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“We observe a fraction of the process, like hearing a single string in an orchestra of
supergiants. We know, but cannot grasp, that above and below, beyond the limits of
perception or imagination, thousands and millions of simultaneous transformations are at

work, interlinked like a musical score by mathematical counterpoint.”

- Stanislaw Lem, Solaris






Abstract

This thesis addresses the design of nonlinear navigation systems for autonomous vehicles,
following two main approaches: Kalman filter based estimators, and Lyapunov theory
based nonlinear observers.

The proposed Kalman filter architectures are designed for accurate position and at-
titude estimation using low-cost sensor suites. An extended Kalman filter is adopted
to merge a high accuracy inertial navigation system with advanced aiding information,
namely i) frequency contents of vector measurements, ii) vehicle model dynamics, and
ii1) LASER range measurements. In alternative, simple yet effective multirate comple-
mentary Kalman filters are proposed, endowed with stability and performance properties.
The navigation systems are validated using realistic vehicle simulators, and experimental
data collected onboard the DELFIMx autonomous surface craft.

The second approach addresses the design of nonlinear observers in non-Euclidean
spaces. The observers are derived resorting to Lyapunov theory, bearing stability and ro-
bustness properties in the presence of inertial sensor non-idealities. The considered sensor
readings are provided by an inertial measurement unit and i) landmark measurements,
i1) vector observations, and #ii) GPS receivers. The regions of attraction are explicitly
characterized, and an output feedback configuration is proposed, allowing for the practi-

cal implementation of the algorithms.

Keywords: Nonlinear observers, Lyapunov stability theory, Navigation systems, Kalman

filters, Complementary filters, Autonomous vehicles.






Resumo

Esta tese aborda o projecto de sistemas de navegacao nao-lineares para veiculos auténomos,
com recurso a duas metodologias: estimadores baseados em filtros de Kalman, e obser-
vadores nao-lineares baseados em teoria de Lyapunov.

As arquitecturas de filtragem de Kalman sao desenhadas para estimacao precisa de
posicao e orientacao, com recurso a sensores de baixo custo. As estimativas de um sistema
de navegacao inercial de alta precisao sao processadas por um filtro de Kalman estendido,
utilizando informagcao auxiliar como i) contetdos na frequéncia de leituras vectoriais i)
modelo dindmico de veiculos, e iii) leituras de distancia LASER. Sao também propostos
filtros complementares de Kalman, com estrutura simples, dotados de garantias de esta-
bilidade e de desempenho. Os sistemas de navegacao sao validados utilizando simuladores
realistas de veiculos e dados experimentais obtidos com o catamara auténomo DELFIMx.

A segunda metodologia proposta assenta em observadores nao-lineares formulados em
variedades. Recorrendo a teoria de Lyapunov, os observadores derivados sao estaveis e
robustos a nao-idealidades presentes na unidade de medida inercial. Os dispositivos sen-
soriais auxiliares considerados sao i) leitura de marcas, ii) observacoes vectoriais, e 4ii)
receptores de GPS. A determinacao de regides de atraccao explicitas, e a possibilidade de
utilizacao directa do dados dos sensores auxiliares permitem a implementacao pratica dos

algoritmos.

Palavras-chave: Observadores nao-lineares, Teoria de estabilidade de Lyapunov, Sis-

temas de navegacao, Filtros de Kalman, Filtros complementares, Veiculos auténomos.
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Notation

The notation used in this work is fairly standard. A list of conventions, definitions,
symbols, and quantities frequently adopted is listed in the ensuing.
Notational Conventions

e Column vectors are denoted by lowercase boldface type, e.g. s.

e Matrices are denoted by uppercase boldface type, e.g. S.

e Matrix dimensionality subscripts are omitted whenever clear from the context.

Cartesian Coordinate Frames

{B} body frame.

{E} Earth frame.

{L} local frame.

Sets

B(n n-dimensional ball, {x € R" : x'x < 1}.

)
D(n) set of diagonal matrices, {S € M(n) : S = diag(s),s € R"}.
DT (n)  set of diagonal, positive definite matrices, {S € D(n) : S > 0}.
K(n) set of skew-symmetric matrices, {K € M(n) : K = —K'}.
L(n set of symmetric matrices, {S € L(n): S = S'}.
M(n,m) set of n X m matrices with real entries.
M(n) set of n X n matrices with real entries, {M € M(n,n)}.
O(n) set of orthogonal matrices, {U € M(n) : U'U =1,}.
S(n) n-dimensional sphere, {x € R"* : x'x = 1},
SO(n)  set of special orthogonal matrices, {R € O(n) : det(R) = 1}.
SE(n) set of special Euclidean matrices, i.e. the product space of SO(n) with R™.
R set of real numbers.

R™ set of n-dimensional column vectors with real entries.

Xix
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7 set of integers.

Symbols

a acceleration expressed in {E'}.

agp accelerometer measurement (specific force), expressed in {B}.
a;(S) 1th largest eigenvalue of S having real eigenvalues.
b bias of the sensor measuring s, expressed in {B}.
b, pseudorange measurement bias.

e; unit norm vector with element e; = 1.

g Earth’s gravitic field expressed in {E'}.

h height.

I, n X n identity matrix.

A vector of the Z-Y-X Euler angles, i.e. A= [0 ¢].
m Earth’s magnetic field expressed in {E}.

measurement or process noise associated with s.

(S) null space of S.

nS

N(u,Z) Gaussian distribution with mean p and covariance =.

N

w angular velocity of { B} with respect to {E}, expressed in {B}.

1xn m X n matrix with all entries equal to 1.

1,, shorthand notation for 1,,x1.

p position expressed in {E}.

¢ roll angle.

(o) unit vector of the Euler angle-axis attitude parameterization.
%) angle of the Euler angle-axis attitude parameterization.

P yaw angle.

q landmark coordinates expressed in {B}.

Q) transformation from angular rate to Euler angle rate.

ﬁfR rotation matrix from coordinate frame {A;} to coordinate frame {As}.
Pij pseudorange measurement of receiver j with respect to satellite .
R shorthand notation for gR.

ai(S) 1th largest singular value of S.

t time.

0 pitch angle.

v velocity expressed in {E}.

0.xn m X n matrix with all entries equal to 0.

0., shorthand notation for 0,,x1.

Onr origin of manifold M.

Zs Kalman filter measurement residual of s.

S estimate of vector s.

ds perturbation of vector s, defined as ds = § — s unless otherwise noted.
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estimation error of vector s.

Subscripts and Superscripts

f(z)|,, function f(z) evaluated at point x.

[5i5] matrix with element s;; in row ¢ and column j.
Sij element in row ¢ and column j of matrix S.

Si ith element of vector s.

Sk vector s at the discrete-time instant ¢, k € 7Z.
Sy measurement of vector s.

Sz,8y,S8, X-, y- and z-axis components of the 3 x 1 vector s.
As vector represented in coordinate frame {A}.
Bg derivative of Bs, i.c. ddBtS.

B(s) derivative of s expressed in {B}, i.e. B(%).

Si. predicted estimate of vector s.

é,j updated estimate of vector s.

Functions

S—! inverse of S.

S’ transpose of S.

(8)x

E()

0 —s; sy
cross-product matrix of the 3 x 1 vector s, defined as | s, 0 —sz
—8y Sy 0

expected value.

blkdiag(-) block diagonal concatenation of matrices.

diag(s)
div(+)
eigvec(+)
[l

|
rank(-)
rot(¢, @)
sign(s)
span(-)
tr(+)
(')@

vec(+)

diagonal matrix with ith diagonal element given by s;.
divergence operator ﬁg, ’E]

set of eigenvectors.

Frobenius norm.

absolute value.

rank.

rotation matrix parameterized by Euler angle-axis coordinates ¢ and ¢.
sign of s, i.e. ﬁifs;é(),()ifs:().

span.

trace.

unskew operator such that ((S)X)® =s,s€R3.

vector obtained by stacking the columns of a matrix from left to right.

poel
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Acronyms

a.a. almost all.

aGAS almost Globally Asymptotically Stable.
alSS almost Input-to-State Stable.

ASC Autonomous Surface Craft.
CKF Complementary Kalman Filter.
DCM Direction Cosine Matrix.

DSP Digital Signal Processing.

EKF Extended Kalman Filter.

ES Exponentially Stable.

GAS Globally Asymptotically Stable.
GES Globally Exponentially Stable.
GPS Global Positioning System.

IMU Inertial Measurement Unit.
INS Inertial Navigation System.
1SS Input-to-State Stable.

KF Kalman Filter.

LASER Light Amplification by Stimulated Emission of Radiation.
LTI Linear Time-Invariant.

LTV Linear Time-Varying.

MEKF  Multiplicative Extended Kalman Filter.
MLE Maximum Likelihood Estimator.

PSD Power Spectral Density.

RMS Root Mean Square.

SVD Singular Value Decomposition.

UAV Uninhabited Air Vehicle.

UAS Uniformly Asymptotically Stable.

UES Uniformly Exponentially Stable.

VD Vehicle Dynamics.

VTOL  Vertical Take-Off and Landing.



Chapter 1

Introduction

The latest technological developments bring about autonomous vehicles as versatile plat-
forms, capable of performing a wide and valuable range of operational tasks in challenging
scenarios. Autonomous surface crafts (ASCs) are increasingly being adopted for inspection
of coastal areas and the maintenance of large critical semi-submerged infrastructures, like
bridges and breakwaters. Likewise, unmanned air vehicles (UAVs) are being considered
for coastal surveillance, power line monitoring, traffic watch, to domestic security, and
search and rescue missions in extreme environments. Most of these operations are com-
plex and expensive, and great emphasis is being placed on the use of autonomous vehicles
as a cost-effective, high-quality solution.

These practical applications often demand for high performance, robust navigation
systems to provide high resolution position and attitude localization. To satisfy the accu-
racy requirements, most autonomous vehicles are usually equipped with ultra light weight,
low-cost, low-power strapdown systems, that integrate the information from the available
sensors. The low-cost sensors found in these systems are strongly affected by non-idealities,
such as bias and noise, that degrade the accuracy of the estimates in the short term. The
severe limitations to open-loop estimation motivate the autonomous vehicles community to
continuously develop new navigation algorithms, that take full advantage of the available
data, compensate for sensor non-idealities, and satisfy stability and performance criteria.

This thesis studies the design of nonlinear navigation systems, for position and at-
titude determination of autonomous vehicles, using inertial sensors and advanced aiding

information sources. The main contributions are:

e advanced aiding techniques for inertial navigation system/extended Kalman filtering
(INS/EKF) architectures, that exploit the available models of the robotic platform.
The characterization of the vehicle dynamics, provided by a state model or a fre-
quency domain description, are integrated in the navigation system to produce high
accuracy results. The integration techniques are computationally efficient and de-

signed for implementation on low-cost hardware.

e nonlinear complementary Kalman filters for attitude and position estimation, en-
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dowed with stability and performance properties. The frequency domain approach
of complementary filters is combined with the stability and performance properties
of Kalman filters, to yield a nonlinear attitude and position filter for autonomous
surface crafts. A steady-state like architecture is formulated, bearing straightforward

gain design, and filter implementation.

e nonlinear observers for the problem of attitude and position determination, using
velocity and landmark readings. The rigorous formulation in non-Euclidean spaces
where attitude is represented, namely SO(3), allows for almost global stabilization
of the estimation errors, and for stability and convergence properties with non-ideal
velocity sensors. A technique for the derivation of the observers is proposed, based
on a synthesis Lyapunov function conveniently defined by the measurement error of

the aiding sensors.

e new stability results for nonlinear systems, based on the combination of density
and Lyapunov functions. The dual characterizations of the state space trajectories,
provided by Lyapunov and density functions, are combined to produce new analysis
tools for almost global stability, and input-to-state stability of nonlinear systems.
The proposed techniques are illustrated for nonlinear observers with disturbances in

the velocity sensors.

e a nonlinear navigation system using an inertial measurement unit (IMU) aided by
GPS receivers. The solution illustrates the results for nonlinear systems proposed
in the thesis, for a classical navigation problem that is commonly addressed using

Kalman filtering techniques.

As shown in the diagram of Fig.[1.1] the contributions of the thesis can be grouped in
two approaches: Kalman filter based estimators, and nonlinear observers designed using
Lyapunov methods. The following sections present a brief overview of these fields of
research, and relate the contributions of the thesis with the latest development in those

areas.

1.1 Kalman filtering based navigation systems

The first part of this work studies the design of high-performance, low-cost navigation
systems based on Kalman filtering techniques. Kalman filtering is a classical estimation
theory |4 ( R m |, widely adopted in attitude and position estimation B @ % 62], and
still subject to new advances in the present [35, 37, 5 @] Recent navigation systems for
oceanic vehicles resorting to Kalman filtering are found in L . [ @ E E . and
further references can be found in the valuable survey on ocean vehicle navigation [79]. The
choice of Kalman filtering architectures ranges from classical methodologies, to recently

proposed approaches [37]. As depicted in Fig. 1.1(a), the Kalman filtering techniques



1.1. Kalman filtering based navigation systems 3

(5)
iMU
+

(2)
EKF/INS
+
Landmark

Detection

Advanced
Vector Aiding

Nonlinear
Observers

LET L ET]
Filtering

(6)
iMU
+

3)
EKF/INS
+
Vehicle Model
Aiding

Vector
Observations
(7) New Stability Results
using Density Functions

Filtering

(a) Kalman filtering based. (b) Lyapunov theory based.

Figure 1.1: Thesis outline, organized according to the proposed navigation systems. The chapters

numbers associated with each topic are identified in brackets.

considered in this thesis are the extended Kalman filter (EKF) and the complementary
Kalman filter (CKF).

The EKF is one of the most well known and widely adopted filtering algorithms &],
based on the linearization of the system dynamics &], and that keeps track of the global
quantities by processing incremental estimates. The EKF algorithms adopted in this thesis
merge aiding information with a low-cost inertial navigation system (INS), to produce
high accuracy estimation results. While global positioning system (GPS) measurements
are a common aiding source |22, 46, @i this work studies the integration of diverse
and advanced aiding information in the EKF/INS architecture. Namely, the efficient
integration of vector observations, LASER measurements, vehicle dynamics model and
frequency domain information is studied, allowing for accuracy enhancements of classical

GPS aided EKF/INS architectures.

The proposed CKF architecture is focused on stability and performance, as well as
ease of implementation. Although the EKF is one of the most widely adopted filtering
algorithms, filter divergence due to the use of a linearized models can occur. The proposed
CKEF solution is derived for position and attitude estimation, endowed with stability and
performance properties for operating conditions usually found in ASCs. Interestingly
enough, the CKF is also a motivational approach to the nonlinear observers presented in

the second part of the thesis.



4 Chapter 1. Introduction

Aiding Sensors

GPS, magnetometer,?
Doppler, radar, etc.

Inertial Sensors
"""""""""""""""""" ? INS )Aclz Measurement| Zg OXy
Rate Gyro ¢ _ Residual EKF
Accelerometer :
................................... B ) ) Calculation
(Error Correction Routine)---- n
Xk
: Quiput

Figure 1.2: Feedback configuration of an EKF /INS architecture.

1.1.1 Advanced aiding techniques for EKF /INS architectures

The proposed EKF/INS system is based on the classical feedback configuration architec-
ture @], depicted in Fig. 1.2l The INS is a dead-reckoning algorithm that computes

attitude, velocity and position by integrating rate gyro and accelerometer triads data
1. 120,126, 17]

, @, @, @, , 127], rigidly mounted on the vehicle structure (strapdown

configuration). For highly maneuverable vehicles, the INS numerical integration must

)

properly address the fast dynamics of inertial sensors output, to avoid estimation errors
buildup. High precision, multirate INS algorithms that accounts for high frequency atti-
tude, velocity and position motions (denoted as coning, sculling and scrolling respectively),
have been developed in ﬁ&, ’T%, 127], and a technique to convert the high accuracy atti-
tude algorithms into its velocity /position counterpart was later proposed in [120].

Since the INS is based on open-loop integration of the inertial sensors, the resulting
position and attitude estimates are corrupted by sensor bias and noise, among other error
sources. A unified error analysis for INS can be found in the literature M, Egg] Filtering
techniques such as the EKF are adopted to dynamically compensate for non-ideal sensor
characteristics, that otherwise would yield unbounded INS errors. The EKF compares the
aiding sensor and vehicle model information with the INS output, under the form of a
measurement residual. The inertial unit errors are compensated using a direct feedback
configuration @] illustrated in Fig.[1.2, where the error estimates are corrected internally
in the INS, as opposed to correcting only the INS output. This method prevents the
estimation error buildup, and hence preserves the validity of the linearized state model
used in the EKF.

Navigation strategies based on GPS and INS fusion are commonly integrated using
the EKF algorithm, see B, @, @, @, ’?9] and references therein. Classical GPS/INS
architectures comprising inertial sensor biases estimation are found to hold only partial
observability for a time-invariant configuration, as discussed in , ] The observability
of position, attitude, and sensor non-idealities can be enhanced by using advanced filter-

ing techniques to fully exploit aiding sensors, as well as information about the vehicle
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Figure 1.3: Classical architecture of an EKF/INS aided by vehicle dynamics.

dynamics.

Vehicle dynamics aiding is a software based solution that provides information about
the vehicle motion, and is combined with the inertial navigation estimates using filtering
techniques, allowing for the compensation of inertial estimation errors. This aiding tech-
nique can be adopted in nearly any application where the vehicle dynamics are known,
bearing performance improvements on state variables that are critical for precise maneu-
vering. It is of paramount importance in indoor applications, urban scenarios, or hostile
environments, where other aiding sensor can be inoperative or subject to jamming or
distortion.

Simple motion constraints have been successfully implemented in the past for land
vehicle applications, by introducing the concept of virtual observations, see M, @, @]
Non-holonomic constraints of wheeled vehicles, namely the inability to takeoff or perform
lateral translation, are exploited in the navigation system by inputting zero valued virtual
measurements of the body frame y and z axes velocity. Full state, complex aircraft dy-
namics have been adopted to enhance the observability of the navigation system in recent
work presented in , @], and experimental results for a model-aided inertial navigation
system for underwater vehicles can be found in [64].

The classical technique to integrate the vehicle in the EKF /INS architecture, described
in @, @, @] and illustrated in Fig. is composed by a vehicle dynamics (VD) block
that plays the role of an extra INS unit. In this configuration, the vehicle dynamics are
computed by a vehicle model simulator, and the output is compared with the INS state
estimates, producing a measurement residual that is processed by the EKF. The EKF
state model is augmented to dynamically estimate both the INS and the VD errors, and
error compensation routines are implemented in the VD and INS algorithms. The distinct
nature of the error sources and system dynamics allows the EKF to separate the INS errors

from the VD errors and to perform their mutual updating in the compensation routines.
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Figure 1.4: Navigation system using advanced vector observation integration.

Recalling the fundamentals of filtering and sensor fusion, the VD and INS ensemble is
expected to yield better performance than any of the systems independently [82].

A limitation in complex vehicle dynamics lies in the modeling errors, over-parameterization
of the model, and poor observability of the vehicle states, which degrades the filter per-
formance, and that must be accounted for as state model uncertainty and/or using weak
constraints. A discussion about the impact of process model complexity on the improve-
ment of the navigation system performance is presented in [70]. In this reference, vehicle
model aiding is shown to tackle state uncertainty, and it is evidenced that small improve-
ments in the VD model are more relevant to the performance enhancement than the choice
of aiding sensor suites.

The development of advanced aiding techniques for EKF/INS architectures is pre-
sented in Chapters [2 and 3. The aiding techniques studied in Chapter 2] exploit vector
observations and frequency domain characterization of the autonomous vehicle. As illus-
trated in Fig. 1.4} aiding magnetic and pendular observations are integrated in the EKF,
to compensate for inertial sensor non-idealities. Information about the vehicle is provided
to the EKF, by modeling the pendular reading as the result of a gravitic measurement,
and of disturbances due to the vehicle motion, that are characterized in the frequency
domain. The proposed aiding techniques enhance the observability of the system errors,
and hence allow the EKF to compensate the inertial sensor non-idealities, such as bias
and noise, improving the attitude and position estimates.

The aiding techniques presented in Chapter|2/resort to a simple vehicle characterization
in the frequency domain, that is straightforward to implement. In Chapter [3, a new
methodology is derived to exploit the explicit, nonlinear dynamic model of the vehicle.
Whereas the classical vehicle model integration method, illustrated in Fig.[1.3, considers a

full state VD simulator and requires the estimation and compensation of the vehicle model
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Figure 1.5: Proposed EKF/INS architecture aided by embedded vehicle dynamics.

errors, the new method integrates the VD directly in the EKF to estimate exclusively
the INS errors, as shown in Fig. [1.5] The proposed technique is based on using the
vehicle dynamics to propagate the INS state estimates, exploiting the redundancy of the

information provided by the VD and by the INS integration algorithm.

The proposed technique reduces the computational load associated with the classical
VD aiding, and introduces flexibility in the implementation of the vehicle model, while
preserving the accuracy enhancements. Vehicle model differential equations are decoupled
using the INS states in the VD computations, and it is possible to select only those dy-
namics that are more accurately modeled, or that yield relevant information. For example,
the classical VD aiding technique computes the attitude kinematics in the INS and in the
vehicle simulator [82], whereas the proposed VD aiding technique computes the attitude
kinematics only in the INS. Also, in the proposed aiding technique, some of the vehicle
differential equations are integrated numerically, while others are formulated directly as
a filter measurement, which reduces the number of computations associated with the ve-
hicle model aiding. The correction routines adopted in the classical vehicle model aiding,
illustrated in Fig. are not necessary in the proposed technique due to the embedding

of the vehicle dynamics in the filter state model.

The integration of other aiding sources is also studied. A solution to integrate vector
observations directly in the EKF is discussed. Although a snapshot attitude reconstruc-
tion can be obtained from the vector measurements using numerically efficient algorithms
such as QUEST or TRIAD ﬂé, &, @], the vector readings are fed directly to the Kalman
filter. The measurement residual is obtained by comparing the estimated and measured
vector observations, and it is modeled in the filter as a function of the attitude estimation
error. Consequently, the EKF acts as an attitude determination algorithm, by comput-
ing the perturbational attitude term based on vector observations. Vector measurement
characteristics, such as sensor noise covariance, are described directly in the filter state
model, providing physical interpretation to the filter design parameters that are used in

the computation of optimal gains. Also, a LASER range finder sensor implementation is
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detailed, to estimate the coordinates of a target, necessary in structure surveillance, or to
enhance the distance-to-ground estimation, critical for takeoff and landing maneuvers of
aerial vehicles.

Interestingly enough, the navigation system architecture adopted in Chapters/2|and (3|
comprises state-of-the-art EKF and INS algorithms. The adopted INS solution is a
discrete-time, high accuracy integration algorithm, based on the work presented in [126,
127]. The inertial integration algorithm resorts to a multirate approach to properly ac-
count for high-order dynamic angular and acceleration effects, namely coning, sculling
and scrolling. The high-frequency dynamics are accounted for in a high-speed computa-
tion that performs simple incremental updates, while the moderate-speed computations
estimate the attitude and position using analytically exact formulations, that sum up the
contribution of the high-speed and moderate-speed integrations.

The EKF developed in this work is based on the Multiplicative EKF (MEKF) M, %]
One of the caveats in Kalman filtering for attitude estimation lies in the use global attitude
representations in the filter: linear Kalman filter operates in Euclidean spaces, and hence
the update step violates the constraints of global attitude representations, such as the
rotation matrix or the unit quaternion. Although projection methods can be used in the
update process to force the normalization of the attitude representation M, @], the opti-
mality of the measurement fusion process and the physical interpretation of the covariance
matrix become arguable [37]. The problem of attitude representation is dealt with in the
MEKF by adopting a perturbational representation of the attitude error, that is locally
linear and non-singular. The linear differential equations of the filter are derived using a
perturbational analysis of a rigid body kinematics, a detailed derivation of this classical
methodology can be found in ] Consequently, the local attitude parameterization can
be estimated by the Kalman filter, while a global attitude parameterization, such as the
rotation matrix, is stored in the INS. As shown in Fig.[1.2, the estimated attitude error
is transferred from the EKF to the INS to update the nonlinear global attitude estimate,
and reset in the filter. This incremental procedure can be regarded as a storage technique
that prevents the filter’s attitude error estimates to fall outside the linearization region.
As evidenced in @], the uncertainty of the estimate, i.e. the estimation error covariance,
is unaffected by the reset step.

The proposed EKF /INS architectures are designed for application to autonomous aerial
and oceanic vehicles. The aiding techniques and the performance of the EKF /INS system
proposed in Chapter 2 are assessed using experimental data, obtained at sea trials with a
low-cost hardware architecture installed on-board the DELFIMx platform, an autonomous
surface craft developed at Instituto for Systems and Robotics/Instituto Superior Técnico
(ISR/IST) for automatic marine data acquisition. A description of the DELFIMx char-
acteristics and of the implemented hardware architecture is found in Appendix [B. The
vehicle and LASER aiding techniques presented in Chapter (3] are motivated by consid-
ering a generic fully actuated rigid body, and extended to a model-scale Vario X-Treme

helicopter, to demonstrate the application of the navigation system to realistic robotic
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Figure 1.6: Complementary filter block diagram.

platforms. A summary of the Vario X-Treme helicopter model, derived from first princi-

ples in [39], is presented in Appendix C.

1.1.2 Nonlinear complementary Kalman filter

The complementary filtering theory is deeply rooted in the work of Wiener ﬂ142]: an
unknown signal can be estimated using corrupted measurements from one or more sensors,
whose information naturally stands in distinct and complementary frequency bands ,
21, 22, 65]. The minimum mean-square estimation (MMSE criteria) problem was first
solved by Wiener @], assuming that the unknown signal had noise-like characteristics,
which usually does not fit the signal description. Complementary filtering estimates a
generic signal by exploiting the sensor redundancy and rejecting measurement disturbances
in complementary frequency regions, without distorting the signal. The slight loss of
performance in complementary filters, due to disregarding noise stochastic description, is
beneficial in the presence of irregular measures that occur out of the expected variance,
as convincingly argued in [21].

Complementary filters have been widely used in the past in sensor fusion problems.
The frequency domain formulation, and the simple filter structure, allow for straightfor-
ward implementation without requiring high performance signal processing hardware, see
m, ’1702] and references therein. These algorithms are highly appealing in face of expensive
computational resources, and are adopted in navigation systems for autonomous vehicles
such as oceanic crafts , , @], model-scale helicopters ], and autonomous air-
crafts , ] due to the algorithm simplicity and reliability in practical implementations.

In Chapter [4] a navigation system based on complementary filtering, for position and
attitude estimation, is derived. The problem of accurate position and attitude estimation
is addressed by exploiting information over distinct but complementary frequency regions,
that is provided by the inertial and aiding sensors. Namely, inertial measurements from
accelerometers and rate gyros are merged with the linear position computed by a low-cost

GPS receiver, and with Earth’s magnetic field observations, respectively.
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The derivation of the proposed complementary filters is focused on i) stability and
performance of the algorithms, and i) obtaining a simple navigation system architecture
that can be easily implemented on low-cost, low-power signal processing hardware. The
navigation system is formulated in discrete-time and, as shown in Fig. 1.6, comprises an
attitude filter and a position filter.

The attitude filter inputs are the rate gyro readings, corrupted by bias, and a snapshot
attitude reconstruction based on vector observations, such as Earth’s magnetic field and
pendular readings. The rigid body attitude is parameterized using Euler angles, that is a
simple representation and bears physical intuition about the attitude of the vehicle. The
position filter resorts to accelerometers readings and to GPS measurements, and estimates
velocity in body frame and position in Earth frame.

Stability and performance properties of the proposed attitude and position filters,
under operating conditions usually found in oceanic and terrestrial applications, are de-
rived. Moreover, steady state feedback gains are adopted, that can be tuned given either
the frequency domain or the stochastic characterization of the sensors, yielding filtering
algorithms that are easy to implement in practice.

The navigation system is also endowed with a multirate synthesis methodology, based
on optimality results for periodic systems ], that can integrate aiding sensors sam-
pled at diverse rates. Experimental results are presented, obtained in tests at sea with
an implementation of the proposed navigation system, running on-board the DELFIMx
catamaran.

The attitude observations, used in the complementary attitude filter as shown in
Fig. are obtained by deriving an attitude reconstruction algorithm, based on mag-
netic and pendular measurements. Denoted an the Magneto-Pendular Sensor (MPS), the
algorithm computes pitch and roll from the pendular measurements, and yaw using the
magnetic field observations.

The magnetometer readings adopted in the MPS are often distorted by the influence
of the vehicle structure, sensor bias and scaling. Consequently, the sensor non-idealities
and magnetic disturbances must be compensated prior to integrating the magnetometer
readings in the navigation system. Appendix [K derives a magnetometer calibration al-
gorithm, that is formulated in the sensor frame and allows for online calibration of the
magnetometer without external references. Also, insight on the magnetometer errors and

on the corresponding mathematical model is obtained in the derivation of the algorithm.

1.2 Lyapunov based navigation system design

The second part of this work addresses the design of nonlinear navigation systems, formu-

lated rigorously in non-Euclidean spaces where attitude is represented, such as the groups

of rotation matrices SO(3) and unit quaternions S(3) [107]. Using global parameteriza-

tions of the rigid body orientation, excitinﬁrﬁperties can be derived, such as almost
28, 97

global stabilization of the estimation error , ’53], and explicit characterization of
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the regions of attraction M, m, M, ’E]

This approach brings about insight on the topological issues for achieving global sta-
bilization on manifolds. Guidelines for observer design on manifolds such as SO(3) and
S(3) are presented in ﬂﬁ, @, @, @, @] For example, ﬁg] discusses the “unwinding”
phenomenon, verified in the stabilization of rotation motion on coverings of SO(3) such as
the quaternion group S(3). As demonstrated in ﬁE], stabilization in the covering manifold,
combined with the one to many correspondence of coverings, may lead to an unwinding
phenomenon in the covered manifold. A representation of the unwinding phenomenon on
SO(3) is suggested in Fig.[1.7, where it is shown that an asymptotically stable trajectory
on S(3) projects to a trajectory on SO(3) that circulates away from, before converging to,
the origin.

Moreover, an important topological obstacle to continuous global stabilization arises
from the fact that, for any continuous state feedback law, the region of attraction of a
stable equilibrium point is homeomorphic to some Euclidean vector space 4278, @, @]
Since SO(3) and SE(3) are not diffeomorphic to an Euclidean vector space, there is no
continuous state feedback law that yields global asymptotic stability of an equilibrium
point. An illustration of this limitation for S(1) is shown in Fig.1.8l This result motivates
the relaxation from global to almost global stability [81], and from input-to-state to almost
input-to-state stability ], providing a suitable framework for stabilization of rotational
motion, where stability of the equilibrium point is guaranteed for any initial condition
outside a set of zero measure.

The second part of the thesis proposes new nonlinear observers for attitude and posi-
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Figure 1.8: Illustration of topological limitation to global stabilization on manifolds, for the case
of a system § = f(#) defined on S(1), where f(6) is continuous on #. The arrows depict the
“direction” and magnitude of f(6), and show that if the origin is stable, there is another * such
that f(60*) = 0.

tion estimation of autonomous vehicles, using sensor suites adopted in classical navigation
systems. In general, the design of nonlinear observers is sensor-dependent, and incorpo-
rating new aiding sensors or accounting for other sensor non-idealities requires guessing
a new stabilizing feedback law. An observer design technique is proposed, which derives
the feedback law using a Lyapunov function defined by the observation error of the aiding
sensors.

As depicted in Fig. ]T(b)‘, the Lyapunov based design technique is adopted in the syn-
thesis of three nonlinear observers: an attitude and position observer based on landmark
and velocity measurements; an attitude observer based on vector measurements; and an
attitude and position observer using an IMU aided by GPS readings. The system are
formulated on SO(3) and SE(3) manifolds, and the derivation is focused on the stability of
the systems, using the sensor readings directly, and considering sensor non-idealities such
as bias and noise.

The stability of the observers is studied using advanced tools for nonlinear systems,
such as analysis techniques based on density functions [115], and recently derived results for
parameterized LTV systems M] Motivated by the presence of non-modeled disturbances
in the inertial measurements, new stability results for nonlinear systems are derived in this
work. These results yield new techniques for the study of input-state and almost global

stability of nonlinear systems.

1.2.1 Nonlinear observers for attitude and position estimation

Nonlinear attitude and position observers, with application to aerospace, terrestrial and

oceanic vehicles, have been proposed in recent literature. A seminal nonlinear attitude
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Figure 1.9: Adopted sensors and estimated quantities of the nonlinear observers based on landmark

measurements and vector observations.

observer is found in @], which derives an eventually globally exponentially convergent
observer, expressed in the unit quaternion representation, and that resorts to attitude
and torque measurements. In many applications it is of interest to construct an attitude
observer based only on the rotation kinematics, that can be implemented on any robotic
platform, irrespective of its dynamics. Research work devoted to the development of
nonlinear observers based on the attitude and position kinematics, is found in M, M,
117, 135, 138).

Kinematic observers endowed with almost global stability can be found in @7 @7 @],
and methodologies for the design of this class of observers have been put forth in recent
publications ﬁl—fi %, @] These recent advances motivate the growing interest in extending
the design of nonlinear observers, namely to exploit information sources adopted in clas-
sical navigation problems. Also, it is desirable to integrate the sensor readings directly in
the observer, without using intermediate state reconstruction algorithms. This approach
enables the analysis of how the observer estimates are influenced by the characteristics of

the sensor measurements.

Landmark based navigation is recognized as a promising strategy for providing aerial
vehicles with critical position and attitude information for operations in delimited scenar-
ios. Chapter [5/presents a nonlinear observer for position and attitude estimation on SE(3)
using landmark observations and velocity measurements, as shown in Fig. A design
technique for nonlinear observers is proposed, based on a Lyapunov function conveniently
defined by the observation error of the landmarks. Almost global asymptotic stabiliza-
tion (aGAS) of the position and attitude errors is obtained, which is the most embracing
stability property that can be obtained for systems defined on manifolds. Moreover, the
region of attraction of the origin is characterized explicitly, and the trajectories are shown
to converge exponentially fast to the origin.

The observer structure exploits directly the sensor readings, without intermediate at-
titude/position reconstruction, which brings about the characterization of the observer
given the sensor properties. Namely, the proposed attitude feedback laws are explicit
functions of the landmark measurements and velocity readings, exploiting the sensor in-
formation directly in the observer. Also, it is shown that the landmark geometry defines
the directionality of the observer trajectories, as well as the shape and coordinates of

the anti-stable manifold. This characterization of the observer trajectories allows for the
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modeling of the convergence properties of the observer, using the available feedback design
parameters.

The problem of non-ideal velocity readings is also addressed, and the observer is aug-
mented to compensate for bias in the angular and linear velocity readings. In this case, the
stability analysis is more complex due to the stronger coupling of the attitude and position
observer, and to the non-autonomous formulation of the error dynamics. Recent results
for parameterized linear time-varying systems @] are adopted in the stability analysis of
the system. The resulting position, attitude, and bias estimation errors are shown to con-
verge exponentially fast to the desired equilibrium points, for bounded initial estimation
errors.

The stability and convergence properties of the observer are verified in simulation, for
trajectories described by time-varying linear and angular velocities. Simulation results
illustrate the directionality and convergence properties of the observer given the land-
mark geometry. Also, the convergence rate and the transient response for distinct initial
conditions on SE(3) are analyzed.

An attitude observer using vector observations is proposed in Chapter [6l The sensors
adopted and the quantities estimated by the observer are presented in Fig. ]T(b) The
derivation of the attitude observer evidences how the design technique of Chapter[5 can be
used to address the classical problem of attitude estimation using inertial measurements
and attitude aiding sensors, such as magnetometers, star trackers and pendulums ﬁ;]
Resorting to the proposed technique, the attitude feedback law is obtained constructively,
using a Lyapunov function conveniently defined by the measurement error of the vector
observations.

Consequently, the stability properties of the attitude observer are similar to those
of the landmark based observer. Namely, almost global asymptotic stabilization of the
attitude errors is obtained, with exponential convergence, for ideal angular velocity mea-
surements; the region of attraction is characterized explicitly; exponential stability of the
origin is obtained in the presence of biased velocity readings, given worst-case initial esti-
mation errors; and the proposed attitude feedback law is an explicit function of the vector
measurements and observer estimates. The properties of the observer are illustrated in
simulation for time-varying angular velocities, and diverse initial estimation errors.

In Chapter[7] the stability analysis of the nonlinear attitude observer is extended for the
case of velocity measurements corrupted by bounded disturbances. The properties of the
system are analyzed using new stability results, which are one of the main contributions of
this thesis. Input-to-state stability of the attitude estimation error, with known ultimate
bounds, is guaranteed for almost all disturbances. Also, new seminal results are presented
for the derivation of aGAS with biased angular velocity measurements. The novelty of the
results, and the concepts underlying their derivation are described later in this introductory
chapter.

The design of a nonlinear navigation system, comprising an IMU aided by GPS mea-

surements, is studied in Chapter[8, The derivation of a nonlinear navigation system for the
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Figure 1.10: Structure of the GPS/IMU based nonlinear navigation system.

GPS/IMU configuration demonstrates how the results for nonlinear observers, proposed
in the second part of the thesis, can be adopted for a classical estimation problem, that is
studied in the first part of the thesis using the Kalman filtering approach.

The GPS/IMU based nonlinear navigation system is formulated on SE(3) and, as
illustrated in Fig. is characterized by a cascade composition of attitude and position
observers. The GPS receiver, installed onboard the vehicle, provides the position observer
with pseudorange measurements with respect to satellites in view. The GPS pseudorange
measurements are used directly in the position observer, without resorting to the position
computation from the GPS units. The observations of the attitude observer are also
obtained directly from GPS pseudorange measurements from multiple GPS units, without
using an intermediate attitude reconstruction. The integration of vector observations in
the attitude observer is also discussed.

The stability results are obtained for non-ideal sensor measurements. The navigation
system compensates dynamically for the bias in the angular velocity sensor and the clock
offset in GPS pseudorange measurements. The resulting navigation solution yields expo-
nential convergence of the position and attitude estimation errors, for worst-case initial
estimation errors. It is also shown that the origin is stable in the presence of bounded
measurement disturbances in the accelerometer and in the rate gyro. The properties of
the GPS/IMU based observer are illustrated in simulation, for sensor disturbances found

in very low quality IMUs and for a rigid body describing a challenging trajectory.

1.2.2 New results for stability analysis of nonlinear systems

Global stability is usually a highly desirable property in control and estimation algorithms.
However, topological obstacles to continuous global stabilization arise in many dynamic
systems, due to the fact that no smooth vector field can have a global attractor, unless
the state space on which it is defined is homeomorphic to R" ] As a consequence,
controllers and observers designed using continuous state feedback on smooth manifolds,

will always produce some trajectories that do not converge to the origin [13, 97]. Due to
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the presence of unstable manifolds, stability analysis using Lyapunov’s second theorem is

more complex.

New analysis tools have been introduced recently for the study of the milder notion
of almost global stability H, %} In this framework, an equilibrium is ”almost globally
stable” in the sense that for all initial states outside of a set of zero measure, the dynamics
converge to the equilibrium. A dual to the Lyapunov second method for analysis of almost
global stability is developed in [1—15‘, ’1—16‘], based on density functions, thaﬁresen‘c the

01,

103, 115).

Almost global stability is obtained by verifying that, for a time-invariant density function,

stationary density of a substance that flows along the system trajectories |1

particles are generated almost everywhere and hence must flow to a sink, located at the

origin.

A similar approach has been adopted for the analysis of input-to-state stability (ISS).
The ISS paradigm has been extensively developed in recent years, as presented in the
comprehensive survey of ISS notions and results found in [131], and in the list of references
contained therein. The limitations to global stability on non-Euclidean spaces, and the fact
that global stability is a necessary condition for ISS, motivate the relaxation to almost
ISS, proposed in E The notions of robust and weakly almost ISS are proposed, and
results for these properties using density functions are investigated. More important, it is
suggested that a combination of Lyapunov methods with density function results may be
the right technique for proving almost ISS in general. Surprisingly enough, this enriching

insight seems to have gone unnoticed in the subsequent literature.

The work presented in Chapter|[7 develops the idea of combining Lyapunov and density
functions, for the stability analysis of nonlinear systems. Results are formulated for the
analysis of almost global asymptotic stability, and of almost input-to-state stability of
the origin. In the proposed analysis techniques, the Lyapunov function is adopted to
characterize the system trajectories, however the Lyapunov stability analysis is limited
by the existence of unstable manifolds. On the regions where the Lyapunov method is
inconclusive, the convergence is studied using density functions. Using a suitable density
function, sufficient conditions for instability of undesirable equilibrium points are derived,
yielding convergence of almost all solutions to the region where stability is guaranteed by
the Lyapunov function. Consequently, the proposed combination of Lyapunov and density

functions bears stabilization of almost all trajectories.

As depicted in Fig. @, the proposed techniques are adopted for the stability analy-
sis of the nonlinear observers proposed in Chapters[6 and 8l Using the derived techniques,
the stability of the attitude observer in the presence of bounded angular velocity distur-
bances is demonstrated, and seminal results for aGAS of the origin with biased velocity
readings are presented. The stability of the GPS/IMU observer in the presence of distur-

bances in the inertial sensors is also obtained.
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1.3 Thesis outline

As shown in Fig. 1.1, the contents of this thesis are organized according to navigation
solutions, in chapters that are mostly self-contained, while minimizing repetition. In
general, the concepts and formulations that are common to more than one chapter will be
detailed in the first occurrence, or presented in appendix, and briefly reviewed or referenced
to in subsequent chapters.

In the first part, the design of high-performance, low-cost navigation systems based
on Kalman filtering techniques is studied. In Chapters2 and [3, the adopted architecture
is based on a high accuracy, multirate INS, combined with an EKF and a GPS unit, for
precise inertial estimation error compensation. The key problem of integrating diverse
aiding sources with the low cost INS is studied.

Advanced aiding techniques are presented in Chapter 2, for precise position and at-
titude estimation of autonomous vehicles. Aiding magnetic and gravitic observations are
integrated using the EKF, enabling the compensation of inertial sensor non-idealities such
as bias and noise. The magnetometer measurements and the information embodied in
pendular measurements, modeled using a characterization of the vehicle dynamics in the
frequency domain, are exploited to properly trace attitude errors and reject measurement
disturbances. The techniques are demonstrated in experimental tests, performed by the
DELFIMx autonomous surface craft described in Appendix

Chapter [3| proposes a methodology to embed dynamic models of autonomous vehicles
in the EKF/INS architecture. The proposed methodology integrates the vehicle model
information directly in the EKF state model, bearing a computationally efficient vehicle
model aiding. A LASER range finder sensor is also integrated in the navigation system, to
provide high precision distance-to-ground readings for critical takeoff and landing maneu-
vers. The aiding techniques are implemented and simulated for the nonlinear dynamics of
a Vario X-Treme model-scale helicopter, detailed in Appendix [Cl

Chapter [4] derives a navigation system architecture based on the theory of comple-
mentary filtering. The proposed complementary filters provide attitude estimates in Euler
angles representation and position estimates in inertial frame coordinates, using strapdown
inertial measurements, vector observations, and GPS aiding. Filter stability and perfor-
mance properties are presented, under operating conditions usually found in oceanic and
terrestrial applications. The filter is designed for simplicity and to be easily implemented
on low-cost, low-power signal processing hardware, and experimental results with an im-
plementation of the proposed algorithm running on-board the DELFIMx catamaran are
presented.

Interestingly enough, the practical implementation of the algorithms in the DELFIMx
catamaran motivated the derivation of a calibration algorithm for magnetometers, pre-
sented in Appendix K. The proposed calibration method is independent of external atti-
tude aiding, and compensates for non-idealities such as soft iron, hard iron, sensor non-

orthogonality and bias. Experimental results with low-cost magnetometers are presented
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and discussed.

The second part of the thesis addresses the design of nonlinear observers, formulated
rigorously in non-Euclidean spaces where attitude is represented. Design and analysis
techniques based on Lyapunov and density functions are derived, and illustrated in the
synthesis of nonlinear observers that resort to diverse aiding sensors.

Chapter 5 presents a nonlinear observer for position and attitude estimation on SE(3),
using velocity measurements and landmark observations. An observer synthesis tech-
nique is proposed, that resorts to a Lyapunov function based on the observation error of
the aiding sensors. Exponential stabilization of the estimation error is derived, and the
directionality of the observer is discussed. The topological obstacles to stabilization in
manifolds are also illustrated using the proposed observer. The derived synthesis tech-
nique and the stability analysis results will be central to the development of the nonlinear
observers presented in the following chapters.

Chapter [6] derives an attitude observer based on angular velocity and vector measure-
ments. The observer is obtained using the synthesis techniques proposed in Chapter[5l By
appealing to the stability results found therein, it is shown that the attitude and angular
velocity bias estimation errors converge exponentially fast to the origin. The attitude
observer is obtained under a uniform design transformation for the sake of presentation,
and a similar attitude observer endowed with directionality is presented in Appendix

Chapter [7 proposes new stability results, based on the combination of Lyapunov and
density functions. Stability tools are discussed for almost global stability and input-to-
state stability of nonlinear systems. The results are motivated by, and applied to the
nonlinear attitude observer presented in Chapter [6l

Chapter [8] describes a nonlinear observer for attitude and position estimation, using
the GPS and inertial sensor ensemble studied in the first part of the thesis. The design of
the nonlinear GPS/IMU observer illustrates the proposed observer derivation techniques,
and the new stability analysis results for nonlinear systems, applied to a classical sensor
configuration. Exponential convergence of the attitude and position estimates is obtained,
with stability in the presence of bounded noise in the inertial sensors.

A review of the main results of this work, and a discussion of directions for future work

are presented at the end of the thesis.



Chapter 2

INS/GPS aided by frequency

contents of vector observations

This chapter presents a high accuracy, multirate Inertial Navigation System (INS) integrat-
ing Global Position System (GPS) measurements and advanced vector aiding techniques
for precise position and attitude estimation of Autonomous Surface Crafts (ASCs). A
multirate, high accuracy INS is proposed to compute attitude, velocity and position, and
is combined with an Extended Kalman Filter (EKF) to integrate GPS position measure-
ments, vector observations and frequency domain characterization of the vehicle. Mag-
netic and gravitic observations are integrated optimally in the EKF, by modeling the
sensor readings directly in the filter and by taking into account the vehicle’s dynamics
bandwidth information.

