglog(n)].

3In the experiments we did not have any kind of errors due to this calculations.



e Making o = 0 in the previous expression,
B(0) = py [vT@; + 1) t; + cx] x;] — loglarglog(1) x arglog(2) x ... x arglog(n)].
o $(0) = Vf(u;)"d; = g{ d + g5 dy
Now, we will consider the code (and count the number of flops) to calculate ¢(«), ¢(0)

and $(0). We will take into account that the last two can be precomputed (outside) the
Armijo’s rule loop and have factors used in the calculation of ¢(«).

Code 4 (Calculating ¢(c), ¢(0) and $(0)).
Assumption: we have access to all variables defined in Codes 1, 2 and 3.

e varl = mux(v’*x + onesv’*t + c*x’*x); (5n + 3 flops)
e var2 = t-x; (n flops)
e var3 = t+x; (n flops)

These last two variables have already been calculated, but we calculate them again just for
simplicity.

e arglog_phi0 = var2.*var3; (n flops)
e phi_0 = varl - log(arglog_phiO(1)* ... *arglog_phiO(n))); (n+1 flops + 1
log)*
e phi_deriv_0 = gl’xdl + g2’xd2; (4n+ 1 flops)
e vard = mux(v’*dl + onesv’*d2 + (2%c)*x’*d1); (6n + 4 flops)
e varb = (muxc)*(d1’*d1); (3n+1 flops)
o diff_d =d2 - di; (n flops)
e sum_d = d2 + di; (n flops)

And inside the Armijo’s loop,

e arglogl = var2 + alpha*diff_d; (2n flops)
e arglog2 = var3 + alpha*sum_d; (2n flops)
e arglog = arglogl.*arglog?; (n flops)

e phi_alpha = varl + alpha*var4 + alpha”2*varb
- log(arglog(1)*...*arglog(n)));

(n+ 3 flops + 1 log)

Note that while we assume that u; is a feasible (interior) point, we must certify that u;+ad;
is also feasible, otherwise we would get complex numbers when calculating the logs.

With all this into account, the line search algorithm (algorithm 1) is translated into (pseudo)
Matlab code as follows.

4Note that we only need to calculate ¢(0) in the first iteration. In the other ones, we make ¢(0) = ¢(a).
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Code 5 (Line search algorithm).

e Choose xg, tg, €2 > 0.

e Loop: forj=1:N

— Fvaluate g1 and go (Code 1) (11n 42 flops)
— Solve the linear system, finding di and dy (Code 2 and 3) (37n + 6 flops)
— if -(gl’#dl + g2’%d2) < epsilon, break; (4n + 2 flops)
— Calculate varl, var2, var3, phi_deriv_0, var4, varb,
diff_d, sum_d and phi_0 only if j == 1; otherwise set phi_0 = phi_alpha
(Code 4) (20n 4+ 9 flops + 1 log)

— alpha = 1; beta = 0.5; c1 = 107(-2);
Loop: forl=1:L (Armijo’s rule)

« Calculate arglogl and arglog2 (Code 4) (4n flops)
* if min(arglogl) > 0 && min(arglog2) > 0O
- Calculate phi_alpha (Code 4) (2n+ 3 flops + 1 logs)
if phi_alpha <= phi_0 + cl*alpha*phi_deriv_0, break; (3 flops)
* alpha = beta*alpha; (1 flop)
— x = x + alpha*dl ; t = t + alphaxd2; (4n flops)

The total number of flops is roughly
(76n +19)N + (6n+ 7)NL flops

and
NL+1 logs

where
e n: size of each row of the matrix A, usually n > 10*

e N: number of Newton steps, usually N < 30 (if no warm—start, about 20 in the first
iteration and then no more than 10 in the following)

e L: number of steps in the Armijo’s rule, usually L < 10 (no more than 8 in the experi-
ments)

11



6 The Barrier Method

At the beginning we transformed a problem

min  s'u+cu' Ru 9)
Mu<r
pTu=b
into several )
{prTnJEb i (sTu + cuTRu) - Z log(—m, u)} ;=3 (10)
= i=1

In fact, (10) is equivalent to (9) if uy is very high. However, solving each subproblem (10) with
a very high uy is very difficult. So, the idea of the barrier method is to solve sequentially each
subproblem in (10) starting from a small of p; and increasing it from iteration to iteration.
The key for this approach to be successful is to use the optimal point found in one iteration
as a starting point for the next iteration. By doing so, we can decrease a lot the number of
iterations to solve each subproblem in (10).

In the experiments, we started with a u = 5 x 1072 and from iteration to iteration we
multiplied p by 50. After 8 iterations of the barrier method, we had found the exact z that
solves (2).

If we designate the number of iterations of the barrier method by K, the total number of
flops and logs necessary to solve (2) is

K[(76n + 19)N + (6n + 7)NL]
= ] 6KnNL + O(KnN)+ O(KNL) \ flops

and

K(NL+1)

=|KNL+ O(K)| logs.

7 Experiments

Figure 1 shows the number of millions of floating point operations (MFlops) per second of the
implementation of the above algorithms, as a function of the dimensions of the problem n, i.e.
the dimensions of the variable z. Each point is an average out of 5 experiences, where a, b, v
and ¢ > 0 are randomly generated in each experiment.

As the algorithm involves calculations of logarithms, we needed to account those calculations
into the experience. We did that by previously testing how many flops a log operation takes
(about 25 flops).