The direct-feedback configuration of the proposed architecture is illustrated in Fig. 2.1l
The INS computations adopted in this work account for high frequency attitude, veloc-
ity and position motions (denoted as coning, sculling and scrolling respectively), and are
based on the algorithm developed in ﬁEG, E;:;]

are fed directly to the system, and the measurement residual is obtained by comparing

. The magnetometer and pendular readings

the estimated and measured vector observations. The proposed vector aiding technique
decomposes and optimally integrates gravitic observations in the EKF, however gravity
readings are distorted in the presence of linear and angular accelerations. In this work,
angular acceleration is compensated using the INS information, while linear acceleration of
the vehicle is compensated by characterizing the dynamics of the vehicle in the frequency
domain. The resulting measurement model allows the EKF to exploit the frequency con-
tents of the gravity readings, compensating for inertial sensor errors and enhancing the
attitude estimates.

The proposed aiding techniques and the performance of the navigation system are as-
sessed using experimental data obtained at sea trials with a low-cost hardware architecture
installed on-board the DELFIMx platform. It is shown that inertial sensor non-idealities
such as bias and noise are effectively compensated for, using the magnetometer measure-

ments and the low frequency information embodied in pendular measurements. Also, the
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Figure 2.1: Navigation system block diagram.

problem of poor GPS signal detection when the vehicle operates in the vicinity of struc-
tures, such as bridges and breakwaters, demands for a navigation system able to operate
under medium term position aiding shortage. The overall improvements obtained with the
vector aiding observations are illustrated for the case of GPS signal outage, emphasizing

the extended autonomy of the navigation system with respect to position aiding.

The chapter is organized as follows. Section briefly discusses the INS algorithm
adopted in this work. In Section[2.2] the linear differential equations describing the inertial
sensor errors are derived and introduced in the EKF state space model. In Section 2.3| the
integration of vector measurements directly in the EKF is derived using perturbational
techniques and illustrated for magnetometer measurements. The method is extended for
gravity measurements obtained from the accelerometer triad, which require modeling vehi-
cle dynamics bandwidth information in the EKF, compensating in the frequency domain
for accelerated motion. The EKF state space model is summarized in Section the
discrete-time equivalent filter is obtained, and the correction and reset procedures to up-
date the INS states using the EKF estimates are detailed. Simulation results to validate
the proposed navigation system prior to experimental testing are shown in Section [2.5]
The contribution of vector measurements and gravity selective frequency contents to the
accuracy of the estimation results is analyzed. Experimental results obtained during the
DELFIMx sea trials are presented in Section[2.6, to assess the navigation system perfor-

mance in practice. Concluding remarks are found in Section 2.7.
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2.1 Inertial navigation system algorithm

In this section, an INS algorithm is briefly introduced, based upon the tutorial work
presented in , @] for attitude, velocity, and position computation, where complex
angular, velocity and position high-frequency motions, referred to as coning, sculling, and
scrolling respectively, are properly accounted for using a multirate integration approach.

In this framework, a high-speed, low order algorithm computes dynamic angular
rate/acceleration effects at a small sampling interval, and its output is periodically fed
to a moderate-speed algorithm that computes attitude/velocity resorting to exact, closed-
form equations. Given the limited operational time and confined mission scenarios for the
application at hand, an invariant gravity model is adopted without loss of precision, while
equations were derived to the highest accuracy. Also, the intermediate coordinate frames,
such as local and navigation frames, are identified with Earth frame, denoted as {E}.
As depicted in Fig. 2.2, the inputs provided to the inertial algorithms are the integrated

inertial sensor output increments

’U(T):/ a,dt, a(T):/ w,dt,
th—1 lk—1

which correspond to the integral of the inertial sensor readings, obtained using strapdown
accelerometer and rate gyro triads, corrupted by white noise and bias errors and modeled

as follows

ar:Ba—Bg+ba+na—f)a, (2.1a)

w, =w+ b, +n, — b, (2.1Db)

where g represents Earth’s gravitic field, the sensor biases are denoted by b, and by, and
n, ~N(0,Z,), n, ~ N(0,Z,) are Gaussian white noises.

The attitude moderate-speed integration algorithm detailed in @] computes body
attitude in DCM form

g:_lR(¢k) _ 13 + Sln(Hd)kH) (¢k)>< + 1- COS(”d)kH)

el [l

where { B} denotes the body frame, { By} is the body frame at time k, and (s)
the skew symmetric matrix defined by the vector s € R3 such that (s), r=s xr, r € R,

(&1)% (2.2)

« represents
Rotation vector dynamics, based on Bortz equation [17], are formulated in order to denote

angular integration and coning attitude terms oy, and 3, respectively

Q) = oy + By, (2.3)

where o = a(t)],—,, and the coning attitude term measures the attitude changes due to
the effects of angular rate vector rotation. A high-speed attitude algorithm is required to
compute 3, as a summation of the high-frequency angular rate vector changes using sim-

ple, recursive computations [126]. Equations (2.2) and (2.3) summarize both the moderate
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Figure 2.2: Inertial navigation system with estimation error compensation.

and high-speed attitude dynamics in the DCM format using exact, error-free equations,
enabling high accuracy results.
Exact linear velocity updates can be computed at moderate-speed rate using the equiv-

alence between strapdown attitude and velocity/position algorithms ], that yields
= B R AP A
Vi =Vi-1+p, , VSFk + AVG/Cork>

where APr-1ygp . is the velocity increment related to the specific force, and Avg /Cork
represents the velocity increment due to gravity and Coriolis effects, see @] for further
details. High-speed velocity rotation and high-frequency dynamic variations due to angu-
lar rate vector rotation, are likewise accounted for in the high-frequency algorithm and

included in the moderate-speed calculations as
AP=1vep ) = v + Avigrk + AVieulk,

where vy, = v(t) \t:tk and Avy; . and Avgey  represent velocity increments due to rotation
and sculling, respectively.

The INS algorithm execution rates are set as a trade-off between the available hardware
and the performance requirements , @, @] Simulation environments and trajectory
profiles to tune the algorithm’s repetition rate according to the accuracy requirements are
thoroughly described in [128] and algorithm evaluation procedures are presented in [126,
127]. Interestingly enough, high repetition rates can be implemented in a standard low-
power consumption Digital Signal Processing (DSP) based hardware architecture. This
allows for accurate integration results, that are only diminished by inertial sensor non-

idealities such as noise and bias.
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2.2 Inertial error dynamics

In a stand-alone INS, bias and inertial sensor errors compensation is usually performed
offline. The usage of filtering techniques in navigation systems, such as the EKF, allows for
the dynamic estimation of inertial sensor non-idealities, bounding the INS errors. The EKF
error equations adopted in this work are based on perturbational rigid body kinematics,

and were brought to full detail in @] The nominal rigid body kinematics are given by

p=v, v = RPa, R=R(w),, b, =y, b, =my,, (2.4)
where R is the shorthand notation for gR, the inertial sensor biases are modeled as random
walk processes, and np, ~ N(0,Z;,), np, ~ N(0,Z;,) are Gaussian white noises. The
position, velocity and bias estimation errors are defined by the difference of the estimated
and nominal quantities,

Sp=p-p, Ovi=v—-v, Sb,:=b,—b,, b, :=b,—b,,
and the attitude error, denoted as d¢, is parameterized by an unconstrained rotation
vector representation in Earth coordinates, which can be assumed locally linear and non-
T,114]. Define the

rotation error matrix as R(d¢) := 7@,7?,’, the attitude error rotation vector d¢ is described

singular, for details and equivalent attitude parameterizations, see ﬂ99,

by the first order approximation
R(0¢) ~ I3 + (6¢), = (0¢), ~RR' — I, (2.5)

that is valid for “small-angle” attitude errors ] The rigid body coordinates are esti-

mated using the available inertial sensor information

p="1, v =TRa, + g, ﬁ:ﬁ(wr)x, b, =0, b, =0, (2.6)

Combining (2.442.6), the attitude, velocity, and position error kinematics are obtained
by retaining the first-order terms of Taylor’s series expansions or by using perturbation

algebraic techniques M], producing

op =dv, Ov =R(a, —agp) — (ﬁar) 8¢, ¢ =R(w, —w), (2.7a)
X
5ba = —1,, 5bw = -1, (27b)

where agr =P a— g is the specific force, defined as the nominal reading of an accelerom-

eter. The terms (a, —agr) and (w, — w) represent the non-idealities of the accelerometer

and rate gyro readings, (2.1a) and (2.1b) respectively, and are described by
(a, — agr) = —0b, + ng, (w, —w) = —0by, + n,,. (2.8)
Combining (2.7) and (2.8), the error state space model is

§p=0v, 6V —=—Rdob, — (Ra) 5+ Rn,, b= —Réb, +Rn,,  (2.92)
X

5ba = -1, 5bw = I, (2.9b)
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The continuous-time error state space model dx = F(x,u)dx + G(x)n, is described
by

/ /
(5X:|:5p/ ov' 6¢/ §bil 5b{u}, n, = n; n n nga n’bw], (2.10&)

.
[0 I 0 0 0|
0 0 —<7éaT>X R 0

F(x,u)= |o o 0 0o _7|,G(&) =blkdiag(I3, R, R, —I5, —I5), (2.10b)
0 0 0 0 0
0 0 0 0 0|

where x = (p, v, R) are the quantities computed by the INS algorithm, u = (a,, w,)
are the inertial measurements, blkdiag(-) denotes a block diagonal matrix obtained by
the concatenation of its matrix arguments, n, = n,, and n, ~ N(0,Z,) is a Gaussian
white noise that accounts for linearization and modeling errors and is used in the practical
tuning of the filter.

In the adopted architecture, the INS calculates the body attitude using the high-
precision algorithms described in Section 2.1, and the EKF estimates the attitude, velocity,
position errors using the aiding sensor measurements. After each filter update step, the
EKF estimated inertial errors are transferred to the INS, as illustrated in Figs.[2.1land[2.2]
and reset in the filter. As evidenced in [99], this procedure preserves the small error as-
sumption underlying the linearized model (2.10) used in the EKF. Note that normalization
procedures usually found in linear attitude filtering are avoided in this architecture, that
resorts to a locally linear parameterization for attitude estimation in the EKF, while a

global attitude representation is propagated and stored in the INS ]

2.3 Vector aiding techniques

The EKF relies on aiding sensor readings to successfully estimate the INS errors. The
physical coupling between attitude and velocity errors (2.7) enables the use of GPS po-
sition readings to partially estimate attitude errors. As convincingly argued in [60], for
observability analysis purposes a GPS based navigation system with bias estimation can
be approximated by a concatenation of piece-wise time-invariant systems and, under that
assumption, full observability is met by performing specific maneuvers along the desired
trajectory. Recent work has been directed towards replacing the necessity for alignment
maneuvers by equipping the filter with additional information sources, namely aiding sen-
sors or vehicle dynamic model information, see @, , @, @]

The vector observation technique enhances the system accuracy by providing attitude
observations and vehicle dynamics bandwidth information to the EKF. For example, batch
attitude determination algorithms can be used to compute an attitude matrix observation
Rvo, using the measurements of the Earth’s magnetic and gravitic field in {B}, provided

by the magnetometer and the accelerometer triads. Several batch attitude determination
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algorithms can be found in the literature H, @, H, 59‘] and an intuitive, easy to imple-
ment, TRIAD-like algorithm is also proposed in Section[4.2.1. A straightforward but naive
method to introduce the attitude measurement Ryo in the filter is obtained by defining
the attitude measurement residual zyo after the attitude error (2.5), yielding

(ZVO)X - QRIVO —Is,

and modeling it in the filter as
zyo = 0¢ + nyo,

using a noise term nyg to compensate for the effect of magnetometer, accelerometer, rate
gyro and INS disturbances on the attitude computation Ryo. Nonetheless, characterizing
nyo as white noise can degrade the filter performance because it does not properly model
the non-linear influence of pendular/magnetic sensors errors in Ryo computations. Also,
the aiding attitude matrix Ryo is computed using the vector measurements available at
each time instant (snapshot algorithm), and hence dynamic disturbances in the vector
observation readings are not accounted for.

In this work, vector observations are embedded in the EKF, as depicted in Fig. [2.1]
The magnetometer reading and gravity selective frequency contents provided by the ac-
celerometer triad are modeled directly in the filter, bearing a more clear and accurate
stochastic description of the measurement errors and disturbances.

The EKF computes the attitude based on the vector observations, without external
attitude determination algorithms and using optimality criteria, yielding an alternate so-
lution to Wahba’s problem , } Sensor error characteristics other than just white
noise are properly modeled in the filter, using the EKF covariance matrices and the struc-
ture of the error state space model. The algorithm presented herein can be generalized
to any number of vector observations, devising a straightforward procedure to enhance
the accuracy of the navigation system results, which also reinforces the EKF linearization

assumption.

2.3.1 Vector measurement residual model

The attitude measurement residual is obtained by comparing the estimated and the mea-

sured vectors. The considered vector measurement model is
s, = R'Fs 4 n,, (2.11)

where ng; ~ N (0,Z;) is a Gaussian white noise. The attitude measurement residual in

Earth frame coordinates is described by
By =Ps— Rs,.

Using the sensor model (2.11) and replacing the INS attitude estimate R by the attitude
error approximation (2.5) yields

Bgy=Fs - RR'Fs — Rn, ~ s — 1+ (69),)s — Rn, = — (§¢), Fs — Rn,,
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which relates the EKF measurement residual £z, with the attitude error 6¢, producing

the linearized model

Egy (Es)xéqb—f%ns. (2.12)
The measurement residual can be represented in Earth or in body frame coordinates,
which are related by a rotation transformation and hence contains the same information.
Repeating the same algebraic manipulations, the linearized model of the measurement

residual in body coordinates is given by
By i =R'Fs—s, ~R (ES)X5¢—HS. (2.13)

Although the measurement residuals (2.12)) and (2.13)) describe the same attitude infor-
mation, the linearized measurement matrix for (2.12) is constant and the components of
d¢ can be related directly with those of £z,. For example, the measurement model
for the vector Fs = [O 0 1}1 is given by Pz, = —00y 0, O}I — Rn,, that contains
information solely about the rotation error along the x-axis and y-axis, and illustrates the
fact that the yaw angle error, i.e. d¢,, cannot be determined by gravity readings.

In general, the vector reading s, can be corrupted by other additive sensor disturbances,

namely biases by, and dynamic disturbances dg, as follows
s, = R'Fs + n, — 6b, + d,, (2.14)

where dby is the bias compensation error term, and d; is the output of a process modeled
in the state space form. The linearized measurement residual representations for the sensor

reading (2.14), in Earth and in body coordinates, are respectively described by
Pay = (Ps), d¢ + Rébs — Rds — Rn,, Pz, =R’ (Ps), ¢ + b, —d, —n,. (2.15)

Using the measurement model (2.15), vector observations obtained by sensors such
as pendulums and magnetometers can be introduced directly in the EKF. The sensor
non-idealities are modeled in the filter, as opposed to using intermediate attitude recon-
struction, which allows for the integration of any number of vector measurements, at
different sampling rates, and compensating for dynamic disturbances. The observation
noise covariance matrix, used in the computation of the optimal feedback gains, is directly

given by the sensor noise variance =s.
2.3.2 Magnetic and pendular measurements integration
The magnetometer model considered in this work is given by
m, = R'¥m +n,,, (2.16)

where m denotes Earth’s magnetic field, n,,, ~ N(0,=,,) is a Gaussian white noise, and

magnetic distortions such as soft iron and hard iron are compensated offline using the
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Figure 2.3: Vector measurement residual computation (magnetometer and pendular readings).

calibration algorithm proposed in Appendix K. The sensor description (2.16) is identical
to the vector reading model (2.11). As illustrated in Fig.[2.3] the measurement residual
2.12) is adopted to integrate the magnetometer information in the EKF, yielding

Zm = Fm— Rm, = (Em)X 6¢—7A2nm.

A gravity vector measurement is obtained from the accelerometer reading (2.1a), which
can be decomposed in Coriolis and linear acceleration components
_d By B

ar—w—i—wx v — Bg — 6b, + n,. (2.17)

To obtain a gravity measurement reading g,, adequate modeling is adopted to remove the

acceleration terms in (2.17). Typical maneuvers of autonomous oceanic vehicles involve

mostly short term linear accelerations, and hence the % term is modeled in the filter
B

state model as a high-frequency process. The Coriolis term w x ®v occurs in transient
but also in trimming maneuvers such as helicoidal paths, and is compensated for using
the linear and angular velocities information provided by the INS. The gravity vector
measurement g, is given by

dBv

gTé—(aT—L:JXB\A/):Bg—W—Fé(UJXBV)"‘éba_na- (218)

B

Wherethed(wx V) =wxbB

By is the error of the centripetal acceleration

V—w X
removal, and Bv = R'Ev is the estimated velocity in body coordinates. The gravity

reading (2.18) is modeled as

g =g —apa + 0 (wx Pv) + b, — n,, (2.19)

/
where app = [aL Az GLAy 4L Az] represents the linear acceleration estimate. Each of the
ar, A components is modeled as a band-pass signal whose bandwidth is shaped according
to the vehicle characteristics, often to filter out high-frequency INS acceleration jitter and

to simultaneously avoid the influence of erroneous low-frequency accelerometer bias. The
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Figure 2.4: Linear acceleration modeling.

state model dynamics for the x-axis component is generically represented in Fig. 2.4, and

can be written as

. 0 1

XAz = XAz + NLA 2 (2.20a)
—apa; — (ap + ap) ap,

araz =0 1] xeas (2.20b)

where «j, and «; are the high-frequency and low-frequency cutoff frequencies, respectively,

and npa, is modeled as a zero-mean, Gaussian white noise process with variance 0’% A

Using the results for the vector reading model (2.14]), the measurement residual for
the gravity reading (2.18) is defined as ¥ Zg = Eg ﬁgr and the first-order formulation is
given by

Eg, ~ (Eg)X 8¢ — Réb, — RS (w x Bv) + Rapa + Rn,.
Using and (2.5), the centripetal acceleration compensation term is given by
5 (wx Bv) ~ (@), R'6v + (@), (P¥) R'op+ (P¥) (b, —ny,),
and the observation equation of the gravity measurement residual equation is
P2y == (Rw) ov+ ((Eg)x - (R&) (%9) ) 5 — Robg
— (P¥), Rob,, + Rapa + Rng + (%) Rn,, (2.21)

where ay s is the output of triaxial generalization of the state model dynamics (2.20),
integrated in the EKF, and tuned according to the maneuverability characteristics of the
vehicles. Fig. [2.3 illustrates the computation of the gravity measurement residual Ezg,
which is fed to the filter using the observation model (2.21).
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2.4 Implementation

The continuous-time state space model x¢ = Fo(x,u)xc + Geo(X)n,c adopted in the
filter is described by

- / r !/
Xc = 0%’ xiAr X/LAy XLAZ} ) nyc = n/z NpAz NLAy nLAz] )
Fo(x,u) = blkdiag(F(x,u),Fpa, Fra,Fra), Ge(x) = blkdiag(G(x), Gra, Gra, Gra),
[0 1 0
FLA = GLA = )
| —Qua —(a; + ap) |

where 0x, n,, F(x,u) and G(x) are defined in (2.10). The measurement model z =

H(x,u)xc + n, can be written as

/ /
- = 5 - . . . .
Z=|2gps Zm z’g} , N, = [—n’GPS —Rnl, (—Rna + (EV)X Rn,, + Rng> ] ,

I, 0 0 0 0 0
H(x,u)= |0 0 (Fm) 0 0 0 |,
0 (Rw) (%g), +(Rw) (%), —R —("¥) R RH
HLA:blkdiag([o —1},[0 —1},[0 —1}), (2.22)

where n, is a fictitious white noise associated with z, observation, and zgps is the GPS
measurement residual, classically defined by the difference between the position estimated
by the INS and that measured by the GPS ], that is

Zaps := P — Paps = 0p — ngps,

where ngps N(0,Z¢gps) is a Gaussian white noise that models the GPS measurement
noise.

The state and observation noise covariance matrices are

QC = blkdiag(Ep, Ea, Ew; Eba, Ebw y ELA),
R (%) = blkdiag(Ecps, Zm, RER — (F9)  RELR' (F¥)  + REGR),

where ZpA = O'% AI3. The discrete-time state space model
X1 = Ppxy + Wi, z, = Hypxp + vy,
is obtained by sample-and-hold of the inputs [ﬂ] and is given by
P, = eF’“T, H; = H(x, u)|t:tk ,

and the discrete-time noise covariance matrices are ]

R
Qi ~ GrQeGLT, Ry~ —F,
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where T is the sampling period, F, = Fo(x,u)|,—;, , Gk = Go(X)|iy, » Rok = Reo(x)|i—y,
and @y = P(txy1, ;) denotes the state transition matrix.
The gravitﬁneasurement residual ¥ z, introduces state and measurement noise corre-
2

]

lation matrix |2

/

0 0 0 000
Cc(%)=1{0 0 0 00 0f,
0 -RZ, —(¥¥) R=, 0 0 0
IR F,T
Ci=7 | ®(t.7)G(r)Co(r)dr = (Is + ——)GiCox,
tk—1

where C¢ (x) is the continuous state and measurement noises correlation matrix, Coy =
Ceo(x) ’t:tk’ and the discrete-time equivalent matrix Cy, is computed using a first order ap-
proximation similar to those discussed in @] for Qi and Ry. The following Kalman gains
and error covariance matrix equations are modified to include the state and measurement

noises correlation matrix
K. = (P Hj, + C)[HP, H, + Ry, + H;,C, + C}.H}] ',
P; = (I, — Kka)P,; - K;C).,

and the filter covariance matrix is updated using P, | = @sztI)ﬁc + Qp.

After each EKF update, error estimates are fed into the INS error correction routines
as depicted in Figs. 2.1l and 2.2, where the quantities predicted by the INS are denoted
by the superscript — and the updated quantities are identified with the superscript +. It
is important to stress that linearization assumptions are kept valid during the algorithm
execution since the EKF error estimates are reset after being used to compensate the
corresponding variables M] The error correction procedures are specific to the INS
algorithms and error state space representations. For the INS adopted in this work, error
routines are detailed next.

The attitude estimate is compensated using the rotation error matrix R(d¢) definition,
which yields

R =R/ (6¢,)R;,, (2.23)

where matrix R/(3¢;,) is described exactly as

- sin(||6 (2) - 1 — cos(]|d & A\ 2

166l x 16| x
and is computationally implemented using power series expansion of the scalar trigonomet-
ric terms up to an arbitrary accuracy ] In the case where few computational resources

are available, R'(0¢;,) can be approximated to first order by R/(6¢y) ~ Iy — (5(2)k>x

that, nonetheless, introduces DCM orthogonalization problems in 7@; whose compensa-
tion usually requires considerable computational effort [9]. The remaining state variables

are simply compensated using

Pl =D, — bk, Vi =V, — Vg, b, =b,, —bay, b}, =b, —b,i (2.24)
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Table 2.1: Sensor non-idealities.

Sensor Bias Noise Variance
Rate Gyro 5°/s (0.02°/s)?
Accelerometer 12 mg (0.6 mg)?
Magnetometer (calibrated) (60 pG)?
GPS - 10 m?

The INS block structure with EKF corrections is depicted in Fig.[2.2, where the error
compensation and bias update routines, (2.23) and (2.24) respectively, are executed after

the INS outputs have been fed to the EKF and errors estimates are available. Note
that the EKF sampling rate is synchronized with the moderate-speed INS output rate
and that no corrections are involved in the high-speed computation algorithms. After
the error correction procedure is completed, the EKF error estimates are reset 6%z = 0.
The INS error correction and EKF estimate reset do not influence the uncertainty of
the estimated quantities, and hence the estimation error covariance is unaffected by this
procedure @] At the start of the next computation cycle (t = tx11), the INS attitude
and velocity /position updates presented in Section [2.1 are performed on the corrected

estimates (7A2+, \7,'!, f)z) to provide new inputs (7@,;_1, Vg1 Pry) to the EKF.

2.5 Simulation results

This section presents a simulation study of the proposed navigation system, prior to the
practical implementation of the algorithm in the autonomous surface craft. The impact
of the vector observation in the estimation results is analyzed, by considering three case
study simulations. In the first case, the navigation system is initialized with large estima-
tion errors to evidence how the estimation results can be enhanced by the use of vector
measurements. A standard rigid body trimming trajectory with constant centripetal ac-
celeration is generated to demonstrate the necessity of centripetal acceleration removal
in the pendular measurements. In the second case study, the linear acceleration model
(2.19) is validated, by presenting the response of the navigation system when the vehicle
is subject to a step acceleration with damping. In the third case study, poor GPS signal
detection is simulated to illustrate how the position estimates remain within acceptable

bounds by means of the pendular measurements.

The INS high-speed algorithm is executed at 100 Hz and the normal-speed algorithm is
synchronized with the EKF discrete-time frequency of 50 Hz. The GPS position measure-
ments are obtained at the nominal frequency of 1 Hz. The characteristics of the simulated

inertial and aiding sensors are presented in Table [2.1.
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Figure 2.5: Initial estimation error compensation.

2.5.1 Initial calibration error

The contribution of the magnetic and pendular measurements to the accuracy of the es-
timates is studied for the initial estimation error of 5° in the roll angle, and calibration
errors in the rate gyro and accelerometer bias given by db,,, = 0.57°/s and 6b, ., = 1 mg,
respectively. The rigid body describes the ascending helix depicted in Fig. m, which

is a standard trimming trajectory subject to constant centripetal acceleration. The con-

vergence of the estimation errors shown in Figs. 2.5(b)|[2.5(c) and 2.5(d) evidences that

the pendular readings improve on the GPS and magnetometer aiding, by enhancing the
observability of errors such as the gyro bias, roll angle and vertical accelerometer bias,
as expected from physical intuition and analysis of the observability matrix for trimming
trajectories. Interestingly enough, the obtained estimation results were stable and accu-
rate although the small error assumption underlying the EKF derivation was not verified

by the initial estimation errors.
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Figure 2.6: Linear accelerated motion compensation results.

Table 2.2: Filter results, straight path trajectory.

RMS Error
pe (m) py (m) p.(m) Yaw () Pitch (°) Roll (°)
Z = ZQPS 1.35 1.77 0.91 12.97 0.26 0.17
/ 5
zZ = [Z/GPS z, z’g 0.65 1.51 0.91 3.16 x 1073 0.18 0.14

2.5.2 Linear accelerated motion

The impact of the vector aiding in the navigation system results is analyzed for the case
of a straight line trajectory. The vehicle is subject to a constant acceleration input that
is progressively compensated by the linear drag effects, as depicted in Fig. m and
linear uniform motion is attained. Fig. ’m validates the assumption that vehicle’s
linear acceleration component in z, can be modeled as a band-pass signal (2.20), and
hence the low frequency contents of z, are used to estimated the inertial system errors.
Numerical results obtained with the proposed technique are presented in Table[2.2] where

improvements due to the inclusion of aiding vector observations are evidenced.

2.5.3 Trimming trajectory

The medium term navigation system behavior is assessed for the trimming trajectory with
standard initial estimation errors. Fig. demonstrates the performance enhancements
introduced by the magnetometer readings and the selective frequency contents of the ac-
celerometers measurements. As presented in Table (2.3, the magnetometer readings smooth
out yaw errors, and pendular observations enhance the estimation of roll and pitch. Due
to the position and attitude errors correlation expressed in (2.9), x-axis and y-axis position
errors are improved by the magnetic and pendular observations, respectively. Also, the

constant centripetal acceleration of the trimming trajectory is successfully compensated
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for.

Simulation results for a GPS signal with output frequency of 0.2 Hz are depicted
in Fig. 2.8] with and without pendular measurement aiding. The figure shows that x-
and y-axes position estimates are enhanced by the selective frequency contents of the
accelerometers measurements. The filter exploits the pendular measurements, limiting the
position estimate divergence when the GPS signal is sparse, and extending the navigation

system autonomy with respect to the GPS aiding source.

2.6 Experimental results

The proposed navigation system is validated using a low-power hardware architecture en-
closing low-cost sensors and mounted on-board the DELFIMx catamaran. Experimental
results obtained at sea illustrate the performance of the navigation system in practice
for standard ASC trajectories, emphasizing its robustness characteristics. Namely, the
compensation of the pendular measurements disturbances in the frequency domain is val-
idated, and the autonomy of the navigation system with respect to GPS measurements is
demonstrated. A detailed description of the DELFIMx craft and the adopted hardware is
found in Appendix B.

2.6.1 Experimental results analysis

This section evaluates the navigation system for a set of experimental data. The results
were obtained for a DELFIMx sea-trial conducted on October 2007 on the coast of Ses-
imbra, Portugal, located at 38°26'N, 9°6'W. The trajectory described by the catamaran
was obtained using the path-following preview controller proposed in ], and was de-
signed to demonstrate the maneuverability of the vehicle in challenging applications by
comprising straight lines, curves and oscillatory trajectories generated by coning motion,
as shown in Fig.

The parameters of the EKF were tuned as follows. The covariances of the inertial
and aiding sensors were computed by processing sensor data obtained with the DELFIMx
at rest on the harbor facilities. The pendular model (2.20) was characterized by the
covariance U%A = 107" and the poles oy = 3.64 Hz and aj, = 27 Hz, which describe a high
frequency process given that the sampling frequency of the navigation system is 56 Hz.
The classical technique of system robustification by inflating the noise covariances was
adopted ﬁ], namely the covariance of the pendular observation noise n, was defined as
Z, = 10713 to account for second order terms in the observation model (2.21), and the
velocity error state covariance was set as =, = =, + 7 X 10*413, to balance the influence
of the GPS aiding and the IMU computations in the estimated position and velocity. To
validate the adopted covariances, it will be shown that the navigation system successfully
merges the available information and, to better illustrate the qualities of the proposed

solution, navigation system results with GPS signal blockage are also considered.
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Table 2.3: Filter results, trimming trajectory.

RMS Error
pe (m) p, (m) p. (m) Yaw (°)  Pitch (°) Roll (°)
Z = ZQPS 1.35 1.77 0.91 12.96 0.26 0.17
/
2= |2ps 7] 066 179 091 317x107% 020 017
/
2= [daps 7 7| 065 151 091 316x107% 018 014
15 15
10 10
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Figure 2.7: Trimming trajectory results.
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Figure 2.8: Position results for sparse GPS signal, sampled at 0.2 Hz.
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Figure 2.9: Measured and estimated DELFIMx trajectory.

The navigation system was initialized using attitude and position estimates provided
by the aiding sensors. The diverse frequency rates of the aiding sensors, i.e. GPS, magne-
tometer, and pendular measurement, are easily handled in the filter by selecting the rows
of the measurement matrix (2.22) according to the available measurement at each time
instant. The initial attitude guess was obtained using the QUEST attitude reconstruction
algorithm ﬁ?%)] to process the first magnetometer and accelerometer measurements, and
the position estimate was acquired directly from the first good quality GPS measurement
available.

The position and attitude estimation results are presented in Figs.[2.9 and[2.10, and are
consistent with the trajectory outlined by the GPS measurements. The estimated position
smoothly tracks the trajectory described by the DELFIMx catamaran. The estimated yaw
is according to the described trajectory, and to the heading measurement provided by the
GPS, which is depicted only for comparison purposes. The average estimated pitch and
roll angles are according to the installation angles of the IMU architecture in the DELFIMx
platform.

The estimated angular and linear velocities of the catamaran are shown in Fig.[2.11l
The angular velocity is consistent with the vehicle maneuvers. The linear velocity is
represented in body fixed coordinates because the velocity variations occur naturally in
the body axis. As expected, Bv, is positive and characterized roughly by concatenation
of forward velocities, while the lateral and vertical velocities fluctuate around zero.

Although the navigation system was stable in extensive simulation studies where large
initial bias estimation error was considered, offline calibration was adopted in practice to
guarantee that the small error assumption of the EKF perturbational model was kept valid
from the start. An initial guess of the accelerometer and rate gyro biases was obtained
offline and after warming up the IMU. The initial covariance of the filter was set to com-
pensate for small errors of the offline calibration, and to account for the bias fluctuations

between the time instants of the calibration procedure and the navigation system initial-
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Figure 2.10: Attitude estimation results (DELFIMx trajectory).
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Figure 2.11: Velocity estimation results (DELFIMx trajectory).
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Figure 2.12: Bias estimation results (DELFIMx trajectory).

ization. The filter covariances =, , =5, were designed small enough to compensate for the
slow variations of the bias in the course of the mission, Z;,, = = = 10712I3. As shown in
Fig.12.12, the bias estimate is approximately constant, which supports the slowly varying

bias model.

The vector aiding technique described in Section 2.3 was adapted to the application at
hand. Analyzing the measurement model for g = {O 0 g}/, it is straightforward
to verify that the z-axis measurement residual £z, does not relate to the attitude error
d¢, i.e. it is uninformative for the purpose of attitude determination. Also, the collected
magnetometer data were roughly planar and hence enough to calibrate only the soft iron
and hard iron distortions in the xy plane of the magnetometer. Consequently, the vertical
components of the measurement residuals ¥z, and Fz,, were neglected in the filtering
algorithm, by omitting the corresponding rows of the measurement matrix H. The aiding
measurements components can be easily selected, which shows the flexibility of the present

navigation solution.

The modeling of the pendular vector measurements described in Section is vali-
dated using frequency domain analysis of the measured and estimated signals. The power
spectral density (PSD) of the desired signals was obtained using Matlab’s pwelch function,
i.e. Welch’s averaged modified periodogram method of spectral approximation. Fig. 2.13]
presents the frequency contents of the pendular reading g, defined in (2.18), and of the
linear acceleration estimate ay o, defined in (2.20). The PSDs of g, and ar,5 are very sim-
ilar in the medium and high frequency regions, and diverge in the low frequency domain
where the PSD of a5 is smaller than the PSD of g,.. This shows that the filter exploits in
fact the low frequency contents of g, for attitude estimation, while the medium and high
frequency linear acceleration disturbances are associated with the signal apa, as desired.

The PSD of the signals in the low frequency region is shown in detail in Fig. [2.14]

The dependency of the navigation system with respect to the aiding measurements is
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Figure 2.13: Frequency contents of the pendular
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Figure 2.15: Measured and estimated DELFIMx trajectory with GPS outage.

Table 2.4: Position drift due to GPS outage.

With Pendular Aiding Without Pendular Aiding

Time Interval (s) Final (m) Average (m/s)  Final (m) Average (m/s)
[370 380] 1.76 0.176 5.65 0.565
[480 550] 4.24 0.061 28.51 0.407
[615 750] 20.3 0.150 720.5 5.337
[800 820] 5.60 0.280 11.96 0.598

studied by disabling the GPS measurements at selected time intervals when the vehicle
turns or enters in long straight paths. The nominal and estimated trajectories are shown
in Fig. [2.15, a zoom of the trajectories at the GPS outage time intervals is presented
in Fig. [2.16, and an estimate of the position estimation error is presented in Fig.
The position and attitude estimates track the curve and straight line paths in the short
term, which shows that the performance of the system without GPS aiding is adequate for
practical applications. It also evidences that the navigation system acts according to the
concept of filtering, by merging the IMU and aiding measurements without relying solely
on the GPS data.

The tests in the presence of GPS outage also illustrate the necessity of pendular mea-
surements, as shown in Table where the position drift is approximated by the first
measurement residual zgps when the GPS is successfully reacquired. The performance of
the navigation system is clearly enhanced by the pendular measurements, which extend

the autonomy of the unit with respect to GPS measurements.
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2.7 Conclusion

An advanced GPS/INS architecture combined with an EKF algorithm and integrating
vector observations was described. The navigation system comprised an high accuracy,
multirate INS algorithm, combined with an EKF in a direct-feedback configuration to
compensate for inertial sensors non-idealities. An aiding technique that directly inte-
grates vector measurements in the filter was detailed, allowing for the use of a frequency
domain model of the vehicle motion in the filter. The experimental results obtained at
sea with the DELFIMx ASC showed that the proposed navigation system can accurately
estimate position and attitude. The compensation of sensor non-idealities such as bias
and noise effects, and the autonomy with respect to GPS aiding by exploiting the vector

measurement directly in the filter, were evidenced in practice.






Chapter 3

Embedded UAV Model and
LASER aiding techniques for high
accuracy inertial navigation

systems

This chapter proposes advanced aiding techniques for precise position and attitude estima-
tion of autonomous vehicles, using low-cost sensors. The navigation system architecture
considered in this chapter is obtained by merging a high accuracy inertial navigation
system (INS) with the information obtained from the vehicle dynamics (VD), using an
Extended Kalman Filter (EKF). A new method to integrate the vehicle dynamics in the
navigation system is proposed, based on using the vehicle dynamics to propagate the INS
state estimates, exploiting the redundancy of the information provided by the VD and by
the high quality INS integration algorithms.

The backbone structure of the navigation system is based on a classical EKF /INS ar-
chitecture, depicted in Fig. and previously detailed in Sections[2.1]and[2.2] In classical
architectures using vehicle dynamics aiding, the VD block plays the role of an extra INS
unit M, @, @], as shown in Fig. That is, the vehicle dynamics are computed by a
vehicle model simulator and the output is compared to the INS estimates. The EKF state
model is augmented to dynamically estimate both the INS and the VD errors, improving
the overall navigation system accuracy. This classical VD aiding configuration enhances
the accuracy of the INS at the cost of integrating the VD model, augmenting the EKF
states to compensate for the VD errors, and using error compensation routines in the

external vehicle model.

The proposed technique to integrate the VD dynamics, depicted in Fig. ]31—(b)|, merges
the VD information directly in the EKF. In this technique, the INS estimates are propa-
gated simultaneously using the vehicle dynamics and the INS algorithm. The distinct VD
and INS differential equations applied to the same inertial quantity enables the EKF to

45
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Figure 3.1: Navigation system block diagram.

estimate and compensate for the inertial errors. The computational cost associated with
VD aiding is reduced due to i) the embedding of the vehicle model, that allows for the
exclusive estimation of the INS errors, and i) the use of inertial estimates in the computa-
tion of the vehicle dynamics, that enables formulating some of the VD equations directly
as a filter measurement. Also, the VD equations are decoupled, and it is possible to select
only those that characterize the vehicle more accurately.

The advanced aiding techniques proposed in this chapter are motivated by model-scale
helicopters, that are highly maneuverable platforms with the ability to perform Vertical
Takeoff and Landing (VTOL). The derived vehicle aiding techniques are introduced and
validated using a generic fully actuated rigid body simulator example, and extended to
a model-scale Vario X-Treme helicopter model simulator to demonstrate its application
to realistic setups. Since takeoff and landing maneuvers of VI'OL crafts require precise
estimates of the distance-to-ground, a LASER range finder sensor implementation is also

detailed, enhancing the vertical channel position and velocity estimates.
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This chapter is organized as follows. Section[3.1 describes the inertial navigation sys-
tem and the Kalman filtering algorithm adopted in this work. Section presents the
vehicle model aiding architectures, and the two methods to integrate the vehicle informa-
tion in the navigation system are detailed. The dynamics of a fully actuated rigid body
are described, and adopted to illustrate the VD aiding techniques. Section [3.3] charac-
terizes the LASER sensor and describes the integration of the sensor information in the
navigation system structure. Section 3.4 provides the implementation details. Namely, the
state model of the EKF for each aiding technique, the discretization process and the error
correction routines are detailed. Simulation results for the VD model and LASER range
finder sensor are presented in Section The classical VD is validated using a standard
UAV trajectory, and tested with the Vario X-Treme helicopter model. The LASER aiding
is studied by simulating a landing maneuver where the distance-to-ground is unknown.

Concluding remarks are presented in Section [3.6.

3.1 Navigation system structure

This section describes the adopted navigation system architecture, that comprises a high
accuracy, multirate INS integration algorithm, combined with advanced error compensa-
tion techniques based on Kalman filtering, as illustrated in Fig. 3.11 The INS algorithm
integrates the rigid body kinematics differential equations from the output of inertial sen-
sors, which allows for its use in any robotic platform regardless of the available position and
attitude references, and irrespective of the vehicle dynamics. However, the INS position
and attitude estimation errors will drift with time under the influence of accelerometer
and rate gyro non-idealities such as noise, scaling factors, sensor misalignment and bias
calibration errors, among others.

The EKF dynamically estimates the INS errors, by merging available aiding infor-
mation such as GPS position measurements, attitude information contained in vector
observations, and vehicle model dynamics, as illustrated in Fig.[3.1. The INS errors are
then compensated by modeling their first order description in state space form, comparing
the aiding information with the INS estimates, and feeding back the errors estimate to
the INS (direct-feedback configuration).

This section presents the main characteristics of the INS and EKF algorithms adopted
in this work. The concept of multirate high accuracy inertial integration algorithm, the
EKF state space formulation and the error compensation routines are introduced. The
navigation system is presented concisely and for the sake of completeness, providing the
necessary background for the LASER and the vehicle dynamics aiding techniques, for
further details on the present architecture see Sections 2.1land [2.2.

3.1.1 Imertial navigation system

The INS performs attitude, velocity and position numerical integration from rate gyro and

accelerometer triads data, rigidly mounted on the vehicle structure (strapdown configu-
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ration). For highly maneuverable vehicles, the INS numerical integration algorithm must
properly address the fast dynamics of inertial sensors output, to avoid estimation errors
buildup. The adopted INS algorithm is proposed on the tutorial work found in @, @]
and is described in Section 2.1l The INS multirate approach accounts for angular position,
linear velocity, and linear position high frequency motions, referred to as coning, sculling,
and scrolling, respectively. In this framework, a high speed, low order algorithm computes
dynamic angular rate/acceleration effects at a small sampling interval, and its output is
periodically fed to a moderate-speed algorithm that computes attitude/velocity resorting
to exact, closed-form equations.

The moderate-speed inertial algorithms represent attitude in rotation matrix form, and
velocity and position are expressed in Earth frame coordinates. Simulation environments
and case study trajectories to tune the algorithm’s execution rates according to perfor-
mance specifications are described in [126, FE] A standard low-power consumption DSP
based hardware architecture is found sufficient to run the algorithm at the highest accu-
racy repetition rates. Therefore, for a low cost architecture, high computational precision
is obtained and the discrete-time integration errors are very small with respect to the

other INS error sources such as inertial sensor bias and noise.

3.1.2 Extended Kalman Filter

The inertial estimation errors are compensated for by merging the INS estimates with
aiding information in the EKF algorithm [22]. The EKF error equations, based on pertur-
bational rigid body kinematics, were brought to full detail in é&], and yield a first-order
model of the INS estimation errors and sensor non-idealities. The nominal rigid body

kinematics are given by
p=v, v=RPa R=R(w),, (3.1)

where the Earth and body frames are respectively denoted by {E} and {B}, R is the
shorthand notation for the rotation matrix SR, and (s), represents the skew symmetric
matrix defined by the vector s € R3 such that (s),r = s x r, r € R3. The angular
velocity and the acceleration of the body are measured respectively by the rate gyro and

accelerometer triads, corrupted by noise and bias as follows

w, =w+ b, +n, — b, (3.2a)
aT:Ba—Bg+ba+na—f)a, (3.2b)

where g represents Earth’s gravitic field, the sensor biases are denoted by b, and by, and
n, ~ N(0,Z,), n, ~ N(0,Z,) are Gaussian white noise processes. The inertial sensor

biases are modeled as random walk processes,
bw =1y, ba = Iy,

where ny, ~ N(0,Z,) and n,, ~ N(0,=,) are Gaussian white noise processes.
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The rigid body coordinates are estimated using the available inertial sensor information
L LA E X 5 S - S .

p=v, v = Ra, + g, R=R(w;),, b, =0, b, =0. (3.3)

The position, velocity and bias estimation errors are defined by the difference between the

estimated and nominal quantities,

f(p:=p—-p, Ov:i=v—v, 6b,i=b,—b,, b, :=b,—b,,
and the attitude error, denoted as d¢, is parameterized by an unconstrained rotation
vector representation in Earth coordinates, which can be assumed locally linear and non-
singular, for details and equivalent attitude parameterizations, see @,] Define the
rotation error matrix as R(d¢) := RR/, the attitude error rotation vector 0¢ is described

by the first order approximation
R(0¢) ~ I3+ (6¢), = (0¢), ~ RR' —1Is, (3.4)

that is valid for “small-angle” attitude errors M]
Combining (3.143.3), the attitude, velocity, and position error kinematics are obtained
by retaining the first-order terms of Taylor’s series expansions or by using perturbation

algebraic techniques [20], producing
op =dv, Ov =R(a, —agp) — (7%&7") 8¢, ¢ =R(w, —w), (3.5a)
X

(5ba = —1,, 5bw = I, (35b)

Ba— Bg is the specific force, defined as the nominal reading of an accelerom-

where agp =
eter. The terms (w, —w) and (a, — agr) represent the non-idealities of the accelerometer

and rate gyro readings (3.2a) and (3.2b]) respectively, and are described by
(w, —w) = —0by, + 1y, (a, — agrp) = —0b, + ng. (3.6)

Combining (3.5) and (3.6), the error state space model is

5p = 6v, v = —Rdb, — (Ra) 5+ Rn,, 0 = —Rdb, + R, (3.72)
X
5ba = —I,, 5bw = —1,. (37b)

The Kalman filter adopted in this work is based on the concept of Multiplicative EKF
90, 99]. In this architecture, global position and attitude parameterizations are adopted
in INS algorithm, while local representations of the estimation errors are modeled in the
EKF. In particular, the adopted attitude error parameterization is locally linear and hence
can be integrated in the EKF algorithm without violating the constraints found in global
attitude parameterizations, such as rotation matrices and quaternions. As illustra/ted in
Fig.[3.1, the EKF estimates the INS error vector jx = [5p’ v/ §¢' b, (5be} , that
is then fed back and stored in the global quantity xins = (p, v, R, bg, b, ), and reset in
the filter. This process preserves the small error assumption underlying the linearized
model (3.7), and its validity is demonstrated in @], where it is also evidenced that the

estimation error covariance is unaffected when dx is incorporated in xNg.
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3.2 Vehicle model aiding

In this section, the vehicle model aiding techniques are detailed. The classical technique to
exploit the vehicle dynamics in the navigation system is presented, and a new methodology
to directly embed the VD information in the EKF is proposed.

The external VD structure, depicted in Fig. @, follows from previous work found in
m, @], where the integration of the VD in the system is analogous to that adopted for the
INS. Vehicle state estimates are computed by a vehicle simulator block, using the thrusters
input information. The full state vehicle model algorithm computes attitude and velocity
estimates that are compared to the INS output, under the form of measurement residuals.
Whereas the vehicle aiding information is expected to help the INS, computational and
modeling errors of the vehicle dynamics itself must be addressed by the filter. Therefore,
the EKF state model is also augmented to compensate for the vehicle modeling errors.

This work presents an alternative method to exploit the VD model by including the
vehicle simulator equations directly in the EKF state model. Vehicle dynamics are inte-
grated in the filter state space, linearized about the inertial state estimates. The vehicle
dynamics propagate the inertial estimates, so the VD integration is a function of the INS
errors. Therefore, the EKF algorithm internally solves the VD equations and only outputs
the INS error estimates, as shown in Fig. 3.1(b).

Without any loss of generality, the VD aiding technique proposed in this work is
illustrated using the dynamics of a 6-DOF rigid body polyhedron with uniform mass
density and fully actuated. Afterwards, the proposed technique is applied to a Vario X-
Treme helicopter dynamic model, to demonstrate that the VD aiding technique is valid
for realistic robotic platforms. Note that the Vario X-Treme helicopter is a challenging
platform due to the complex dynamics of the vehicle, detailed in Appendix [C, that are

highly nonlinear and coupled.

3.2.1 Rigid body dynamics

The body coordinate frame origin, denoted ppgorg, is located at the body’s center of mass
and geometric center. The axes of the body frame define a plane of symmetry for the mass
distribution of the body, so the resulting body inertia tensor, denoted Iz, is described by
the principal moments of inertia ], yielding

h? + 12 0 0
IB:% 0 w4k 0 |,
0 0 12 + w?

where m is the body mass and (I, w, h) represent the polyhedron length, width and height,
respectively. The rigid body is subject to the thrusters force and momentum, denoted by

fin, and nyy, respectively, and to viscous linear and angular damping, denoted by f; and ng
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respectively, yielding

B B B B B B B B
fin = § fi, “ny = § Pthi X £, fg=—-Kinwv, “ng=—Kyw,
i i

where i = 1,...,6 is the index of the thruster applying force f; to the body, Ppin; are the
thrusters’ coordinates in body frame, and Kj;, and K,,g are respectively the linear and
the angular damping coefficients.

Applying the Newton and Euler equations to determine body’s translation and rotation
with respect to the inertial frame, the body dynamics are expressed by the nonlinear state

space model

Wy i=fo(wy,ng) = -1 (wv) Ipwy + Kangwy) + I;'ng, (3.8a)
By i=fo(wv, Py, fin)

=—M;' ((wv), MrPvy + KinPvy) + M i, + Ry Vg, (3.8b)

Ry :==fr(wv,Rv) =Ry (wy), , (3.8¢)

where the body and center of mass coordinate frames are defined with the same orientation
and position, so that the body frame attitude dynamics (3.8a) do not depend on the linear
dBv dv

7, whereas B(9Y) is

velocity. To avoid ambiguity in the adopted notation, Zv denotes It

denoted by B(v).

The simple rigid body dynamics (3.8) allow for physical intuition on the contribution
of the vehicle model to the inertial states errors compensation. The V subscript for
the angular velocity and body linear velocity (3.8) is adopted to emphasize that these
quantities are computed using the vehicle dynamics, given that some are also computed
by the INS, using distinct integration algorithms and inputs.

The position is not computed in the vehicle model aiding technique because the position
is decoupled from the other vehicle states in (3.8), and the vehicle position kinematics are
identical to those of the INS. Although the vehicle attitude kinematics are also identical
to those of the INS, the attitude is coupled with the other states of the vehicle and hence
is explicitly modeled in (3.8)). Interestingly enough, (3.8c) is computed in the external
vehicle model aiding technique, replicating the INS computations, while the embedded
vehicle model aiding technique exploits the INS attitude computations directly, as shown

in the ensuing.

3.2.2 External vehicle model aiding

In the classical VD aiding, presented in Fig. \3.1(a)L the vehicle dynamics are computed
using a standalone vehicle simulator, included in the navigation system but external to
the EKF/INS system. The EKF state model is augmented to estimate and compensate
for the VD block errors, using model specific error compensation routines.

The VD block error dynamics are formulated using the technique adopted to describe

the INS error dynamics in Section|3.1.2. These are obtained by applying a perturbational
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analysis to the nominal dynamics (3.8). Let %y = (@y,5vy,Ry) denote the states
estimated by the vehicle model simulator, the vehicle model error dynamics are described

by the first order terms of the Taylor series expansion

3 ~ A N 8fw 8fw
wy = fo(wy,ny) = dwy & —|  dwy + ongy, 3.9a
v = ful@wy, Nyp) e - " o o th (3.9a)
BYy = fo(v, Bov, Ry, f) =
: dfv Ofy Ofy dfv
5By ~ ) 6B ) of, 3.9b
W | 0 a0Vt gral v ] o (3.90)
Ry = fr(@v, Ry) = 6y = Rydwy, (3.9¢)
B

where dwy = wy — w, (5BVV = Py — BV, ong, = Ny, — gy, 0fy, = fiy, — fi,, and the

Jacobians are given by

of. _ of. _

8% =15 (Iwv)y — (@v) I — I3 Kang) , 8I{th =1, (3.10a)
Xy Xy

Ofv _ Ofv _

|t (M), el g (3.100)
Xy Xv

8fv — afﬂ

I M (= (wv) Mr — T3 Kiin) P06y, Ry (Pg), . (3.10¢c)

The first order model (3.9)) can also be obtained by perturbational analysis of the dynamics
(3.8). The rotation matrix kinematics (3.8¢c) are identical to the inertial rigid body kine-
matics expressed in (3.1), and consequently do not yield new information to the system.
However, the computation of Ry is necessary for the vehicle dynamics simulator (3.8),
and the associated error dynamics (3.9¢c), which are identical to the INS attitude error
(3.5), must be compensated for.

The INS and VD state estimates are compared under the form of measurement resid-
uals, obtained by the perturbational method adopted in M], and described by

Zy =w—wy =w+dw— (W+ dwy) = dw — dwy = —db, — dwy + ny,, (3.11a)
2y =RV —Bvy =R'v— (Pv+6Pvy) = (R —R)v+Rév —6Pvy

= R (¢), v+ Rév—0Cvy = Rov+R (v), 6¢p — 6Pvy, (3.11b)
zr == RRY, — I~ [I+ (6¢), | RR' [I- (6y), ] — I~ d¢p — by (3.11c)

where w is the angular velocity estimate given by the INS, i.e. w = w,.

The external VD aiding technique is detailed in Fig.[3.2. The vehicle model equations
are computed by a variable-step Runge-Kutta differential equation solver, using
the thrusters force fi;, and momentum ni, information. The vehicle state errors and
covariances are propagated by the EKF using the first order model (3.9) and assuming that
the thrusters input is known from the control system, dny, = 6fy, = 0. In experimental
applications the inputs of the vehicle model may not be accurately known, and dngy,
ofyn may be modeled as small stochastic uncertainties to increase the navigation system

robustness.
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Figure 3.2: External vehicle model aiding for the 6-DOF rigid body polyhedron.

The INS and VD errors are estimated by processing the measurement residuals
in the EKF algorithm. Similar to the storage technique used for the INS error compensa-
tion, described in Section 3.1.2, the estimated VD errors 0xy = |dw], 6B Vi, 0oy , are
transferred to the external VD block and used to update the state xy = (wy, By, Ry ).
This method preserves the small error conditions of the first order model (3.8), however

it requires the implementation of error compensation routines in the vehicle model.

3.2.3 Embedded vehicle model aiding

The vehicle model aiding enhances the accuracy of the navigation system by providing
specific information about the robotic platform, e.g. its linear and angular velocity dy-
namics, (3.8a) and (3.8b) respectively. In the classical technique described in the last
section, the attitude kinematics are computed simultaneously in the INS and in the

self-contained vehicle simulator, and vehicle model errors compensation routines must be

implemented, as illustrated in Fig. [3.1. The necessity of these auxiliary computational
routines, and of distinct vehicle states that partially replicate those found in the INS,
motivates an alternative vehicle model integration method.

The embedded VD aiding concept is based on using the vehicle dynamics to propagate
the INS estimates. Due to the presence of inertial estimation errors, the results obtained
by solving the vehicle dynamics using the inertial estimates is different from the INS
state estimate derivatives, that is @ # ful(w, D), B £ fo(w, By R, f'th). To exploit the
distinct, but compatible models enclosed in the VD and INS computations, the VD results
are described as a function of the INS errors, enabling the EKF to estimate and compensate
for the inertial errors. Interestingly enough, the proposed embedded VD aiding reduces
the computational cost associated with vehicle aiding, while bearing the same estimation
error accuracy.

With a slight abuse of notation, let x = (&J,\?,?@, Ba,f)w) denote the INS state esti-
mates. In the embedded VD methodology, nominal vehicle dynamics (3.8) are linearized

about the INS state estimates, using the first order terms of the Taylor series expansion,
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yielding
. 8 w A~ 8 w A
=o)Ll ) + G| (= 8)+ ] ()
B. B ~ Bao P dfv .
v :fv(w7 V?RJ fth) ~ fv(w7 V7R7 fth) + 8(.0 (w - w)
Ofv | B By, Ofv 0 fy A
+ 9By x( v V) + 250 %5(,‘[)—!- Oy ,A((fth fin).

Given the definition of the INS estimation error, the nominal angular and linear velocities

are expressed as a function of the INS states and estimation errors by

o~ fo(@, D) — %ﬁ‘j S — gI{; o
= fo(w,ny) + Cf;{j iébw — % &n gr‘f:l &5nth, (3.12a)
By m fo(@, B9, R, ) (2{3 f{éw— gg:, &53‘,_ géf; *5(1)
- 2 o 22
= fo(@, BV, R, f) — gg}; Rlov - <g§¢ A %{Qj R (v)x> Y0
O g O OO O e

where body linear velocity error §%v is rewritten as a function of the INS state errors
6By =RV —R'v~R (v), ¢+ Rv.

The angular velocity information expressed in (3.8a)) is exploited by modeling the error
dynamics (3.12a) in the EKF, and feeding the angular velocity measurement to the filter

Z, =W =w — db, +n,,. (3.13)

The dynamics of Bv expressed in (3.8b) are exploited by feeding the filter with the

measurement residual
zy = fo(@, PV, R, fin) — B, (3.14)

where f,(&, 5%, R, fi1,) is given by computing with the inertial estimates. The

estimate Bv is obtained from the INS measurements and estimates by rewriting the ac-

celerometer measurement (3.2b) as the sum of the linear acceleration and Coriolis terms
d B

aT—W—kwx V—R’Eg ob, + ng,

yielding

dBv

T —a, —wx By + R Pg.
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Figure 3.3: Embedded vehicle model aiding for the 6-DOF rigid body polyhedron.

The measurement residual z, is formulated in the EKF using a linearized model, that is
obtained by expanding (3.14) as follows

Zy = fU(L:J,B\AI,ﬁv f.‘ch) - (ar — o x By + ﬁ’Eg)
~ fU(G),B{/,fQ, f'th) — (fv(w,BV,R, fin) — 0(w x Bv) 4+ 6Bg — 6b, + na) )

Usﬁ the first order expansion (3.12b) and applying the perturbational method described
0]

in [20], produces
O fy , Ofy dfv /
z, = ((w)X + 8;;;) R'6v + <(w)X ("v), - (Pg), + 8;; (Pv), + ag;,)R) R'6¢
+ db, + ((BV)X - gij) ob, —ng + <ZJ::) - (BV)X> n,.

A block diagram of the embedded vehicle model aiding technique is presented in
Fig. [3.3. The propagation of the vehicle dynamics using INS estimates allows for valu-
able computational savings and flexibility. Namely, in the embedded VD aiding i) the
number of filter states is smaller than that of the external VD aiding, since the linear
velocity information is used in the form of measurement residual (3.14), and the attitude
kinematics are computed using the INS algorithm, i) numerical integration methods are
necessary only for the computation of (3.9a)), while the linear velocity information is used
without integrating the differential equation (3.9b), and the attitude kinematics

are computed by the INS, 4ii) the angular and linear velocity aiding can be implemented

separately, i.e. (3.9a) and (3.9b) can be exploited independently, whereas the external VD
aiding requires the computation of the full vehicle dynamics iv) error compensation
routines are only performed in the INS, as opposed to implementing error compensation
routines associated with the external vehicle model aiding. From the viewpoint of alge-
braic derivation, the Jacobians computed for the embedded VD aiding are also computed
in the classical method, see (3.10), and hence the first order analytical results needed to
integrate the vehicle model in the EKF are the same for both architectures. The computa-
tional advantages of the embedded vehicle model are illustrated in the simulation results

presented later in this work.
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arth’'s surrace

Ve
-

Figure 3.4: LASER range finder reading (J;R = I).

3.3 LASER aiding

In this section, the LASER range finder aiding sensor is described and the corresponding
filter observation equation is introduced. By definition, and without loss of generality,
the sensor is mounted along the z axis of the frame {M}, whose relative orientation to
the body frame is described by the known installation rotation matrix A%R, for calibration
methods see M] and references therein. The LASER reads the distance L from the vehicle
to the ground, along the z axis of the {M} coordinate frame, as depicted in Fig.[3.4. By
processing this information in the filter architecture, an estimate of the vehicle’s distance
to the ground can be obtained with high accuracy, as required for landing and takeoff

operations of an air vehicle.

In the current work, the landing area is assumed to be locally planar. The ground
height hg, given by the distance from the Earth frame origin to the helicopter landing

zone, is modeled as being approximately constant

hg =npg, (3.15)

where nj, ~ N(0,Z,) is a Gaussian white noise process whose variance reflects small

variations on the ground’s flatness. As depicted in Fig.[3.4, the z axis Earth coordinate of
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the vehicle is given by
p: = —(hs + hv), (3.16)

where hy > 0 is the vehicle’s height, that is, the distance from Body frame origin to the
ground.
Using elementary trigonometric relations yields
b [Mhiey
— A5 _ |
L ‘Ehbeg‘
/ /
where Phy = {0 0 —hv} is the vehicle’s height in Earth coordinates, e3 = [0 0 1}
is the unit z axis vector and M h{,e3 corresponds to the projection of hy on the z axis of

the {M} frame. Applying the coordinate transform hy = B R'R'Fhy and developing
the terms in the previous equation, the LASER range is described by

_ hy it ol P B
;_ ) ariRe it e5R 7 Re3z >0

, (3.17)
not defined, if e4R ¥ Re; <0

that is not defined for the cases where the LASER is pointing upwards. The LASER range

finder sensor measures the actual range L corrupted by the sensor noise
L.=L+L, (3.18)

where L = ny, ~ N(0,Z1) is modeled as a Gaussian white noise process. The measure-

ment residual is computed by
Zy, :— ﬁz — <—ilv> N (319)

where the height estimate from the LASER reading is given by rearranging the terms in
(3.17) and using the INS estimates in the unknown terms, producing

hy = eyR ¥ ResL,. (3.20)

The vehicle and ground heights, hg and hy respectively, are filtered apart by modeling
the hg dynamics (3.15) in the EKF, measuring hy from the LASER reading as in (3.20),
and feeding the measurement residual (3.19) to the EKF.

To model the measurement residual (3.19) in the EKF, the INS position estimate is

expressed as a function of the vehicle and ground heights, given by
ﬁz =p.+ 5pz = _hS - hV + ezlgfsp-

Expanding the INS attitude estimate R with the attitude error approximation (3.4) and
neglecting second order terms yields the hy description
hy = eyRERe; L, ~ € [Izx3 + (6¢), ] R ¥ Re; L,
~ esR /Res(L + 6L) — Lyel (R Res) ¢
= hy + 4R /ResdL — L€ (R jRes) 5, (3.21)
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Combining (3.1843.21), the measurement residual is described as a function of the EKF

state variables as
z, = e36p — Lyes (R J\B;[Reg) L 0b —hs+e3R BResn. (3.22)

In practical applications, the terrain height hg is unknown along the flight path. Af-
ter the takeoff and during flight operations, the LASER sensor is switched off to prevent
erroneous readings due to the terrain height fluctuations, and to the interference of obsta-
cles located between the vehicle and the ground. When the landing maneuver starts, the

LASER is switched on to estimate the new hg and the distance-to-ground.

3.4 Implementation

This section details the state model of the EKF, that integrates the INS with the vehicle
model and LASER aiding techniques. The state dynamics and measurement residuals of
the EKF are determined by the choice of aiding techniques, and obtained by the concate-
nation of the INS error model presented in Section [3.1 with the state and measurement
models of the aiding sources described in Sections[3.2land[3.3. The state models for the ex-
ternal and the embedded vehicle model aiding techniques evidence the differences between
the two approaches, and clarify the computational savings and flexibility of the proposed
technique. The discretization of the continuous state space model and the Kalman filter

algorithm are presented for the purpose of implementation.

The standard continuous-time state space model can be described by
xc =F¢ (Xc) xc + Geo (Xc) n,. +uc, zc= He (Xc) Xo + Ny, (3.23)

where x¢ is the state vector, F¢ is the state dynamics matrix, n,. is the state noise
transformed by matrix G¢, ugc is the system input vector, and z is the state measurement,
corrupted by the noise vector n.,. The state and measurement noises are modeled as zero-
mean, Gaussian white noise processes with covariance matrices denoted by Q¢ and R¢,

respectively.

3.4.1 EKF/INS state model

The state model dynamics for the INS errors are obtained directly from (3.5). Let
xiNs = (p, v, R, by, by,) denote the INS quantities, the state model dynamics of the EKF
describing the INS errors are given by

ox = Fr(xns)0% 4+ Gr(xins)nins, (3.24)
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where
ox = [5p/ ov' 6¢’ b, &bl /, niNs = |n, n; nj, N ngw}',
[ 0 0 O
0 0 —(Ra,), —R 0
Fr(xixs) = |0 0 0 0 -R|, Gr(xins)=blkdiag(I3R,R,~Is,—13),
0 0 0 0 o0
0 0 0 0 0 |

where blkdiag(...) represents a block diagonal matrix, n, ~ N (0,E,) is a Gaussian white
noise process associated with the position error estimate and the state noise covariance

matrix is given by
QINS = blkdiag(Ep, CC Eba, Ebw)‘

The measurement model for the proposed VD and LASER aiding techniques are de-
scribed in the ensuing, however additional information sources are considered. A GPS
receiver and a magnetometer are integrated in the system using the measurement residu-

als

Zcps '= P — PGPS ~ 0p — ngps, (3.25a)
Zm = "m - Rm, ~ (Fm) ¢ — Rn,,, (3.25Db)

where pgps is the position measured by the GPS unit, m, is the magnetometer reading,
Em represents the Earth’s magnetic field in Earth coordinates, and ngps ~ N (0, Egps),
n,, ~N(0,E,,) are Gaussian white noise processes. For further details on the derivation

of the measurement residuals , the reader is referred to Sections[2.3 and [2.4.

3.4.2 Vehicle model aiding

The EKF state space model, formulated using (3.23), is obtained by concatenating the
state space model (3.24) that describes the INS estimation errors, with the state model and
measurements of the vehicle model aiding techniques described in Sections[3.2.2 and[3.2.3]
With a slight abuse of notation, the state model is defined for the external and

embedded vehicle model dynamics using the same state xo and measurement z¢ variables.

External vehicle model aiding

In the external vehicle model aiding technique, the vehicle dynamics are computed by
a self-contained VD simulator as shown in Fig. [3.2] and consequently the INS and the
VD states are distinct. As a mean to estimate and compensate for the INS errors, the
EKF state model is augmented with the VD error dynamics (3.9), and the measurement
residuals (3.11) are a linear combination of the INS and the VD errors. The classical
VD aiding methodology requires specific computational routines to compensate for the

estimation errors in the VD simulator.
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The continuous-time error state space model for the navigation system with external
VD aiding is obtained directly from the EKF/INS state model (3.24) augmented with the
VD error dynamics (3.9), yielding

! /
XC = [(5x/ 5x’v} , ng. = {niNS n;\/} , uc =0,
F;(x S 0 G XINS 0
Fo(xins, xv) = r(xing)  O1sx9 | Gelxis) = r(xins)  O15x9 ’
09x15 Fv(xvy) 09x15 Gv

with the vehicle states, noises and model submatrices given by

’ /
oxy = {5‘*’/\/ 5BV, 5¢§/}7 Ngy = [n;v ng, niﬁv}’
Ofw
e 0 0 I 0O
Fy(xv)= |8 S 95| Gv=10 1 0|,
Ry 0 0| 001

where ng,, Ny, and ng, are zero-mean, Gaussian white noise processes with covariances
Buwys Bvy, and By, respectively, that characterize the vehicle modeling errors.
The measurement residuals (3.11) are a function of the INS and VD errors, given in

the state space form by

!/ /
— / / / .— / /
Zo = [Zw z, ZR} B [nw +n, n, an] ;

0 0 0 0 -I -I 0 0
He(xing) = [0 RN R'(v), 0 0 0 -1 0],
0 0 0 0 0 0 -I

where n, , n, , and n,, are zero-mean Gaussian white noise processes associated with
the z,, z,, and zr observations, with covariances 2, , =, , and 2., respectively. The

vehicle states and measurements noise covariance matrices are

QC - blkdiag(QINSa EWV7 E”LL\N E'Rv)v RC - blkdla’g(Ezw + EuM Ezu7 EZR)v

where the white noise variances account for the effects of neglecting high order terms and
unmodeled uncertainties in the measurement residual derivation.
The observation z,, is disturbed by rate gyro noise, so a state and measurement noise

correlation matrix is introduced in the Kalman filter equations

!
0 0 5, 0 0 O3x9

Co =
O6x15 O6x9

)
for details on the definition and derivation see @] and references therein.

As presented in Table (3.1, the external vehicle model aiding increases the EKF di-
mensionality by 9 states, and propagate f,(w,nw), fo(wy,Bvy,fu), and fr(wy, Ry)
although the latter is also computed by the inertial integration algorithm. As discussed
in Section the proposed embedded VD aiding technique reduces the computational
cost of vehicle model integration, by requiring a smaller state space augmentation and by

propagating only the necessary vehicle model differential equations.
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Table 3.1: Comparison of the vehicle model aiding techniques with a standard GPS aided IMU.

Aiding Technique
GPS External VD Embedded VD

EKF State Space Dimension 15 24 18
fw ((.d, nth)
Propagated VD equations - folwy, Bvy, fiy) folw,ng)
fr(wy,Rv)

Embedded vehicle model aiding

The implementation of the embedded vehicle model aiding technique for the 6 DOF rigid
body is illustrated in Fig. [3.3. In this technique, the VD angular velocity is integrated
in the navigation system by augmenting the EKF state model with (3.12a), propagating
fu(w,ng,) using the INS estimates, and using the measurement residual (3.13). The VD
linear velocity information is integrated in the filter using the measurement residual (3.14),
where fv(w,Bv,R, fin) is computed using the INS estimates. The continuous-time state

space model is given by

, /
Xc = [5X/ X{/} » Nge = [niNS ngvv} » uc = fulw,ng),

Fo(xing) =

Fr(xins) Oisx3 G (xms) — Gr(xmns) Ogx3
Fy(xins) Osxs | Gv(xixs) Iz |’

where

Xy = W, Ny, = Ny,

Fy(xixs) =10 0 0 O %J, Gv(xmng) = |0 0 _%ﬁ

0 0],

where n,,,, is a zero-mean, Gaussian white noise with covariance 2, that characterizes
the vehicle modeling errors. The xy state variable is propagated using the INS estimates
as expressed in , and the EKF state matrices depend only on the INS quantities
XINS, as expected from the derivation of the technique presented in Section [3.2.3.

The measurement state model (3.13}[3.14) is described in the state space form by

/ ! !
7 = |:ZZ,_; Z;] , ng, = [nfu + l'llzu.J _n:J, + ((% - (BV)X> nLG> + nlzvi| ’
0 0 0 0 -1 I
0 <(w)>< + gE];UV) R’ HUR(XINS) I (Bv)x o % 0

9

X

where Hor (xins) == (@), (V) = (%), + 35 (V) + §f5R) R/, and ng, ~ N(0,2..)

and n,, ~ N(0,E,,) are zero-mean Gaussian white noise processes associated with the
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measurement. The vehicle states and measurements noise covariance and covariance cor-

relation matrices are given by
Qc = blkdiag(Qins, Ewy ),
= = = fs (B = (9o (B "o
R¢ = blkdiag (.:.w + 5,2+ <8w — ( V)X> = <8w — ( v)X +E, |,

0 =, 0 0 03><3]/

0
Cc = _ _
0 ~E, (%-(%v),)E 0 0 044

The number of EKF states for the embedded VD aiding is smaller than that of the
external VD aiding, as evidenced in Table[3.1, due to the use of f, (@, BV, R, f'th) directly in
the measurement and to the propagation of the attitude kinematics using the INS.
The computational cost of using VD model is also smaller because numerical integration
methods are only adopted to solve for f,(w,ny,). Moreover, the angular velocity and
linear velocity aiding can be independently enabled or disabled, contrary to the external

VD aiding, by including or omitting z, and z, respectively.

3.4.3 LASER aiding

The LASER sensor is integrated with the INS by defining the variables and matrices of
the EKF state model (3.23) as

!/ /!
XC = |:5X/ hS] y  Nge = |:nIINS nhs] , uc =0,

Fo(xins) = Fr(xins) O1sx1 Gr(xing) Ogx1
O1x15 0 01x9 1|

. Geo(xns) = [

The measurement model is obtained from (3.22)) and given by
Zc =21, N, =N,
He(xins) = [eé 013 —e5 (R Res) « O1x3 Oixs —1] ;
where
Qc = blkdiag(Qins, Ens), Re = (efR JRes)’=y, Cc =0.

The LASER sensor is adopted for takeoff and landing maneuvers. Previous to the
LASER’s activation, the estimation covariance of hg is defined large enough to account
for the uncertainty in the terrain height. When the LASER sensor is activated, the EKF
recursively estimates the terrain height hg based on the sensor measurements, and the
uncertainty on the terrain’s height converges asymptotically to a steady state value, that
depends on the sensor’s accuracy.

When the LASER is switched off, the uncertainty on the terrain height hg will grow
at a rate defined by the noise covariance Zj,,. Techniques to avoid numerical problems in
the EKF covariance matrices should be adopted, namely square root filtering B] or by

setting =j,, = 0 if the uncertainty reaches a specific upper bound.
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3.4.4 State model discretization
The discrete-time state space model
X1 = Prxp + Wi, 2z = Hpxy + i,
is obtained using the zero-order hold discretization technique M], and is given by
@, =T, Hy=Hel,

and the discrete-time noise covariance matrices are described by

R
Qi ~ [GrQcGLT, Ry~ %,
1 [t F., T F271?
Cr = T D (t41,9)Go(r)Co(r)dr = (I + % + k6 )GCcr,

th—1
where 7" is the sampling period, X, = X¢|;—, , 2k = zcli—y, , Wk and vy, are discrete-time
zero-mean Gaussian white noise processes, Fr, = Fo|,_; , Gk = Goliey, , Rok = Reliy,

Ccop = Cclt:tkand Py, = B(ty11,tx) denotes the state transition matrix.

3.4.5 State estimation and error compensation

The Kalman filter state estimation is described by the following linear, recursive form
)A(;_ = }A(]; + Kk(zk - Hk}A(];)

where the — and + superscripts denote respectively the quantities before and after the
update using the measurement z;, more details can be found in the classical Kalman
filtering reference [56] and in [22]. The Kalman filter gain Kj, and updated error covariance

matrix are given by
K. = (P, H} + Cy)[HyP_ Hj + Ry, + H;C), + C,H}] ',
P} = (I, - K;H;,)P, — K;C).

In the current direct feedback configuration, the position and attitude estimates stored in

the INS are updated using the EKF error estimates as follows
. . N " N A A A -

Pf =Dy — DL, Vi =V, -0V,  RI=R(6)R;,

- L+ + - L+

b, =b_, —dbl,, b, =b_,—db],, (3.26)
where matrix R’ (5<2)k:) is implemented using power series expansion of trigonometric terms
up to an arbitrary accuracy [126]. This procedure updates the linearization point and
keeps filter perturbational dynamics valid under the first order assumptions. The EKF
error estimates are reset after being applied to compensate the INS states, i.e. the error
estimates are set as (5f);: = (5\7,‘; = 5&’)2— = 5f)jk = 6]3:k = 0 after computing (3.26). The

state estimate and the estimation error covariance matrix are propagated using

Xpp1 = @kﬁgv Pa= (I)kPg'i’;: + Q.
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Table 3.2: Sensor non-idealities.

Sensor Bias Noise Variance
Rate Gyro 0.05°/s (0.02 °/s)*
Accelerometer 10 mg (0.6 mg)?
LASER - (1072 m)?
Magnetometer - (1 mG)?
GPS - 10 m?

Note that the derivation of the external vehicle model aiding technique is similar to
that adopted for the INS, and hence it is necessary to feed back the estimated VD errors
as shown in Figs. |3.1(a) and [3.2. The VD error compensation routines are described by

- " - By By— By . 5 GNP —
Wy = Wy — 0vE, VY= TV = 000y, Ry = Ry (08y) Ry
By construction, the embedded VD technique propagates some vehicle dynamics using
the EKF state space. Vehicle model error compensation routines are not necessary in

this technique, since the estimation error compensation is automatically performed by the
EKF in the state update step.

3.5 Simulation results

This section presents the simulations results that validate and illustrate the properties
of the proposed aiding techniques. The integration of the VD and LASER range finder
information in the navigation system is studied using three simulation setups. The first
simulation compares the estimation results of the VD aided navigation system with those
obtained using a classical GPS/INS architecture, for a 6-DOF rigid body describing a
trimming trajectory, and the embedded VD aiding technique is validated with respect to
the classical VD aided navigation system.

In the second simulation, the proposed VD aiding is applied for the case of a model-
scale Vario X-Treme helicopter, to demonstrate the implementation of the technique for
highly nonlinear, realistic vehicle models. Simulation results are presented for a takeoff
and turning trajectory, and the estimation results of a GPS based and the VD aided
navigation architectures are analyzed.

The third simulation emphasizes the role of the LASER range finder sensor for critical
maneuvers. The vehicle describes a hovering maneuver, and has to acquire the distance-to-
ground for automatic landing. Accuracy improvements obtained with the LASER range
finder sensor integrated on a GPS/INS configuration are evidenced. Dynamic estimation
of distance-to-ground is performed, and position and velocity vertical channel accuracy
enhancements are shown.

The INS high speed algorithm is set to run at 100 Hz and the normal speed algorithm
is synchronized with the EKF, both executed at 50Hz. The LASER sensor operates at
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~Z(m)

Figure 3.5: Rigid body trimming trajectory.

Table 3.3: Rigid body characteristics.

Property Nominal Value

Mass m =10 Kg

Length, Width, Height (l,w,h) = (1.00,0.75,0.25) m
Rear Thrusters Position Bpth 12 = [—0.50 =+£0.30 ()] m

Side Thrusters Position Bpinsga =10 —0.375 +0.10| m
Bottom Thrusters Position Bpth5,6 = |4£0.40 0 —-0.125| m
Damping Coefficients Kong = 4, Kijin =2

10Hz and the GPS provides position measurements at the nominal frequency of 1Hz. The

characteristics of the sensors non-idealities are presented in Table[3.2.

3.5.1 Vehicle model aiding

The VD aiding technique is validated using the 6-DOF rigid body model described in
Section[3.2.1, with the parameters detailed in Table[3.3. The external VD, embedded VD
and a classical GPS/INS architectures are studied for the rigid body model subject to
constant linear and centripetal acceleration, describing the upwards trimming trajectory
shown in Fig. 3.5l The bias estimation and compensation is analyzed by considering a
30% bias calibration error in each channel of the accelerometer and rate gyro sensors.
A magnetometer is also integrated in the system, using the measurement residual model
(3.25).

The linear and angular velocity information provided by the vehicle model clearly
endows the filter to compensate for the inertial sensor biases, as shown in Fig.[3.6. Bias
calibration errors are reduced almost instantly by the VD aided navigation system, yielding
smaller bias steady-state estimation error, and allowing for smaller estimations errors

of the other state variables. While accelerometer bias compensation using a GPS/INS
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Figure 3.6: Bias estimation errors of the GPS and the VD aided navigation systems (rigid body,
magnetometer on).
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Figure 3.7: Rate gyro bias estimation error of the GPS and the VD aided navigation systems
(Rigid body, Magnetometer off).
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Figure 3.8: Velocity estimation errors of the GPS and the VD aided navigation systems (rigid

body, magnetometer on).

architecture requires specific maneuvers that excite the unobservable directions, the VD
aiding can effectively estimate the sensor bias in a standard trimming trajectory, as shown
in the simulation results. Given that the contribution of the VD aiding to the rate gyro
bias compensation is occluded by the use of a magnetometer, Fig. presents the bias
estimation results for a VD aided navigation system without magnetometer observations,
showing that VD aiding is critical for the bias estimation, in particular in the z-axis.

The velocity results are dramatically enhanced by the VD aiding, as shown in Fig.[3.8]
and detailed in Table [3.4. Although position and attitude information are not directly
provided for by the vehicle model, position and attitude estimates are more accurate with
VD aiding, as shown in Tables and 3.6, due to the smaller velocity and bias estimation
erTors.

The accuracy of the embedded and the external VD architectures are similar, which
validates the proposed aiding technique. Both architectures use the same vehicle model,
and hence the aiding information introduced in the filter is the same, and the estimation

results are thus similar. However, the embedded VD aiding brings about computational
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Table 3.4: Velocity estimation error (rigid body).

RMS Error
Aiding information v, (m/s) vy (m/s) v, (m/s)
GPS 9.55 x 1072 0.19 9.09 x 1072
Ext. VD 207 x 1073 7.68 x 1073 4.35 x 10~*
Emb. VD 215 x 1073 7.94x 1072 5.94 x 10~*

Table 3.5: Position estimation error (rigid body).

RMS Error
Aiding information  p,(m)  p,(m) p. (m)

GPS 0.93 1.16 1.07
Ext. VD 392x1072 0.11 1.90x 1072
Emb. VD 471 %1072 0.12 813x1073

Table 3.6: Attitude estimation error (rigid body).

RMS Error
Aiding information  Yaw (°) Pitch (°) Roll (°)

GPS 1.35 x 1072 7.60 x 1072 7.58 x 1072
Ext. VD 1.22x 1072 1.70 x 1072 1.74 x 102
Emb. VD 1.21 x 1072 1.70 x 1072 1.70 x 102
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Table 3.7: Estimation error for the embedded VD aiding, ®v observation only (rigid body).

RMS Error
Yaw, Pitch, Roll (°) 1.35 x 1072 1.70 x 1072 1.63 x 1072
Vg, Uy, U (m/8) 2.26 x 1072 7.50 x 1073 5.93 x 10~*
Dy Dys P2 (M) 4.88 x 1072 0.12 7.60 x 1073

Table 3.8: Execution time of the navigation systems for 200s of simulation time.

Embedded VD Aided

GPS Aided External VD Aided B B

(w,”v) aiding Pv aiding

Execution Time (s) 293 043 400 310

savings, as demonstrated in the simulation execution times presented in Table [3.8. As
discussed in Section[3.2.3] the smaller number of states associated with the embedded VD
aiding, and the propagation of solely the angular velocity, reduce the computational cost
of using the vehicle model information in the system.

The embedded VD aiding allows for the independent use of the angular and linear
velocity aiding, as opposed to using the full dynamics computed by the external vehicle
simulator. Interestingly enough, simulation runs for the embedded VD aiding using only
the velocity observation, i.e. z¢ = z,, show that the execution time is close to that of the
GPS aided architecture, while the estimation results, shown in Table 3.7| are very similar
to those of the linear and angular velocity aiding case. Although the angular velocity
component is a valuable contribution in general, the accuracy improvements obtained by
using solely the linear velocity aiding suggest that, for some operating scenarios, merging
the velocity information of the vehicle model brings about good accuracy results, at a very
small computational cost.

Note that the execution times presented in Table [3.8 were obtained in a Matlab 7.3
implementation, running on a Pentium 4 CPU 3 Ghz with a Linux operating system,
and were presented for the purpose of comparing the diverse navigation systems. The
computational efficiency of the implemented EKF algorithm, that is common to all of the
analyzed architectures, is beyond the scope of the present work. The filter implementation
can be further improved by adopting numerically efficient and/or suboptimal formulations

described in [22, 56] and references therein.

3.5.2 Vario X-Treme helicopter

The simple dynamic model of the fully actuated 6-DOF rigid body was adopted to il-
lustrate and validate the proposed aiding technique. In this section, simulation results
are presented for the Vario X-Treme helicopter, depicted in Fig. [3.9. This autonomous

helicopter features a six degrees of freedom rigid body dynamic model driven by external
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Figure 3.9: Vario X-Treme model-scale helicopter.

Table 3.9: Velocity estimation error (Vario X-Treme helicopter).

RMS error
Aiding information v, (m/s) vy (m/s) v, (m/s)
GPS 0.13 0.26 0.20

Vario X-Treme Model 2.65 x 1072 9.62 x 1073 3.75 x 1073

forces and moments that encompass the main rotor and tail rotor effects, including the
first order blade pitching dynamics with Bell-Hiller mechanism and the steady-state blade
flapping dynamics. The model dynamics, derived from first-principles in [39, LE], are sum-
marized in Appendix Cl The considered model, although simplified, is highly nonlinear
and coupled, and is adopted to take a step towards the implementation of the embedded
VD aiding technique in field applications.

The simulated takeoff trajectory, depicted in Fig.[3.10, consists of an ascending turn,
followed by a straight upwards path. A 30% bias calibration error is assumed and a
magnetometer is also incorporated in the navigation system.

Although the Vario X-Treme model is highly nonlinear, the combination of the embed-
ded VD aiding with the linear extended Kalman filtering yields accurate velocity, position,
and attitude estimates, as presented in Tables[3.9, and respectively. The heli-
copter model aiding enhances the INS estimates, as shown in the bias and velocity errors
illustrated in Figs. [3.11/ and [3.12, and in the position results of Fig.[3.13l Bias compen-
sation errors are effectively reduced and velocity estimation is enhanced. The position
results presented in Table [3.10 and depicted in Fig.[3.13 show that the VD aiding tech-

Table 3.10: Position estimation error (Vario X-Treme helicopter).

RMS error
Aiding information p, (m) Py (m) p. (m)

GPS 1.15 1.46 1.55
Vario X-Treme Model 0.23  5.71 x 1072  0.20
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Figure 3.10: Vario X-Treme simulated trajectory.
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Table 3.11: Attitude estimation error (Vario X-Treme helicopter).
RMS error
Aiding information  Yaw (°) Pitch (°) Roll (°)
GPS 1.26 x 1072 9.15 x 1072 7.95 x 1072
Vario X-Treme Model 1.27 x 1072 2.10 x 1072 1.31 x 1072
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Figure 3.12: Vario X-Treme VD vs GPS aiding estimation errors (solid line) and estimated error

standard deviation (dashed line).
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Figure 3.13: Trajectory estimation for the Vario X-Treme.

Table 3.12: Estimation error for the embedded VD aiding, Zv observation only (Vario X-Treme

helicopter).
RMS Error
Yaw, Pitch, Roll (°) 1.26 x 1072 2.17 x 1072 1.40 x 1072
Vg, Uy, U (M/8) 2.81 x 1072 147 x 1072 3.76 x 1073
Pz, Py, P- () 0.50 0.25 0.19

nique effectively enhances the trajectory estimation to a submetric accuracy. The filter
estimated error covariance is, in general, consistent with the estimation errors.

Interestingly enough, the estimation errors using only the linear velocity information of
the helicopter model, shown in Table[3.12] are close to the results using the full information
of the helicopter dynamics. This suggests that the linear velocity information of the vehicle
model can be exploited in aerial applications, requiring only the computational resources
necessary to process a state observation.

As discussed in M, @], the VD aiding results must be addressed with care. Vehicle
modeling errors, model simplification assumptions or unmodeled time-varying parameters
and disturbances, such as vehicle load and wind gusts, may severely affect the navigation
system performance if not correctly accounted for in the filter. The tuning of the noise
covariance matrices, the estimation of additional states and parameters and the use of
more accurate vehicle model dynamics, among other techniques @], are adopted to allow
for the use of VD in real navigation systems. Nonetheless, side effects such as the poor
observability of the augmented states, the over-parameterization of the vehicle model or
even the inability to obtain a vehicle model which yields information on the real vehicle
dynamics may occur.

Encouraging experimental results with the HUGIN 4500 underwater vehicle have been

recently reported in [64]. Also, exploiting simple vehicle motion constraints yields no-
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ticeable accuracy improvements in the experimental results presented in M] for a land
vehicle. Vehicle model aiding is also suitable for indoor missions where the vehicle model
are known, and aiding information may be limited. The practical results evidence that
either full, or simplified, vehicle models can effectively enhance the estimation results of
GPS/INS architectures. The integration of the vehicle dynamics in the navigation sys-
tem is a valuable aiding technique, for applications where other external sensors are not

available or provide poor observability of the vehicle states.

3.5.3 LASER aiding

The LASER range sensor implementation is analyzed for a landing operation of an air
vehicle equipped with a standard GPS/INS unit. The vehicle hovers the landing zone,
as illustrated in Fig. [3.4, and activates the LASER at ¢ = 20 s to acquire an accurate
distance-to-ground estimate. The terrain height is hg = 4 m, the LASER is oriented
along the z axis of the body frame, that is ﬁR = I, and the sensor noise is characterized
in Table[3.2.

The estimation results depicted in Fig.[3.14 show that the LASER sensor brings about
accurate position and velocity estimates on the z-axis, whereas using solely the GPS sensor

yields high uncertainty on the position estimate, which may render landing unfeasible. The

velocity and distance-to-ground estimation errors, illustrated in Figs. 3.14(b) and 3.14(d)|
respectively, are reduced almost instantly when the LASER is activated. Assuming that
the initial terrain height hg uncertainty is 0.1 m, as depicted in Fig. the position
estimate is also enhanced, as shown in @. If the uncertainty about the terrain
height is larger, then the position estimate error will converge slower to smaller values, as

illustrated in Fig.[3.15 for an initial hg uncertainty of 1 m.
This behavior is justified by noting that p, is related to hg and hy by (3.16), and

that accurate LASER range measurements bring about precise hy estimates. If little is
known about hg, then (3.16) implies that the uncertainty of hg and of p, are identical,
and the filter can reduce the uncertainty on p, only by using the model (3.15), that is a

low frequency process, and hence hg and p. will converge slowly in time. This behavior is

illustrated in Figs.|3.15(a) and|3.15(c). Conversely, if hg is known accurately, then (3.16

implies that p, can be inferred accurately, as shown in Figs. 3.14(a) and[3.14(c)!

As expected, the velocity and distance-to-ground estimate enhancements are inde-
pendent of the available terrain height information, as seen by comparing Figs. 3.14(b)
and [3.14(d)| with Figs. [3.15(b) and [3.15(d)| respectively. These results show that the
LASER range finder is critical for landing the robotic platform without risking the robotic

platform, by allowing for accurate distance-to-ground and vehicle velocity estimates. Po-
sition and ground height estimation is also enhanced in the medium term, by combining
LASER and GPS measurements.
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Figure 3.14: LASER aiding estimation errors (solid line) and estimated error standard deviation
(dashed line).

3.6 Conclusions

A new embedded methodology to integrate the vehicle dynamics in the navigation system
was proposed. The embedded VD system accuracy was shown to be equivalent to that
of the classical external vehicle model architecture, but with smaller computational cost
and with a flexible choice of vehicle model differential equations. The application of the
proposed technique to a highly nonlinear Vario X-Treme helicopter model validated the
approach for realistic Uninhabited Air Vehicles.

Trimming trajectory simulation results showed that the bias calibration errors were
quickly compensated and that long-term bias estimates were enhanced. The linear and
angular velocity were improved with respect to the classical GPS/INS configuration. Posi-
tion and attitude errors, although not directly observable by the VD model, were improved
due to the enhancements in velocity estimation.

The proposed methodology allows for the decoupling of the vehicle model differential

equations. In particular, the linear velocity information of the VD model was exploited
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Figure 3.15: LASER aiding estimation errors (solid line) and estimated error standard deviation
(dashed line).

directly in the filter in the form of a measurement residual, and the associated compu-
tational cost was only that of computing the measurement matrix and the Kalman gain.
Given the exciting accuracy enhancements obtained using solely the linear velocity model,
and the small computational cost of the implementation, this aiding information steps
forward as an exciting, software based technique, suitable for most practical applications
even with computational constraints.

Finally, the LASER range finder sensor provided high precision distance-to-ground
estimates for takeoff and landing maneuvers. It was shown that integrating the sensor
produced accurate vehicle height and the vertical velocity estimates, suitable for safe
maneuvering of the autonomous vehicle. It was shown that the estimate of the vehicle
position with respect to Earth frame is also improved, according to the uncertainty on the

terrain height.



Chapter 4

Complementary Kalman filter

based navigation system

This chapter develops a navigation system based on complementary filtering for position
and attitude estimation, with application to autonomous surface crafts. The problem of
accurate position and attitude estimation is addressed by exploiting sensor measurement
information over distinct, yet complementary frequency regions. Using strapdown inertial
measurements, vector observations, and GPS aiding, the derivation of the proposed com-
plementary filters is focused on the stability, performance, and practical implementation
of the filtering algorithms.

The complementary filter structure, shown in Fig. [4.1, consists of an attitude filter
and a position filter. Formulated in discrete-time, the attitude filter entries are the rate
gyro readings, and a snapshot attitude reconstruction based on vector observations, such
as magnetic-field and pendular readings. The attitude of the vehicle is parameterized by
Euler angles, due to its simplicity, and steady-state feedback gains are adopted in the filter
design. The position filter resorts to accelerometers readings and to GPS, and estimates

velocity in body frame and position in Earth frame.

Rate Gyro A
W
Attitude -
Vector Observations Complementary Filter by,
—_— Attitude Reconstruction 1 =
‘ E “~
Accelerometer p
ar —_—
Position B
GP; Complementary Filter v
r -

Figure 4.1: Complementary filter block diagram.
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Stability and performance properties of the proposed filters are derived, and the region
of attraction is explicitly characterized. The problem of diverse sensor sampling rates is
accounted for using a multirate synthesis methodology, based on optimality results for
periodic systems. An attitude determination algorithm that computes pitch and roll from
the pendular measurements and yaw using the magnetic field observations, referred to as
Magneto-Pendular Sensor (MPS), is also presented.