There was no warm-start for any algorithm, being the initialization of the “first” interior
point random. The parameters of the algorithms were:

e epsilon= 103 (stopping criterion of Newton’s method);
e N= 20 (maximum number of Newton’s iterations);

e L= 50 (maximum number of Armijo’s iterations);

K= 8 (number of iterations of the barrier method);

1o = 0.05 (initialization of the barrier parameter);

B =50 (pr+1 = Bu)-

Specifications of the computer where this experience was executed:

12
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Figure 1: Update Mflops per second of the Matlab implementation of the algorithm that

solves (2).

Processor Intel(R) Core 2 Quad 2.66 GHz(Genuinelntel)
Cpu 2000 MHz
Cache Size 3072 KB
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8 (Generalization to the case where each node has more
than one row of A

Suppose that instead of just storing just one column of the (measurements) matrix A, each
node stores p; columns. For simplicity, we will designate this number just by p. Then, instead
of (2), we have
min [lefy + 072+ oz, (11)
xr=
var:x € R"

where v,z € R", ¢ € R; and A € RP*™. By applying the same steps that drove us from (2)
to (3), we get

min s'u+cu' Ru, (12)
Mu<r
Pu=5b
var: u € R2?
where
n v T
P:[A OPXTL]GRPX2 S_|:1n:| u_|:t:| r = 02y,
_ [n *In _ In Onxn
M = |: —In _In :| R= |: Onxn  Onxn :|)

i.e., all the matrices/vectors have the same meaning as in (3), except the matrix P.
The barrier method yields the following sequence of problems

2n
min i (sTu + cuTRu) - Z log(—m; u)}{29, (13)
Pu = b i=1
var:u € R*"
being
my
my
M = .
M3

Note that the difference between (4) and (13) is the matrix P. It is straightforward to see that
the only modification we have to make in the previous analysis is in the solution of the linear
system (5). That linear system becomes, in our case,

o CE-E)

where ) is now a vector in RP. Even in solving this linear system, the inversion of the ma-
trix H := V%f(u)js still as we did in codes 1 and 2. What basically changes is the Schur
complement S of H:

S=-PH'PT
_ Qn Qu AT ]
= —[A Open] [Qw QQQ] [OW
=—AQ AT € RP*P, (15)

Since (15) has no particular structure, the computation of its inverse takes (7/3)p* flops. This
is so if we use a Cholesky factorization (see [1, page 670]). In fact, we can decompose —S into
a Cholesky product because —S' is positive definite.

14



With this information, the solution of the linear system (14) is now

- _G-1pg-1 -1 ¢

a
[ d ] & | A+ APTS PR —ﬁf—lpTS*—l] [_g}
A

where g := Vf(u) and ¢y = b — Pu,

—~Hl'g—H'P'S"'PH lg—H1PTS !¢,

As we did in page 6, we can analyze each of the individual terms of the solution and seek
some simplifications:

o H-1g— [C:?n Qm} [91} _ [(Qu ©g1) + (Q12 @gz)] o [Hgl]
Q12 Q22] (92 (@120 91) + (@22 © g2) Hg2)’ i
where a ©® b is the Hadamard product of two vectors a and b, and @Q;; = diag(Q;;).

= Hgl
e PO lg= [A Oan] [HgQ} =AHgl :=w
o« H-1pT — [Qn Qm} {AT} _ [QHAT] — [QAl}
Q12 Qa22] |Unxp Q12AT QA2
Simplifying the solution,
dy [—(Hgl + QA1 x S~ x w+ QA1 x §71 x ¢) —(Hgl + QA1 x S=1 x (w +¢g)
dy | _ |—(Hg2+ QA2 x S~ xw+ QA2 x S x ¢,) _ | —(Hg2+ QA2 x S x (w4 ¢y)
A L S x (w4 ¢y) S x (w4 ¢y)

[—(Hgl + QAL x \)
—(Hg2 + QA2 x \)

Code 6 (Solving the linear system (general case) — (2p® + 8p + 10)n + 4p? + 3p + (7/3)p*
flops).
Assumption: we have access to all variables defined in Codes 1 and 2.

e S = -Ax[Qll.%al Qil.*a2 ... Qil.*apl; (A=[a1,...,ap") (2(n+1)p* +np
flops)
e S_inv = inv(S); (using Cholesky) ((7/3)p* flops)
e Hgl = (Q1l.*gl) + (Q12.%g2); (3n flops)
o Hg2 = (Q12.%gl) + (S_h_inv.*g2); (3n flops)
e QA1 = [Ql1.xal Q11.*a2 ... Qli.*apl; (previously calculated) (0 flops)
e QA2 = [Q12.*al Q12.%a2 ... Q12.*ap]; (np flops)
e lambda = S_inv*(A*(Hgl-x) + b); (2(n+ 1)p+p + 2p? flops)
e dil = -(Hgl + QAlxlambda); (2(p+ 1)n flops)
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e d2 = -(Hg2 + QA2+*lambda); (2(p + 1)n flops)

With this, the total number of flops required to calculate V f(u) and to solve the linear
system (14) is

(11n + 2) 4+ (16n + 2) + [(2p* + 8p + 10)n + 4p* + 3p + (7/3)p?]
= (20> +8p +37)n +4p® +3p+ 4+ (7/3)p* flops.
Therefore, the total number of flops needed to solve problem (11) is
K{[(2p* 4 8p + 76)n + 4p* + 3p + 23 + (7/3)p*|N + (6n + 7)NL}
=|2Kp°nN + ZKp*N + 6nNLK + O(Kp*N) | flops

and
K(NL+1)
=|KNL+O(K)| logs,

where the meaning of the variables is explained in page 11. However, here we have an additional
variable, p, representing the number of rows of A in (11).
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