The small computational requirements of the proposed navigation system make it
suitable for implementation on low-power hardware and using low-cost sensors, provid-
ing a simple yet effective multirate architecture. The implementation of the proposed
architecture is straightforward and the performance results of the navigation system are
demonstrated using experimental data obtained in tests at sea with the DELFIMx cata-
maran.

This chapter is organized as follows. Section [4.1] presents the complementary filters
for attitude and position estimation. Stability properties are derived and the conditions
that guarantee performance are discussed. Section [4.2 focuses on the implementation of
the attitude and position filters, that are combined to produce a navigation system with
the multirate architecture, and details the MPS algorithm. The navigation system perfor-
mance is shown in the experimental results of Section for the DELFIMx catamaran

sea trials. Concluding remarks are pointed out in Section

4.1 Attitude and position complementary filters

In this section, complementary filters for attitude and position estimation are proposed,
and their stability and performance properties are derived. The design of the filters in
the frequency domain is motivated by discussing the complementary characteristics of the

inertial and aiding sensors in the frequency domain.

4.1.1 Attitude filter

Let A = [w 0 (;5:|/ denote the vector containing the yaw, pitch and roll angles, respec-
tively, of the Z-Y-X Euler angles convention @], also known in the literature as Cardan,
Bryant or Tait-Bryant angles il—oélj] Without loss of generality, the considered Euler angles
sequence rotates from Earth frame {E} to body frame {B} coordinates. The Euler angle

kinematics are described by

0 singsect cos@psect
A=QNw, QA) = |0 cos ¢ —sing | . (4.1)
1 singtanf cos¢tanf

The discrete-time equivalent of the system (4.1) considered in this work, is obtained by
the Euler method Ea] with the right-hand side subject to sample-and-hold, yielding

Akr1 = A+ TQ(Ap)wp. (4.2)
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Figure 4.2: Attitude complementary filter.

where T is the sampling interval and the index k abbreviates the time instant ¢ = kT
In this work, the attitude is estimated by exploiting the angular velocity and attitude
measurements provided by strapdown sensors. The angular velocity is measured by a rate

gyro affected by noise and random-walk bias [22],
Wrg =Wk +buk+Wu g, bugr1 = buk + wWpg, (4.3)

where w,, ~ N (0,Z,) is zero-mean, Gaussian white noise and b, is the sensor bias driven
by the Gaussian white noise w;, ~ N(0,Z,).

The proposed attitude filter estimates the attitude of the vehicle expressed in Euler
angles and compensates for the rate gyro bias. Rewriting the Euler angle kinematics
(4.2f4.3)) in state space form gives

I -TQ(Ax)
0 |

Ak

Wrg +
bk rk 0 I Wp L

Akt1
byy1

TQ(Ax)
0

~TQ(Ar) 0] [ww k] 44)

Consider the following nonlinear feedback system as the proposed attitude filter

Aps1 _ I —-TQM\)| [ A TQ(A) w
Bk+1 0 I Bk 0 .
) (K —1 Ao
Q) K~ D + Qe ”] (k= 2k, (4.52)
Ky
Yok = Q ' Me— DA, Yok = QNN 1) Ak + Vi, (4.5b)

where y) 1 is the vector of observed Euler angles transformed to the space of angular rate
and corrupted by the Gaussian white observation noise vy ~ N (0,0,), and Ky, Ko\ €
M(3,3) are feedback gain matrices. The block diagram of the proposed attitude filter is
depicted in Fig.

The attitude observation y can be obtained from two vectors measured in body frame,
such as the Earth’s gravitic and magnetic fields, or from observations provided by other de-

vices like cameras or star trackers. As an example, pitch and roll angles can be determined
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from Earth’s gravitational field, available from two on-board inclinometers (pendula), and
the yaw angle can be computed from the Earth’s magnetic field measurements provided
by a magnetometer triad. The choice of attitude observation depends on the available
sensors and computational resources, and hence the attitude observation adopted in this
work is detailed later in the navigation system implementation section.

Consider the following auxiliary linear time invariant system

I -T1 -TT O
XAk+1| _ Xk | W, k 7 (4.6a)
Xpht1 0 I Xp ks 0 I||wy
X
Yok = [I 0} M v, (4.6b)
Xpk

which will be used in the sequel as the frequency domain design setup for the time varying
attitude filter (4.5). In the proposed design technique, the feedback gains Ki) and Koy
in (4.5)) are identified with the steady-state Kalman gains for the system (4.6), where the
covariance matrices Z,,, Z and ©) act as "tuning knobs” to shape the desired frequency
response of the attitude filter.

The time-invariant system adopted for the determination of the feedback gains
and associated frequency response is similar to the attitude kinematics (4.4) for Q(A) =
Q(0). Although this suggests at first glance that the properties of the proposed filter
could be limited to the specific case of Ay = 0, the filter is in fact asymptotically stable
for any attitude trajectory parameterized by nonsingular Euler angle configurations. The
stability properties are derived in the following theorem for the specific case of Z-Y-X
Euler angles, however the extension of the results to other Euler angle set conventions M]

is immediate.

Theorem 4.1. Consider the discrete-time attitude kinematics (4.4). Let K1y and Ky be
the steady-state Kalman gains for the system (4.6) and assume that the pitch described by
the platform is bounded, |0| < Oyax < 5. Then the attitude complementary filter is
uniformly asymptotically stable (UAS) .

Proof. Let Ay = Aj — S\k, buk = buk — by denote the estimation errors. The associated

estimation error dynamics are given by

et _ Q)T - En)Q 7 (Mk-1)  —TQ(Ax) by

bji1 —EKnQ (A1) I by,
L [Fracw o] wwrk]+ Q()\k)(I—Ku)—Q()\k—l)] N

0 I Wpk *KQA

By definition, the filter is said to be UAS if the origin of the system (4.7) is UAS in the
absence of state and measurement noises @] However, the state and measurement noises
are denoted in the proof for the sake of convenience. The system (4.6) can be written in

the compact state space formulation

Xpt1 = Fxp + Gwy,  yr = Hxp + vy,
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[I 7TI]’

! /!
J— / / i / / J— J— i
where x;, = [x)\k xbk} , W = [me ka} s Vi = Yak, VE = Vg, F = o 1

G=[2"9, and H = [I 0}. It is straightforward to show that [F,H'] is detectable
and [F, G] is completely stabilizable, hence the closed-loop system
X+l = (F — KH)f(k + Gwy — Kvyg, (4.8)

/
where K = [K n K /\} , is UAS ﬂ;] Define the Lyapunov transformation of variables

)‘xk’

bzk

=T T, Ty = (4.9)

Q(Ax-1) O
ik 0 I|’
that is well defined ] because 6 is bounded by assumption. Applying the transformation
of variables T}, to (4.8) yields

A, X,
T =Ty (F - KE)T ! 27| 4 Ty Gwy — T Kvy
bxk—i—l T k
_ | QAWI - E)Q T A1) —TQA) | [Awk
— K Q ' (Ag-1) I b,k
—TQ(A w A K
Q(Ar) Wy, & Q(Ax) u] . (4.10)
Wk Koy

The origin of (4.8) is UAS and, by the properties of Lyapunov transformations, the origin
of (4.10) is UAS. Hence, the origin of (4.7) is uniform asymptotic stability, as desired. [J

The stability properties derived in Theorem[4.1]are valid for nonsingular configurations,
where the pitch satisfies § < 7. This is a weak condition for most terrestrial and oceanic
applications, namely those based on autonomous surface crafts, that are studied in this
chapter to illustrate the proposed navigation system.

The stability results can be extended for time-varying Kalman gains, however the
proposed complementary filter is designed in the frequency domain by means of the time-
invariant formulation (4.6)), to obtain a desired transfer function that merges the low-
frequency contents of the attitude observations with the high-frequency information from
the angular rate readings. Steady-state Kalman filter gains are adopted to yield an asymp-
totically stable filter that can be easily implemented and tested in low-cost hardware.

Interestingly enough, under operating conditions found in some terrestrial and oceanic
applications, the gains adopted in the proposed filter (4.5) are identified with the steady-
state gains of the Kalman filter for the system (4.4). This implies that, for ASC trimming
maneuvers found in surveillance operations, the performance of the proposed attitude filter

is identical to that of a Kalman filter designed for the time-varying system (4.4).

Theorem 4.2. Let the state and observation disturbances in the attitude kinematics (4.4)
be characterized by the Gaussian white noises w,. ~ N (0,Z,,), wy ~ N(0,Z) and vy ~

N(0,0,), respectively, and assume that the pitch and roll angles are constant. Then the
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complementary attitude filter (4.5) is the “steady-state” Kalman filter for the system (4.4)

in the sense that the Kalman feedback gain K,y converges asymptotically as follows

(4.11)

k—

Ky

Q) (K — 1) + Q(Ak_n] H o

lim HKoptk —
00

Proof. The estimation error covariance matrix of the Kalman filter for the system (4.6

satisfies
Pokiir = FPoge1F + GEG — FP, 1 H'S5 (HP e F/, (4.12)

Zs 0

where Spy, = HP -1 H + 0, E = [ o Eb:|’ see references ﬁg, @} for a derivation
of (4.12). Given the transformation of variables (4.9), the covariance matrix 3,51 jx =

bW oz o B .
E <[~ k+1} BV bxk+1]) is given by ¥ i1k = Tk+1Pa:>\k+1\kT§g+1 and, using (4.12),

bac k+1
satisfies
- -1 - -1 -
T S i1 T = FT. S0 e T F/ 4+ GEG
_ -1 _ _ 1
—FT, ' T o1 Ty HSp HT ' Soy o1 T F
!

_ 1 -
Sovktik = Tert FT S T F'Thy 4+ Te1 GEG'T)
_ -1 _ _ 1
— Tt FT S e T 'S5y HT S e 1 T F'Th g,
where Sy = HT, 'S\ 51 T/ 'H' + O,

With a slight abuse of notation, let K7y, and Koy denote the time-varying Kalman
gains for the system and formulate the attitude filter with time-varying gains

A1 T -TQ(M) Ak Q)|
beii| |0 I by 0 rh
n Q()‘k)(KlAk_I)+Q()‘k—l)] k= Tak)- (4.13)
Koxg

To identify the attitude filter (4.5) as the steady-state Kalman filter for the system (4.4),
it is shown that the attitude filter (4.13) is the Kalman filter for the system (4.4). This
condition is satisfied if i) 3, 41|, is the error covariance of the attitude filter (4.13)) and
that ii) 3, p41|% is the error covariance of the optimal (i.e. Kalman) filter for the attitude
kinematics (4.4), for a discussion on the optimality of the Kalman filter and uniqueness of
the optimal gains, the reader is referred to [4, 69].

The condition of constant pitch and roll implies that Q(Ax+1) = Q(Ag), hence the
kinematics (4.7) and (4.10) are identical, [\, b ] = X b,] and 2,5 k41 is the
error covariance matrix of the attitude filter (4.13).

The matrix 3,41, is the covariance error of the Kalman filter for the system

zp+1 = T FT, ' 2g, + T Gwo s (4.14a)
Yer = HT 7 + vy, (4.14b)
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where z, € R%, w, ~ N(0,Z), v. ~ N(0,0),). Using Q(Ar+1) = Q(A), the matrices of
the system (4.14) are given by

I -TQ(\)

T, FT; ' = o ©

HT,' = [Qil()\kfl) 0} )

which are identical to the state matrices of the attitude kinematics (4.4) with attitude
observation given by (4.5b). Consequently, the attitude filter (4.13) produces the optimal
estimation error covariance matrix 3, 41| for the system (4.4) and, by uniqueness, the
attitude filter (4.13) is a Kalman filter. Using Ky — Ki) and Koy, — Koy as k — oo

yields (4.11), that completes the proof. ]

The performance results presented in Theorem [4.2] hold for applications where the
pitch and roll angles are constant or can be considered approximately constant. It should
be emphasized that it is of interest for terrestrial and oceanic platforms considered in this
work, subject to repetitive monitoring trajectories. For the case of time-varying pitch
and roll angles, and for aggressive maneuvers, the performance of the complementary
and of the Kalman filters can be compared offline by computing the estimation error
covariances of the filters, as detailed in Appendix Dl Later in this work, the performance
of the complementary filter is analyzed for the experimental data obtained on-board the
DELFIMx catamaran.

Although performance results for the complementary filter are presented in Theo-
rem the design of the feedback gains is performed in the frequency domain due to
the characteristics of the attitude aiding sensor at hand, and to unmodeled sensor dis-
turbances often found in experimental setups. This approach exploits the low-frequency
region where the attitude observations are typically more accurate, and the high-frequency

region where the integration of the rate gyro yields better attitude measurements.

4.1.2 Position filter

The continuous-time position kinematics are given by
p=v, v=TRPa,

where p and v are the position and velocity in Earth frame coordinates, R is the shorthand
notation for the rotation matrix from body frame {B} to Earth frame {E} coordinates,
and Pa is the acceleration in body frame coordinates. The discrete-time equivalent is
obtained by sample-and-hold of the inputs ﬁ;O] and is given by
T2
Pit1 = Pk + TV + Ry, Vir1 = Vi + TR ay. (4.15)

The accelerometer measures the specific force, which is the difference between the inertial

and the gravitic accelerations of the rigid body [20], Ba,, and Bgy, respectively, expressed
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in body frame coordinates,
B B
arp = ap — gk + Wq,,

where w, ~ N(0,Z,) is zero-mean, Gaussian white noise. The position kinematics (4.15)

using the accelerometer measurements are described by

I TR il
BPk:—H _ / k Bpk 2/ (ar + R, Pg)
Vitl 0 RkJrle Vi TRkJrle

, (4.16)

I -IRr, Wk
0 ~TR, \Ri| |War

where Bv;, = R} Vi1 is the velocity expressed in body coordinates, Eg is the gravitic
acceleration expressed in Earth coordinates, and w, ~ N (0,Z,) is zero-mean, Gaussian
white noise that accounts for small disturbances in the position. The position observer

kinematics, depicted in Fig.[4.3] are given by

: I TR : R
Vi+1 0 Rk+1Rk Vi TRk+1Rk
K .
+ , P ] (ka - ka)7 (417&)
k+1K2p
Ypk = DPks  Ypk = Pk + Vpk; (4.17Db)

where y,; is the position computed using the readings of the GPS receiver, and v, ~
N(0,0,) is zero-mean, Gaussian observation noise. The propulsion force of a vehicle is,
in general, physically oriented along a body fixed axis, producing a predominant body
fixed direction of motion, e.g. when thrusters are mounted and act along the x-axis of
the body, the main velocity variations are naturally expressed along that axis. Also,
high angular rates due to aggressive maneuvering introduce high-frequency shifts in Earth
frame velocity, while the velocity in the body frame remains aligned with the vehicle’s
predominant direction of motion, e.g. the body velocity of a ship remains constant while
describing uniform circular motion but the components of the velocity vector in Earth
coordinates are sinusoidal. Consequently, the velocity estimate of the position filter is
expressed in body frame coordinates, as opposed to being expressed in Earth frame, to
reduce bandwidth requirements under attitude changes and vehicle actuation.

The feedback terms K, and K, are identified with the Kalman filter gains for the

System
I TI I -2
PR R 2| | R (4.18a)
Xy kt1 0 I| |xuk 0 —T| |wyk
X
Yxk:[l 0} PR vk (4.18b)
Xk
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Figure 4.3: Position complementary filter.

where w, ~ N(0,Z,) is zero-mean, Gaussian white noise with the covariance of the
accelerometer noise w,,. In the design of the position filter, the covariance matrices =,
=4, and O, are used as tuning knobs to shape the frequency response of the filter. The
stability and performance of the position complementary filter (4.17) are addressed in the

following propositions.

Theorem 4.3. Consider the discrete-time position kinematics (4.16), and let K1, and
Ky, be the steady-state Kalman filter gains for the system (4.18). Then the position
complementary filter (4.17) is UAS.

Proof. The structure of the proof is similar to that of Theorem 4.1l Define the estimation

errors P = pr — Pr and Bvy, = Bvy, — B¥,. The associated kinematics are described by

Prt1 | _ I-Ky TRy Pk
~Kop R Ri| [Pk

I —ﬁRk Wy k K,
o 1R Ryl lwor| R H | VP (4.19)
LR k| | Wak k+112p

B ~
Vi+1

The compact state space formulation for the system (4.18) is given by

Xpr1 = Fxp + Gwy,  yip = Hxp + vg, (4.20)

!/ /!
where x;, = [x;k x;k] , Wi = [w;k w;k} Yk = Yok Vi = Vpi, F = [0 1], G =
2
[(I) _T?}, and H = [I 0}. The pairs [F,H'] and [F, G] are detectable and completely
stabilizable, respectively and the closed-loop system

X1 = (F — KH)f(k + Gw; — Kvy, (4.21)
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!/
where K = [K ip Kép} , is UAS M] Define the Lyapunov transformation of variables,
adopted in previous work by the authors [11], given by

F”“ 1o ] , (4.22)
Vi

0 R
and consider w, = Ripw,, . Applying the Lyapunov transformation to (4.21) yields
(4.19), and hence the origin of is uniformly asymptotically stable by the properties
.

of Lyapunov transformations [122 O

Xpk
4
=Ty , Ty =

>~(vk

In the following theorem it is shown that the proposed position filter is identified
with the steady-state Kalman filter for the position kinematics (4.17), under the mild
assumption that the Gaussian white noises of the accelerometer triad are stochastically
independent and characterized by the same variance. The stochastic independence is
verified in realistic setups where the acceleration measurements are provided by three

sensors from the same model, mounted orthogonally.

Theorem 4.4. Let the state and observation disturbances in the position kinematics (4.16
be characterized by Gaussian white noises wp ~ N(0,Z,), wq, ~ N(0,&]1), and v, ~
N(0,0,). Then the position complementary filter (4.17) is the “steady-state” Kalman
filter for the system (4.16) in the sense that the Kalman feedback gain K,pp converges
asymptotically as follows

Kip

lim || Kpir —
ptk ,
k—o00 k+1K2p

‘ =0. (4.23)
Proof. The estimation error covariance matrix of the Kalman filter for the system (4.20)
satisfies

P:rkarl\k: = FPrpk:\kle/ +GEG' - FPxp k|k71H/S]_DZl;HPxpk\k:le/a

where Sp, = HP 1, 1 H' + 0, = = [EOP an]. With a slight abuse of notation, let Ky,

and Ky, denote the time-varying Kalman gains for the system (4.18) and formulate the
attitude filter (4.17) with time-varying gains

Prt1 | _|I TRk
a7 0 RipiRe

Pk+1

Applying the Lyapunov transformation , the covariance matrix 3,11, = F ([VHI } [Phi1 Vit ])
is given by 211k = Trr1Pypq1eThp and satisfies
_ —1 -
Sprtie = Tt FT S T F/'Tyy + T GEG'T)
_ -1 _ _ 1
— T FT, S e T H'S) HT Sy T FTY (4.24)
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Figure 4.4: Navigation system architecture.

where Sy, = HT,;:[ZPM p1 T "H' + ©. Assuming that the accelerometer noise covari-

ance matrix is diagonal, =, = £,I, the matrices in (4.24]) are given by

I TR
Ty FT; ! = TR HT = [I 0},

0 Rk+1Rk

=, 0 = 0
T, 1GEG' T, , = TG |7 GT, =T, G|? G'T
k+1 k+1 k+1 [O =, k+1 k+1 0 RkEaRﬁg k+1
/
BR[| [E o T TR,

0 —TR,, Ri| |0 Ea| |0 —TR|,Ry|

which shows that ;. 1|5 is the optimal error covariance matrix for the position kinematics
(4.16). Using Ky, — Kip and Ko, — Ko, as k — oo produces (4.23) and completes the
proof. O

Although some performance results are presented for the position filter, the closed-loop
system is obtained by design in the frequency domain, and the feedback gains K7, and
K5, are the steady-state Kalman gains for the design system (4.18). In this framework,
the high-frequency contents of the accelerometer measurements are exploited, filtering out
gravity and bias compensation errors, and merged with the low-frequency information

available from the GPS position observations.

4.2 Navigation system implementation

This section presents the overall navigation system architecture that builds on the attitude
and position complementary filters derived separately in the previous section, and discusses

the problem of implementing the filter with different sampling rates.
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4.2.1 Magneto-pendular sensor

The attitude observation y); in Euler angles coordinates is determined using the body
and Earth frame representations of two vectors, namely the Earth’s magnetic and gravitic
fields. The problem of determining attitude using vector measurements is known in the
literature as the orthogonal Procrustes problem [61] or as Wahba’s problem [139] and
several solutions have been proposed along time-spread articles ] The solution proposed
in this work computes the Euler angles observation using a deterministic approach, similar
to that of a TRIAD algorithm H, Ei

reconstruction algorithms and sensors, for more details see [37] and references therein.

|. Note that yyx can be obtained using other attitude

The magnetic field vector is measured in the body frame by the magnetometer
m, = Rly (¢)Ry (0)R(¥)"m + nyp, (4.25)

where the magnetic field in Earth frame coordinates, denoted by “m, is known, n,, is
the magnetometer measurement noise and Rx(¢), Ry (0) and Rz(v) represent the roll,
pitch, and yaw elementary rotation matrices, respectively. Denoting the projection of
the magnetometer reading on the x-y plane by “m = Ry (6)Rx(¢)m,, the yaw angle is
obtained by algebraic manipulation of (4.25), producing

P

1) = arctan 2 (Emypmx — mepmy, EmgTmy + Emy my) , (4.26)

where the four quadrant arctan, denoted as arctan 2, was adopted. The pitch and roll

angles are obtained from the accelerometer, which is regarded as a pendular sensor

gsinf
a,~ —Pg=-Ry(®)Ry(0)Fg= | —gcosbsing |, (4.27)

—gcostcoso

where a, denotes the accelerometer reading assuming that external accelerations are neg-

/
ligible, g = {0 0 g] is the gravity vector in Earth frame coordinates, and g is the

local gravitic acceleration. The pitch and roll angles are given by algebraic manipulation
of (4.27), producing

¢ = arctan 2 (—ay, —a,) , (4.284a)

arctan (_%;ﬂ) , sing #0
— Y
=1 e . (4.28D)
rctan | —===), cos¢ #0

The computation of pitch and roll angles using directly the accelerometer reading
in (4.28) is distorted in the presence of external linear and angular accelerations. The
accelerometer measurement model is given by [20]

_dPv B

ar—W—FUJX V—Bg,
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By . . .
where dch is the linear acceleration and w X

maneuvers of autonomous vehicles involve mostly short term linear accelerations, which

By is the centripetal acceleration. Typical

hence are high-frequency and the resulting distortion in pitch and roll can be smoothed
out by the complementary lowpass filter. On the other hand, centripetal accelerations
occur even in trimming maneuvers, e.g. a helicoidal path, and must be compensated for.

As depicted in Fig. the pendular reading estimate &, used in is obtained by

compensating the centripetal acceleration
A ~ _B =~
a=a —wx"V, (4.29)

where @ = w, — b, is the angular rate drawn from the rate gyro measurement with
bias compensation and P¥ is the velocity estimate provided by the complementary po-
sition filter or by a Doppler sensor if available. The effect of linear acceleration in a, is

compensated in the frequency domain by appropriate design of the complementary filter.

The yaw, pitch, and roll observations (4.26][4.28,4.29) define a virtual attitude sensor
measurement that is referred to as Magneto-Pendular Sensor (MPS). The MPS observation
noise v is a nonlinear function of the magnetometer and accelerometer noises, the attitude
of the vehicle and the (linear and angular) acceleration compensation errors, and is mostly
high-frequency due to the influence of linear accelerations. If modeled stochastically, the
noise covariance @), can be inflated to account for the time-varying covariance of vy,
however this technique leads to undesirable performance degradation, for a discussion
on the subject see ] and references therein. In the frequency domain design approach,
adopted in this work, the observation noise weight matrix is tuned to yield good steady-

state high-frequency rejection of the MPS noise.

4.2.2 Complementary filter coupling

The proposed navigation system integrates the attitude and position complementary filters
to produce an estimate of the vehicle attitude and position. The blocks of the diagram
depicted in Fig.[4.4 have been introduced previously in this work: the attitude and position
complementary filters are detailed in Section and illustrated in Fig. and Fig.
respectively, and the Magneto-Pendular Sensor and the Centripetal Acceleration Removal
blocks are detailed in Section|4.2.1l The attitude terms in the position filter kinematics and
the use of pendular readings to obtain the MPS measurement produce a coupling between
the attitude and the position filters, illustrated by the block connections of Fig.[4.4] which
are described as follows.

The attitude rotation matrix Rj and the attitude update term Rz +1Rk are adopted in
the kinematics of the position filter (4.17), as illustrated in the block diagram of Fig. [4.3]
The attitude term R} is obtained from the attitude filter, which is the best attitude esti-
mate available in the practical implementation of the navigation system, and the update

_T(wr k_Bw k)

term described by R, 1 Re=e x is obtained using the rate gyro measurement

and the bias estimate, where (a), is the skew symmetric matrix defined by the vector

X
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a € R3 such that (a), b =a x b, b € R3. Likewise, the transformation matrix Q(X) is
constructed using the best attitude estimate at each time k, which is given by the attitude
filter.

The gravitic measurements used in the computation of the attitude measurement y
are distorted by linear and angular accelerations. As a way to robustify the attitude
measurement y), the angular accelerations are compensated for by using the angular rate
and linear velocity estimates as shown in (4.27), allowing for valid MPS measurements in
the presence of centripetal accelerations, that occur even in trimming conditions such as
helicoidal trajectories.

The theoretical stability and performance properties of the attitude and position filters
derived in Section 4.1] cannot be directly inferred for the overall navigation system due
to the filter coupling and to the use of pendular measurements in the attitude aiding
observation. This limitation is a consequence of the adopted attitude aiding sensors,
and stability and performance can be guaranteed in other experimental setups, e.g. by
using non-pendular, vision-based attitude aiding sensors and by decoupling the attitude
and position filters using external attitude reference units. For the proposed navigation
system implementation, extensive Monte Carlo simulations showed that the architecture

is stable in practice.

4.2.3 Multirate filtering

In general, the GPS output rate is slower than the sampling rate of the inertial sensors. In
this case, the position feedback gains are obtained by considering the multirate position
filter as a periodic estimator, and adopting the optimality results for periodic systems
derived in E}, which are briefly described in the ensuing for the position filter for the

sake of clarity. Let the GPS and inertial sensors’ sampling periods be denoted by Tgps

and Tins, respectively, and define the ratio np = %315:, ny € N. The design system (4.6

is periodic with period np and is written in the compact form

Xp+1 = Fxp + Gwy,  yr = Hpxy + vy, (4.30)

/ /
where x;, = [x’)\k xgk} , W), = [wi}k wgk} s YE = Yaks Vi = Vo , F = [0 -

G = [_g I (I)], and the observation matrix of the system is given by

ek
[I 0] if E € NO,
[0 0] otherwise.

H), = (4.31)

The system (4.30) can be associated with the time-invariant system that models the dy-

namics of the state at time k& = inp, i € Ny, described by

Xpy1 = Fx, +Gwy, Y. = Hx, + Dwy + vy, (4'32)
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where x;, = Xpn,, X5, € R,

/
_ / / / 6nr
Wi = [WlmT Wknp+1 W(k+1)m_1] ’ wy, € R¥,
!/
— / / / 3np
Vi = [anT Vinp+1 - V(k+1)nt71} ) v € R,
/
_ / / ! 3nr
Y. = [yknT Yinp+1 - y(k+1)nt_1:| ’ Yi € R,

are the augmented noise and measurement vectors, respectively, and

F =F",F € M(6,6),

G = [F"T—lc Fr2G G} ,G € M(6,6n7),
/
H-[H, FPH . F7VH, | HeM@n6),
0 [ 0
H, G 0
D= H.FG  H.G 0 | ,D e M(3ng, 6nr),
H,, (F'T1G - - Hu, 1G 0

which defines a time-invariant system, with correlated measurement and the state noises
}. The optimal feedback gain for the time-invariant system (4.32) is given by

K=[FPH +GED'|[©+DED +HPH'| ", (4.33)

where K € M(6,3n7), E = E(w,w}), © = E(v,v}), and P is the steady-state optimal

estimation error covariance matrix, given by the solution of the Riccati equation
P=F,PF,+G,G,-F,PHS 'HPF,,

where S = © + DED' + HPH/, G, G, = GEG' - GED'[0 + DED] 'DEG' and
F.=F-GED'[©+DED’ ]_1 H. Considering the partition of the feedback gain (4.33)
given by K — [KO K . KnT_l}, K, € M(6,3), i € N, for the system (4.3044.31),
it can be easily shown that D = 0, K; = 0, i # 0, and hence that the feedback gain
K, = [K {p K} p}/ is simply given by selecting the gain sub-matrix Ky and propagating
back to the time instant of the GPS measurement, i.e. K, = F17"T K.

For further details on the synthesis of optimal estimator for discrete-time linear periodic
systems, the reader is referred to [15] and references therein. A multirate filter channel to

channel frequency analysis methodology can be found in ﬁ] and references therein.

4.3 Experimental results

The proposed navigation system is validated in this section using a low-power hardware
architecture enclosing low-cost sensors and mounted on-board the DELFIMx catamaran.
The properties of the complementary filters in the frequency domain are discussed and

the resulting performance of the filters is analyzed. The attitude and position estimation
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Table 4.1: Complementary filter parameters.

State Weights Observation Weight Filter Gain
Attitud B =3I K1y =297 x 1071
e w O, =08x10721 '
Filter =, = 107191 Koy =9.41 x 107°T
Position =, =5 x 10721 6. I Ky, = 0.591
Filter =, = 101 P Ko, = 0.141
o o,
=2 °
3 3
% % -20
= =
o ; —T1(2) = p(z)/pars (?) |
i —Tx(2) = p(2)/pa(2)
‘ - ‘ —T1 (Z) + TQ(Z)
“;:requency (Hz) ° 1li:requency (Hz) *
(a) Attitude filter. (b) Position filter.

Figure 4.5: Complementary filter transfer functions.

results using the experimental data collected in the catamaran sea tests are presented, and
the usual cases of GPS signal outage and of initial calibration error of the rate gyro bias
are addressed. A detailed description of the DELFIMx craft and the adopted hardware is
found in Appendix/Bl Due to the distinct sampling rates of the magnetometer and inertial
sensors, a multirate formulation similar to that described in Section [4.2.3!is adopted for

the yaw estimation.

4.3.1 Filter parameter design

The attitude and position filters derived in Section[4.1 are designed to produce a closed-
loop frequency response which blends the complementary frequency contents of the inertial
and the aiding sensor measurements. In this frequency domain framework, the state and
measurement weight matrices are used as tuning parameters and the filter gains are iden-
tified with the steady-state Kalman filter gains. The adopted weights and corresponding
gains are detailed in Table[4.1.

The complementary frequency response of the closed-loop filters is depicted in Fig.
and was obtained by considering Q(A) = Q(0) and Ry = I, i.e. the frequency response
of the time invariant systems (4.6) and (4.18) used in the filter design. As shown in
Fig./4.5, the low-frequency region of the MPS and GPS are blended with the high-frequency
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Figure 4.6: Attitude filter performance (T = = s).

contents of the open-loop integration of the inertial measurements, which is given by

)\wk+1 - Awk + TQ(O)wrk7
2

T
Pak+1 :pak’_‘_TVak"’_?arka Vak+1 :Vak+Tark'

The sum of the transfer functions of the filters, depicted in Fig.[4.5, is unitary, which shows
that the adopted steady-state Kalman gains bear complementary filters, as expected. The
obtained complementary transfer functions are validated in practice with the experimental
data obtained on-board the DELFIMx catamaran.

As discussed in Section [4.1.1] the proposed attitude filter is identified with the steady-
state Kalman filter for constant pitch and roll angles and, in case of time-varying pitch
and roll angles, the performance degradation can be analyzed using the covariance propa-
gation equations detailed in Appendix/D. A numerical comparison of the Kalman and the
obtained estimation error covariances is shown in Fig. [4.6, considering the design weights
presented in Table [4.1 As shown in Fig. the estimation error covariance of the
proposed attitude complementary filter is less than 1% above the optimal estimation error

covariance for the aggressive pitch and roll trajectory depicted in Fig. 4.6(a)L

4.3.2 Experimental results analysis

This section presents the navigation system estimation results obtained with the exper-
imental data collected on-board the DELFIMx catamaran during tests at sea using the
hardware architecture detailed previously. The trajectory described by the DELFIMx ve-
hicle is mainly characterized by straight line and circular paths, as depicted in Fig. m‘,
to assess the performance of the navigation system in realistic operational scenarios.

The attitude estimation results presented in Fig. are according to the maneuvers
described by the robotic platform, whose forward velocity is mainly along the body frame

x-axis, and hence describes mostly yaw turns. The yaw estimate depicted in Fig. 4.8(a)
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Figure 4.7: DELFIMx trajectory estimation results.
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Figure 4.8: Attitude estimation results.

is consistent with the turning maneuvers and the heading directions of the straight paths
performed by the platform, illustrated in Fig. m‘, and with the yaw measurement
given by the GPS unit. Clearly, the filter estimate is more accurate than the GPS yaw
measurement, that is used only for the sake of validation of the estimation results and
is not fed to the filter. The yaw measurement of the GPS unit is degraded for small
velocities, as shown in Fig. m for the time interval ¢ € [50300]s where the platform
maneuver is characterized by small forward velocity, as presented in Fig. @

The pitch and roll angles, presented in Fig. @, oscillate around the mean values of
3.08° and —2.20° respectively, that correspond approximately to the installation angles
of the hardware architecture. Pitch and roll fluctuations occur due to platform turning,
interference of waves, and vibration of the hull due to the propellers. Larger oscillations are
verified when the vehicle turns, for example the slalom trajectory at [760880]s, detailed
in Fig. [4.10] bears larger peak to peak values of the pitch and roll angles, depicted in
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Figure 4.9: Linear and angular velocity estimation results.

Fig.[4.10(a), due to the oscillation of the catamaran while performing the maneuver, and
to the vibration induced by the propellers. The pitch values satisfy the conditions under
which the stability propositions derived in Sections hold. Interestingly enough, the
standard deviations of the pitch and roll estimates are 0.95° and 1.42 ° respectively, which
suggests that the performance degradation of the attitude filter due to time-varying pitch

and roll is small for the present application.

The velocity estimation results are shown in Fig.[4.91 The proposed filter is based on
the attitude kinematics and hence does not estimate explicitly the angular velocity, in spite
of compensating for the rate gyro noise and bias to estimate attitude. The angular velocity
estimate, presented in Fig. @, is given by the rate gyro measurements, compensated
with the bias estimate, and is presented to verify the consistency of the attitude estimates.
The z-axis angular velocity is synchronous with the yaw changes in Fig. ‘4.8(a), namely
in the initial turn, and in turning maneuvers at the time intervals where a variations
in the angular velocity are verified, such as [305315]s, [370380] s, [435450]s, [465470]s,
[560 600] s, and [760 880] s. These turning maneuvers can be easily identified in Fig.[4.7(a))|
by analyzing the time tags. The x- and y-axes angular velocities are consistent with
the pitch and roll estimates, i.e. are approximately zero mean and the most noticeable
fluctuation occurs at the slalom maneuver at [760 880] s, see Fig.

The estimate of the linear velocity, expressed in body coordinates, is shown in Fig. ’W{bﬂ
The x-axis body velocity is positive and approximately stepwise constant at the straight
paths trajectories at the time intervals [320365]s, [385430]s, [480550]s, [615750]s and
[880980] s. The y-axis body velocity is approximately zero-mean during straight path tra-
jectories, and centrifugal during turning maneuvers due to sideslip of the catamaran, as
evidenced for the slalom maneuver results, see Fig. @ and detail in Fig. @ Also,
the mean of the y-axis body velocity is nonzero when the vehicle is subject to external,

Earth fixed forces such as waves induced by nearby vessels and oceanic currents, such as
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Figure 4.10: Slalom maneuver at [760 880] s.

in the time interval [760980] s illustrated in Fig.|4.9(b) and Fig. 4.10(c)l The z-axis body
velocity is approximately zero-mean, as expected for an oceanic platform, and oscillates

due to the influence of waves.

The rate gyro bias estimation results are presented in Fig. m. The results show
that the attitude complementary filter compensates for slowly time-varying bias, by means
of the small design weight =, in the computation of the feedback gain, see Table 4.1 for
details. However, the Kalman gains are stationary and the initial bias uncertainty should
be close to the steady-state bias covariance, i.e. the bias calibration error should be
small. As shown in Fig. @, using a larger design weight =, enables the filter to
compensate for the bias calibration error at the cost of larger steady state covariance. The
trade-off between compensating for calibration errors and the long-term accuracy of the
bias estimate should be accounted for in the design process, and a simple gain switching
technique, using a large design weight = for initialization of the filter and a smaller design
weight = in the long term, should be considered for the case where online calibration is

required.
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Figure 4.12: DELFIMx trajectory estimation results (GPS signal jamming).

The position estimation results are coherent with the GPS measurements, as evidenced
in Figs.|4.7(a) and 4.7(b). To analyze the weight of GPS aiding in the filter estimation

results, the case of GPS outage is considered by canceling the GPS measurement feed-

back at selected time intervals when the vehicle turns or enters long straight paths. The
GPS outage time instants are detailed in Table 4.2 and the corresponding trajectories
are illustrated in Fig. m The position estimation results for the trajectory paths
subject to GPS outage are shown in detail in Fig. The navigation system results
presented in Table[4.2]show that the position drift rate is small during GPS signal outage.
Consequently, the position filter operates without relying too much on the GPS position
observations, by exploiting the inertial measurements information. The navigation system
follows closely the straight path trajectories, as depicted in Figs. 4.13(b) and|4.13(c), and
successfully exploits the angular information during the turning maneuvers detailed in
Figs. 4.13(a) and 4.13(d), The position estimates are bounded for the GPS outage time
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Figure 4.13: Details of the estimated trajectory with GPS outage.

intervals, as shown in Fig. however position error buildup occurs due to the open-
loop integration of the accelerometers, combined with pitch and roll estimation errors that
induce position estimate drift, as expected.

The frequency domain validation of the complementary transfer functions is performed
using the Matlab spectrogram function to compute the short-time Fourier transform
of the position and attitude estimates, aiding sensor measurements, and inertial sensor
measurements integration. The short-time Fourier transform computes a time-dependent
Fourier transform of the signal multiplied by a sliding window function, and allows for a
characterization of the time-varying frequency contents of a signal at each time instant
M] The choice of the window function size is a trade-off between good resolution in the
time domain (short window), and good resolution in the frequency domain (large window).

Using a Hamming window of length 512 and 500 overlapping segments, the frequency
contents of the attitude and position signals are analyzed, and the blending of the low
frequency contents of the aiding sensors with the high frequency contents of the inertial
sensor integration is studied. Namely, Figs. [4.14 and [4.15] illustrate the fusion in the

frequency domain of the pendular measurements with the inertial readings, i.e. the yaw
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Table 4.2: GPS outage results.
Time Interval Final Position Drift (m) Average Position Drift (m/s)

370 380] s 2.38 0.238
[480 550] s 1.91 0.027
(615 750] s 15.37 0.114
800 820] s 7.14 0.357

and pitch angles given by the MPS attitude computation and by the rate gyro integration,
and the resulting attitude filter estimate. Also, the position filtering in the frequency
domain is demonstrated in Fig.[4.16, where the frequency contents of the x-axis position
P2 given by the GPS observation and by the accelerometer integration are presented, and
the position filter estimate is depicted. Although a rigorous analysis in the frequency
domain using the spectrogram is precluded by the multirate formulation of the navigation
system, it is possible to verify qualitatively that the sensor measurements are blended using
complementary transfer functions. The low-frequency contents of the aiding observations
presented in Figs.4.14(a)|4.15(a) and |4.16(a) are blended with the high-frequency contents
of the open-loop integration of the inertial measurements, shown in Figs.|4.14(b), 4.15(b),
and ]W(b)‘, producing the attitude and position estimates with the frequency contents
depicted in Figs. 4.14(c), 4.15(c) and 4.16(c), respectively. Qualitatively, it is verified

that the filter estimates are similar to the aiding sensor measurements, smoothed by the

inertial measurement integration. This blending in the frequency domain of the aiding
and inertial sensors data is according to the complementary transfer functions depicted in
Fig.[4.5/and derived in Section [4.3.1.

The experimental results obtained on-board the DELFIMx catamaran validate the
proposed navigation system architecture. The adopted design parameters yield the desired
sensor fusion in the frequency domain, and produce good attitude and position estimation
and rate gyro bias compensation results in the time domain. The attitude and position
estimates were consistent with the trajectory profile, and the navigation system endured
GPS outage, which shows that the proposed complementary filter based architecture is

suitable for the oceanic application under study.

4.4 Conclusions

Complementary filters for attitude and position estimation were proposed, and their stabil-
ity and performance properties were derived theoretically. Using the Euler angles param-
eterization, the attitude filter compensates for rate gyro bias and is stable for trajectories
described by nonsingular configurations. The position filter estimates velocity in body
coordinates and position in Earth frame, and is asymptotically stable. The attitude and
position complementary filters were integrated to produce a complete navigation system,

whose structure can be represented in a simple block diagram and, using steady-state feed-
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Figure 4.14: Spectrograms of the yaw measurements and filter estimate.

back gains, was easily implemented on a low-cost, low-power consumption hardware. The

filter gains are computed using frequency domain design to shape a frequency response

that exploits the low-frequency contents of the aiding sensors and the high-frequency con-

tents of the inertial sensors. Implementation aspects were detailed, namely an attitude

aiding observation based on magnetic and pendular measurements was derived, and the

problem of multiple sampling rates was tackled using optimal results for periodic systems.

The navigation system was validated using experimental data, in tests at sea with the
DELFIMx catamaran. Rate gyro bias was compensated for, and the complementary fre-

quency contents of the aiding and the inertial sensors produced good attitude and position

estimates. Also, the navigation system was shown to yield accurate results and small drift

in the case of GPS outage.
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Chapter 5

Landmark based nonlinear

navigation system

This chapter addresses the problem of nonlinear observer design, for position and attitude
estimation based on landmark readings and velocity measurements. A nonlinear observer
formulated on SE(3) is derived constructively, using a Lyapunov function conveniently
defined by the landmark measurement error. The derived observer yields almost global
asymptotic stability (GAS) of the desired equilibrium point on SE(3), and exponential
convergence of the attitude and position estimates.

The proposed feedback laws are explicit functions of the landmark measurements and
velocity readings, exploiting the sensor information directly in the observer, and providing
for a geometric insight on the properties of the observer. Namely, the necessary and
sufficient landmark configuration for attitude and position determination is discussed, and
the asymptotic convergence of the observer estimates is characterized given the landmark
geometry and the observer design parameters, that can be thus modified to shape the
directionality of the system.

The problem of non-ideal velocity readings is also addressed, and the observer is aug-
mented to compensate for bias in the angular and linear velocity readings. The resulting
position, attitude, and bias estimation errors are shown to converge exponentially fast to
the desired equilibrium points, for bounded initial estimation errors. Simulation results for
trajectories described by time-varying linear and angular velocities, and for distinct initial
conditions on SE(3), are presented to illustrate the stability and convergence properties
of the observer.

The chapter is organized as follows. In Section the position and attitude estima-
tion problem is introduced and the available sensor information is detailed. The attitude
and position observer is derived in Section [5.2l A convenient landmark-based coordi-
nate transformation and Lyapunov function are defined, and the necessary and sufficient
landmark configuration for attitude determination is discussed. The proposed Lyapunov
function is decoupled into independent position and attitude components that are ad-

dressed separately, and almost global stabilizing feedback laws are obtained for attitude

105
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Figure 5.1: Landmark based navigation.

and position estimation. The resulting observer dynamics are expressed as a function of
the sensor readings, and it is shown that the asymptotic convergence of the system tra-
jectories is determined by the landmark geometry, and by the design parameters. The
problem of unknown velocity sensor bias is studied in Section[5.3] The observer dynamics
are extended to dynamically compensate for the bias in the linear and angular velocity
measurements, and stability results are derived. In Section simulation results illus-
trate the observer properties for time-varying linear and angular velocities. Concluding

remarks are presented in Section[5.5.

5.1 Problem formulation

Landmark based navigation, illustrated in Fig. [5.1] can be summarized as the problem
of determining attitude and position of a rigid body using landmark observations and
velocity measurements, given by sensors installed onboard the autonomous platform. The

rigid body kinematics are described by
R=R(w),, ’p=FCv—(w),"p, (5.1)

where R is the shorthand notation for the rotation matrix 4R from body frame {B}
to local frame {L} coordinates, w and Pv are the body angular and linear velocities,

respectively, expressed in {B}, Pp is the position of the rigid body with respect to {L}



5.1. Problem formulation 107

B
expressed in {B}, and Pp denotes the time derivative of Pp, that is dd—tp.
The body angular and linear velocities are measured by a rate gyro sensor triad and a

Doppler sensor, respectively

w, =w, v,=75v (5.2)
The landmark measurements, denoted as q; and illustrated in Fig. are obtained by
on-board sensors that are able to track terrain characteristics, such as CCD cameras or

ladars,

= R'Ex; — Pp, (5.3)

L

where “x; represent the coordinates of landmark ¢ in the local frame {L}. The concate-

nation of is expressed in matrix form as
Q = R/X - Bp]-'/n>

where Q = [ql qn], X = [Lxl an}, Q,X € M(3,n). Without loss of
generality, the origin of the local frame is defined at the landmarks centroid, as depicted
in Fig. bearing

n

> Ixi =X1, =0. (5.4)
=1

The proposed observer reproduces the rigid body kinematics (5.1), taking the form
R=R(W),, Pp=5v— (), "p, (5.5)

where @ and P¥ are the feedback terms constructed to compensate for the attitude and
position estimation errors.

The position and attitude errors are defined as #p := Pp — Pp and R = RR/ ,
respectively. The Euler angle-axis parameterization of the rotation error matrix R is
described by the rotation vector ¢ € S(2) and by the rotation angle ¢ € {0 W}, yielding
the DCM formulation [107]

R = r0t(p, §) := cos(p)I +sin() (@) + (1 — cos(p))p¢'. (5.6)

While the observer results are formulated directly in the SE(3) manifold, the rotation
angle ¢ is adopted to characterize some of the convergence properties of the observer.
The attitude and position error dynamics are a function of the linear and angular
velocity estimates and given by
R

"p

R(R(@—w)),, (5.72)
Py =Pv) = (), "+ (D), (@ —w). (5.7b)

The attitude and position feedback laws are obtained by defining & and Z+v as a function of
the velocity readings (5.2) and landmark observations (5.3), so that the closed loop position
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and attitude estimation errors converge asymptotically to the origin, i.e. R—-LEp—0
as t — oo.

The observer for the case of unbiased velocity measurements is presented first to mo-
tivate the derivation of the attitude and position feedback laws, and expose topological
limitations to global stabilization. The cases of biased linear and angular velocity mea-

surements are considered in the ensuing.

5.2 Observer synthesis with ideal velocity measurements

In this section, the attitude and position feedback laws are derived for the case of ideal
angular and linear velocity measurements, expressed in . It is shown that the pro-
posed Lyapunov function is a linear combination of two independent position and attitude
Lyapunov functions, which allows for the separate derivation of the position and attitude
feedback laws. The closed loop system is demonstrated to have an almost GAS equilib-
rium point at R = I, Bp = 0, and the trajectories are shown to converge exponentially
fast to the origin.

Some relevant characteristics of the observer are pointed out. It is shown that the
position and attitude feedback laws can be expressed as an explicit function of the sen-
sor readings, allowing for the observer implementation in practice. Also, the asymptotic
behavior of the attitude observer trajectories are studied in the Euler angle-axis represen-
tation, characterizing the directionality of the observer estimates given the directionality

of the design feedback law.

5.2.1 Synthesis Lyapunov function properties

The observer is derived resorting to Lyapunov’s stability theory. To exploit the landmark
readings information, vector and position measurements are constructed from a linear

combination of (5.3), producing respectively

n—1 n
1
Buj = Z aij(qurl - qi), Bun = n ZqZ‘a (5.8)
i=1 i=1
where 7 =1,...,n — 1. The transformation (5.8) can be expressed in matrix form as
PUx = QDxAx =R'Uyx, "u,=Qd,="p, (5.9)

where the matrices Ax € M(n—1), BUx, Uy € M(3,n—1), Dx € M(n,n — 1) are given
by

B _ | B B o O1xn—1 _ Infl
UX = u; ... un_1:| y DX = |: I, ] [01><n71 s
1

Ax =la;], Ux=XDxAx, dy=-—1,
and the fact that p1,Dy = 0 == QDx = R'XDy and that mplics that Xd, —

0= Qd, = Bp, were used. The linear transformation Ax is considered invertible by

construction.
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An estimate of the landmarks coordinates in body frame can be obtained using the

observer estimates R and p, yielding

(ii = ﬁ/in - BIA)a
where q; denotes the coordinate estimate of landmark 7, and the coordinates of the land-

marks in the local frame ~

(5.9) are described by

x; are known. The estimates of the transformed landmarks

BUx =R'Ux, Pa,="p, (5.10)
where the columns of BU x and Uy are denoted as Z1; and “u;, respectively, i.e. U X =
[Bﬁ1 Bﬁn,l} Cand Uy = [Lul o Lun,l].

The candidate Lyapunov function is defined by the estimation error of the transformed

vectors
1 n
V= 22;||Bﬁi—3ui\|2, (5.11)
1=

that can be described as a linear combination of distinct position and attitude components,

as presented next.

Proposition 5.1. The Lyapunov function (5.11) is characterized by distinct attitude and

position components V = Vg + V,,. The attitude component is given by
1 n—1
Ve =15 > 1P a; = Puf? = tr |(T - R)Ux Uk
i=1

= LT RIP@Pé = (1 - cos(0) 9P, (512)
where
P = tr(UxU%)I - UxUl, (5.13)
and the position component is given by
V= 1P Pu? = 159, (5.14)
Proof. The decoupling is obtained by straightforward algebraic manipulation of (5.11),

1n—1 X 1 X
V= g = Pl 51— Pl = Ve 1y

The alternative formulations for the attitude component of the Lyapunov function, ex-

pressed in (5.12), are obtained using the properties of the trace, presented Appendix [A]

producing
1 n—1 1 n—1
Vr =73 > 1P a; - Pu|? = 5 S IR =Ry |?
i=1 i=1
1 n—1

= ZH(I - R uilf* = %tr [(I - R)I - fz)’UXU’X} :
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Applying the properties of the rotation matrix and the DCM expansion (5.6) yields

Vi = tr [ (I — R)UXU’X} = tr [(1 — cos(9))(I — ¢¢)Ux U]
= (1 = cos(p)) ¢ (tr(Ux Uy )T = UxUly ) = (1 — cos(¢))p'Pp.
O

The derivation of the Lyapunov function along the system trajectories is characterized

in the following statement.

Lemma 5.2. The time derivatives of proposed Lyapunov functions (5.12) and (5.14) are

respectively given by

Ve = (UxUYR - 7%’UXU’X)'® R(@ — w) = ¢'PQ(p, ) R(@ — w), (5.15a)

V, =25/ (("p), (@ —w) + (Pv = Pv)), (5.15b)
where Q(p, ) = sin(p)I + (1 - cos()) (),
Proof. Deriving the Lyapunov function with respect to time and using (5.7b) yields

V, = Pp'Pp = Pp'(Pv — Pv) = Pp' (), Pp + PP (PB), (@ —w)
=55 ((%p), (@ - w) + (Fv = Fv)).
Deriving the Lyapunov function (5.12) with respect to time and using (5.7a) yields
Ve = — tr(RUxU) = — tr(R(@ — w)), UxUYR). (5.16)

Using the properties of the trace, presented in Appendix (A, produces

. 1 > >
Vg =~ r((R(@ - w)), (UxUR - R'UxUk))

_ (UXU’sz - 7%’UXU’X);§ R(& — w),
which yields the first formulation expressed in (5.15a)). Define the auxiliary quantities
a=R(&—w)and W =UxUy. Using R =1+ Q(¢,®) (¢),, Qlp, d)p = ¢sin(p) and
the properties of the trace in (5.16), bears
Vr = —tr((a), W(I+Q(p,9) (9),)) = — tr((d) (), WQ(p, b))

= —tr((ag’ — a'pI)WQ(p, ¢)) = —¢'WQ(¢p, p)a + tr(W)a'dsin(y)

= —¢'WQ(p,p)a+ tr(W)a'Q(p, ¢)¢ = ¢/ (tr(W) — W)Q(p, p)a

= ¢'PQ(p, p)a=¢'PQ(p,p)R(w — w),
which concludes the proof. O

The Lyapunov function (5.11), based on the estimation error of the transformed land-
mark measurements, is adopted to derive a feedback law @ and Pv that stabilizes the
attitude and position errors. The decoupling property of the Lyapunov function allows for
the attitude and position estimation problems to be addressed separately. The feedback
law for the attitude kinematics (5.7a) is derived using the Lyapunov function Vz, while
the feedback law for the position kinematics (5.7b) relies on V,.
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5.2.2 Attitude feedback law

The attitude feedback law, derived in this section, exploits angular velocity sensors and
landmark measurements. While velocity sensors allow for the propagation of attitude
in time, attitude with respect to a reference frame is observed only by means of the
landmark measurements. The geometric placement of the landmarks is required to satisfy

the following assumption.

Assumption 5.1 (Landmark Configuration). The landmarks are not all collinear, that
is, rank(X) > 2.

Assumption formulates the necessary and sufficient landmark configuration under
which zero observation error is equivalent to correct attitude estimation, i.e. V;—1. 1 ||B u;—
By =0 < R = I. This is shown in the following proposition, using the fact that the

Lyapunov function Vi expresses the landmark measurement error.

Lemma 5.3. The Lyapunov function Vg, expressed in , has a unique global mini-
mum (at R =1) if and only if Assumption|5.1 is verified.

Proof. From (5.12), the zeros of Vi are ¢ = 0 or ¢ € N(P). To show that P > 0 if
and only if rank(X) > 2, denote the singular value decomposition of Ux as Ux = USV’,
where U € O(3), V € O(n), the off-diagonal elements of S € M(3,n) are zero (V;;s;; = 0)
and the diagonal elements are the singular values of Uy, i.e. s; = 0;(Ux), i € {1,2,3}.
Then

P = tr(UxU%)I — UxU% = tr(SHI — US?U’

. 2 2 2 2 2 2 \r1
= U diag (s55 + 533, 511 + 533,511 + 522)U

and hence P > 0 if and only if s92,833 # 0, i.e. rank(Ux) > 2. Given that Ax and
[D X ln] are nonsingular, the equality

rank(Ux) = rank ([UX OgD = rank (X [DX 14 [(;/}X 0n1—1]> = rank(X),

n—1

completes the proof. ]

It is instructive to analyze why a landmark configuration given by rank(X) =1 is not
sufficient to determine the attitude of the rigid body. If all x; are collinear, then all

L Bu;, i.e. the estimated

u; are collinear and any R = rot(y, u;/||Fu;|) satisfies Ba; =

and observed landmarks are identical for some R =# R. This is related to the well known

fact that a single vector observation (such as the Earth’s magnetic field) yields attitude
140

].

Given the Lyapunov function derivatives along the system trajectories , consider

information except for the rotation about the vector itself @,

the following feedback law,

W =w,; — kySu, (5.17)
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where the feedback term is given by
%ZR(Uﬂ&ﬁ—ﬁﬁkWQ — R'Q'(¢, )P, (5.18)
®

and k, is a positive scalar. The attitude feedback yields the autonomous attitude error

dynamics
R = k,R(UxUyR — R'UxU), (5.19)
and a negative semidefinite derivative for Vg given by
VR = —kws;sw <0.

It is immediate that the attitude feedback law produces a Lyapunov function that decreases
along the system trajectories and, by LaSalle’s invariance principle, guarantees global

convergence to the largest invariant set contained in the set defined by Vg = 0.

Lemma 5.4. Under Assumption!5.1, the set of points where Ve =0 is given by

Cvi, = {R €50(3): R =1V R =rot(r, ¢ € cigvec(P))}
={(p,®) €Dy : 9o =0V (p =, ¢ € eigvec(P))},

where Dy = [0 71} x S(2).

Proof. The points where Vi = 0 are given by s, = 0 < Q/(¢,»)P¢d = 0 and, therefore,
satisfy P € N(Q'(p, @)), which is equivalent to

Q'(p, )P =0 < sin(p)Pd — (1 — cos(p)) (¢), Pp = 0.

Since, for any x € R3, x and (¢),, x are noncollinear, Q'(p, )P¢ = 0 if and only if p = 0
or ¢ = w. For the ¢ = 7 case, the cross product of two vectors is null if and only if they
are collinear, (¢), P¢ =0 < 3,Pop =a¢,so Vg =0ifand only if g =0V (p =1 A €
eigvec(P)). O

The open loop dynamics of the Euler angle-axis representation ] are given by

pmoR@-w). b= (11 (9), ) (0), R@ - w)

The closed loop dynamics are straightforward from (5.17)

p = —kysin(p)p'Po, (5.20a)

where the dynamics of ¢ are autonomous.
The closed loop dynamics (5.20) show that Cy;, is invariant and, from LaSalle’s invari-
ance principle, the attitude error converges to the set Cy;,. The equilibrium points ¢ = 7

illustrate the topological obstacles to global stabilization of the system (5.7a), arising from
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the limitations of continuous state feedback on manifolds. As discussed in m, H, @], the
region of attraction of a stable equilibrium point is homeomorphic to some Euclidean vec-
tor space, which precludes global stabilization in SO(3) given that it is not diffeomorphic
to an Euclidean vector space.

However, convergence for almost all initial conditions can be obtained, bearing that
any trajectory emanating from outside a set of zero measure is attracted to the origin. In
the present case, the set ¢ = 7 has zero measure, and the convergence of the trajectories
emanating outside this set, i.e. ¢(ty) < 7 can be studied. To show that the trajectories
of the closed loop converge to the origin R =1 for any initial condition outside a zero
measure set, the notion of global stability is relaxed by introducing the definitions of region
of attraction and almost global stability E, @, 125].

Definition 5.1 (Region of Attraction M]) Consider the autonomous system x = f(x)
evolving on a smooth manifold M, where x € M and f: M — T M is a locally Lipschitz
manifold map. Suppose that x = x* is an asymptotically stable equilibrium point of the

system. The region of attraction of x* is defined as
Ray={xo € M:¢(t,xg) — x"as t — oo},
where ¢(t,%() denotes the solution of the system with initial condition x = xg.

Definition 5.2 (Almost GAS H, %]) Consider the autonomous system x = f(x) evolving
on a smooth manifold M, where x € M and f : M — T M is a locally Lipschitz manifold
map. The equilibrium point x = x* is said to be almost globally asymptotically stable if

it stable and M \ R4 is a set of zero measure.

Defining the distance on SO(3) as that inherited by the Euclidean norm M}, d(R1,R2) =
IR1 — R2l|, the following theorem shows that the origin is almost globally asymptotically
stable and that the trajectories converge exponentially fast to the desired equilibrium

point.

Theorem 5.5. The attitude error R = 1 of the closed-loop system (5.19) is an exponen-
tially stable and almost globally asymptotically stable equilibrium point, with the region of

attraction given by

Ra=S03)\{ReS03):|I-R|*=28}
={(p,0) €Dy : p <m}.

For any R(ty) € Ra, the solution of the system (5.19) satisfies
IR() — T < [R(to) — T[|e™ 27— (=), (5.21)

where yg = %(8 — Hﬁ(to) —1||2)o3(P) = ku(1 + cos(ip(tp)))o3(P).
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Proof. Define the Lyapunov function

I-RIIZ 1- : ke
Wi = | . [ CSS(sO)’ Wr = " sn2()9'Po. (5.22)

The set of points where W = 0 is given by
Cw ={R€SO(3): R=1VR =rot(r,p)}.
Since Wx < 0, the set contained in a Lyapunov function surface
Q, = (R €S0(3) : W < p}

is positively invariant ], that is any trajectory starting at ¢o in €2, satisfies R(t) € Q,
for all t > tg, where the dependence on time ¢ is explicitly denoted for the sake of clarity.

Given that Wr < 1 = ¢ < m, the Lyapunov function is strictly decreasing in €, for
any p < 1, which implies that — [1 + cos(¢(t))] < —[1 4 cos(p¢(to))] < 0. Rewriting the

Lyapunov function time derivative yields

= —ko(1 4 cos(p))p'PIW (R(t)) =
W(R(t)) < —kw [1+ cos(i(to))] o3(PYW (R(E)) = —3= W (R(1))

Applying the comparison lemma ﬁi] and Wr = %H?é —TJ|? produces (5.21), which char-
acterizes the trajectories for ¢(tg) < 7.

Given the closed loop dynamics (5.20b), it is straightforward to show that ¢(ty) =
m = ¢ = 0 so the set Cy \ {I}, which corresponds to the boundary of R4, is positively

invariant, and hence Ry is the region of attraction of R = L. O

5.2.3 Position feedback law

The position feedback law is obtained using the methodology adopted for the attitude
feedback law derivation. It is immediate that V), expressed in (5.14), is positive definite,
and that V}, = 0 if and only if Bp = 0. Given the time derivative of the Lyapunov function
(5.15b), the position feedback law for the system (5.7b)) is defined as

By =vi + (wr) — kI)Pp — (Bf)) o (W —wy) (5.23a)
=Pv + (W), — kD)sy + ko (°P) , su, (5.23b)

where the feedback term is
s, =7p, (5.24)

and k, is a positive scalar. The position feedback law produces a closed loop linear time-

invariant system
Pp=—k"p, (5.25)

where the origin is clearly stable.
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Theorem 5.6. The equilibrium point Pp = 0 of the position error dynamics (5.25) is
globally exponentially stable in R3.

Proof. Exponential convergence to the origin is immediate from the solution of the linear
time invariant system (5.25), given by Bp(t) = e ko (t=to) Bp(¢). O

In some applications, it is necessary to estimate the position with respect to the origin

of a specific coordinate frame {E}, described by
"pp ="+ ERtL, (5.26)

where ©t;, represents the coordinates of the origin of {L} with respect to {E}, expressed
in {E}, as illustrated in Fig.5.1. In other applications, it is of interest to estimate ®pg

expressed in Earth frame coordinates
Fpp = ERPp + Pt
The position estimation error of Ppy and “pp are respectively given by
Bpr =Bp+ER'(I-R)P, Ppr=(R-I1ER"p+ERPp. (5.27)

As presented in the following propositions, the estimation errors Zpgr and “pg converge
exponentially fast to the origin. Without loss of generality, it is considered that the
orientations of {E} and {L} are identical (R = ER = LR).

Proposition 5.7. The position estimation error Bpg converges exponentially fast to the

origin, with the bound
1”Bp )] < e ey, (5.28)
where vy = min{2k,, vz} and cpr = ||Pp(to)|| + ||R(to) — I||||FtL]|.
Proof. Using elementary properties of the Euclidean norm yields
1PBell = "B + ER'(I - R")Ptr| < | "Bl + R — I[|"t.|
- Sl (i =
< e M0 Bp(to) | + e R R (t) — I[Pt |
1 N .
< e 27RO (P t0) || + [ R(t0) — TII | Pt el)-

O]

Proposition 5.8. Assume that there exist positive scalars pg and v, such that the position
of the body satisfies

1
IPp(1)]| < ez78U10)p, (5.29)

for some yg < Y. Then, the position estimation error “pg converges exponentially fast

to the origin, with the bound
- 1 -
1Epe)| < e 2vEEltt0)cpp,

where ypr = min{yr — 75,2k} and cpp = |R(to) — 1)llpo + [|"B(to)]].
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Proof. If ||Pp| satisfies (5.29), using (5.27) and the properties of the Euclidean norm
produces
1”pell = (R - DER"p + ERPp| < R —1|||°p| + | "B
< e 2RI | R (1) — Tpp + e+ =10 | Pp (ko) |
< 7B (| R (t) — Tlpo + || B(t0) )-

O]

In many applications, the condition (5.29)) is easily satisfied by choosing a sufficiently
large po and a sufficiently small yg. In particular, if |[®p(¢)| is bounded, define py =
max;>o ||Pp(t)| and small v &~ 0. Although pr = 0 and Ppg = 0 are not exponentially

E . these quantities are bounded by

an exponential decaying function. Interestingly enough, the observer formulation can

stable according to the classical definition

be modified to produce exponential convergence of Ppg. The alternative derivation of
the observer is presented in Appendix [E.1, and, at the cost of a slightly more complex
formulation, yields exponential stability results for the position estimate with respect to
the Earth frame.

5.2.4 Output feedback configuration

The feedback terms formulated in (5.18]) and (5.24) are functions of the nominal attitude
R and position p, which are not available directly from the landmark readings. In this
section, it is shown that the position and attitude feedback laws, and (5.23b) re-
spectively, can be expressed as an explicit function of the velocity measurements (5.2),

landmark readings (5.3), and observer estimates.

Theorem 5.9. The dynamics of the attitude and position observer are explicit functions

of the sensor readings and state estimates. The position and attitude dynamics are given

by
R=R(Ww),, Pp="Cv—(v),"p,
where the feedback terms are given by

B

O =w, —kusu, PV =vi+ (wr)y —kID)sy + ke (PD), su,

and

n

. 1
so = (R'XDyxAxe;) x (QDxAxe;), s,="p+ - > a (5.30)
=1 =

Proof. The formulation for the observer and the feedback terms w and v are presented in
(5.5), (5.17) and (5.23a) respectively. Using the landmark measurement formulation (5.3)

produces

n
:Bls"i'i;qi— p+— Z X'L_*ZBP_ p_*Zsz
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Using the property (5.4) bears s, = Pp, as desired.
Using the properties of the skew and unskew operator, presented in Appendix|A} and

the rotation error definition in the formulation of s, expressed in , yields

s =R/ (UXU’sz - 7%’UXU’X)® - (R’UXU’sz - 7%’UXU’XR)®

— (BU Bty — By BU/) _ By, B — Ba,Bu
< x Ux X Ux) (Z( u; - u; u uz))@

i=1

(L ea >) =3 (P ).

i=1 i=1
Expanding Bu; and P, using (5.9) and (5.10), respectively, produces
Bu;=PUxe; = QDxAxe;, Pa;="Uxe; = R'Uye; = R’ XDxAxe;,

which concludes the proof. ]

5.2.5 Directionality of the observer estimates

The closed loop trajectories of the observer are analyzed in the Euler angle-axis parame-
terization, allowing for the characterization of asymptotic behavior of the solutions of the

system (5.19) given the adopted landmark transformation and the associated matrix P.

Theorem 5.10. The origin of the system (5.20) is asymptotically stable, with region of

attraction described by

Ra={(p,@) €Dr:p <}

The attitude error angle ¢ decreases monotonically.
Let the singular values of P satisfy o1(P) > 02(P) > o3(P), the asymptotic conver-

gence of the Euler axis is described by

lim; . @(t) = sign(nfe(tp))ng, if nsp(ty) #0
limy o0 @(t) € {n1, 02}, ifnbe(ty) =0

where n; is the unit eigenvector of P associated with o;(P).

Proof. The region of attraction of ¢ = 0 is immediate from Theorem [5.5. The Lyapunov
function (5.22) is strictly decreasing in R4, and

Viso W(R(t2)) < W(R(t1)) = ¢(t2) < o(t1),

so ¢(t) converges monotonically to the origin.

The rotation vector dynamics (5.20b) are autonomous. Define the Lyapunov functions

Vi = 1+ sn}o, Vi = snyp (¢'Po — 03(P)), (5.31)



118 Chapter 5. Landmark based nonlinear navigation system

in the domain S(2), where s € {—1,4+1}. From the Schwartz inequality, the Lyapunov
function is positive definite and Vy; = 0 < ¢ = —sng3. Assuming that the eigenvalue has

multiplicity 1, the set of point where V; = 0 is given by
Cyv, = {¢ €S5(2): ¢ = +n3 V ns¢p = 0}.

The Lyapunov time derivatives V, are indefinite in the domain S(2). For each initial
condition ¢(tg) choose s and 0 < 8 < 1 such that sns¢(ty) < f—1 < 0, i.e. Vi(o(to)) < 5.
The level sets

Qs ={b e5(2): Vi(¢) <},

are positively invariant. The unique points where V; = 0 in %, given by ¢ = —sns, are
asymptotically stable.

To analyze the case ny(to) = 0, the property nj¢ = 0 = nj¢ = 0 shows that the set
defined by n4¢ = 0 is positively invariant, and hence ¢(t) € span(ny,ny) for all ¢. Using
Lemma 5.4 implies that ¢(t) — {ni,n2} as t — oo. O

The asymptotic convergence for the specific case J;«;0;(P) = 0;(P) can be obtained
by following the same steps of the proof of Theorem [5.10. In particular, if 3,P = oI, then
the solution of (5.20b) is given by ¢(t) = ¢(to), i.e. every point ¢(t) € S(2) is stable.

Proposition 5.11. If 3;+;0;(P) = 0j(P), the solution to the attitude error vector dy-

namics satisfies

= . (5.32a)

{al(P) = 03(P) lim o0 @(t) = sign(nz@(to))ns, if njd(to) # 0
o2(P) > o3(P) o(t) = p(to) if nyp(to) = 0

{O’l(P) > O'Q(P) N hmtﬂoo ¢(t) = Span(ng,ng), Zf ¢(t0) 7& +n, ’ (532b)
o2(P) = 03(P) (1) = ¢(to), if p(to) = +my
o3(P) = 02(P) = 01(P) = ¢(t) = ¢(lo). (5.32¢)

Proof. The asymptotic convergence (5.32a) is obtained by using the same steps of proof
of Theorem [5.10/ and, from the system dynamics (5.20b) ,

ns¢(tg) = 0 = ¢(ty) € span(ny, ng) = @(ty) € eigvec(P) = é(to) =0.

The asymptotic convergence (5.32b) is obtained by defining the same Lyapunov functions
(5.31). The set of points where V, = 0 is given by

Cv, = {0 € 5(2) : ¢ € span(nz,n3) V n3¢p = 0},

and, defining the positively invariant sets Q% and using LaSalle’s principle, yields ¢ —
span(ng,n3) as t — oo if snhp(ty) < 0, i.e. niep(ty) # 0. Using a similar Lyapunov

functions based on no,

Vi(¢) =1+ sny9,
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and the using the positively invariant sets Q% and LaSalle’s principle, shows that ¢ —
span(ngz,n3) as t — oo if nhe(ty) # 0. Using the kinematics (5.20b), if ¢ € span(ng, n3)
then ¢ = 0 so span(ng, ng) is a positively invariant set. Finally, the initial condition
nh¢(ty) = nse(ty) = 0 is equivalent to ¢(tg) = +ny, which satisfies ¢ = 0 and hence
o(to) = £ny1 = @(t) = P(to). O

The results of Theorem [5.10/ and Proposition [5.11] show that, for almost all initial
conditions, ¢ converges to the direction of the smallest singular value of P. This char-
acterization of the attitude error is of interest in navigation system design, allowing the
system designer to shape the fastest and slowest directions of estimation using the land-

mark coordinate transformation (5.8).

5.3 Observer synthesis with biased velocity readings

In this section, the attitude and position observer is derived for velocity readings corrupted
by unknown sensor bias. The observer architecture is obtained by extending the feedback
laws and the observer kinematics to compensate for the bias in the linear and angular
velocity readings, tackling the effect of sensor bias in the propagation of attitude and
position, and thus allowing for the estimation errors to converge to the origin.

The case of bias in the linear velocity measurements is addressed first, to illustrate
how the position feedback law proposed in Section [5.2]is extended to compensate for the
bias non-ideality. The problem of bias in the linear and angular velocity measurements
is addressed in the ensuing. In this case, the derived attitude and position feedback
laws bear coupled, non-autonomous position and attitude error kinematics. Consequently,
the stability of the resulting attitude and position observer is analyzed using an unique
Lyapunov function, and exponential stability of the origin is obtained using advanced

techniques, based on stability results for parameterized LTVs.

5.3.1 Biased linear velocity readings

In this section, the observer presented in Section 5.2]is extended for the case where the

linear velocity sensor measurement is corrupted by a bias term, that is
Vy = By + by,

where the nominal bias is considered constant, b, = 0. The proposed Lyapunov function
(5.11) is augmented to account for the effect of the velocity bias

T~ . 1- .
Vi, =5 Z;HBW — Byl + §bZvabv,
1=

where b, = BU — b, is the bias compensation error, BU is the estimated bias and Wy, is a

positive definite matrix. The Lyapunov function V3, can be decoupled as Vj,, = Vg + V),
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where Vi and Vg are described as before in (5.12) and (5.15a)), and

Nre_ oo 1~ ~ . 5 . . N ~ *
Vo=5"Dp"p+ b Wby, V,=p(("D), (& —w)+ (P = Fv)) + b, W, by,
Clearly, V}, has an unique global minimum at (Zp, Bv) = (0,0).
The feedback law for the linear velocity is given by compensating the bias of the
velocity reading in and using the feedback term @ defined in (5.17), producing

B _BU

—b,

V=v, + ((wr)x - ka)Bf) - (Bﬁ)x (W —wy)
By + (W) — koD)sy + ko (PP) , su- (5.33)

Using the linear and angular velocity feedback laws (5.33) and (5.17) respectively, the

augmented Lyapunov function dynamics are
Vy =~k 75" + (b, W, — P5)b,.
Noting that f)v = f)v, the bias feedback law is defined as
b, = ko, "D = kb, S0,

and Wy = ﬁI where kp, is a positive scalar. The resulting closed loop dynamics are

autonomous and given by
Pp=-b, — k"D, by=k,"D, (5.34)
and the Lyapunov function dynamics are described by V, = —k,Pp'Zp < 0.

Theorem 5.12. The equilibrium point (Bf),f)v) = (0,0) of the system (5.34) is globally

exponentially stable.
Proof. The set of points where Vp = 0 is given by

Cv, = {(®p,b,) e R* x R?: Bp = 0}.
To show asymptotic stability, we apply LaSalle’s invariance principle ] The closed loop
system (5.34) satisfies Bp € Cy, = Bp =0 = b, =0, so the largest invariant set in Cy,
is {(0,0)}. Exponential stability of the origin is a direct consequence of the solution of

stable linear time-invariant systems [122]. O

The decoupling property of V3, holds in the presence of b,. Consequently, the attitude
observer is identical to that derived in Section 5.2, producing the convergence properties
of Theorem (5.5}



5.3. Observer synthesis with biased velocity readings 121

5.3.2 Biased linear and angular velocity readings

This section presents the derivation of an exponentially stabilizing observer for attitude
and position estimation in the presence of bias in the angular and linear velocity readings,

given by
wy=w+by,, v,=5v+b, (5.35)

where the nominal biases are considered constant, i.e. b, = 0, b, = 0.
The proposed Lyapunov function (5.11) is augmented to account for the effect of the

angular and linear velocity bias

n—1
R N bo 71 T by 11 T
Vb :%p ZHBui - BuiH2 =+ %HBun - BunH2 + %b;bw + 72 b;bv
i=1

i 5 7 ~ Voo 1T Yoo 11
=21 - RIP§PY + 2 Pp)? + L |12 + 2o, |, (5.30)

where f)w = f)w — by, BU = f)v — b, are the bias compensation errors, b,, b, are the
estimated biases, and 7,, ¥p, 75, and 7, are positive scalars.

Under Assumption 5.1l and given the result of Lemma 5.3, the Lyapunov function V,
has an unique global minimum at (? P, R,by,b,) = (0,1,0,0). The stability analysis of
the closed-loop system is based on studying the level sets described by V, < 3, which
are positively invariant. For 3 large enough, the level sets of V} contain multiple critical
points due to the directionality of P, as evidenced in the results of Lemma [5.4. In this
section, the observer using biased velocity readings is designed by shaping P with uniform

directionality, using the transformation A x.

Proposition 5.13. Let H := XDx be full rank, there is a nonsingular Ax € M(n) such
that Ux U’y = 1.

Proof. Take the singular value decomposition of H = USV’ where U € O(3), V € O(n),
S = [diag(81,52,33) 03X(n,3)] € M(3,n), and s; > s9 > s3 > 0 are the singular values
of H. Any A x given by

diag(sflv 5517 8‘3:1> 03><(TL—3)

Vs,
0(n73)><3 B

AX:V[

where B € M(n — 3) is nonsingular and V4 € O(n), produces UxU’y, = HAxA H =
UV, V,U =1. O

Remark 5.1. Given that rank(H) = rank(X), the condition rank(X) = 2 of Assump-
tion [5.1 does not satisfy directly the conditions of Proposition [5.13. In that case, the
observer equations can be rewritten, by taking two linearly independent columns of H,
Lh; and th, an constructing a full rank matrix, H, = |H h; x th}. The cross prod-
uct is commutable with rotation transformations, (R'Fh;) x (R'*h;) = R'(Fh; x Lh;),
hence a modified observer can be derived, without loss of generality, by replacing H with
H,. This procedure is discussed in detail in Appendix [E.2|
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Using the transformation A x defined in Proposition [5.13] the Lyapunov function ex-
pressed in (5.36) is given by

gl 5012 4 2Bz 4 b f Do 1
Vo = 0= RI* + 2B + 52 ol + 5 Do (5.37)

The Lyapunov time derivative is given by

Vo= s, ((PB) , (@ —w) + (F¥ = v) - (), "B
+ Ypsi, (@ — w) + ’ywaLlLaw + fybvf);f)v, (5.38)

where s, and s, are given by (5.18) and (5.24), and by considering the transformation
A x formulated in Proposition that is

Su =R’ (7% - 7%’)@ . so=5p. (5.39)

The feedback laws for the angular and linear velocities are given by rewriting (5.17)
and respectively, with compensation of the velocity sensors bias, producing

A~ ~

w = (w, —by) — kwsSy = (w — by,) — kuSw, (5.40a)
By — v, — by, + <(w - Bw) - m) s, — (?p), (@ — (w, — bu)) (5.40b)
X
=By —b, + ((w — Bw) — kUI> Sy + ko (Bf))X Sw- (5.40c)
X

Using the feedback terms @ and v in (5.38) yields

Vb = _W’pkaSvH2 - ’Yeokw”SwHQ

+ (’Yp (BIS) « Bf) — YpSw T ’)’bwbw)/bw + (’vaf)v - 'Ypsv),Bv-

The bias estimates satisfy Bw = Bw, Bv = Bv, and the bias feedback laws are defined as
}3 — i _ Bx) Bx f) _ T 1
o= (oS % (°P), °pP), by= s, (5.41)

producing the Lyapunov function time derivative
Vi, = —VpkvSySy — VokwS,Sw,

that is negative semi-definite.

The dynamics of the closed-loop estimation errors are described by

Pp=—("p), bu—k,"p — by, (5.42a)
R=—kRR-R)-R (maw) : (5.42b)
X
- Yo 5 5/ Yp (B B
b,= ¥YR(R-R) -2 , 5.42
- ( ). o UPLP (5.42c)
b, = 2 Bp, (5.42d)
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If b, = 0, the system (5.42) reduces to the error dynamics (5.34) with k,, = %’ as
expected. For the general case b, # 0, the system (5.42) becomes nonautonomous, and
the compensation of rate gyro bias couples the attitude and position dynamics.

To analyze the stability of (5.42), define the state x, = (Pp, R, b, f)p) and the domain

Dy, = R? x SO(3) x R3 x R3, the set of points where V, = 0 is given by

Cv, = {xp € Dy : (®°p, b, b,) = (0,0,0),R € Cr},
Cr={Re€SO(3):R=IVR=rot(r,¢ € S(2))}.

As discussed in Section[5.2] global asymptotic stability of the origin is precluded by topo-
logical limitations associated with the estimation error R = rot(m, ¢). In the next propo-
sition, the boundedness of the estimation errors is shown and used to provide sufficient

conditions for excluding convergence to the equilibrium points satisfying R = rot(m, ¢).

Lemma 5.14. The estimation errors (Bf),7~€, b., f)p) are bounded. For any initial condi-

tion such that

Y, [bo (t0)||? + VpHBf)(to)!P + Y [P (t0) ||
V(8 — [T —R(to)?)

the attitude error is bounded by |[I — R(t)||> < cmax < 8 for all t > tq .

<1, (5.43)

Proof. Define the set Q, = {x; € Dy : V}, < p}. The Lyapunov function (5.37) is the
weighted distance of the state to the origin, so 34/|xp||* < aV} and the set €, is compact.
The Lyapunov function decreases along the system trajectories, V;, < 0, so any trajec-
tory starting in €2, will remain in €, and satisfy V(x5(t)) < Vi(x5(t0)). Consequently,
Vesto 1%6(t)||* < aVi(x(tg)) and the state is bounded.

The gain condition (5.43) is equivalent to Vj(x4(t0)) < v,(4 —€) for some ¢ sufficiently
small. Using Vj(x5(t)) < Vi(xp(to)) implies that v,|[T—R(t)[|> < 2Vi(xp(to)) for all t > t,

hence choosing c.x = 8 — 2¢ concludes the proof. L]

Remark 5.2. The formulation of Lemma [5.14 can be expressed as a function of the
rotation error ¢, which is a scalar quantity and hence provide for a more intuitive repre-
sentation of the bounds. The inequality can be rewritten as

Yo, 1bw (£0) I + Yo 1P B (t0) I + 0., | Pus (t0) |12
4%0(1 + cos(e(to)))

<1,

and the bound [|I — 7~€(t)H2 < Cmax < 8 is equivalent to ¢(t) < Ymax < T, where Qpax =

arccos(1 — “max),

Adopting the analysis tools for parameterized LTV systems @], the system (5.42),
in the form %, = f(t,xp)xp, is rewritten as x, = A(\,t)x,. In this formulation, the
parameter A € Dy X R is associated with the initial conditions of the nonlinear system and
the solutions of both systems are identical whenever the initial conditions of both systems

coincide, x4 (t9) = x(tp), and the parameter satisfies A = (¢o, x(t0)).
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The results derived in [93] establish sufficient conditions for exponential stability of
the parameterized LTV system, uniformly in the parameter A (A-UGES). As discussed in
}, A-UGES of the parameterized LTV system implies that the origin of the associated
nonlinear system is exponentially stable, see Appendix [F| for more details. Using these
results, exponential convergence of the estimation errors in the presence of biased velocity

measurements is shown.

Theorem 5.15. Let vy, = Y, and assume that Bp, Pv and w are bounded. For any initial
condition that satisfies (5.43), the position, attitude and bias estimation errors converge

exponentially fast to the stable equilibrium point (°p, R, lN)w,f)v) = (0,1,0,0).

Proof. The stability of (5.42) is obtained ﬁllia change of coordinates, using an attitude
35

representation similar to that proposed in [135]. Let the attitude error vector be given by

(R-R'), J1-R|

q, = H (7%_7%,)@)“ N the closed loop kinematics are described by

Bp=—(®p) b, — k,”p — by, (5.44a)

P - o

Qg = iQ(q)(_wa - 4kwcqu5)7 (5~44b)

- Yo a1~~~ T (B Bx

b, = 4R — 7 , 5.44c
- Q'(a)a, - (°p), P (5.44c)

b, = 2 Bp (5.44d)

Vb

/ ~ .
where Q(@) = GI+ (@), @ = [@) @]+ & = 3/1+6:(R) and ¢, = 2kudd, -
%q’qgw. The~vector q is the well known Euler quaternion representation [107]. Using
||61q||2 = %HT\’, —I)|?, the Lyapunov function in quaternion coordinates is described by
Vi = 47,0laq)1* + F 117Dl + 5= [bo[|* + 3= [[by .

Let x4 := (Bf),qq,bw, b,), x4 € Dy, and D, := R? x B(3) x R3 x R?, define the system
(5.44) in the domain Dy = {x € Dy : V;, < 7,(4 —¢4)}, 0 < g4 < 4. The set D, is given
by the interior of the Lyapunov surface, so it is positively invariant and well defined. The
condition (5.43) implies that the initial condition is contained in the set D, for e, small
enough and, by Lemmal[5.14, the components of the attitude error quaternion are bounded
by [|agl* < fmax and 1G] > 1 — fmax with cpax = 8 — 2¢4.

Let X, = (BPy, Qgxs Pun, Pus), Dy := R3 x R3 x R3 x R3, 7, 1= y,, = 7, and define
the parameterized LTV system

B [ A(t,\)  B(t, A)] X, (5.45)

l=ct,N) 0343
where A € R>g x Dy, the submatrices are described by
—ky1 033
O3x3  —2kuds(t, )Q(@(, )|

B _R'Q'(at.N)
( p)x 2 lvc(tv)\):

Al \) = [

-1 03x3

B(t,)\):[ B(t,mlm 0 ]
Vb 0 87,1
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and the quaternion q(t,\) represents the solution of (5.44) with initial condition A =
(to, PP(t0), 4q(to), bu(to), by(to)). By the boundedness of Pp, the matrices A(t, \), B(t, \)
and C(t,\) are bounded, and the system is well defined , p. 626]. If the parameterized
LTV (5.45) is A-UGES, then the nonlinear system (5.44) is uniformly exponentially stable
in the domain D,, see Appendix|F for details. The parameterized LTV system verifies the
assumptions of E, Theorem 1]:

1) Given the boundedness of p, Bv and w, Bp is bounded, and the elements of B(t, \)

and

OB(t,\) [(Bp) L —IRQ@t ) + R'Q(4(t, A))]
ot ’

03x3 03x3

as well as the corresponding induced Euclidean norm, are bounded for all A € R>q x Dy,
t > to.

2) The positive definite matrices
1 I 1 |2kyy,1
Py =— | O qQuay= L |t 0 ,
Yo | 0 8yl Yo | 0 32G2(t, Nkl
satisfy
P(t, )B'(t,\) = C'(t,A), —Q(t,A) = A'(t, VP(t,A) + P(t, ) A(t, \) + P(t, \),
min(Cp)I < P(t,A) <max(Cp)I, min(Co)I < Q(¢t, \) < max(Co)I,

with Cp = 2 {7, 87} and Cq = =-{32kuYp, 32k (1 — %5%), 2ky )
The system (5.45) is A-UGES if and only if B(¢, \) is A-uniformly persistently exciting

93]. Algebraic manipulation produces

IRQ@Q@R - (Bp)° — (Bp)X]

B(r,\)B'(1,\) = [ (Bp)x ;

and for any y € R?,

1///~ ~ 1 2 I~ \2 ||Y||2 ~ 1|2 2

Y RAY@ADRy = 7 (IVIF = Y'R'ay)") = == (1= aql) = llyles,
where cp = % (1 — Cm%) Therefore

B\ 2 B
cs1 - ("p), - ("p),

(“p), !

Simple but long algebraic manipulations show that the eigenvalues of B(7) are given

by a(B(r)) € {3(1 4+ cg + ||Pp|| £ /(1 + c5+ [|Pp||)? — 4cB), 1, cp}, which are positive
and lower bounded by a positive constant cp, independent of 7, if Pp is bounded, i.e.

I

B(t,\)B'(1,\) > B(7), where B(r) := [

Vramin(B(7)) > c¢p where amin(B(7)) denotes the smallest eigenvalue of B(7). Using
the property B(7) > amin(B(7))I produces B(7,\)B'(7,\) > amin(B(7))I > ¢pI and
persistency of excitation condition is satisfied. Consequently, the parameterized LTV
(5.45) is A-UGES, and the nonlinear system (5.44) is exponentially stable in the domain

D,. 0
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Given v, Yo, M., and 7, , any initial estimation error x;(tg) satisfying (5.43) converges
exponentially fast to the origin. The following corollary establishes that the origin is
uniform exponential stable, i.e. the convergence rate bounds are independent of x,(tp), for

a bounded initial estimation error, which is a reasonable assumption for most applications.

Corollary 5.16. Assume that the initial estimation errors are bounded

1PB(to)ll < o, IT—R(to)||* < co <8, (5.462)
[bus (to)[| < bwo, [yt < buo, (5.46b)

for some Do, co, boo, buo, and let (Vp, Vs Voo Vb,) be such that
Yo, b20 + YL ba + 020 < V(8 — <o), (5.47)

and vy, = Vb, are satisfied. Then the equilibrium point x; = (0,1,0,0) is exponentially
stable, uniformly in the set defined by (5.46).

Remark 5.3. The formulation of Corollary [5.16] can be expressed as a function of the
rotation error ¢, yielding an intuitive representation of the bounds. The attitude inequality
in (5.46a) can be rewritten as p(tp) < ¢o < 7 and the condition (5.47) is given by
Yo, 020 + W08 4+ W,b20 < 47,(1 + cos(g)). The formulation in ¢ evidences that the
exponential stability property derived in Corollary [5.16 is independent of the rotation
error axis ¢. This enables the observer to operate on conditions where an upper bound
po < m for the initial estimation error is known, irrespective of the directionality of the

attitude error.

Convergence rate bounds can be obtained by applying , Theorem 1 and Remark
2], however the obtained values were conservative. The conservativeness of the obtained
bounds can be justified by the sufficiency of the adopted stability analysis tools based on
parameterized LTVs, and, most important, by the fact that the computation of bounds

for the matrix exponential is non-trivial in general [73].

5.3.3 Output feedback configuration

This section shows that the feedback laws can be expressed in terms of the landmark and
velocity readings, and respectively.

Theorem 5.17. The dynamics of the attitude and position observer are explicit functions

of the sensor readings and state estimates, described by

R=R(®),, (5.484)
Bp =Py — (@), Pp, (5.48b)
;s 1 N
b = (50— 7 (°)  50). (5.48¢)
b, = 2s,, (5.48d)
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where v, = Vb, = W, , the feedback terms are given by
W =w, — b, — ks, (5.49a)

BG = v, — by, + ((w ~b,) - m) su+ ko (PD), Sus (5.49b)
and

. 1
Sy = z;(R/XDXAXei) X (QDXAXeZ-), Sy = Bp + E z;ql
1= i=
Proof. The expressions (5.48¢), (5.48d) and (5.49)) are directly obtained from (5.40) and
5.41). The feedback term s, expressed in (5.39) is produced by taking (5.18) with the
transformation A x defined in Proposition Consequently, s, can be written in the
form s, =R/ (U xUYR -~ R'U XU’X> , and following the proof of Theorem/[5.9 produces

®

Sw = Z?:l(f%’XDXAXeZ-) x (QDxAxe;), where Ax is defined such that UxU’y = L
The feedback term s, is obtained by Theorem [5.9 O

5.4 Simulations

In this section, the proposed attitude and position observer properties are illustrated
in simulation. A rigid body oscillating trajectory is considered, to analyze the almost
global stabilization of the position and attitude errors, the exponential convergence of
the estimates, and the directionality brought about by the landmark configuration. The
simulation results are presented for the cases of ideal and of biased velocity readings,
studied in Sections[5.2 and [5.3, respectively.

5.4.1 Ideal velocity readings

As illustrated in Fig.[5.2], the landmarks are placed on the zy plane

o |2
L (5.50)

ia
|

\

[
@
B
>
[N}

I

\

[
wo
B
>
w

I

\

o o W
B

which satisfies the non-collinearity condition expressed in Assumption/5.1. The landmark
coordinate transformation (5.9) is defined by A x = I, and the matrix P defined in (5.13)

and its singular values and eigenvectors are given by

324 0 0 01(P) =468, n; =0 0 1],
P=|0 144 0|, 02(P)=324, mny=1[1 0 0|,
0 0 468] o3P)=144, n3=|0 1 0|.

The feedback gains are given by k, = k., = 1, and the rigid body trajectory is computed

using oscillatory angular and linear rates of 1 Hz, and ideal velocity measurements.



128 Chapter 5. Landmark based nonlinear navigation system
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Figure 5.2: Landmark placement.

The attitude error, shown in Fig. for two different initial conditions, converges
exponentially fast to the equilibrium point R = I, and is below the exponential bound
(5.21). The convergence rate of the exponential bound is defined by the smallest singular
value of P, and provides for a worst-case convergence bound that is more conservative
when o1(P) > 03(P), and tighter when the directionality of P is more uniform. This
is evidenced in Fig. @, where the convergence of the attitude error for a landmark
transformation such that P = I is shown. The actual convergence rate to the origin
is slower for larger initial estimation error ¢(tp), due to the stickiness effect [5] in the
proximity of the anti-stable manifold defined by ¢ = w. A convincing discussion and
illustration of the influence of anti-stable manifolds in the trajectories of the nonlinear

system can be found in @]

The Euler axis trajectories in the hemisphere n¢ > 0, depicted in Fig. [5.4, illus-
trate the directionality of the attitude error discussed in Section [5.2.5. As derived in
Theorem [5.10] the trajectories of the Euler axis converge to the direction of the smallest
singular value of P, that is ¢(t) — ng as ¢t — oo for nj¢ > 0. Fig. 5.4 also shows that
the boundary n4¢ = 0 is an invariant, zero-measure set, and that the trajectories near

ns¢ = 0 converge slower to np, due to the stickiness effect of the set defined by ny¢ = 0.

The position estimation error Zp decreases exponentially, as illustrated in Fig. 5.5
Using ®p and R to compute the position with respect to Earth frame Ppg, with Pt = 13,
produces the estimation error 2pg shown in Fig. that is bounded by an exponentially
decaying term, as expected. Nonetheless, the bound can be inflated by large attitude
errors, as evidenced in (5.28). In that case, the observer can be modified to estimate

directly Ppg, as discussed in Appendix [E.1} producing a tight converge bound.
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Figure 5.3: Attitude estimation error and exponential convergence bounds for diverse landmark

coordinate transformations (ideal velocity readings, ¢(to) = \/Lgl’ ).

Figure 5.4: Euler axis trajectories on S(2).
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m)

Position error (
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Time (s)

Figure 5.5: Error of the position estimate with respect to local and to Earth frames (ideal velocity
readings, ¢(to) = 3mrad, ¢(to) = %13).

5.4.2 Biased velocity readings

The attitude and position observer with biased velocity readings is analyzed using the
landmark configuration (5.50), that satisfies the non-collinearity conditions expressed in
Assumption[5.1]and corresponds to the case of planar landmarks discussed in Remark [5.1]
and Appendix [E.2. The landmark coordinate transformation Ax is designed so that
Ux U’ =1, using the constructive method presented in the proof of Proposition [5.13.
The feedback gains are given by k., = k, = 1, and the values of v,, 7, and -, are com-

puted to satisfy the condition of Corollary for large bounds on the initial estimation
errors, given by

V37
180

Po=2V3m, o= grad, bwo =5 rad/s, byo = V3 x 107 m/s. (5.51)
The adopted values are given by v, = 1, 7, = , and multiple values of 7, are used to
study the convergence of the observer, namely v, € {0.19, 1.89} that bear (1—?, %) €
{(0.53,0.13), (5.29,1.32)}.

!/
The initial attitude and position of the rigid body are R =1, Bp = [1 1 1] m, and

the initial estimation errors are given by

-9 1
27
B= _ _ il
p(tO) - 2 m, @(tO) - 180 rad, ¢(t0) \f 1,
2 1
. 1
by (to) = 187; —1| rad/s, by(ty) = 10"
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Figure 5.6: Estimation errors (b, # 0,b,, = 0).

that are within the bounds (5.51). The rigid body trajectory is computed using oscillatory

angular and linear velocities of 1 Hz.

The estimation error trajectories are depicted in Fig[5.6 for the case where only the lin-

ear velocity measurements are corrupted by bias (f)v #0, b, = 0), studied in Section/5.3.1!
7,

Z,
in Figs.[5.6(a) and 5.6(c). The convergence of the attitude error is independent of the

The position and bias estimates converge faster for larger feedback gain k, = as shown

position and bias errors, as shown in Fig. 5.6(b)L due to the decoupling of the position and
attitude error dynamics, that is verified for the case of biased linear velocity readings, as
described in Section [5.3.1]

The results for the case where both angular and linear velocity readings are biased,
are presented in Fig. The convergence of the estimation error to the origin is faster
for larger feedback gains. The estimation of b,, influences the convergence of the attitude
and position estimates, which is slower than that with by, = 0, as evidenced by comparing
Fig.'5.6 and Fig.[5.7. In other words, the stability of the observer in the presence of biased
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Figure 5.7: Estimation errors (b, # 0,b,, # 0).

velocity readings is obtained at the cost of convergence rate, as expected.

Larger gains introduce faster convergence, yet higher peaks in the bias estimates are

also obtained. These can be justified by analyzing the level sets of the Lyapunov function

Vi, < ¢, that are positively invariant and contain points with small attitude and position
error ||I —R|| = 0, ||p|| = 0, but with large bias error ||by||? + ||by||? ~ %

The Lyapunov function convergence is shown in Fig. 5.8, where the logarithmic scale

is adopted to demonstrate exponentially fast convergence to the origin. Given that V}
provides for an upper bound for the estimation error (p, R, by, E)U), Fig. shows that,

in spite of the peak values attained for (l?)w7 Bv), the norm of the estimation error converges

exponentially fast to (0,1,0,0).
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Figure 5.8: Exponential convergence of V;, (biased linear and angular velocity measurements).

5.5 Conclusions

A nonlinear observer for position and attitude estimation on SE(3) was proposed, using
landmark measurements and non-ideal velocity readings. A Lyapunov function, conve-
niently defined by the landmark measurement error, was adopted to derive the position
and attitude feedback laws. This approach provided for an insight on the necessary and
sufficient landmark configuration for position and attitude estimation, and produced an
output feedback architecture, expressed as a function of the sensor readings and state
estimates.

The case of ideal velocity readings allowed for the decoupling of the position and at-
titude systems, and almost global stability of the origin, with exponential convergence of
the trajectories, was obtained. The asymptotic behavior of the trajectories was also char-
acterized, showing that the attitude error converges to the axis of the smallest eigenvalue
of a matrix defined by the landmark geometry. The stability results were extended for
the case of biased linear velocity readings, where the position and attitude systems where
coupled by the presence of rate gyro bias. Using recently results for parameterized LT Vs,
exponential stabilization of the origin for bounded initial estimation errors was shown.

Simulation results illustrated the convergence properties of the observer for diverse
feedback gains and initial conditions. The theoretical exponential convergence bounds
were shown to be close to the real estimation error. Trajectories emanating from initial
conditions near the anti-stable manifolds showed smaller convergence rate, as expected
from the continuity of the solutions of dynamical systems. In the case of biased linear
and angular velocity readings, exponential convergence to the origin was evidenced. The
effects of time-varying velocities in the solutions of the nonautonomous error dynamics was
negligible. The trade-off between convergence rate and the peak values of the estimates

was justified using the level sets of the Lyapunov function.






Chapter 6

Nonlinear attitude observer using

vector observations

This chapter presents a nonlinear observer for attitude estimation on SO(3), based on
vector observations and biased angular rate measurements. The observer is obtained using
the technique proposed in Chapter |5, that derives the feedback law constructively, using
a Lyapunov function conveniently defined by the measurement error of the aiding sensor.
The resulting attitude feedback law is an explicit function of the vector measurements
and observer estimates, and the stability properties of the attitude observer are similar
to those of the landmark based observer presented in Chapter[5. Namely, almost global
stability with exponential convergence is obtained for ideal velocity measurements, and
exponential stability is shown for biased velocity readings, and initial estimation errors
within a desired region.

The derivation of the attitude observer evidences how the design technique of Chapter[5|
can be used to address the classical problem of attitude estimation using inertial measure-
ments and attitude aiding sensors, such as magnetometers, star trackers and pendulums
M} Also, the attitude observer is used to motivate and illustrate the stability analysis
tools presented in Chapter [7] that yield input-to-state stability with respect to noise in
the angular velocity reading, and almost global stability of a reduced order observer in
the presence of bias.

The chapter is organized as follows. Section [6.1] introduces the vector measurements,
proposes the synthesis Lyapunov function, and the necessary sensor setup for attitude
determination is discussed. In Section[6.2, the attitude observer is derived for the cases of
unbiased and biased angular velocity readings. The feedback law is written as an explicit
function of the sensor readings, exponential convergence of the attitude and bias estima-
tion errors to the origin is demonstrated, and exponential convergence bounds are obtained
using the recent results for parameterized LTVs. The stability results are obtained by con-
sidering convenient design parameters, however a formulation of the attitude observer with
generic design parameters is presented in Appendix |G| In Section[6.3] the convergence of

the estimation errors is illustrated in simulation for distinct initial conditions and feedback

135
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gain values. Section[6.4] presents concluding remarks.

6.1 Synthesis Lyapunov function

The attitude feedback law is derived resorting to the Lyapunov’s stability theory and to
a conveniently defined transformation of the vector observations. This section proposes a
Lyapunov function based on the measurement error of the vector observations, and derives

the necessary and sufficient sensor setup for attitude estimation.

6.1.1 Vector measurements model

The vector observations are a function of the rigid body’s orientation. While vector
observations yield a snapshot attitude estimate for each time instant, inertial sensors
allow for the propagation of the attitude in time. The attitude estimator combines the
inertial measurements with the vector observations, hence exploiting both information
sources. On-board sensors such as magnetometers, star trackers and pendulums, among

others, provide vector observations expressed in body frame coordinates
h,; = Ph; := R'"h,, (6.1)

where ¢ = 1..n is the vector index, n is the number of vector measuring sensors and the
vector representation in the local coordinate frame {L}, denoted by “h;, is known.
Define the linear combination of the sensed vector “h; expressed in the local coordinate

frame, given by

Lllj = Zaij Lhi, j =1.n. (62)
i=1

The vector transformation (6.2) is represented in matrix form by
UH = HAH7

where Uy := [Lul Lun], H:— [Lh1 Lhn}, Uy, H € M(3,n) and Ay =
[a;;] € M(n) is invertible.
The estimated and the nominal representation of Luj in Body frame coordinates, are

respectively denoted by
Bu,- = R’Lui, Bﬁi = 7A€/Lui,
which are represented in matrix form as
BUy =R'Uy, BUyx=RUy,

where BUy := [Bﬁl ... Ba,| and PUy := |Bu; ... Bun],BﬂH,BUHEM(?),n).
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6.1.2 Lyapunov function

The proposed observer estimates the orientation of the rigid body by computing the kine-

matics
72?’ = ﬁ’ (d}) X

where R is the estimated attitude and & is the feedback term constructed to compensate
for the attitude estimation error.

In this chapter, the attitude error is defined as R := R R, which is an alternate error
definition to that proposed in Chapter/5. An interesting insight on the error functions for
invariant systems on Lie-groups can be found in [84]. The attitude error kinematics are a
function of the angular velocity estimates and given by

R=-R(Ro-w)

The attitude feedback law @ is defined as function of the angular velocity readings and

vector observations (6.1), so that the closed loop attitude estimation errors converge to
the origin, i.e., R -1 ast — .

The candidate Lyapunov function is defined by the estimation error of the transformed

vectors
1 — 1
V= 5 21 = P = 170 = U (6.3)

Algebraic manipulation produces the equivalent Lyapunov formulation and time derivative

V= tr [(I - 7%)UHU’H} : (6.4)

V= (7€’UHU3L, - UHU},fe) (R — w). (6.4b)

!/
®
where P = tr(UgU’))I — Uy U/, P € M(3).

The proposed Lyapunov function measures the error of the vector observations. To
guarantee that V' = 0 if and only if the attitude is correctly estimated, i.e. R =1,
the geometric configuration of the measured vectors is required to satisfy the following

assumption.
Assumption 6.1. There are at least two noncollinear vectors “h;, that is, rank(H) > 2.

Lemma 6.1. The Lyapunov function V has a unique global minimum at R = I if and
only if Assumptionl6.1 is verified

ViV >0 if and only if JijVaer : “hy # alh;.

Proof. The result can be obtained by following the proof of Lemma 5.3 where the prop-

erties of a similar Lyapunov function are derived. ]
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To illustrate the necessity of Assumption 6.1, assume that rank(H) = 1, i.e. all “h;
(and ;) are collinear. Any attitude error R represented by an arbitrary rotation p about
the vector ¢ = Fu;/||Fu;|| satisfies V = 0. A detailed insight on the limitations of attitude
estimation using single direction measurements can be found in [88] and references therein.

In the present chapter, the transformation A is designed to shape uniformly the
directionality of the transformed vector observations, and is similar to that adopted for

the landmark observer with biased velocity readings, described in Section

Proposition 6.2. Assume that H is full rank, then there is a nonsingular Ag € M(n)
such that Ug U’ =1.

Proof. See proof of Proposition 5.13. 0

Using the transformation Ay defined in Proposition[6.2, the Lyapunov function (6.4a)
is expressed by
V=SI=RIE V= (R-R) (Ro-w) (6.5)
Note that the conditions of Proposition[6.2/are not satisfied directly by Assumption
As discussed in Appendix for the landmark based observer, in case rank(H) = 2,
the direction orthogonal to the columns of H can be generated from the columns of H,
producing a full rank matrix H, that is used in the observer equations. Taking two
linearly independent columns of H, “h; and th, the augmented matrices are given by
H, — [H L, x th}, Upre = HuA g1, where Ho, Uga € M(3,n + 1), Aga € M(n + 1)
is a nonsingular matrix such that Ug,U’%, = I. Using the fact that the cross product
is commutable with coordinate transformations, (R'Fh;) x (R'Fh;) = R/(*h; x h;), the
representation of the vector measurements in body coordinates is given by BUy, = R'Up,
and B ﬁHa =R Up. The modified observer is obtained by replacing the matrices Ug
and H by Upg, and H,, respectively.

6.2 Observer synthesis

In this section, the feedback law for attitude estimation in the presence of rate gyro bias
is derived using the proposed Lyapunov function.
6.2.1 Unbiased angular velocity measurements

The case of ideal body angular velocity measurements is considered first. The body angular

velocity is measured by a rate gyro sensor triad
w; = w.

Under Assumption and given the Lyapunov function time derivative (6.5)), a feedback

law is proposed to drive the attitude error to zero,

@ = Rw — ks, (6.6)
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where the feedback term is given by
S = (fz’ - 7%) , (6.7)
®

and k., > 0 is a positive scalar. The feedback law w is slightly diverse from that defined
in (5.17), due to reasons that will be more clear in the case of biased velocity readings.

The attitude feedback yields the autonomous closed loop attitude kinematics
R=—kR(R-R), (6.8)
and the closed loop Lyapunov function time derivative is given by
V= ks, = —%ufz R <o,

so it is immediate that the attitude feedback law produces a Lyapunov function that
decreases along the system trajectories.

The system (6.8) is identical to the error dynamics of the landmark based observer,
presented in (5.19), and hence the stability properties can be derived directly using the
results of Section[5.2. Using |[R —R/||? = (8- [T—R||?)|IT—R||?, the set of points where

V =0 is characterized by
Cr={ReSOB):R=1V|I-R|>=8}.

By direct substitution in the closed loop system (6.8)), it is easy to see that R=R =
R =0, i.e. Cg is invariant, and hence convergence to the origin by LaSalle’s invariance
principle is inconclusive. However, the set R = R’ is described by the rotations such that
the angle is ¢ = m, i.e. |R —I|> = 8, and has zero measure. The observer stability
results, obtained by adaptation of the results presented in Section[5.2] establish that the
trajectories emanating from almost everywhere in SO(3) converge exponentially fast to

the origin.

Theorem 6.3. The closed-loop system (6.8) has an exponentially stable point at R =1

For any initial condition in the region of attraction
R(to) € {R € SO(3) : I - R|? < 8}
the trajectory satisfies
IR(t) =TIl < ke [[R(to) — e~ 2=, (6.9)
where yr = % (8 — ||R(to) — I|*).

Proof. The proof can be obtained from that of Theorem [5.5. In alternative, algebraic
manipulation of the time derivative of the Lyapunov function produces
. k, ~ =~ k - ~ k ~
V=-TIR=R|* = =28~ L= RIIT-R|* = =8 — [T - R|*)V-
The Lyapunov function is decreasing with time, and hence ||I — R(¢)||?> < ||T — R(to)||?,
yielding V < —%(8— IT—R(to)||>)V. Applying (6.5) and the comparison lemma produces
the desired result. O
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The results of Theorem [6.3] are valid for ideal velocity measurements. In the next
section, the observer is extended to compensate for bias in the velocity measurements.
Also, stability of the observer with unmodeled disturbances in the velocity readings is
shown in Chapter[7, which illustrates the combination of Lyapunov and density functions
proposed later in this thesis.

The directionality introduced by the landmarks is made uniform by the adopted trans-
formation Apg. To see that, denote the Euler angle-axis parameterization of the attitude
error as R = rot(y, ¢). The kinematics of the parameterization are given by

¢ = —2k,sin(p), ¢ =0,
which shows that the directionality of the attitude error is invariant, i.e. @(t) = @(to).
As discussed in Appendix |G a generic Ay can be considered to endow the observer with

faster and slower directions of estimation.

6.2.2 Biased angular velocity measurements

In this section, asymptotic stabilization of the attitude error in the presence of angular
velocity bias is derived and exponential convergence to the origin is obtained. The rate

gyro readings are corrupted by a bias term
wr =w + bwv

where the nominal bias is considered constant, b, = 0. The proposed Lyapunov function
(6.5) is augmented to account for the effect of the rate gyro bias
1

B 2
s 1Pl

1, ~
V= 5IR-1J* +

where b, = b, — by, is the bias compensation error, b,, is the estimated bias and Ky, is a
positive scalar. Under Assumption and by Lemma[6.1] the Lyapunov function V; has
an unique global minimum at (R, b,) = (I,0).

The feedback law for the angular velocity is obtained by compensating the bias of the
angular velocity reading in (6.6), producing

w= 7~€(w + b, — f)w) — kS, = ﬁ(w — Bw) — kosy.
The time derivative of the augmented Lyapunov function is described by

. ~ 1 =
Vi = —kyS,,Sw + bL(Ebw —Su),

that motivates the bias feedback law defined by

w

bw = kbw Sw-
Using b, = b, the time derivative of the Lyapunov function is described by

: kw ~ =
Vo = —kusiso = =R - R'|* <0,
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and the closed loop kinematics are given by

R=—kRMR-R)+R (Bw) . by =k, (7@’ - 7@)@ . (6.10)

X

The set of points where V, = 0 is characterized by
Cy, ={(R,b,) € SOB) xR?*: R=1V|I-R|?=38)

The positively invariant subsets of Cj where |I — R|> = 8 are a consequence of the
topological limitation to global stabilization on SO(3) discussed in Chapter[5| By analyzing
the level sets of V;, the next lemma shows that the attitude and bias estimation errors
are bounded, providing sufficient conditions that exclude convergence to the attitude error
IT—R|J? =s.

Lemma 6.4. The attitude and bias estimation errors, R and be respectively, are bounded.

For any initial condition such that

1o (to)]|?
b > = 97
8 — [T —R(to)|l

(6.11)

the attitude error is bounded by ||[T — R(t)||> < cmax < 8 for all t > to.

Proof. The proof is obtained by reproducing the steps adopted in the demonstration of
Lemmal5.14. Let x := (R, b,), the Lyapunov function Vj, is given by the weighted distance
of the state to the origin, and Vj < 0, s0 ¥yt (T — R(£)]|? + i”f)w(t)]\?) < Vi(x(to)),
and hence the state is bounded. The gain condition (6.11) is equivalent to V4 (x(to)) < 4.
Given that Vj(x(t)) < Vi(x(to)), then 3||I — R(t)||> < Vy(x(ty)) < 4 which concludes the
proof. O

The feedback law w is diverse from that adopted in the landmark based observer, and
produces autonomous error kinematics (6.10). The time-invariance of the dynamics yields
trajectories that are uniform with respect to time, and can be analyzed using stronger
stability results, such as LaSalle’s invariance principle m, ’1—25‘], to attain asymptotic
stability of the origin. Analysis tools based on density functions can be also adopted, to
address almost global stability, and stabilization in the presence of inertial sensor noise,
as shown in Chapter [7.

The time-invariance of the attitude observer error kinematics is obtained at the cost
of an output feedback formulation of @ that is slightly more complex than that of the
landmark observer, presented in Theorem Consequently, the feedback laws @ of
the landmark and vector based observers are both of interest, since the stability of the
observers may be diverse in the practical implementation of the algorithms, while further
theoretical developments may lead to distinct and enriching results.

The stability of the observer is presented in the following result. Asymptotic stability
of the origin is obtained by LaSalle’s invariance principle and Lemma and asymp-
totic stability with exponential convergence is shown by using the stability results for

parameterized LTV systems adopted in Section[5.3.
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Theorem 6.5. For any initial condition that satisfies (6.11), the attitude and bias esti-

mation errors converge exponentially fast to the stable equilibrium point (R, by) = (I,0).

Proof. The proof is identical to that of Theorem|5.15, and presented for the sake of clarity.
Using the quaternion form to describe the attitude error, the closed loop attitude and bias

compensation errors kinematics are described by
* 1 o\ T o~ =
dq = §Q(Q)(bw —4kuQqqs), b = —4k,,Q'(a )dg; (6.12)

where Q(q) := @I + (Qq) - gs = 2k, QyQqGs — %q;f)w, and q = [qg qs}/ is the Euler
quaternion representation of matrix R. Using ||q,||> = 3 HR I||?, the Lyapunov function
in quaternion coordinates is described by Vj = 4/|q,|* + 2,%) by ]|2.

Define the system (6.12) in the domain D, = {(q,, bs) € B(3) x R? : V;, < 4 — ¢,},
0 < &4 < 4. The set D, is given by the interior of the Lyapunov surface, so it is positively
invariant and well defined. The condition (6.11) implies that the initial condition is in

the set D, for e, small enough, and by Lemma (6.4, the components of the attitude error

quaternion are bounded by [|qq|* < “m2x and [|g|* > 1 — x| with cpax = 8 — 2e4.
Define the parameterized LTV system

[gq* _ [A(t’k) B’(M)] [94*]7 (6.13)

—C(t,A)  03x3 | |bux
where (Qgx«, Bw*) € R? x R3, A € R>g x Dy, and the matrices

LQU@( V), C(t,N) = Sk B(t, ),

A(t,A) = =2k, 36 NQ(E(E V), B(tA) = 3

are bounded, so the system is well defined. The quaternion q(¢, \) represents the solution
of (6.12) with initial condition A = (to,qy(t0), bw(to)). If the parameterized LTV system
(6.13) is A-UGES, then the nonlinear system (6.12) is uniformly exponentially stable in
the domain D,. The parameterized LTV system verifies the assumptions of [93, Theorem
1]:

1) The elements of B(t, ) and % = %Q’((Ll(t, A)) are bounded, so there exits bas
such that

P(t,\) =8k, I, Q(t,\) = 32ky ko> (t, \),

max {HB(

)\GRZO XDq, t>0

2) The positive definite matrices

satisfy

P(t, B (t,A) =C'(t,A), —Q(t,A) = A (t, P(t,\) + P(t, \)A(t, \) + P(t, ),
P <Pt A) <pul, ¢ < Q(t,N) < g,
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with pm = py = 8ks,,, @ = qur(1 — =) and qu = 32k, ky,, -
The system (6.13) is A-UGES if and only if B(¢, \) is A-uniformly persistently exciting
(A\-uPE) E

|. For any unit norm vector y

I

1-(y'a0)% _ 1- g
||B/(T,)\)YH2: (yqq) > qu

>
1 =Ty =B

where ¢ = (1—222x). The persistency of excitation condition is satisfied, y’ ftHT B(r,\)B (1, \)dry >

Tcp, the parameterized LTV (6.13) is A-UGES, and the nonlinear system (6.12) is expo-
nentially stable in the domain D,. O

Theorem [5.15 guarantees that the trajectories emanating from the initial conditions in
the set {(R,by) € SO(3) x R3 : - R + ﬁ”‘f)wﬂ2 < 4} converge exponentially fast
to the origin if &, satisfies (6.11). The following corollary establishes sufficient conditions
in kp, for uniform exponential stability, i.e. the exponential convergence rate bounds are

independent of the initial condition x(tp).
Corollary 6.6. Assume that the initial estimation errors are bounded

IT—R(to)|* < co <8, [Ibu(to)ll < bo, (6.14)

2

830 < ky,. Then the origin (R,by) = (I,0)

co

1s exponentially stable, uniformly in the set defined by (6.14).

for some ¢y and Bg, and let ky, be such that

The tools for stability analysis of parameterized LTVs provide for convergence rate
bounds. The computation of bounds for exponential convergence is a non-trivial problem
73], and the bounds obtained for the attitude observer, presented in the following, were

found conservative in practice, but are presented for completeness.

Corollary 6.7. Under the conditions described in Corollary 6.6, the trajectories of the
system (6.10) satisfy

1%(6)]] < Ko, |1 (to) ]|~ 770 =10) vt > ¢,

where

ol
A

R(t) -1 - L
x(t) = (“,bm), by, = tutledn, 3, g, = 2,

5, 2 >2 t”””—<5+ 2 >‘5
41 4v17) 0 M T \4 1)
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and
11 6 7o \3
ani=2ka, by =max{ .2 (16Kw n bmax> . Pm = pur = Sk,
Cm X
Gm = QM (1 - 8a ) , anr = 32kuke, . kar = bar(1+ par + ans + b3, (1 + 2par)),
pM+1 . 1 8 — Cmax
L= , 0<p< . = Tmax s,
¢ i p= {p m 253\4} T 821+ b2,T)

1 ; (c32knr)? b
C39 1= max {pM, 27} , e = c3n + (cuthit)? [4(1—;)) y kb, = Pug —Oco’

xT

~ ~ co 2 1
Puw > 1> bmax = bO <pw1 + 1) ; Cmax — 7(8 + (pw - 1)CO)~
— Co w
Proof. The convergence rate bounds are given by , Theorem 1 and Remark 2], and the
analytical derivation of the constants for the case of the attitude observer is lengthy, but

straightforward. O

6.2.3 Output feedback configuration

In Chapter [5, the landmark based observer was expressed as a function of the sensor
readings and landmark estimates. The attitude observer proposed in this chapter was
derived using the same methodology, and thus it can also be formulated explicitly as a
function of the vector measurements, the non-ideal angular velocity readings, and the

attitude and bias estimates.

Theorem 6.8. The dynamics of the attitude observer are explicit functions of the sensor

readings and state estimates, described by

R=R(@),,

bw = kbwswv

where the feedback terms are given by

& = R'HA LA, (wr - Bw) — kS, (6.15)
Sy = Z(ﬁ/HAHei) X (HTAHei),
i=1
where H, := [th hm] is the concatenation of the vector readings.

Proof. Using 205" U}, = R'UZUYLR = Rin (6.7) yields s, = (PU20Y, — 202U, )
Using BUHBI]'}{ =>", BuiBﬁg and BuiBﬁ; — Bﬁ?ug = ((Bﬁi X Bui))x, bears s, =
Sy (P x Buy) = 30 (PUpe;) x (PUpe;). Applying PUy = R’'HAp and H, =
R’'H produces the desired results. O

o .
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The formulation of @ expressed in (6.15) is diverse from that adopted in Theorem|[5.17]
for the landmark observer. The error dynamics of the attitude observer are autonomous
and can be analyzed using stronger stability results, such as LaSalle’s invariance principle
and density functions, however the formulated landmark based observer is simpler and
may exhibit nice practical properties, such as good sensitivity to noise in the discrete-time
implementation of the algorithm. This illustrates that the same observer can be designed
using distinct feedback laws, and that the choice of a canonical formulation is still an open
question. Recent work in methods to design controllers in Riemannian manifolds can be
found in [28], and the design of observers for invariant systems on Lie-groups is addressed
in , ], yet much is to be studied with respect to stability and performance of observers

in manifolds, as evidenced in ]

6.3 Simulations

In this section, simulation results for the proposed attitude observer are presented. The

directions of the sensed vectors are given by
0

) Lh2 =10},
1

th _

o O =

which are a simple representation of the vectors that are measured in the body coordinates
by a magnetic compass and a pendulum, respectively. Under strong accelerations or
magnetic distortions, other vector measurements such as star trackers or image based
feature detection can be adopted. The matrix H satisfies the non-collinearity condition
of Assumption [6.1, and corresponds to the case discussed in Appendix [E.2. The attitude
feedback gain is given by k., = 2 and the rigid body trajectory is computed using oscillatory
angular rates of 1 Hz.

For the case of biased velocity readings, the feedback gain is k;, = 1. The bounds of
Proposition are defined by

co=4 <1 — Cos (iﬂ')) . by = 51\2?)% rad/s,

that correspond to the maximum rotation error of ¢(tg) = %71’ rad, and to the minimum

gain kp, min = 1.95 X 1072, The initial estimation errors are

1 1
~ o 1
b, (tg) = — | —1| rad/s, tp)) =—= |1
Slio) = o s bt =

1 1
The attitude estimation error, depicted in Fig. |6.1(a) for the case of unbiased angular
rate readings, converges exponentially fast to the origin. As expected, the convergence
bound (6.9) is more conservative as (tg) is closer to the anti-stable manifold defined by

¢ =, for a discussion of the behavior of trajectories near saddle points see [89].
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Figure 6.1: Attitude and bias estimation errors.

The attitude and bias errors converge to the origin, as shown in Figs. 6.1(b)/and |6.1(c)|

The convergence of the attitude error is slower than the convergence obtained for b= 0,
because the observer has to compensate dynamically the large bias errors before esti-
mating attitude accurately. Interestingly enough, the attitude error dynamics (6.10) are
autonomous and, consequently, the estimation results are independent of the trajectory
described by the rigid body.

The peak of the bias estimation error is justified by the level set V; < ¢ containing
points with small attitude error 3||I — R|? ~ 0, but with large bias error ||by]||? ~ 2k_c.
This can be verified by noting that the peak of the bias estimation error in Fig.
occurs for a minimum of the attitude estimation error in Fig. m The convergence
bounds of Corollary are very conservative, 7, = 6.50 x 107 and k;, = 7.50 x 108
with optimized p, and should be subject to further study. However, the estimation error
convergence rate obtained in simulation are encouraging, and suggest that the algorithm
can be implemented in practice.

In Fig. 6.2, the exponential convergence of the Lyapunov function (and of the estima-



6.4. Conclusions 147

_‘kbw :‘50k‘bwmzn‘
10° \ — kpw =Kkpwmin H

="
2
(2] _4
2 10 ¢
10°F
10°F
107¢
107 !
0 1 2 3 4 . 5 6 7 8 9 10
Time (s)
Figure 6.2: Exponential convergence of V;, (¢(to) = 27, b, # 0).

tion error) is illustrated using a logarithmic scale. Large feedback gains kj_ are beneficial
for tackling the estimation errors, and the peak values of b, do not degrade the exponential

convergence of the state (R, by).

6.4 Conclusions

A nonlinear observer for attitude estimation on SO(3) exploiting vector measurements and
biased angular velocity readings was derived. The observer was obtained by the technique
proposed in Chapter [5, that derives the feedback law based on a Lyapunov function,
defined by the measurement error of the aiding sensor. The properties derived for the
landmark based observer were inherited by the vector based observer, namely exponential
convergence of the attitude and bias estimation errors, an output feedback formulation,
and insight on the necessary and sufficient conditions for state estimation.

Interestingly enough, the feedback law is diverse from that obtained with the landmark
observer, which shows that distinct observers can be derived from the same technique. The
criteria for deciding which is the “best” nonlinear observer is still an open question, and
caveats for performance of estimators in manifolds have been identified in the literature
7).

Simulation results depicted the exponential convergence of the estimation errors, and
the effect of the anti-stable manifold in the rate of convergence of the trajectories. The
theoretical convergence rate bounds were tight for the case of ideal velocity measurements,
but conservative for the case of biased velocity sensors. The trajectories of the estimation
error were independent of the rigid body trajectory due to the autonomous estimation
error dynamics.

For the purpose of implementation of the algorithms, it is of interest to study the

stability observer when the sensor measurements are corrupted by noise. In the next
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chapter, the stability of the observer in the presence of inertial sensor noise is studied,

using stability analysis based on the combination of Lyapunov and density functions.



Chapter 7

Combination of Lyapunov and
density functions for stability
analysis with application to a

nonlinear attitude observer

Lyapunov methods and density functions provide dual characterizations of the solutions
of a nonlinear dynamic system. This work exploits the idea of combining both techniques,
to yield stability results that are valid for almost all the solutions of the system. Based
on the combination of Lyapunov and density functions, analysis methods are proposed
for the derivation of almost input-to-state stability, and of almost global stability in non-
linear systems. The techniques are illustrated for the attitude observer based on vector
measurements proposed in the previous chapter, with angular velocity readings corrupted
by non-idealities.

This work is organized as follows. Section [7.1/summarizes the attitude observer, based
on that derived in Chapter 6] and adopted to illustrate the combination of Lyapunov and
density function methods. The derivation of almost ISS for nonlinear systems, using the
combination of Lyapunov and density functions, is discussed in Section[7.2. The approach
is applied to demonstrate the stability of the attitude observer in the presence of inertial
sensor noise. A new result for almost global stability of nonlinear systems is presented in
Section [7.3, and is illustrated for a nonlinear system, that is motivated by the attitude
observer dynamics subject to inertial sensor bias. Concluding remarks are discussed in

Section [7.4.

7.1 Attitude observer

This section briefly describes the attitude observer, adopted to illustrate the analysis

techniques proposed in this chapter. The observer closely resembles to that derived in

149
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Chapter |6, where details on the observer derivation and properties can be found, and is
briefly reviewed in this chapter for the sake of clarity.

The observer estimates the attitude of a rigid body with respect to a fixed inertial
frame, by merging angular velocity measurements, with vectors observations obtained in

body coordinates. The rigid body kinematics are described by
R=R(w) s

where R is the rotation matrix from body frame to the inertial frame coordinates, and w
is the body angular velocity expressed in body coordinates. The body angular velocity is

measured by a rate gyro sensor triad, and the measurement model is
w, = w +dy, (7.1)

where d,, is a measurement disturbance.

The vector observations are a function of the rigid body’s attitude. The vectors coor-
dinates are known and time-invariant in inertial frame, e.g. Earth’s magnetic and gravitic
fields, and measured in body coordinates by on-board sensors such as magnetometers and

pendulums, among others. The vector measurement is expressed by
h,; = h;,

where Ph; = R'Th;, the leading superscripts B and I denote that the vector is expressed
respectively in body and inertial coordinates, ¢ = 1..n is the vector index, and n is the
number of vector measuring sensors.

The vector measurements h,.; are introduced in the observer by means of a conveniently
defined linear coordinate transformation, which is briefly described, for further details see

Section/6.1l The transformed vectors expressed in inertial and body frames are respectively

given by
LUj = Zaij Lhi 54 UH = HAH,
i=1
BUj = Zai]’ hri 54 BUH = HrAH (72)
i=1
where matrix Ay := [a;;] € M(n) is invertible by construction, and Up := [Lul e Lun},
BUy o= [Puy o Pu | Ho= [Py h[ He= b o e U PO HUH €

M(3, n). In this chapter, the transformation A g is defined such that Uy U’; = I, to shape
uniformly the directionality introduced by the vector readings. Also, it is assumed that
there are at least two noncollinear vectors “h;, so that all rotational degrees of freedom
are observable. For more details on the adopted transformation and sensor configuration,
see Section [6.1.2]for a discussion on the present observer characteristics.

The proposed observer estimates the attitude of the rigid body by computing the

kinematics

A A~

R=R(w),, (7.3)
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where R is the estimated attitude and & is the feedback term constructed to compensate
for the attitude estimation error.

The attitude observer estimates the rotation matrix by exploiting the non-ideal angu-
lar velocity measurements (7.1) and the vector observations (7.2)) in the feedback term w.
The combination of Lyapunov and density functions is illustrated, by showing the stabil-
ity of the attitude observer for the cases where d,, is i) an unmodeled, bounded sensor

disturbance, and i) an unknown but constant sensor bias.

7.2 Stability in the presence of unmodeled inputs

This section discusses and formulates the combination of Lyapunov and density function
techniques for the analysis of input-to-state stability, in the presence of unknown inputs.
The proposed method is illustrated by analyzing the stability of the attitude observer, in

the case where the inertial sensor reading is corrupted by a bounded disturbance.

7.2.1 Almost ISS using Lyapunov and density functions

The analysis of input-to-state stability, using the combination of Lyapunov and density

function techniques, is considered for systems in the form

i = f(z,u), (7.4)

where © € M is the state, M is a smooth manifold, and f : M x U — TM, is a locally
Lipschitz manifold map which satisfies f(z,u) € T, M, for all x € M and all u € U C R™.
The notion of ISS is classically defined using comparison functions @] However, the
limitations to global stability on non-Euclidean spaces motivate the relaxation proposed

in [5], formulated as follows.

Definition 7.1 (Almost ISS, H]) The system (7.4) is almost ISS with respect to the
origin, denoted as 0y, if 0y is locally asymptotically stable and

Vu € U Va.a.z(tg) € M limsup |z(t)| < y(||u]so), (7.5)

t—o00

where v is a class K function, |-| is the distance to the origin, and “Va.a.” abbreviates the

quantifier “for almost all”.

Expressed in words, almost ISS is verified when, for each valid input, all initial con-
ditions outside a set of zero measure converge to a neighborhood of the origin, whose
radius grows monotonically with the bound on the input. The density functions frame-
work relaxes the concept of ISS, by considering that a zero measure set of trajectories
can be effectively destabilized by the input, but that almost all trajectories converge to
a neighborhood of the origin. Note that the quantifiers in (7.5) are not commutable in

general, because the set of converging initial conditions is a function of the input u.
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In this work, a method to derive almost ISS is obtained by combining the properties
of Lyapunov and density functions. The adopted methodology has been sketched in ﬁ],
where it is motivated by means of examples, however it seems to have been unnoticed in
subsequent literature. This section provides a contribution to the concept of combining
Lyapunov and density functions, by formulating the technique in explicit mathematical
statements, and characterizing the stability result as the combination of two ISS properties.

These two ISS concepts are introduced in the following.

Definition 7.2 (Local ISS). A system is locally input-to-state stable with respect
to Opr, if 0ps is locally asymptotically stable and there exists r > 0 such that

Vu € U V|z(ty)| < r limsup |z(t)] < v1(||u)lo), (7.6)
t—o0

where 71 is a class K function.

Definition 7.3 (Weakly almost ISS, &]) A system (7.4) is weakly almost ISS with respect
to Oz, if 0y is locally asymptotically stable and

Yu € U Va.a.z(tg) € M litminf lz(t)] < y2(|lu)lco), (7.7)
—00
where 79 is a class K function.

Provided that these ISS properties are verified, the main result of this section shows
that almost ISS is attained.

Lemma 7.1 (Almost ISS). Assume that the system (7.4) is locally ISS and weakly almost
ISS, then, for allu € {u € U : y(||lu|lec) < r}, the system is almost 1SS with v = ;.

Proof. Weakly almost ISS, expressed in (7.7), implies that, by the continuity of the solu-
tions of (7.4), almost every solution satisfies |z(¢)| < 72(||u||s) < 7 for some ¢, thus entering

the region where the trajectories eventually satisfy the lim sup condition expressed in (7.6),
yielding (7.5). O

The proposed ISS analysis technique is based on Lemma/7.1, which shows that almost
ISS can be obtained by combining local ISS with weakly almost ISS, for sufficiently small
inputs. Lyapunov methods can be used to derive local ISS @], while weakly almost ISS
is associated with density functions ]

The stability analysis technique is illustrated in Fig. Lyapunov techniques yield
local ISS based on ultimate boundedness and/or ISS results [78, Theorems 4.18 and 4.19].
As shown in Fig.[7.1(a), Lyapunov methods find a region {z : v1(||ull) < |z(t)] < 7}
where the Lyapunov function V' decreases along the system trajectories (V < 0), and
drives the solutions to set {x : |z(t)| < 71 (||uls0)}, Which is guaranteed to be positively
invariant by appealing to the properties of the Lyapunov function.

However, the behavior of the solutions for |x(¢)| > r is undetermined by the Lyapunov

function analysis, and density functions techniques are adopted to guarantee that almost
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0' t

(a) Local ISS using Lyapunov function analysis: solutions emanating be-
low the bound r converge to the region bounded by 1 (||u]/c)-

| (t)]

[
L

0 t

(b) Weakly almost ISS using density function analysis: the lim inf prop-
erty of almost all solutions satisfies the bound 72 (||u/|oo)-

|z (t)]

0' t

(¢) Almost ISS using Lyapunov and density functions analysis: by the
lim inf property, almost all trajectories enter the region below the bound
r, and converge to the region bounded by 1 (||u||s)-

Figure 7.1: Combination of Lyapunov and density functions for almost ISS of the origin.
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all solutions enter {z : |z(t)| < r} for some time instant. This is obtained by finding a
density function p such that div(pf) > 0 in the region {x : |x(t)| > Y2(||u|loc)}, which yields
weakly almost ISS by @, Theorem 4], reproduced in AppendixH.1l Hence, the trajectories
of the system are endowed with the lim inf characteristic depicted in Fig. @, and enter
the region {z : y1 (||u/|oo) < |z(t)] < r} in finite time, as shown in Fig.|7.1(c)| Consequently,
almost ISS is obtained.

7.2.2 Stability of the nonlinear observer in the presence of inertial sensor

noise

The combination of Lyapunov techniques is illustrated for the nonlinear observer described
in Section[7.1] in the presence of bounded time-varying disturbances in the angular velocity
measurements. The considered set of valid disturbances d,, in is given by U = {d €
R? : ||d||oo < dmax}, and the feedback law & in (7.3) is defined as

. n
R=R(®),, @=RU;Ugw, — k, Y _(R'"u;) x Pu;,

i=1

where k, € RT is the feedback gain, for more details and a motivation see Section 6.2
The resulting stability properties of the attitude observer are formulated by defining the
attitude estimation error R := R'R. The closed loop kinematics of the attitude error are

given by
R=—k,RR-R)—R(dy),. (7.8)

The trajectories of the system satisfy R(t) € SO(3) for all ¢, even in the presence of the
angular velocity disturbance, and hence the kinematics (7.8) are well defined.

Although the origin of the unforced system is almost globally asymptotically stable
(aGAS), as detailed in Theorem|[6.3, generic exogenous disturbances may drive the trajec-
tories of system (7.8) to the unstable equilibrium points of the unforced system. A simple
example illustrates that the system (7.8) does not satisfy classical ISS, by choosing d,, as
the destabilizing feedback law for a given initial condition, as follows. Let R(t, R*) denote

the solution of the system

R=k,R(R-TR)), (7.9)

with an initial condition R(ty) = R*. Given that the origin of the unforced system (7.8
is almost GAS, with region of attraction SO(3) \ A, where

A={ReSO@3):|I-R|? =8},

it is straightforward to show that almost all trajectories of converge to the set A.
Consequently, for the input d,,(t) = —2k, (R(t, R*) — R(t,R*)"), the trajectory R(t, R*)

converges to the set A, and the system is not ISS. However, the selected input is not



7.2. Stability in the presence of unmodeled inputs 155

(a) Balanced noise bound and gain.
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Figure 7.2: Region of convergence as a function of the noise to gain ratio
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necessarily destabilizing for 7@(750) # R*, and hence the example does not preclude the
almost ISS property.

As discussed in Section[7.2.1, the combination of Lyapunov techniques is demonstrated
by using i) Lyapunov methods to attain local ISS, ii) density function techniques to yield
weakly almost ISS, and #i7) Lemma|7.1]to attain almost ISS. The next proposition bears
local ISS by showing uniform ultimate boundedness [78], i.e. the trajectories emanating
from initials conditions in a known neighborhood of the origin converge to a neighborhood

of the origin in finite time, independently of ¢j.

Theorem 7.2. Let k., > dm%, then for any initial condition
7@(750) € {7~2 €S0(3) : |I—- 7~2H2 < 7r(||[dwlleo)}s (7.10a)

where r(d) =4 (1 +4/1— %), there exists T, independent of ty, such that the trajectory
of the system satisfies

R(t) € {R € SOB3) : 1= R|* < 7i(lldullo)}, (7.10b)

forallt >ty + T, where'yl(d):4<1—,/1—%>.

Proof. The proof is based on the derivation of boundedness for nonlinear systems presented
in [78, Theorem 4.18], using Lyapunov methods. The time derivative of the Lyapunov

B2
= % along the system trajectories is given by

. 1R (R-R
V= IR ( (dw)x>.

function V'

2 2

Algebraic manipulation of V' produces

. IT-R?* 1
P S . | B
V < —k, 5 t3
52 (1 5 Idu | >
= kT - R*||( 2T - R?|| - :
-2 (- - 1l
where tr(A’B) < /tr(A’A) tr(B’B) and 2 tr(I-R?) = |[I-R?||> = ||R — R/||? were used.

It is immediate that

IR = R'|l[(dw) |

1de |l
kov2

Using ||T — R2|? = 1 (8 ) - 7”zu2) IT — R produces

=V <0.

1 -
~ T = R?
2|| | >

52
HI R H > Hdeoo ’71(||dw||oo) <V < T(Hdeoo).

=
2 ko2 2 2
Consider the level sets defined by the Lyapunov function

Q= {fz €S0(3): V(R) < 71(”‘12“”‘”)} Q= {fz €S0(3): V(R) < r(”d;’”‘”) }
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then R € {Q; — Q,} implies that V < 0. Hence Q; is a positively invariant set, the
trajectories of the system starting in ), enter Q, in finite time, see , Section 4.8] for a
motivation of the level sets involved, and any solution starting in €2, will remain in the set
since V < 0 in the corresponding boundary. The initial conditions given by (7.10a) satisfy
R(to) € Q; any R € Q, satisfies (7.10b)), which concludes the proof. The gain condition
k., > %mex s required so that {€ — Q,} # 0. O

The results stated in Theorem 7.2 are obtained using Lyapunov stability theory, and
guarantee that any trajectory emanating from (7.10a) converges to a bounded region, as

shown in Fig. 7.1(a)L Fig. portrays the regions (7.10a) and (7.10b) as a function of
lldwlloo
ke

the noise to gain ratio . The region (7.10a) is smaller for large noise/small gain

configuration, as illustrated in Figs. 7.2(a) and 7.2(b), and, conversely, is larger for small

noise/large gain configuration, as illustrated in Figs. |7.2(a) and |7.2(c)!

Following the proposed technique, a density function is adopted to show that almost
all trajectories of the system (7.8) satisfy a lim inf condition, whose bound guarantees that
the solutions enter the set (7.10a)) in finite time.

Theorem 7.3. The system is weakly almost ISS with respect to I. Namely, the

solutions verify

vd,, € UVa.a.R(to) € SO(3)  liminf [T~ R(1)[* < 72(lldw o). (7.11)

where yo(d) = —4—

Proof. The result is obtained by satisfying the conditions of Theorem [H.2 found in Ap-

pendix H.1, with the density function
~ 1

p(R) = m

From the local ISS property obtained in Theorem [7.2] it is immediate that R=1Iisa
locally stable equilibrium point for d,, = 0.

The function f := vec (mé(fz’ ~R) - ﬁ(dw)x) is locally Lipschitz over SO(3) and
C" over SO(3) \ {I}. The density function p(R) is of class C'' over SO(3) \ {I} and, given
that SO(3) is compact, verifies

/ p(R)AR < 400,
SO@N\U

for all open neighborhoods U of 0p;.
The divergence is given by
k ~ 2 /= =N
div =— > (|I-R|I*’+—=(R-R dw>,
0 = g (R 2 (=R
where div(pf) = pdiv(f) + V(p)'f, div(f) = =2k, tr(R) and V(p) = 2tr(I - R) 3 vec(I),

more details on the computations of divergence and integrals in SO(3) can be found in
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Appendix H.3 and in M] To attain the “density propagation inequality” (H.1) expressed
in Appendix[H.1] i.e.

Vd, € U YR € SO(3) |1 —R|? > y(|ds|) = div(pf) > Q(R),
where Va.a.R € SO(3) Q(R) > 0, the sufficient condition
~ 2 ~ ~ N/
2 /
- Z(R- >
=R+ - (R R)@dw >¢ €0,

is analyzed, such that is verified with Q(R) =
The inequality is satisfied if

||d. R—-TR
]
®

ke 7@)5 > 0 for almost all R € SO(3).

tr3 (I

. d, .
o - R)? > valSelyr -z

5|12 8| 5= 1

SI-R —— = ([|dy ).
1+ || e 2

Since vz (u) is a class K function (72(0) = 0 and dW( ) > 0), the conditions of Theorem/H.2]

are verified with

- _ kw
Vd, € UVYR € SO3) I - R|> > 1(||ds|)) = div(pf) > ﬁg for some & > 0,
producing the desired result (7.11). O

Using the result expressed in Lemma [7.1, almost ISS is obtained from the local ISS
property derived in Theorem [7.2, and the weakly almost ISS analyzed in Theorem [7.3]

Theorem 7.4. Let k, > \r;‘i". Then, the trajectories of the system (7.8) satisfy

vd, € UVa.a.R(ty) € SO(3) limsup||T — R(t)||* < v([dwlo0), (7.12)

t—o00

where y(d) = y1(d) = 4 (1 —4/1- %), i.e. the attitude observer is almost 1SS with

respect to 1.

Proof. The proof is immediate from Lemma [7.1. However, it is re-derived to illustrate
the combination of Lyapunov and density function techniques for the present attitude
observer. Using the liminf condition (7.11), the trajectories of the system enter the
positively invariant set (7.10a) for some t, if

Y2(lldw o) < r(lldw o),

o ldwlico \? 2
which is equivalent to <<§“’|)2 < 144/1— (%) , that is satisfied for % < /3.
1+ 44$§;551 w w

Consequently, almost all solutions enter the set defined in (7.10a) in finite time, and thus
verify the limsup condition of Theorem (7.2, yielding almost ISS. Ol
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—[[T=R(to)* < [@max) |
— =R >7 dmax) |
---T dmax E

=" "71(dmax)
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Time (s)

Figure 7.3: Simulation results of the attitude observer, illustrating almost ISS. Convergence for
IT=R(t0)||? < 7(dmax) is guaranteed by Lyapunov methods; convergence for [[I—R(t0)||> > r(dmax)
is guaranteed by combining Lyapunov and density functions.

Simulation results of the observer estimation error are depicted in Fig. [7.3l Note
that the exponential convergence for vi(dmax) < ||I — 7~2(t)H2 < 7(dmax) is justified by
the fact that V < —aV in that region, for some a € R*. According to the proposed ISS
derivation technique, based on Lemma/(7.1, almost ISS of the attitude observer, formulated
in (7.12), was obtained by combining the weakly almost ISS property (7.11), given by
density function techniques, with the local ISS property (7.10), derived using Lyapunov

techniques.

7.3 Local stability analysis using density functions

This section derives new results for local stability analysis of equilibrium points other
than the origin, using density functions. By combining the proposed stability results
with LaSalle’s invariance principle, a new tool for global stability analysis of the origin is
obtained. The proposed technique is illustrated for the case of a simple attitude observer

with biased inertial measurements.

7.3.1 Stability using density functions and LaSalle’s invariance principle

The proposed stability analysis results are derived for autonomous nonlinear systems of

the form

= f(x), (7.13)

where f : R™ — R" is smooth, and the associated flow ¢; : R® — R™ is defined by
oi(xo) = x(t, z0), where z(t, zo) denotes the solution of the system at time ¢ with initial
condition zg. In the remainder of this work, it is assumed that ¢; is well defined [175‘,
Chapter 7].
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Assumption 7.1. The flow ¢; is unique, continuous, and exists for all t.

To formulate the stability results in the presence of multiple equilibrium points, some
concepts and results are introduced, for more details the reader is referred to [125]. The
values at time ¢ and at the time interval ¢ € [rg, 7] of the trajectories starting in the set

A, are respectively denoted by

¢i(A) = {z s & = di(wo), 20 € A}, Dpry 7)(A) = {@1(A) : € [70, 7]}

The local inset of x,, is the set of all initial conditions inside a neighborhood W of x,, that

converge to x,, without leaving W, i.e.
Zw(xy) ={x € WV IrVisr|di(z) — x| < € and Visopi(z) € W} (7.14)

The global inset of x,,, denoted as W(z,,), is defined by taking (7.14) with W = R"™.
The following theorem is a new result in density function methodologies, and provides

sufficient conditions to show that an equilibrium point is not stable, given a suitable

density function. This property is of interest to exclude the stability of equilibrium points

other than the origin.

Theorem 7.5. Let 7, € R, and suppose there exists a non-negative p € C*(R™\ {0}, R),
integrable in a neighborhood W of x.,, and with div(pf) > 0 in W. Then, the global inset

of xy has zero measure.

Proof. First, it is shown that the local inset, denoted as Zy with a slight abuse of notation,
has zero measure. By Lemma H.9| presented in Appendix H.2, the local inset Zy is
measurable. Using Lemma [H.1|with D = W produces

0> /¢ . p(a)dz — /Z . p(2)dz = /0 t / ) (div(pf)] (z)dzdr.

Since div(pf) > 0 in W, then ¢(Zw) C Zw C W has zero measure. The flow ¢; is
a diffeomorphism and hence Zy has zero measure, for results on set measure see Ap-
pendix [H.2.

The forward propagation of Zy is Zw itself, ie. Zw = @jgoc)(Zw). Therefore,
P0,00)(Zw) has zero measure, and by the results expressed in Appendix the global

inset, which can be expressed as W(zw) = ¢(—s0,00)(Zw ), has zero measure. O

The combination of the density function results presented in Theorem|[7.5/with LaSalle’s
invariance principle can be used to provide almost global stability of the origin. The tech-
nique is based on using LaSalle’s invariance principle to show that the trajectories approach
a candidate set M in the sense discussed in [78]; and then using the div(pf) > 0 property
for M \ {0}, to show that the set of trajectories converging to M \ {0} is of zero measure,
and hence that the origin is almost globally asymptotically stable.
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Lemma 7.6. Consider the system (7.13). Let V : R™ — R be a continuously differentiable
function such that the level sets {z : V() < ¢} are bounded and V(x) < 0. Let M be the
largest invariant set in {x : V(x) = 0}. Suppose that M is a countable union of isolated

points, and that there is a density function that satisfies the conditions of Theorem|7.5| for
all z, € M\ {0}. Then the origin of (7.13) is almost GAS.

Proof. The conditions on V(x) satisfy LaSalle’s invariance principle B, 125], and hence

guarantee that the trajectories approach M as t — oo, i.e.
VroVeIrsoVist inf |[¢r(zo) — yll <e.
yeM

By the continuity of ¢;(x), choosing ¢ < min, yen||z — y|| shows that each solution of
(7.13) must converge to an isolated point x,, € M. By Theorem (7.5, the condition
div(pf) > 0 for a neighborhood W of every z,, € M \ {0} guarantees that the global
inset of x,, has zero measure. The set of initial conditions that converge to M \ {0},
given by U, e {0y V(2w), is a countable union of zero measured sets and hence has zero
measure. Consequently, almost all solutions converge to the origin, and hence the origin

is almost globally asymptotically stable. O

7.3.2 Stability of the nonlinear observer in the presence of biased inertial
readings

In this section, the proposed stability analysis is illustrated for the attitude observer, in
a case where the disturbance in (7.1) is a constant bias, i.e. d, = 0. Although the ISS
results of Section[7.2]can be applied by considering the bias as an unmodeled disturbance,
the bias dynamics are known. Therefore, the observer dynamics can be augmented to
compensate for this non-ideality, yielding stronger stability properties.

The observer is augmented to estimate the bias, and the feedback laws are defined as

follows

where k,, k,, € Rt are feedback gains, and b, is the rate gyro bias estimate, for more
details on the adopted observer see Section[6.2. The closed loop error kinematics are given
by

R=R [kw(fe’ ~R)+ (bw> X] . by =k, (7%’ - 7%)@, (7.15)

where by, = b, — d, is the bias estimation error. The stability analysis technique is illus-

trated for the case where initial bias and attitude estimation errors exist along the z- ax1s
ie. b(to) = [0 0 bo] bo € R, and Rito) = exp(go (¢0)): #0 € R, ¢ = [0 0 1}
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Figure 7.4: Phase portrait of the reduced order attitude observer. Using the density function
property div(pf) > 0 in a neighborhood of the equilibrium points (¢,b) = (7 + 27k,0), k € Z,

shows that these are unstable.

In this case, the trajectories of (7.15) are characterized by R(t) = exp(p(t) (¢). ),
/!
b(t) = {O 0 b(t)} , and the dynamics can be reduced to

¢ = —sin(p)+b, b= —sin(p), (7.16)

with initial conditions ¢(to) = o, b(to) = bo.

The stability of the second order system (7.16) is analyzed by following the proof
of Lemma [7.6. Namely, using a Lyapunov function and LaSalle’s invariance principle,
an invariant set M is derived. Then, a density function and the results expressed in

Theorem [7.5 are used to show that almost all solutions approach a subset of M as t — cc.

Proposition 7.7. The trajectories of the system (7.16) approach M = {(p,b) : p =
k., k € Z,b =0} as t — oo.

Proof. The result is obtained by considering the Lyapunov function V' = 2(1—cos(¢))+b.
The time derivative is given by V = —2 sin?(p) and hence the result is immediate from

LaSalle’s invariance principle. O

The phase portrait of the system, depicted in Fig.[7.4, suggests that the equilibrium
points in the set £ = {(p,b) : ¢ = 27k + 7,k € Z,b = 0} C M are unstable, and that
almost all trajectories approach M \ E = {(¢,b) : ¢ =27k, k € Z,b =0} as t — oo. This
is demonstrated by combining Proposition[7.7 with the results based on density functions.

Proposition 7.8. Almost all trajectories of the system (7.16) approach the set {(¢,b) :
o =2nk,k€Z,b=0} ast — oc.
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Proof. To exclude the points in the set E, we use the density function p = m.

The divergence is

2(1 — cos(p)) — cos(cp)bz.

div(pf) = (2(1 — cos(ip)) + b?)?

There is a neighborhood of every point in E where p is integrable, and div(pf) > 0.
By Theorem [7.5, the set of initial conditions converging to each point in E has zero
measure. The set F is a countable union of points, and hence the set of initial conditions
that approach E has zero measure. Consequently, almost all the trajectories approach

M\ E. 0

7.4 Conclusions

This work addressed the combination of Lyapunov and density functions, for stability
analysis of nonlinear systems. Almost ISS of the origin was formulated as the combination
of local ISS and weakly almost ISS, that can be derived using the properties of Lyapunov
and density functions, respectively. For the case of autonomous systems, it was shown that
global stability of the origin can be obtained by combining LaSalle’s invariance principle,
with a density function that excludes the stability of undesirable equilibrium points. The
proposed techniques were illustrated for the stability analysis of an attitude observer with

non-ideal angular velocity readings.






Chapter 8

GPS/IMU based nonlinear

navigation system

This chapter proposes a position and attitude nonlinear observer based on an inertial
measurement unit (IMU) and GPS pseudorange readings. The GPS/IMU based nonlin-
ear navigation system is characterized by a cascade composition of attitude and position
observers, where the attitude subsystem is aided by vector measurements, or by multiple
GPS units, which allows for a navigation solution based solely on GPS and IMU data.
Exploiting the sensor measurements directly, the navigation system is formulated on SE(3)
and yields exponential convergence of the position and attitude estimation errors to the
origin. The proposed observer compensates for the bias in the angular velocity sensor
and the clock offset in GPS pseudorange measurements. Nonmodeled disturbances in the
inertial sensors are also considered, and the observer is shown to stabilize the position
and attitude errors with explicit ultimate bounds, in the presence of bounded noise in the
accelerometer and rate gyro measurements. The properties of the navigation system are
illustrated in simulation for a rigid body equipped with low quality inertial sensors, and

describing a challenging trajectory.

The chapter is organized as follows. In Section [8.1, the sensor suite adopted in the
estimation problem is described and Section [8.2! proposes attitude and position observers
based on the GPS, IMU, and vector readings. The stability and convergence properties
of the estimation errors are derived and the observer equations are expressed as explicit
functions of the sensor measurements. The stability and convergence of the observer
estimates are illustrated in simulation in Section [8.3. Concluding remarks are presented
in Section [8.4.

165
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8.1 Sensor description

In this section, the sensor suite used in the attitude and position observer is introduced.

The rigid body kinematics are described by
R=R(w),, Fp="Fv, Fv="Fa

where R is the shorthand notation for the rotation matrix R from body frame {B} to
Earth frame {E} coordinates, w is the body angular velocity expressed in {B}, ¥p, £v
and Fa are the position, velocity and acceleration of the rigid body with respect to {F}
expressed in {£}, respectively, and (s), is the skew symmetric matrix defined by the
vector s € R3 such that (s), b=sxb, b € R3.

The inertial sensors measure the angular velocity and specific force of the body, which
allows for the propagation of the attitude and position in time. The body angular velocity

is measured by a rate gyro sensor triad, corrupted by a bias term
w; = w + by, (8.1)

where the nominal bias is considered constant, b, = 0. The triaxial accelerometer mea-
sures the specific force, which is the difference between the inertial and the gravitic acceler-
ations of the rigid body ], Ba and Bg respectively, expressed in body frame coordinates,

bearing

a,=Pa-"F g.
As illustrated in Fig. the GPS pseudoranges measurements are given by the dis-
tance from the GPS satellites to the receiver and a distance offset due to the clock bias

M}, yielding
pij = ;= Ppsill + by, (8.2)

where ¥ p; and Epg; are the positions of the receiver j and satellite i expressed in {E},
the total number of GPS satellites and receivers are represented by s and r, respectively,
j = l.rand i = 1.5, and b, is the range bias due to the offset between the receiver
and satellite’s clocks. In the communication process, the satellite coordinates “pg; are
transmitted to the receiver. Without loss of generality, receiver 1 is considered to be at
the origin of the body frame, i.e. “p = £p;.

The objective of the present work is to exploit the information provided by the sensors,
by deriving a position and attitude observer that combines the inertial measurements with

the pseudorange readings and, if available, with the vector observations.

8.2 Observer architecture

As depicted in Fig. [8.2, the proposed observer is described by a cascaded composition,

where the attitude observer estimates are fed into the position observer to rotate the



8.2. Observer architecture 167

m

(b) Position of the GPS satellites (“ps,), GPS receivers (®p;), and rigid
body (“p).

Figure 8.1: Navigation system configuration.
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Figure 8.2: Cascaded position and attitude observer.

specific force readings to Farth frame. In this section the attitude and the position ob-
servers are detailed, and the associated properties are derived. Namely, the exponential
convergence of the attitude and position estimation errors to the origin is evidenced, and
it is shown that the attitude and position observer equations can be expressed as explicit

functions of the IMU and GPS pseudorange measurements.

8.2.1 Attitude observer

The attitude observer considered in this section estimates the rotation matrix by exploit-
ing the angular velocity measurements (8.1), and i) the pseudorange measurements (8.2)
provided by multiple GPS receivers installed onboard the vehicle, or ii) vector observa-
tions. The latter is detailed in Chapter 6, where further insight on the observer derivation
and stability properties can be found, and can be integrated directly in the architecture
shown in Fig.[8.2

The GPS based attitude observer is an alternative to vector based techniques for
scenarios where these sensors measurements are corrupted, distorted or unavailable. For
example, pendular readings are corrupted by external accelerations, including constant
centripetal acceleration of helicoidal trimming trajectories, and magnetometers readings
are distorted by electromagnetic interference, either created by other onboard devices
or externally by nonmodeled sources. The attitude observer integrated in the cascade
depicted in Fig. allows for attitude and position estimation using only GPS and IMU
measurements.

The architecture of the GPS based attitude observer is similar to that of the vector
based attitude observer. The positions of two GPS receivers in body coordinates, ®p; and

Bp,, are subtracted to define the vector

Bx;:=Ppi1 — Pp, (8.3)

which is known in body frame coordinates. Applying this operation to all the receivers
produces X := [Bx; Bxy ... er_l} € M(3,r — 1), that is illustrated in Fig.[8.3.
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Figure 8.3: Body fixed vectors, defined by the position of the GPS receivers.

The attitude observer based on GPS units is dual to the attitude observer based on
vector measurements in the sense that: in the latter, the vectors are measured in body
frame and are known and constant in Earth frame; in the former observer, the vector
quantities are known and constant in body frame, and can be measured in Earth frame
using the position provided by the GPS units. Consequently, the attitude observer based
on GPS units can be derived directly using the results presented in Chapter [6.

To derive the observer, define the linear combination of the body vectors as

r—1
By]' = Eaij BXZ' < Yy = XA)(, (84)
i=1
where A x := [a;;] € M(r—1) is invertible by construction and Y x := [Byl . Byr,l] €

M(3,7 — 1). The nominal and the estimated coordinates of the transformed body vectors

in Earth frame are respectively given by
EYX = RY)(, EYX = ﬁYX

Some rotational degrees of freedom are unobservable if the vectors (8.3)) are all collinear,

as discussed in Section|6.1} and the following necessary condition is assumed.
Assumption 8.1. There are at least two noncollinear vectors Px;.

Note that the condition of Assumption[8.1 is satisfied using at least three noncollinear
GPS receivers, depicted in Fig.[8.3. The transformation A x is defined such that Y x Y’y =
I, to shape uniformly the directionality introduced by the vector readings. The desired
A x exists if Assumption [8.1 is satisfied, as discussed in the derivation of the attitude
observer based on vector observations, found in Section[6.1]

The attitude observer is derived using a synthesis Lyapunov based on the measurement

error of the vectors Px, given by
1 n
V=3 Z;HBf(i = Pxil?,
1=

that is similar to the Lyapunov function defined in (6.3), but given by a vector measure-

ment error computed in body coordinates. Although the GPS based attitude observer can
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be derived by finding a feedback law such that V < 0, the observer can be directly ob-
tained by considering the duality between the GPS based and the vector based observers.
Taking the observer architecture formulated in Theorem 6.8 the GPS based observer is
given by

R=R(&),, @=REYxY) (wr = Bu) = kuses (8.52)
by = kisur su= 3 (RFYxe) x (Yxey), (8.5b)
=1

where k, ky > 0 are feedback gains. Note that Y x can be seen as the dual of the matrix
Uy adopted in Chapter [6, that are defined, known, and constant in body and Earth
coordinates, respectively.

The observer (8.5) is a function of the sensor measurements and states estimates. The
terms Yy and £Y x are given by the observer estimates and the pseudorange measure-

ments, respectively, as shown in the following proposition.

Proposition 8.1. Assume that the position fix (Fp, b,) satisfying the pseudorange mea-
surements (8.2) for all i = 1..s is unique. The attitude observer dynamics (8.5) are a

function of the sensor measurements and observer estimates, where
PYx == [6(po) ~flpr) - Bolp) —£(p1)] Ax, PV =RXAx,

pj = [plj pm]} is the vector of pseudoranges measured by receiver j, p := py, and

the function f,(p;) is given by
1 _
(p,) = 5(PU'Ws,"U) FU'Wi b,

which encompasses matrices described by the pseudoranges measurements and satellite’s

positions as follows
!/
U= [Pply — PRl e PRl — PPl
Wsj = 4A5j(4Afngsj - 1)71 fgj - I(s—l)x(sfl)’

/
Agj = {PQj Py e Psj T Plj} )

ps; = 1 = (IPps2l® = 1"ps1?)

bg; = :
ng - P%j - (||EI)S5H2 - HEP51||2)
Proof. The formulation for EY y is immediate from (8.4), and Y x is obtained by not-
ing that PYy = |:Ep2 —Ep, ... Fp,— Epl} Ax and using the derivation of f,(p;)
presented in Appendix [I. ]

The stability properties of the observer are obtained directly from Theorem [6.3, for
the case of ideal velocity readings, and Theorem[6.5, for the case of biased angular velocity
measurements. The attitude estimation error adopted to described the stability properties
is given by R := R'R.
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Theorem 8.2 (Unbiased Velocity Measurements). Let b, = 0. Under Assumption 8.1

the closed-loop error kinematics of the attitude observer are given by
R=—kR(R-R. (8.6)
The equilibrium point R = 1 is exponentially stable, with region of attraction given by
Ra={R€S0®3):|I-R|?<8}.
For any initial condition ﬁ(to) € Ry, the emanating trajectory satisfies
IR(#) 1| < [|R(t) — T~ 27 (tt0), (8.7)
where yr = (8 — IR —1||?).

Theorem 8.3 (Biased Velocity Measurements). Let by, # 0. Under Assumption[8.1, the

closed loop dynamics are given by
L:—kzw~~—~’ R (b, l;w:—k R-R') . :
R R(R R)+R< )X, b(R R)@ (8.8)
Let the feedback gain satisfy

G

8 —¢p

kp >

)

where ¢y and BO are the initial estimation errors bounds
IT—R(to)|I*> < co <8, |bu(to)]| < bo. (8.9)

Then the origin (R,by) = (I,0) is exponentially stable, uniformly in the set defined by
(8.9). That is, let xR := R — I,Bw>, there exists cp, v, > 0 independent of xg(to) such
that the trajectories of the system (8.8]) satisfy

/N

xR () < epe™ 20 xp (1) (8.10)

Remark 8.1. An alternative GPS based attitude observer can be formulated, based on
the difference of the satellites’ positions in Earth frame, that is known and given by
Epgi — Fpgj. This quantity can be measured in body coordinates by a set of receivers
by exploiting the following duality: given that a constellation of satellites can be used to
determine the position of a receiver in Earth coordinates, a set of receivers can be used
to compute a satellite position in body coordinates. In this configuration, the vectors
Epgi — Fpgj are known in Earth frame, and are measured in body frame, bearing the
same estimation problem of the vector based attitude observer formulated in Chapter 6
However, the quantities “pgi — Ppgj are time varying due to the motion of the GPS
satellites, and hence the directionality of the observer is time varying. This formulation
requires for a time dependent transformation A g, and thus for accurate satellite position

information, leading to a more complex observer implementation.
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8.2.2 DPosition observer

This section derives the position observer based on the IMU and GPS readings, and on

the attitude observer estimates. The position and velocity estimates are described by

E E

Ep=Fy +s, Pv=Fats,, (8.11)
where s, and s,, are feedback terms, the estimate of the acceleration in Earth coordinates

is given by
Eé = ﬁar + Ega

and the gravity representation in Earth coordinates “g is known. As shown in the block
diagram of Fig. [8.2) the position observer uses the attitude estimate to rotate the ac-
celerometer measurements a, to the Earth frame. Consequently, the attitude estimation
error R will influence the convergence and stability properties of the position observer.
The derivation of the feedback terms s, and s, in (8.11) is motivated by the Lyapunov

function
1 «
V, = =|Ep|* + =2|Fv >
b= 31EBI2 + 219
where £p = £p — Fp and Fv = £¥ — Py are the position and velocity estimation errors,

respectively.

The Lyapunov function time derivative is described by
"/}) =Ep'(Fv + sp) + avE\N/’(ug +sy),
where u, = R(R' — )R/ (Pa — Pg). The feedback terms are defined as
sp = —k, P, s, =k, P, (8.12)
where k,, k, > 0, and choosing o, = é produces

V= —kyll“BI” + -5,

v

which is sign indefinite due to the second term. The term u, is the compensation error
generated by rotating the accelerometer readings to Earth frame using the estimated
attitude. In particular, if u, = 0, then Vp is negative definite and the stability properties of
the position observer can be derived using Lyapunov stability theory. However, for u, # 0,
the convergence properties of the position observer are influenced by the convergence
properties of the attitude observer.

The position and velocity error dynamics are described by

Pp=—kp+"¥, (8.13a)
Ey = —kFPp+u, u,=RMR -I)R'(Fa-Fg) (8.13b)
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which can be modeled as an autonomous system with an input. In this work, the stability
of the position observer is obtained by using input-to-state stability theory [78, @] To
that effect, it is assumed that the following condition for the rigid body acceleration is

verified.

Assumption 8.2. For any v, > 0, there exists ¢, such that the acceleration of the rigid
body satisfies

1Pa(t) — gl < e’ for all t > t,.

The conditions of Assumption [8.2 guarantee that the convergence of the attitude es-

timation error (I — R) dominates the acceleration term (Fa — Fg) in u, as t — oo.

Interestingly enough, unbounded accelerations such as those that grow polynomially with
time satisfy Assumption [8.2, which therefore poses a weak limitation for most practical
applications.

We are now ready to present the stability and convergence properties of the cascaded
attitude and position observers. As before, the properties are derived separately for unbi-

ased and biased angular rate measurements.

Theorem 8.4 (Unbiased Velocity Measurements). Under Assumptions 8.1 and 8.2, the
equilibrium point (R, p,Fv) = (I1,0,0) of the system (8.6,18.13) is exponentially stable

with region of attraction given by
Ra={(R,Ep,Pv) e SE(3) x R?: [T - R|? < 8}.

Proof. The stability and convergence of the position and attitude errors are shown by
analyzing (8.6) and (8.13) as a cascaded system. The position and velocity error dynamics
expressed in (8.13) are rewritten as

x, = Apx, + Bpuy, (8.14)

where

/ kI 1 0
_ |\Exr Eczr1 _ P _
X”_[p V}’ A”_[—m 0]’ BP_H'

To derive the stability and convergence properties of the cascaded system, it is first shown
that the system represented by (8.14) is input-to-state stable (ISS). It is a simple exercise
to verify that A, is Hurwitz and, by the properties of linear systems [78], the system (8.14
is ISS.

The exponential convergence of the state (7~€, Ep, E{r) is obtained by the bounds on
the solution of (8.14) and the exponential convergence of uy. The derivation is presented

here for the sake of clarity and to provide for explicit convergence bounds. Using

lugll < [R(R' = DIR'(Pa — Fg)|| = IR — I[[[|¥a — “gll, (8.15)
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the exponential convergence of the attitude observer error (8.7), and Assumption 8.2, an

exponential bound for the input is obtained
g (£)]] < cqe™ R (1) — 1], (8.16)

where v, = yg — 74. Choosing 7, small enough, the exponential rate satisfies 7. > 0.
Therefore |lug|| — 0 and, by the ISS property of (8.13), ||¥p|| — 0 and ||®¥|| — 0 as
t — oo.

To see that the origin of the system (8.6}/8.13), is in fact exponentially stable, the results
derived in Appendix|J are adopted. Define the attitude, position and velocity estimation
error state as xy := (7@ -1, Xp> = (7~€ —1,Ep, B¥). If the acceleration of the rigid body is
limited, then exponential convergence of ||xy|| is obtained from Proposition [J.4, by taking
c3 = maxteRgHEa —Eg|.

In the case where the acceleration satisfies Assumption [8.2] using (8.16) and Proposi-
tion |J.4 produces

)] <cae e (gt + 22 ) - 1)
Ya

where min = min(7ye,7v,). Using (8.7), 7. < vr, and norm inequalities produces
=@ < lIxp(@)] + [R(¢) — 1|

B ~
< Cae_’Ymin(t—tO) (pr( )H 4 ‘ g” p|||||R( ) I||> +e—%7n(t—to)||7g(t0) _IH

aCql| B =
S G_Wn;in(t_to) < |Xp tO <C 09” pH ) HR(tO) . I”)

< e~ Ymin(t—t0) < ||Xf to)|| <Can’ pH >HX (0)”>

< Cmaxeifymln (t=to) ||Xf (to) H’

cacq||Bpll +1. ]

where cpax = ¢ + Eo—

Remark 8.2. Following the proof of Theorem [8.4, it is possible to show that if the
acceleration grows exponentially with time, then there is a sufficiently high gain k., such

that the origin is exponentially stable for all |T — R(t)||> < co < 8.

The stability and convergence result for position and attitude estimation with biased

angular velocity measurements is presented next.

Theorem 8.5 (Biased Angular Velocity Measurements). Let the bias feedback gain satisfy
72 ~ o~
ky > 8300. Under Assumptions (8.1 and (8.2, the equilibrium point (R,b,,Ep,Fv) =

C

(I1,0,0,0) of the system (8.8,18.13) is exponentially stable, uniformly in the set defined by
(8.9).

Proof. By Theorem 8.3] the attitude observer error xz is bounded by (8.10). Using
IR —1I|| < ||xz]|, the input of the ISS system is bounded by

g (B[] < Cbee_%e“_t())HXR(to)H,
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where ¢ := cpcy and ype 1= %’Yb —74- Repeating the algebraic manipulations of the proof
of Theorem produces

b (£) || <maxe Ym0 ||xy ¢ (1),

where xpr = (xXR,X%p) = (7?, — I,Bw,Ef),Ef/) is the full attitude and position estimation

. B
error state, Ymin = min(Ype, ¥4) and cmax = ¢4 + cﬁycfiiw + ky. O
e

For the purpose of implementation, the dynamics of the position and velocity estimates,
formulated in (8.11), should be expressed as a function of known quantities. The next
proposition shows that the derived observer equations can be written as a function of the

observer estimates and of the sensor measurements.

Proposition 8.6. Assume that the position fix (Fp, b,) satisfying the pseudorange mea-
surements (8.2) for all i = 1..s is unique. The dynamics of the position and velocity
estimates are a function of the sensor measurements and observer estimates

b=k, ("D +£(p) + v, (8.17a)
v =k, (b +1£,(p)) + Ra, + Fg. (8.17D)

Proof. The formulation (8.17) is obtained by algebraic manipulation of (8.11]) and (8.12),

and by writing the nominal position term in #p = #p—Fp as a solution of the pseudorange
measurements. The details of the derivation are presented in Appendix O

8.2.3 Stability in the presence of inertial sensor noise

The stability of the observer for inertial measurements with noise is addressed. The

accelerometer and rate gyro measurements are modeled as

B, _B
ar="a—"g+n, w,=w-+n,,
where n,, n, € R3 are nonmodeled disturbances, bounded by |n,| < 74 max, |[nw] <

Nw max, respectively.
The observer dynamics are given by (8.17) and by (8.5) with b, = 0, that is

. n
R=R(@),, @=REYxYyw, —k,) (R*Yxe)x (Yxe).
i=1
To attain boundedness of the input u, in the error kinematics (8.13), it is assumed
that the acceleration of the body is bounded

max|Za(t) — g < aumax.
0
As shown in the next proposition, the attitude and position estimation errors are bounded
in the presence of accelerometer disturbances, i.e. the observer is almost ISS with respect
to (R, *p,*¥) = (1,0,0).
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Theorem 8.7. Let k, > %nw max- Lhen, almost all trajectories of the attitude and

position observer satisfy

lim sup||T = R(£)[[* < ¥(nw max), (8.18a)
t—o0

lim SupH(Ef)’ E{’)H < Cfa(”a max T 'Y(nw max)amax)v ) (818b)
t—00 Ya

—kpl I
LK

where y(n) = 4 <1 —4/1— %), and cq,Vq satisfy the bound ||el—FkoI O}TH < cge” T

Proof. The result (8.18a)) is obtained from the ISS properties of the attitude observer,
formulated in Theorem [7.4.
The limit (8.18b) is obtained from the ISS properties of the position observer. The

position estimation error dynamics are given by
Bp = —k,Pp+ %, Pv=—kp+u, + Rn,. (8.19)

A , A A
Using H {0:’3 (ug + Rna)/} H = |lug + Rng||, the triangle inequality |juy, + Rn,|| < |lug|| +
|Rng ||, and ||Rn,|| = ||n,]|, the solution of the LTT system (8.19) is bounded by

t
()] < cae™ =5 |13 (t0) +/ cae” 7D (|Jug(7)]| + [Ina(7)|)dr.
to
!
where x,, = [Ef)’ E\?’} . Taking the bound ftto e~ 1a(t=7)||n, (1) | dr < fmax produces

t
_ _ C _ _
()] < cae™ ) Ixp (o) +,y“nmax+ca/ e 1) |y (7)||dr
to

a

< cae ™ 1) + 2 (00 s (7)) (5.20)
Ya to<r<t

The result (8.20) satisfies the ISS condition. It is well known in ISS theory M] that the
inequality in the form (8.20) implies that

. & .
lim sup||x, ()] < = (Nmax + lim sup|uy(t)]]).
t—o00 Ya t—o0

Taking the inequality (8.15) and the ISS property shows that

lim sup||ug|| < @max¥(Mw max),
t—o0

which bears (8.18b). O

8.3 Simulations

In this section, simulation results for the proposed position and attitude observer are

presented. The GPS based attitude observer was simulated using GPS receivers placed at

0 1.5 0

B
g
|
@)
B
g
I
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(a) Attitude estimation error. (b) Bias estimation error.

Figure 8.4: Attitude and bias estimation (biased angular velocity readings).

The satellites configuration is described by

0 44 % 106 0
Epgi = 0 m, Ppgy = 0 m, Ppgs = | 44 x 106 | m,
—20 x 109 —20 x 109 —20 x 10°
0 103
Epsi= 10| m, pss=1{ 0 | m,
0 0

where pgq and pgs are the coordinates of pseudo-satellites installed at ground level. The
clock bias, expressed in distance, is b, = 10° m.

The feedback gains are given by k, = 2,k, = 1,k, = 2,k, = 2 and the rigid body

trajectory is computed using oscillatory angular rates and accelerations of 1Hz. The
initial estimation errors are

-2 0.4
4
Epto)=12 | m, Ev(te)=|1]| m/s, o(to) = 1—07Trad,
0.7
1 ! ) !
- T
to) = — b, = - d/s,
é(to) 5 1 ; 0 |~ /s

The initial bias estimate is b, (t9) = Orad/s. The bounds (8.9) are defined by

3 ~ 531
—4(1— hd —
co ( cos <47r>> , b 150 rad/s,

that correspond to the maximum rotation error of v(tp) = %rad and to the minimum gain
Kb, min = 1.95 x 1072,
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(c) Specific force compensation error u. (d) Exponential convergence of the estimation error.

Figure 8.5: Position and velocity estimation (biased angular velocity readings).

The estimation results for the GPS based attitude observer are presented in Fig. [8.4]
for the nominal values of the feedback gains k, = 2, k, = 1 and for k, = %, ky = %.
The attitude and bias estimation errors converge to the origin, as expected, and the
characteristics of the observer are similar to the properties of the vector based observer
proposed in Chapter [6. Namely, the trajectories converge exponentially fast, and larger
feedback gains k,, and k; bear faster convergence, as well as larger peaks in the estimation
errors, that however do not degrade the convergence rate of the state (R — 1, f)w) due to
the opposite phase of the transients in [|[R — I|| and ||b, . The simulation results for an
attitude observer based on vector observations yield similar results to those presented in
Fig. since the attitude and bias error dynamics are identical.

The position and velocity estimation errors converge to the origin, as shown in Fig.[8.5|
The convergence rate of the position observer is influenced by the convergence of the
attitude errors, and hence is faster for larger feedback gains k,, and k;. The specific force
compensation term u, is a function of the attitude error and of the rigid body acceleration,

and hence the effect of oscillating acceleration is verified in the small ripples in ugy, shown
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Figure 8.6: Attitude, position and velocity estimation (inertial sensor noise).

in Fig. 8.5(c)l These oscillations are smoothed out in the velocity and position estimation,
as shown Fig. [8.5(a)| and |8.5(b), respectively. The exponential convergence of the state
(Pp, Fv) is evidenced in Fig.[8.5(d), where a logarithmic scale is adopted.

To study the effect of noise in the inertial sensors, the accelerometer and angular ve-

locity readings are distorted by Gaussian white noise n, ~ N(0, ¢2I) and n,, ~ N(0, 021),
bounded by |[ng|| < ng max = 30, m/s%, ||ng|| < Ny max = 30, rad/s, respectively. The
feedback bias k, satisfies the condition for aISS of the attitude observer formulated in
Theorem [8.7, given by k., > %nw max-

The estimation errors converge to a neighborhood of the origin, as evidenced in Fig.[8.6]
where the attitude, position and velocity estimation errors are shown for i) n, = 0 and
n, # 0 with o, = 0.1m/s?, %) n, = 0 and n, # 0 with 0, = 1m/s?, and 4i) n,, # 0 and
n, # 0 with o, = 1055 rad/s and o, = 0.1 m/s?.

The asymptotic bounds of the estimation errors are proportional to the noise variances,
as expected. The degradation of the attitude estimate is small for the considered angular

velocity noise, as shown in Fig.|8.6(c). Consequently, the degradation in u, is also small,
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as evidenced Fig. m which is beneficial for the velocity and position estimates, since
ill estimation of the attitude could induce large errors in the estimated velocity, due to
the magnitude of g. That is, due to the small ISS bounds of the attitude observer, the
influence of the rate gyro noise in the velocity and position estimates is small, as shown
in Fig.|8.6(a) and[8.6(b), respectively.

The norm of the specific force compensation term u, is proportional to n,, and hence
scaling n, by a factor of 10 will also scale uy by the same factor, as shown in Fig.

Although the velocity estimate is corrupted by the increase of n,, the position estimate

smooths out the accelerometer noise with the aiding position measurement, as shown in
Fig. m. The attitude estimates are unaffected by accelerometer noise, due to the
cascade structure of the observer.

The considered noise variances correspond to very low quality, low cost sensors, and
hence the asymptotic bounds of the estimation errors obtained in simulation are very

encouraging, and justify further development of these algorithms for practical applications.

8.4 Conclusions

In this chapter, the framework of nonlinear observer design was adopted for the classical
problem of GPS/IMU based navigation. While navigation solutions are often based on
Kalman filtering techniques, this chapter showed that a nonlinear attitude and position
observer can be derived using the techniques proposed in the second part of the thesis.

The navigation system structure was described by a cascade of an attitude and a posi-
tion observers. The stability and convergence results obtained for the nonlinear observers
derived in the previous chapters, were extended for the GPS/IMU nonlinear observer.
Namely, exponential convergence of the position, attitude and bias estimation errors to
the origin was derived, and the observer kinematics were expressed as an explicit function
of the GPS and IMU measurements, exploiting the sensor readings directly. Stability in
the presence of bounded accelerometer and rate gyro noise was obtained, using the almost
ISS analysis based on the combination of Lyapunov and density functions, discussed in
the previous chapter.

The simulation results illustrated the stability of the observer, and evidenced good
convergence rate of the attitude, position and bias estimates. Stabilization of the position
and attitude errors was obtained in the presence of large inertial sensor noise. These
results motivate future work on the discrete-time implementation of the algorithm, for the
purpose of practical implementation, and the study of the stability in the presence of noise

in the aiding sensors.



Chapter 9
Concluding remarks

This thesis addressed the problem of nonlinear navigation system design for autonomous
vehicles. Contributions were presented in the fields of Kalman filtering techniques, and of
design of nonlinear observers, for position and attitude estimation.

Chapters[2 and [3 studied aiding techniques for inertial navigation systems (INS), using
extended Kalman filtering (EKF). The proposed EKF/INS design methodologies were
performance driven, and allowed for the integration of advanced aiding techniques, with
a high accuracy multirate INS. In Chapter 2| a characterization of the vehicle dynamics
in the frequency domain was exploited. The information about the vehicle motion was
introduced in the EKF by modeling the pendular measurements as the result of a gravitic
measurement, and of disturbances due to the vehicle motion characterized in the frequency
domain. This simple approach was validated in simulation, and in experimental results
using the DELFIMx catamaran, built at IST/ISR. It was demonstrated that the pendular
measurements reduced the bias compensation errors, enhanced the accuracy of the position
and attitude estimates, and increased the autonomy of the navigation system with respect
to GPS aiding.

Chapter [3 studied the integration of a state model of the vehicle dynamics (VD) in
the EKF/INS architecture. A new integration technique efficiently exploited the vehicle
model, by using the VD to propagate the INS estimates. The proposed aiding technique
significantly reduced the computational cost of VD aiding, and increased the flexibility in
the integration of the vehicle model. High-accuracy estimation results were obtained. In
particular, it was shown that the linear velocity information of the VD can be exploited
in the form of a filter measurement residual, and hence that the associated computational
cost boils down to computing the measurement matrix and the Kalman gain. The accuracy
enhancements obtained by the linear velocity aiding suggest that the use of this component
of the VD may be enough to satisfy the accuracy requirements of most applications. In
such cases, the proposed technique brings about the integration of the vehicle model on
low-cost, low-power hardware, yielding significant accuracy improvements for inexpensive
navigation systems.

The implementation of a LASER range finder was also detailed, allowing for precise
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distance-to-ground estimates, that are critical in VT OL maneuvers. Simulations results
for a Vario X-Treme model-scale helicopter evidenced that the VD and LASER aiding
bear a navigation system suitable for precise maneuvering of autonomous aerial vehicles.

In Chapter [4, a new navigation system, based on complementary Kalman filtering
(CKF), was designed for stability, performance, and ease of implementation in autonomous
surface crafts (ASC). Attitude was parameterized using Euler angles, that are an intuitive
and simple representation, with the singularities located far away from the usual configu-
rations of oceanic and terrestrial vehicles. Designed for simplicity, the navigation system
was endowed with interesting theoretical properties. Namely, stability of the attitude and
position complementary filters was demonstrated for almost all attitude configurations,
and performance criteria was attained for operating conditions usually found in oceanic
and terrestrial vehicles. The navigation system architecture was computationally efficient,
and a multirate design methodology based on periodic systems was adopted, to address
the problem of sampling sensors at different rates. Also, the steady-state feedback gains
were designed in the frequency domain, exploiting the complementary sensor measure-
ments, but a stochastic description of the sensors can be considered, yielding a flexible

gain determination method.

Experimental results with the DELFIMx catamaran validated the navigation system
properties, and evidenced that the proposed solution is highly suitable for ASCs. It was
shown that the estimation results, and the autonomy of the system with respect to GPS
outage, are equivalent to that of the EKF/INS architecture, with a quite smaller compu-
tational load. The simplicity of the CKF allowed for a straightforward implementation of
the algorithm in low-cost, low-power hardware, and tuning of the filter parameters.

In review, the CKF is a simple, computationally efficient, and easy to tune algorithm,
that produces accurate results, based on the classical combination of an inertial mea-
surement unit (IMU) with a GPS unit and vector observations. The implementation of
the EKF/INS can be fairly complex and computationally demanding when compared to
the CKF, and stability of an EKF/INS is only guaranteed by extensive testing, whereas
the stability and performance of the complementary filters was demonstrated analytically.
However, the proposed CKF architecture is designed for a specific GPS/IMU configura-
tion, and the EKF /INS architecture is a more flexible solution, that can be easily extended
to exploit redundant aiding sources, and to account for other sensor non-idealities. The
flexibility of EKF/INS systems was demonstrated in the integration of the vehicle model,
that evidenced dramatic accuracy enhancements with a small computational cost. Also,
the EKF model exploits coupling phenomena, e.g. the correlation between velocity and
attitude errors produced by specific force measurements, and tightly-coupled GPS/INS ar-
chitectures can be obtained using the EKF model m, FZLQ, @, ﬁ;, m
choice between the proposed CKF and the EKF/INS architectures is subject to multiple

criteria, namely i) position and attitude estimation accuracy requirements, i) available

134]. Consequently, the

computational resources, ii) available aiding sensors, and aiding information iv) ease of

implementation, debugging, and tuning, v) system scalability, among others.
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The design of nonlinear observers is a diverse approach from that adopted in Kalman
filtering. Nonlinear observers are mostly obtained by an inventive process, where the
feedback laws are tailored for the system at hand. The stability results are obtained by
first assuming ideal sensors, and new sensor disturbances are progressively considered by
extending the observer. The structure of nonlinear observers is often simple, and endowed
with interesting stability properties. Following this framework, the second part of the
thesis proposed nonlinear observers formulated on manifolds where attitude is naturally
described, such as SO(3), and emphasis was placed on stability properties in the presence

of non-ideal sensors.

In Chapter [5, a nonlinear observer derivation technique was proposed, using a Lya-
punov function defined by the measurement error of the aiding sensors. This technique
was adopted to derive a nonlinear attitude and position observer, using landmark and
velocity measurements. Almost global asymptotic stability (aGAS) and exponential con-
vergence on SE(3) were obtained for the case of ideal sensors, and it was shown that the
observer can be extended to compensate for bias in the velocity measurements. The pro-
posed technique produced feedback laws that exploited the sensor readings directly in the
observer, and that allowed for a characterization of the observer directionality given the
landmark geometry. Also, topological obstacles to global stabilization on manifolds were
illustrated, by characterizing explicitly the anti-stable manifolds and the regions of attrac-
tion on SE(3). Interestingly enough, the observer design parameters allow for the shaping
of the anti-stable manifold, and of the asymptotic behavior of the system trajectories.

In Chapter [6, the observer design methodology was reproduced for the case of an
attitude observer, using vector observation and angular velocity measurements. Identical
stability properties were obtained: aGAS and exponential convergence for ideal velocity
sensors, and exponential stability for worst-case initial estimation errors for biased velocity
readings. Directionality properties of the observer were derived in Appendix |G| which are
of interest to shape the feedback gains. Besides demonstrating the design technique, the
observer derived in Chapter [6 motivated the new stability analysis techniques presented

in this thesis.

Chapter 7/ proposed new stability analysis techniques of nonlinear systems, by combin-
ing the dual characterizations provided by density and Lyapunov functions. It was shown
that almost input-to-state stability (ISS) can be derived by studying weakly almost ISS
and local ISS, that are stability properties associated with density and Lyapunov func-
tions, respectively. Using this result, a method to analyze almost ISS of nonlinear systems
was proposed, and was described by i) finding a Lyapunov function that yields local ISS,
and i) a density function such that, by means of weakly almost ISS, almost all trajecto-
ries enter the region where local ISS is verified. Almost global stabilization of nonlinear
systems was also derived, resorting to a new, local analysis result based on density func-
tions, that provides sufficient conditions for instability of an equilibrium point. Combined
with LaSalle’s invariance principle, the proposed result can be used to exclude undesirable

equilibria, yielding almost global stability of the origin.
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The results of Chapter [7] were illustrated for the attitude observer based on vector
observations. The origin of the attitude error was stabilized for bounded disturbances
in the velocity readings, and an explicit estimate of the ultimate bound for the attitude
estimation error was obtained. The new analysis tools were also illustrated for a reduced
order attitude observer with biased velocity measurements, producing aGAS of the origin.

Chapter (8 presented a GPS/IMU nonlinear observer formulated on SE(3), using the
design techniques proposed in Chapters5land[6] and the stability analysis tools derived in
Chapter [7. Exponential stabilization of the position and attitude estimates was demon-
strated, for a feedback law that exploited the inertial and GPS measurements directly.
Stability in the presence of noise in the inertial sensors, i.e. rate gyro and accelerometers,
was obtained using the almost ISS analysis technique proposed in this thesis. The conver-
gence and stability properties of the observer were verified in simulation, and encouraging
results were obtained, that motivate further research in the field of nonlinear observers.

In this thesis, the GPS/IMU sensor configuration was exploited using Kalman filtering
techniques and nonlinear observers, providing a bridge between the first and second parts
of the work. Extended Kalman filtering is driven by performance criteria, and a stochastic
description of the state and measurements is used to compute the feedback gains. Due to
the linearization of the system, the stability of the system is assessed only by extensive
simulation and experimental validation of the navigation solution. On the opposite side,
nonlinear observer design is driven by global stabilization criteria, formulated directly on
the manifold of interest, however the formulation of well posed performance criteria is
still under research [87]. The direct comparison of Kalman filtering techniques with the
proposed nonlinear observers is a challenging issue, however an unbiased comparison is
currently precluded by the distinct framework of the two design techniques.

Nonlinear observers are still at their infanc E and synthesis and analysis tools have

E, 28 @ . This suggests that new
tools and mathematical insight will be brought into the light in the next years. The work

been proposed in very recent literature [

presented in this thesis contributed to the development of nonlinear observers for sensor
configurations found in autonomous vehicles applications. Given the obtained results,

directions for future work are proposed in the ensuing.

9.1 Directions for future work

Attitude and position estimation is a nonlinear problem, that plays a leading role in the
development of autonomous vehicles. Every advance in this research topic also springs
new and interesting questions, that foster future research.

The proposed VD aiding solutions for EKF/INS architectures motivate further exper-
imental validation, namely using the autonomous vehicles considered in the thesis, i.e.
the DELFIMx catamaran and the Vario X-Treme model-scale helicopter. To effectively
implement a VD aiding solution, accurate vehicle modeling techniques must be adopted.

For example, the problem of determining the vehicle model parameters calls for system
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identification techniques. A good first approach to the experimental validation would be
to consider only the linear velocity aiding. Using the proposed VD aiding technique, this
information can be introduced directly as a measurement residual, avoiding the caveats
related to computational cost, and providing a first insight on the feasibility of vehicle
model aiding. Encouraging results for a classical VD aiding technique, applied to under-
water vehicles, can be found in [64].

The CKF solution provided for a simple navigation system architecture that can be
subject to further developments. Stability and performance properties were derived sep-
arately for the proposed attitude and position filters, and should be generalized to the
cascade navigation system. Although the offline accelerometer bias calibration was found
suitable for the duration of the DELFIMx mission, online accelerometer bias compensation
is of interest in most applications. Moreover, the online compensation of accelerometer
bias is a challenging problem, because full observability of the filter states is not satisfied.
The observability problem can be tackled by either adding extra aiding information, or
by performing online calibration maneuvers [;)‘, @] This suggests that persistency of
excitation conditions must be considered for the stability analysis of a navigation system
with online accelerometer bias compensation.

Nonlinear observer design is a very recent research field, and hence new directions for
future work can be naturally proposed. A promising line of work is given by progressively
considering sensor non-idealities that have long been accounted for in filtering estimation
techniques. Noise in the aiding sensors is an exciting research topic, that may be addressed
using some of the stability analysis tools adopted in the thesis. Interestingly enough, it
poses new, fundamental design questions, namely how to integrate the sensor measure-
ments in the observer (such that sensitivity to noise is small), what is the best feedback
gain (in the sense that it is a trade-off between measurement and process noise), and how
the scalar gains should be generalized to full matrices. An example of a contribution to
this topic is the linear transformation of the landmark and vector readings, that can be
adopted to counteract the directionality of the aiding sensor disturbances.

In this work, the stability results in the presence of bias and noise were presented
separately. Each non-ideality was studied using state-of-the-art analysis techniques, that
however use distinct approaches. New stability analysis tools are being presented in very
recent literature, and can provide the answer to the problem of simultaneously accounting
for bias and noise in the sensor readings. In particular, density functions step forward as
a promising analysis tool, that provides for almost global stability results, as opposed to
global stabilization using Lyapunov functions analysis, that cannot be obtained for systems
defined on manifolds. Note that bias can be seen as an non-modeled disturbance, and hence
ultimate bounds can be obtained for non-compensated bias, by using the stability results
obtained in Chapter This approach provides for a worst-case result, that guarantees
convergence of the errors to a neighborhood of the origin. Extending the observer to
dynamically compensate for the bias can only yield stronger stability results, assuming

that the feedback law is properly designed. This suggests that interesting new results may
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be derived in the near future.

The encouraging results obtained with nonlinear observers justify the practical, discrete-
time implementation of the proposed algorithms. Experimental validation of nonlinear ob-
servers using naive discretization methods have presented good estimation results [80, 96].
More important, the last fifteen years have witnessed a remarkable progress in the de-
velopment of rigorous numeric integration methods that preserve geometric properties.
New algorithms have been proposed for integration of differential equations evolving on
Lie groups M, @, M, ’IO], that generalize Runge-Kutta methods, and perform compu-
tations directly using the Lie algebra. Applications of geometric numeric integration to
dynamics evolving in SE(3) can be found in , ] Another approach is to re-derive
the observers in the discrete-time domain. On one hand, this approach yields simple and
computationally inexpensive estimation algorithms, similar to the continuous-time coun-
terpart. On the other hand, it is based on the assumption that the nonlinear kinematics
can be approximated by piecewise constant inputs, neglecting second order terms such as
coning and sculling, and hence compromising accuracy results for highly maneuverable
robotic platforms.

The density function techniques proposed in Chapter [7] pave the way to new advances
in the stability analysis of nonlinear systems. The results for local analysis using density
functions were derived for the case of isolated equilibrium points, which thus can be
combined with LaSalle’s invariance principle only if the invariant set is a countable union
of isolated points. The derivation of the analysis technique resorted mostly to results that
are valid for generic sets, and hence future work should address the rigorous extension of
the stability results to sets.

Interestingly enough, the local stability analysis using density functions provided an
alternative approach to the Hartman-Grobman theorem Flﬁ] for the classification of un-
stable equilibria. Given that the Hartman-Grobman theorem is conclusive only for the
case of hyperbolic equilibrium points, it is of interest to evaluate the contribution of the
proposed result for the stability analysis of equilibria in general. In particular, the nonlin-
ear attitude observer derived in Chapter [6| bears a connected anti-stable manifold, where
the Hartman-Grobman analysis will eventually be inconclusive. This strongly motivates
the generalization of the proposed local density function analysis for systems defined on
manifolds.

Finally, it should be noted that concepts well known in linear system theory are still
being extended for nonlinear systems. A well-posed definition of performance in non-
Euclidean spaces is an open question, although a recent contribution can be found in ﬁg]
Therefore, the bridge between performance driven Kalman filtering techniques and the
stability oriented nonlinear observers is under construction. The recent surge of stability
results and new concepts in the nonlinear systems literature suggests that we are still on
the onset of this exciting research area, and that the unification of the two methodologies

addressed in this work may be only a matter of time and persistence.



Appendix A
Matrix results

This section contains elementary results from linear algebra that are adopted in this work.

A.1 Linear algebra

Let A,B € M(n,m) and denote the matrix columns by a;,b; € R", respectively. Let
R €50(n), K € K(n), K3 € K(3), S € L(n) and {u,v} € R?

Zn: ab; = tr(AB'), zn:aibg = AB/,

i=1 1=1

tr(KS) = 0, tr(KA) = tr(%K (A —A)),
u'Kzu = 0, (u), (v), = vu’ —v'ul,
(uxv), =vu' —uv, u’v:—%tr((u)x(v)x).

R (u), = (Ru), R, R (K3)g = (RKgR')®,
tr(RS) = tr(R'S), 1(w) 1 = 2[|ulf.

A.2 Special orthogonal group

Let R € SO(n). The DCM formulation of R = rot(ip, ¢) is given by

R = cos(p)Izx3 +sin(p) (@), + (1 — cos(y))pe’
=I5 +sin(y) (¢), + (1 —cos()) (@), (@), ,

and the Euler angle-axis parameters are given by

tr(R) — 1 V2(R-TR))
(p = arccos (2> (D) = W
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The trace and the Frobenius norm of rotation matrices verify
IT—R|?=2tr(I—R) = 4(1 — cos(p)) = 8 — 4(1 + cos(y)),
1
IT = RE||* = 4(1 = cos(2¢)) = 5(8 = [T = RI*)|T-R|%,
IR-R2=[1-R?,  —1<t(R)<3.



Appendix B

DELFIMx characteristics

The autonomous catamaran DELFIMx, an ASC built at IST-ISR and displayed in Fig./B.1}
was designed for automatic marine data acquisition for risk assessment in semi-submerged
structures ] This robotic platform allows for the access to remote and confined loca-
tions in a systematic way, as required for precise sonar and LIDAR data acquisition.

The DELFIMx craft is a small Catamaran 4.5 m long and 2.45 m wide, with a mass
of 300 Kg. Propulsion is ensured by two propellers driven by electrical motors, and the
maximum rated speed of the vehicle with respect to the water is 6 knots. For integrated
guidance and control, a path-following control strategy was adopted due to its enhanced
performance, which translates into smoother convergence to the path and less demand on
the control effort @] The vehicle has a wing shaped, central structure that is lowered
during operations at sea. At the bottom of this structure, a low drag body is installed that
can carry acoustic transducers. For bathymetric operations and sea floor characterization,
the wing can be equipped with a Tritech Super SeaKing mechanically scanned pencil
beam sonar or a RESON 8125 multibeam sonar. On top of this structure it is installed
a SICK LD-LRS3100 laser range finder, to survey the emerged part of semi-submerged
infra~structures like breakwaters.

The DELFIMx hardware architecture developed by the ISR-IST is a self-contained
system mounted on three cases which can be fit into and removed from the autonomous
surface craft (ASC). The most sensitive parts are vibration isolated from the hull using
a soft suspension mechanism, which acts as a low pass mechanical filter that provides
further attenuation of the ASC vibration on the electronics. The hardware architecture
is built around the low-cost low-power floating point Digital Signal Processor (DSP) TI
TMS320C33, displayed in Fig. which is connected to the data acquisition hardware
through a dual port RAM expansion board developed by IST-ISR. Special care was taken
during the electronics development in order to implement measures that improve the Elec-
tromagnetic Compatibility (EMC). The data acquisition distributed architecture was built
around the CAN (Controller Area Network) Industrial Real Time Network, for control and
navigation purposes and on 100MBits/s Ethernet for payload data interface. A series of

very low-power boards designed at ISR using the Phillips XAS3 16 bit microcontroller,
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Figure B.1: The DELFIMx autonomous surface craft (length: 4.5 m; width: 2.45 m; mass: 300 Kg).

(a) Hardware architecture. (b) Mounted inertial sensors.

Figure B.2: Hardware and sensors installed onboard the DELFIMx ASC.

and the ATMEL AT90CAN128 8-bit AVR® Flash microcontroller with extended CAN
capabilities are used to interface all sensors and exchange data through the CAN Bus. In
this architecture the TMS320C33 schedules all Guidance, Control, and Navigation tasks to
meet their deadlines. Finally, a PC104 board connected to the CAN Bus and to Ethernet
runs the mission control system and implements a blackbox where relevant data generated
by the ASC are properly saved in a solid state disk for post-mission analysis.

The hardware architecture is also equipped with a Honeywell HMR3300 magnetometer,
interfaced by a serial port connection with a sampling rate of 8 Hz. The GPS receiver
installed on board the DELFIMx is a Thales Navigation DG14 receiver which presents
an accuracy of 3.0 m Circular Error Probable (CEP) in autonomous mode and 0.40 m
in differential mode. In the present work, the GPS works in autonomous mode and the
measurements are provided at a 4 Hz sampling rate.

The Inertial Measurement Unit (IMU) on-board the DELFIMx craft is a strapdown
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system comprising a triaxial XBOW CXL02LF3 accelerometer and three single axes Sil-
icon Sensing CRS03 rate gyros mounted along three orthogonal axes. These sensors are
attached orthogonally to a custom made stand that is presented in Fig. with the
sensors assembled. The inertial sensors are sampled at 56 Hz using six Texas ADS1210
directly connected to a microcontroller board. The ADS1210 is a high precision, wide
dynamic range, delta-sigma analog-to-digital converter with 24-bit resolution operating
from a single +5V supply. The differential inputs are ideal for direct connection to trans-
ducers guaranteeing 20 bits of effective resolution which is a suitable accuracy for the set
of inertial sensors used in the present application.

The hardware architecture is also equipped with a Honeywell HMR3300 magnetometer,
interfaced by a serial port connection with a sampling rate of 8 Hz. The GPS receiver
installed on board the DELFIMx is a Thales Navigation DG14 receiver which presents
an accuracy of 3.0 m Circular Error Probable (CEP) in autonomous mode and 0.40 m
in differential mode. In the present work, the GPS works in autonomous mode and the

measurements are provided at a 4 Hz sampling rate.






Appendix C

Vario X-Treme helicopter model

This section briefly describes the nonlinear Vario X-Treme helicopter model presented in
40], deduced from first principles, and simplified under the assumptions described in [39].
As the complete model, the simplified model considers a six degrees of freedom rigid body
dynamics driven by the external forces and moments generated by the several components
of helicopter, however, the contributions of the fuselage, horizontal tailplane and vertical
tail fin are considered to be negligible. This model also considers simplified versions of the
first order dynamics for the main rotor blade pitch motion with Bell-Hiller mechanism, the
steady state dynamics for the main rotor blade flap dynamics and the blade lag dynamics
are neglected.

The motion of the helicopter is described using the rigid body equations of motion
w = Igl (n (w,Bv,uhc) —w X IBw) ,
By = —wx Bv 4+ %f (w,Bv,up) + R Fg,
R=R (W),

where m is the vehicle mass, I is the tensor of inertia about the Center of Mass coordinate
frame, denoted by {G}, up. is the helicopter command vector and f and n are the vectors
of external forces and moments, respectively, along the same frame. The input vector
Une = Voo Pere Pers %Ot}/ comprises the blade pitch angle commands for the main
rotor collective ¢,, main rotor longitudinal cyclic .., main rotor lateral cyclic ¢.,, and
the tail rotor collective ¢, . To model the non symmetric shape of the rotor blades,
¥cy and ¢, swashplate inputs are corrected in the helicopter model using the variables
0 = $ey + ap and o, = ¢ey, + o, where ap and ag, are the lift curve slope offsets for
the main and tail rotor blades, respectively.

As noted before, for smooth low velocity maneuvers, the effects of the fuselage, hori-
zontal tailplane and vertical fin on the overall dynamics are negligible. For this reason, the
total force and moment vectors are modeled accounting only for the two most dominant

components of a helicopter, the main rotor and the tail rotor, yielding

f:fmr+ftra n = Ny + Ny,
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where the subscripts mr and tr stand, respectively, for the main rotor and tail rotor
components.

The main rotor is the primary source of lift, required to sustain the helicopter, and
generates other forces and moments that allow for the control of position, orientation and

velocity of the helicopter. The main rotor forces and moments are described by

KXo ao (5 P15 Ao + 11 Ao o) + 8o
fr = | Yo | = —51 ao (3 ¢1c Ao) ;
Zmy ao (3 ¢0 — o)
—kg P1s Yir bR
Ny = —kg B1c + | =X AR + Zir Tem |
35200 + s2a0 (3 0o Ao — A3) —Yomr Tem

where s1 and so are the main rotor’s force and moment normalizing constants, ag is the
lift curve slope, dg is the profile drag coefficient, kg is the center-spring rotor stiffness,
and ., and hr determine the position of the main rotor hub aft and above the center of
mass, respectively. The remaining undefined variables are defined hereafter.

In helicopters equipped with the Bell-Hiller mechanism ], the cyclic blade pitch
angles result from the combination of the commands introduced by the swashplate and
the flybar flapping motion. The simplified first order blade pitch dynamics of the main

rotor are described by

@10 = Uy, Plc + 0303 Peres les = Uy, Pis + 0903 Pers + 0608 :u)‘Ua
with the coefficients given by

Qv Q (ca+ )y _ 72 2y

Cor = _m T 4eo {(%)2 +4} | o _202 [(%)2 +4] |

where 1 stands for the normalized forward velocity at the main rotor, g is the normalized
collective downwash induced by main rotor, {2 is the main rotor angular speed, 7 is the
flybar lock number, and c1, ¢ and ¢4 are flybar pitching parameters.

The main rotor blade flapping motion is described by the blade flap angle vector
8= [ﬁo B1e /813:|7 where By denotes the collective mode, and (1. and (315 represent the
longitudinal and lateral cyclic modes, respectively. The blade flapping dynamics of the

main rotor can be approximated by the simplified steady-state solution given by

Bo = Cp, o,
Bre = Cps o + Cp, p1e — Cps 15 + Cpg wa 4 Oy wy+C05 1 Ao — O,y e,
Brs = Cpg w0 + Cps p1c + Cp,y 15 + Cpr wa — Cpg wy+Cpy 1 Ao — Cp; Aie,
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with the state coefficients

Cﬁlzﬁi Cg,:—i Cs :i
e A SE+1 T S+
065271 ; 62&753 ; ﬁzﬁil ;
S%—i—l 0 QvSE—Fl 7 (275%4—1

2 %Sﬂ 253

C :7,0 = -0, —_— — ,
Pe SZ+1 Po SZ+1 Pro SZ+1

where Sg is the blade stiffness number, R,, is the main rotor radius and < is the lock

number.

The tail rotor, placed at the tail boom in order to counteract the moment generated
by the rotation of the main rotor, provides yaw control of the helicopter. Following the
same principles used for the main rotor and neglecting blade pitch, flap and lag dynamics,

the simplified expressions for the tail rotor force and torque are given by

X 0
R _ 2
for = | Y | = S1; @0; | 3P0, — )\Ot )
Ly 0
}/tr htr
— 1 2 2
Ny = -9 82,5 5Oz - 8275 aOt (3 SOOt )\Ot - )\Ot) 1]

—Y (wcm + ltr)

where \g, is the collective induced downwash of the tail rotor, s;, and ss, are the tail
rotor’s force and moment normalizing constants, ag, is the tail rotor lift curve slope, dp,
is the tail rotor profile drag coefficient, [, is the distance from the tail rotor hub to the
fuselage reference point and hy, is the height of tail rotor hub above the fuselage reference
point.

The induced downwash results from the thrust force generated at the surface of the
rotating blades, that accelerates the air downwards creating a flowfield. By decomposing
the downwash in Fourier series and neglecting the second and higher order terms, results
in the collective, longitudinal and lateral cyclic components, respectively, Ag, A1 and Aps.
The collective components of the induced downwash at the main and tail rotors are given

by

_ %05, [(908)* dos
Ao = 16+\/(16)+12 o,

ao, St ao, St\2 = ao, St
R COgT
0¢ 16 +\/ 16 ) T g v

where s and s; are the solidity constants of the main and tail rotors, respectively. Finally,

the main rotor longitudinal cyclic induced downwash and the forward normalized velocity
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are described by

0, if 4 =0 (vertical flight)
Ale = \ 2 A . )
Ao 1+ (7) — 70 , otherwise
Uy — hpwy
:u‘ - QRm I

whereas the main rotor lateral cyclic downwash is neglected A\ = 0, as well as both tail

rotor cyclic downwash components.



Appendix D

Performance of the

complementary attitude filter

The attitude filter estimation error kinematics, expressed in (4.7) as

lxkﬂ _ [@awa- et —TQ(Ak)] [ik
bit1 —KoxQ *(Axp_1) I by,
L [Fracw 0] lwk] . Q(Ak><I—Ku>—Q<Ak_1>]
Vik
0 I Wy ke _K2/\

can be written in the compact form as

A ) Wo
[ﬁ“ = (Fr — K Hy) |- | + Gy k] — K Q(Ap—1)vak
b1 k Wok
where
po_ |1 TR o |-TQMN) 0
k 0 I ) 0 I ’

K, = [Q(AMKM DRI ).

KonQ 1 (Ak—1)

It is well known M] that the estimation error covariance, denoted by ¥ 1, = E ( [%"““ } [ X1 Phyy ]) ,

bri1
satisfies the propagation equation
2k+1|k :(Fk — Kka)Zk‘k,l(Fk — Kka)/ + GkEG;C
+ KrQ(Ae—1)0Q(Ak_1)'Kj. (D.1)

The estimation error covariance of the Kalman filter for the attitude kinematics (4.4),

denoted by Py qs, satisfies

Prii = FiPrip1Fy + GLEG), — Fi Py H S Hi Py F, (D.2)
where Spi = HkPk|k—1H;€ + O. The performance of the proposed attitude filter can
be studied offline by comparing the estimation error covariance given by with the

optimal error covariance described by (D.2), as illustrated in the analysis presented in
Section [4.3.
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Appendix E

Extensions of the landmark based

nonlinear observer

This section discusses some specific configurations of the landmark based nonlinear ob-
server presented in Chapter The problem of estimating directly the position of the
rigid body with respect to Earth frame is discussed, and the formulation of the landmark

transformation for three landmark measurements is described.

E.1 Position estimation in Earth coordinate frame

The observer proposed in Section [5.2.3] was designed to estimate position with respect to
the local frame. An estimate of the position with respect to Earth frame, denoted as Ppp,
can be constructed using ®p and R in (5.26) . Proposition[5.7 showed that the estimation
error Bpp converges exponentially fast to the origin, however Ppr = 0 does not verify the
exponential stability property as defined in the literature , @]

how the observer formulation can be modified to attain exponential stability of Bpp = 0.

This section discusses

As illustrated in Fig. 5.1, the position with respect to the Earth coordinate frame is
described by

Ppp ="p+ Rt

where “t represents the coordinates of the origin of {L} with respect to {E}, expressed

in {E£}, and frames {L} and {E} have the same orientation by definition, R = ER = LR.

The nominal, estimated and error kinematics of pg are given by

Ppp=v—(w), "pe, "pe=v-(), "pe, (E.1a)
Ppp=(-v) - (w), e+ (°Pr), (@ —w). (E.1b)

The landmark coordinates measured in body frame can be written as a function of Ppg,

producing

qi = R'"xp; — Ppg, (E.2)
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where Pxp; = Ix; + Pty are the coordinates of landmark 7 in Earth frame.

The structure of the position kinematics (E.1) and of the landmark readings for
Bpg, is identical to the structure of the position kinematics (5.1), (5.5), (5.7b) and land-
mark readings (5.3]) considered in the observer derivation. Consequently, an exponential

stable position observer for Ppg can be obtained by rewriting the feedback term (5.24) as
SyE = Bf)E. (E3)

Given that Pp and Ppp are described by similar kinematics, an exponentially stable

observer can be designed using s, g in v, for example (5.23b) can be rewritten as
V=v+ (W), — kDsep + ko (°D) s,
producing position error kinematics that are identical to ,
Ppp = —k"PE. (E.4)

The trajectories of the system (E.4) converge exponentially to the origin for any initial
condition, as desired. This observer formulation can also be adopted for the case of biased
velocity readings described in Section 5.3|

The output feedback architecture of the observer, obtained in Section[5.2.4, can be for-
mulated for the feedback term s, by writing (E.3) as a function of the observer estimates

and landmarks measurements. Based on the result (5.30), s,g is given by

n
sop = "pr — Qrda = Pp — Y cia, (E.5)
=1

under the assumption that pg is given by a linear combination of the landmark readings

n
Ppp =Y iqi = Q.d,. (E.6)
i=1
/
where d,, = {al . an} can be seen as the generalization of d, = —%171. The condi-

tions under which s, can be written as (E.5) are obtained by expanding (E.6), producing
n n n
Ppp =Y aRPxpi =Y aipp e (@+1)pr=>_ axp,
i=1 i=1 i=1

where @ = )" | @;. The right-hand side of the equation is constant, while the position is
time-varying in general. Therefore, pg is a linear combination of the landmarks readings

if @ =—1 and
Z afxpi =0, (E.7)
i—1

and the output feedback (E.5) is obtained under the following condition.
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Assumption E.1. The landmarks are placed such that the coordinates with respect to the

Earth frame, denoted as Pxp;, are linearly dependent.

The landmark characterization described in Assumption E.1/is useful to analyze where
the landmarks can be placed with respect to Earth frame, so that an output feedback
observer is obtained. If the landmarks location is rigid and the origin of {E'} is a design

parameter, a characterization of valid Ft;, can be produced by rewriting as
n
Z oziin = EtL. (E8)
i=1

Although the coefficients «; are constrained by & = —1, the condition (E.8) is verified

whenever ©t; is a linear combination of Lx;.

Lemma E.1. The condition (E.8) is satisfied for some o; with Y ;- | oy = —1 if and only

if Bt is spanned by the landmark coordinates 'x;, i = 1..n.

Proof. (=) Clearly, if (E.8) is verified, then “tz is a linear combination of 'x;, i = 1..n.
(<) If there are coefficients f;, i = 1..n such that

n

L E
E Bi"x; = "tr,
i—1

define 3 = >, Bi and take I%Bln which is contained in the null space of X
1 -3« - 1-43
L L L L

where Y, (ﬁi + 1;’3) = 1. Making a; = 3; + %B concludes the proof. O

n

The following corollary characterizes where the origin of { '} should be defined, given
the landmark coordinates “x;, so that Assumption [E.1 is verified and the output feedback
law (E.5) can be obtained.

Corollary E.2. Assumption E.1 is verified if and only if “t;, can be expressed as a linear

combination of the landmark coordinates ©x;.

The conditions of Assumption [E.1 are illustrated in Figure|E.1l As depicted in Fig-
ure m the assumption is satisfied if Pty is collinear with the line defined by the
two landmarks x; and Lxo, which is equivalent to the linear dependence of ¥xp; and
Expo. In the configuration illustrated in Figure the coordinates “xp; are linearly
independent and the coordinates x; are not sufficient to describe Ft;. Adding a third
landmark to the configuration allows for “t; to be described as a linear combination of
Lx;, as shown in Figure m Interestingly enough, Assumption [E.1 is automatically
satisfied for any number of landmarks if the origin of frame {E'} is a landmark itself, that

is, if Ix; = 't for some i.
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(¢) Valid configuration: Fty, is spanned by the landmarks “x;.

Figure E.1: Landmark configurations described by Assumption E.1 and Corollary [E.2.
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E.2 Landmark coordinate transformation with minimal set

of landmarks

Assumption [5.1] establishes that rank(X) > 2, however rank(H) = rank(X) and the coor-
dinate transformation described in Proposition [5.13 requires H = XD x to be full rank.
This section shows that, in case rank(X) = 2, it is possible to augment matrix H to
produce H, such that rank(H,) = 3. Taking two linearly independent columns of H, “h;

and th, the augmented matrix is given by
H, = [H “hi x Mhyl,

which is full rank. Defining Uy, := H,A x4, by the steps of the proof of Proposition 5.13
there is A x, € M(n + 1) nonsingular such that Ux,U’y, =1, as desired.

The cross product is commutable with rotation transformations, (R'‘h;) x (R'*h;) =
R'("h; x th), so the representation of the augmented matrices in body coordinates is

simply given by
B / BT S5/
Uxy, =R Uxyg, Uxe =R Ux,, Uxq=HiAx,.

Therefore, the modified observer is obtained by replacing Ux and H by Ux, and H,, re-
spectively, and the derived observer properties are obtained by simple change of variables.

Namely, the output feedback term s,, and s,, presented in Theorem [5.9, are given by
n 1 n
Sw = Z(R,HaAXei) x (PUxaei), su=p+ - Z a,
i=1 i=1
where BUy, is rewritten as PUx, = [QDX (QDxe;) x (QDXej)} A x,. Clearly, the

feedback law is a function of the landmark readings and state estimates, as desired.






Appendix F

Uniform exponential stability of
parameterized time-varying

systems

The following result from M] establishes that if the parameterized nonlinear system is
exponentially stable uniformly in A, then uniform exponential stability (independent of
the initial conditions) of the associated nonlinear system can be inferred. This result is

presented here for the sake of clarity.
Lemma F.1 (\-UGES and UES @]) Consider

i) the nonautonomous system y = f(t,y) where f : R>g x D, — R" is piecewise
continuous in t and locally Lipschitz in y uniformly in t, and D, C R"™ is a domain

that contains the origin,

ii) the parameterized nonautonomous system & = fx(t, X, z), where fy : R>ox D, xR"™ —
R™ is continuous, locally Lipschitz uniformly int and X\, Dy, = R>oxDy and Dy C R"

is a closed not necessarily compact set.

Let Dy, C Dy and assume that x(t) = 0 is \-UGES, i.e. there exist ke and ve >
0 such that, for all t > to, A\ € D, and xg € R", the solution of the system verifies
|2(t, X, to, 20)|| < kel|zolle™7e¢—t0) . If the solution of both systems coincide, y(t,yo,to) =
x(t, A, xo, to), for X = (to,yo) and xo = yo, then y(t) = 0 is exponentially stable in D,.

Proof. Let o9 = yo and A = (to,yo0), then z(t, A, to,z0) = y(t,t0,y0) and by change of
variables, the solution satisfies ||y(t,t0,y0)| < ke|lyolle~7**), and uniform exponential

stability of y(¢) = 0 in D, is immediate. O
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Appendix G

Directionality of the vector based

nonlinear attitude observer

In Chapter [6, an attitude observer, based on vector observations, was derived using the
techniques adopted for the design of the landmark based observer, presented in Chapter (5!
The vector observations were used in the observer by means of a transformation Ay, that
shaped the directionality of the observer. In particular, the stability properties of the
attitude observer presented in Chapter [6] were obtained for a Ay that produced uniform
directionality.

This section extends the stability properties of the attitude observer for a generic trans-
formation Ay. The attitude observer is obtained by using the feedback law of Proposi-
tion[6.8, that is

& =R'HAyAH (wr - Bw) ks,

Sy = Z(ﬁ,HAHeJ X (H,,AHei),
i=1

where A g is a generic, invertible matrix. The observer dynamics are

A ~

R=R(&),, by,=~k,su,
and the angular velocity reading is given by
w, = w + by,
producing the attitude error dynamics

R = ko R(R'UyUY — Uy ULR) + R (Bw) - (G.1a)

b = ks, (ﬁ'UHUQq - UHu'Hfz)® , (G.1b)

that are autonomous and, in the case where Uy U’ = I, produce the attitude observer
dynamics (6.10).
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For the case of ideal velocity measurements, i.e. known by, the system (G.1) reduces to
the error dynamics of the landmark observer, and the directionality of the attitude

observer is immediate from the properties derived in Section

Theorem G.1. Consider the system (G.1a) with b, = 0. The attitude error R = 1 is
an exponentially stable and almost globally asymptotically stable with region of attraction

given by

Ra={RcSO@3):|I-R|?<S8}.
For any R(ty) € Ra, the solution of the system satisfies

IR(®) = 1|l < [R(to) — Tlle~ 2=,

where yr = %(8 — |R(to) = I||>)o3(P) = k(1 + cos(p(to)))o3(P).
Denote the Fuler angle-axis parameterization of the attitude error by R = rot(p, @),
and let the singular values of P = tr(Ux U )I — Ux Uy satisfy 01(P) > 02(P) > o3(P).

The asymptotic convergence of the Euler axis is described by

lim; . ¢(t) = sign(nje(to))ns, if nsp(to) #0

limy 0 ¢’(t) € {n17n2}7 if né(:b(t()) =0
where n; is the unit eigenvector of P associated with o;(P).

Proof. The stability and convergence properties follow directly from Theorem 5.5 and
Theorem [5.10! 0

The stability properties for the more general system (G.1), with biased angular ve-
locity measurements, are determined by showing first the exponential convergence of the
trajectories emanating from a region around the origin, producing exponential stability of
the origin given bounded initial estimation errors. Secondly, asymptotic stability of the
origin for almost all initial conditions is demonstrated, which yields almost global stability
with exponential convergence after some time instant ¢ > .

The Lyapunov function for stability analysis in the presence of bias is given by
V= ISP Pul 4 B = L - R P+ b
2 & 2ky, 4 2ky,
V= —kwsiusw <0.
By Lemma 5.4] the set of points where V = 0 is given by
Cr = {(R,b,) € SO(3) x R*: R =1V R = rot(r, ¢ € eigvec(P))}. (G.2)

Sufficient conditions that guarantee that the trajectories do not converge to the set Cg \
{(I,0)} are provided by the generalization of Lemma (6.4
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Lemma G.2. The attitude and bias estimation errors, R and by, respectively, are bounded.

For any initial condition such that

ky LA (G.3a)
77 4o3(P) — 3|1 - R(to)|01(P)’
5 o3(P)
IT - R(to) || < SU‘Z’(P), (G.3D)

the attitude error is bounded by |T — R(t)||> < cmax < 8 for all t >t .

Proof. The proof is obtained by reproducing the steps adopted in the demonstration of
Lemma [5.14) Let x := (R,b,) and define the set Q, = {x € D : V < p} where D =
SO(3) x R3. The Lyapunov function is lower bounded by the weighted distance of the
state to the origin V > 11— R|?03(P) + ﬁ”‘f)ﬂp7 so the set €, is contained in the set
defined by 1| I— R|%o3(P) + ﬁHBWHQ < p and thus is compact. The Lyapunov function
decreases along the system trajectories, V' < 0, so any trajectory starting in €2, will remain
in ©,. Consequently, V;>¢,3(3|I —R(1)|203(P) + %Hf)w(t)HQ) < V(x(t)) < V(x(tyg)) and
the state is bounded for all ¢ > .

The conditions imply that there exists pmax such that V(x(tg)) < pmax < 203(P).
The invariance of Q,, V(x(t)) < V(x(tp)), and using #HI —R|? < V(x(t)), produce

IIT— 7~2H2 < ﬁpmax < 8 for all t > t. O

Using the parameterized LTV systems theory, the exponential convergence of the at-
titude estimation errors in the presence of biased inertial measurements is obtained, for
the explicit region defined by (G.3).

Theorem G.3. For any initial condition given by (G.3b), let the feedback gain satisfy
G.3a). Then the attitude and bias estimation errors converge exponentially fast to the
stable equilibrium point (R,b,,) = (I,0).

Proof. The proof is identical to that of Theorem 5.15/and generalizes the results of The-
orem [6.5] The dynamics of the closed loop attitude and bias compensation errors are

described in the quaternion form by
* - - - 1 N - - -
iy = ~h.Q@Q(@Pa, + , Q@b b= -2k, Q(@PA, (G.4)

where Q(q) = ¢:I+ (Qq) .- gs = kwqsq,Paq — %qgf)w, and q = {61:1 (js}l is the Euler
quaternion representation of matrix R. Using ||G,|®> = R —I||?, the Lyapunov function
in quaternion coordinates is described by V' = 2q;Pq, + ﬁ”‘f) |2

Define the system (G.4) in the domain D, = {(q,, by) € B(3) x R? : V < 203(P)(1 —
gq)}, 0 < g4 < 1. The set D, is given by the interior of the Lyapunov surface, so it is
positively invariant and well defined. The feedback gain (G.3a) implies that any initial
condition satisfying (G.3b) is in the set D, for e, small enough, and by Lemma G.2, the
components of the attitude error quaternion are bounded by [|qe[|* < 2= and ||g,* >

1 — fmaxwith cpax = 8(1 — &¢).
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Define the parameterized linear time-varying system

[qq] _ [A(t,/\) B(t, )\)] Fq*] | @)
bk —C(t, )\) 03x3 by

where (Qg«, lN)w*) € R? x R3, A € R x Dy, and the matrices

A1) = KQ(@( ))Q@(E )P, B(E,A) = SQ (@l V),
C(t.2) = 2k, Q/(@(t V)P,

are bounded, so the system is well defined. The quaternion q(¢, \) represents the solution
of (G.4) with initial condition A\ = (t, q4(to), bu(to)). If the parameterized LTV system
is A-UGES, then the nonlinear system is uniformly exponentially stable in the
domain D,. The parameterized LTV system verifies the assumptions of ETheorem 1]:

i) The elements of B(t, A\) and agéi’)‘) = %Q'(ﬁ(t, A)) are bounded for all A € R>o x Dy
,t>0.

i1) The positive definite matrices

P(t’ )‘) = 4kwaa Q(ta )‘) = 8kbw kaQ(EI(t’ A))Q/(Q(tv )\))P)

satisfy

P(t, B (t,\) =C'(t,)), —Q(t,\) = A(t, )P(t,\) + P(t, ) A(t,\) + P(t,\),
4k§bw0'3(P)I < P(t, )‘) < 4kbw0'1 (P)Ia qu < Q(ta )\) < C]ML
with gn, = 8kyks, (1 — “2x)o3(P) and gy = 8kwky, 0% (P).
The sFem (G.5) is A-UGES if and only if B(t, A) is A-uniformly persistently exciting
93

(A-uPE) [93]. For any unit norm vector y the persistency of excitation condition yields

, t+T , 1 , t+T , 1 t+T 5
y / B(r,\)B'(t,\)dry = -y / I-q.q,dry > 4/ 1 — |lagll“dr
t t t

4
>1/t+T1_Cmaxd7_:T(1_Cmax>
1) 8 4 8 )

Consequently, the parameterized LTV (G.5) is A-UGES, and the nonlinear system (G.4)

”2 —

is exponentially stable in the domain D,. Using ||qq]|* = %H?@ — I||? yields exponential

stability of the nonlinear system (G.1). Ol

The trajectories of the attitude observer converge exponentially fast for any initial
condition in a region characterized by (G.3). The convergence of the trajectories of the
system emanating from anywhere in the domain is studied in the ensuing.

The equilibrium points of the system (G.1) are contained in Cg, described in (G.2).
By LaSalle’s invariance principle, the trajectories of the system converge to the largest

invariant set in C'g, that is given by

Ir = CrN{R,b, € SO(3) x R*: b, =0}
= {R,b, € SO(3) x R* : (R,b,) = (I,0) V (R,b,,) = (rot(r, eigvec(P)),0)}.



211

If the eigenvectors of P are distinct, then I is a set of isolated equilibrium points, and lo-
cal stability analysis allows for the identification of the stable and unstable equilibria. The
next theorem summarizes the convergence properties of the attitude observer, which guar-
antee almost global asymptotic stability (aGAS) of the origin and exponential convergence

within a region in the state space that is explicitly defined.

Theorem G.4. Define Ay such that the eigenvalues of P are distinct. Under Assump-
tion [6.1, the equilibrium point (R,b,) = (I,0) of the system (G.1) is almost globally
asymptotically stable. Furthermore, every system solution emanating from the region of
attraction of (R,by) = (I,0) converges exponentially fast for t > t. > to, where t, is the

time instant that verifies V(R (t.),b(t.)) < 203(P).

Proof. By LaSalle’s invariance principle, the trajectories of the system converge to the set
Ir. The equilibrium points contained in Iz are characterized using a local analysis, based
on the local parameterization adopted in ‘Z, Section 5], given by the first order terms of
the DCM formulation

R~R*I+(n),), b,~Db’+db, (G.6)

where 7,6b € R3, R* = rot(m, @;), ¢; € eigvec(P), BZ =0 and i = 1,2,3 is the index
of the equilibrium point. Applying (G.6) in the system (G.1) and neglecting second order

terms produces
0l k(R Wy —tt(R*Wg)I) If |7
ob| |k, (R*"Wg — tr(R*W)I) 0| |db]| "

where Wy = Uy U’,;. Let the eigenvalues of Wy and P be denoted by o;(Wpg) and
a(P), 1 = 1,2,3, respectively, with ay(Wpg) > aa(Wg) > as(Wg) and o (P) >
asz(P) > a3(P). From the definition of P,

Pv=q(P)ve Whv = (tr(Wg) — a(P))v,
hence the eigenvectors of P and W are equal and the eigenvalue 7 satisfies
oi(P) = ap(Wn) + o;(Wh),

where i, k and j are distinct. Using R* = 2¢F¢}’ — I and the spectral decompo-
sition Wy = UDU’ = S8 ay(Wy)oie;', where U = [¢; ¢’ ¢;;} € 0(3) and
D = diag(a;(Wg),a;(Wg), ar(Wg)) € DY (3) produces

R*Wy — tr(R*Wp)I
= 2(;5? f'ai(WH) — Wy + (Oéj(WH) + Oék(WH) — Oéi(WH))I = UAU'/7

where A = diag(a;(Wg) + ax(Wh),ax(Wph) — a;(Wh),a;(Wg) — ;(Wg)). The

linearized system can be rewritten as

)

k,2UAU 1| |7
ky, UAU’ 0] |é6b|
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The eigenvalues of [,f:/}x (I)} and [,i}“%ﬁ%l, (I)} =[¥9] [,f:/}x (I)] [%/ O] are equal and
given by
kAl + \/ REIATR + 4k [Alu kAl — \/ FEIAL + 4k, [Alu
al - 2 9 al+3 = 2 ?

where | = 1,2,3, and [A]; denotes "' diagonal element of A. The real part of o is
always positive, and the real parts of a4, as and ag are always negative. The sign of
the real parts of ao and az depends on the equilibrium point but are always nonzero.
Therefore, the equilibrium points are hyperbolic and unstable. By the Stable-Unstable
Manifold theorem and the Hartman-Grobman theorem [;9, ’55‘}, the stable manifold of
(R*,b) = (rot(m, eigvec(P)),0) has zero measure in SO(3) x R® and the complement
of the stable manifold is open and dense. Consequently, almost all initial conditions in
SO(3) x R? converge to the stable equilibrium point (R, b,,) = (I, 0).

Almost global asymptotic stability of the origin implies that there exists a t. > tg such
that the solution of the system enters the invariant set V' < 203(P). The exponential
convergence for t > t. is a direct consequence of the exponential stability results presented
in Theorem |G.3. Ol

The results of Theorem |G.4] yield that almost all trajectories converge to the origin,
exponentially fast for some ¢t > .. In the case where initial estimation errors are bounded,
exponential stability of the origin, for a sufficiently large feedback gain, follows directly

from Theorem |G.3.
Corollary G.5. Assume that the initial estimation errors are bounded according to

IT—R(to)| < co <8, [bu(to)ll < bo, (G.7)

o1 (P)
0‘3(P) ’

where ¢y < 8 and select ky,, such that

¥
k’bw > 0 .
40’3(P) — %Codl(P)

Then the origin (R,by) = (I,0) is uniformly exponentially stable in the set defined by
)



Appendix H

Supporting results for density

function methods

This section presents some fundamental results adopted in the stability analysis based on

density functions, presented in Chapter

H.1 Stability of nonlinear systems

A key proposition in density function methods is the following.

Lemma H.1 ([115]). Let f € C'(D,R") where D C R™ is open and let p € C'(D,R) be
integrable. For xo € R™, let ¢i(xo) be the solution x(t) of © = f(x), x(0) = zo. For a
measurable set Z, assume that ¢-(Z2) = {¢-(x) : x € Z} is a subset of D for all T between
0 and t. Then

/@(2) pz)dz — /ZP(Z)CZZ = /Ot /T(Z)[div(pf)](:n)dxdr

Sufficient conditions for weakly almost ISS are formulated next, that are based on
finding a density function that yields a positive definite divergence, almost everywhere

outside a neighborhood of the origin.

Theorem H.2 (Weakly almost ISS, &]) Consider that the system (7.4) is forward com-
plete. Let Oy be a locally stable equilibrium point for u(-) =0, and assume that a density
function p: M — Rsq be defined of class C* over M \ {0y} and such that

/ p(x)dxr < 400,
M\U

for all open neighborhoods U of Opy € M. If there exist v € K and so that the following
“density propagation inequality” is fulfilled

Yu € UVr € M |x| > v2(Ju]) = divip(z) f(z,u)] > Q(z), (H.1)

with Q(x) > 0 for almost all x € M, then the system is almost globally asymptotically
stable and weakly almost ISS, with 2 as the bounding class K function.
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H.2 Set measure results

This section presents some set measure results adopted in the derivation of the local
analysis method, proposed in Section [7.3]

Proposition H.3 (M]) If f is smooth then ¢ is a diffeomorphism for each t.

Theorem H.4 ([121]). Every Borel set is measurable. In particular, each open set and
each closed set is measurable. The collection of measurable set is o-algebra; that is the com-
plement of a measurable set is measurable and the union (and intersection) of a countable

collection of measurable sets is measurable.

Lemma H.5 (@]) Suppose A € R™ has measure zero and F' : A — R"™ is a smooth map.

Then F(A) has measure zero.

Corollary H.6. If f is smooth, then the set A has zero measure if and only if the set

¢¢(A) has zero measure.

Lemma H.7. Under Assumption 7.1, the set ¢ -(A) has zero measure if and only if

P(—o00,00)(A) has zero measure.

Proof. («) Immediate from ¢, -1(A) C @(—oo,00)(A). (=) If the set ¢, ;1(A) has zero
measure, then ¢ (¢, (A)) has zero measure by Corollary H.6. Using the properties of
autonomous systems, ¢(@(r, (A)) = Sryse,r44(A). Let tp = (1 — 7o)k, k € Z, then
P(—00,00)(A) = Upez Plro-+t,7+t5] (A) is a countable union of zero measure sets, and hence

has zero measure. O

Corollary H.8. Under Assumption |7.1, the set ¢ o) (A) has zero measure if and only

if P(—o0,00)(A) has zero measure.
Lemma H.9. The local inset of an equilibrium point is measurable under Assumption|7.1.

Proof. The local inset Zy; is characterized by the intersection of a “stability” and a “con-

vergence” sets, given by Z;; =S NC where
S={zcU:¢i(x)eUforallt >0}, C={xcU:Y3IVr|d:i(z)— x| <€}
The set S can be described by S = (¢, Sk where
Sp={xeU:¢(x)eUftortelkT kT +T|}.

By the continuous dependence of ¢;(x) on the initial conditions @, }, and on t, for
each x € Sy there exists ¢ sufficiently small, such that ||z — y| < § = ¢(y) € U for the
compact interval t € [kT kT + T|. Consequently, the set S is open, thus measurable,
and the set § is measurable.

The set C can be described by C = (,,cx UkeNo Cnk, where

1
Cok ={x €U : IpVisr|d(z) — x| < . for all t > k}.
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The set C, 1 is measurable, by the same arguments used for the measurability of S. Con-
sequently, C is a countable union and intersection of measurable sets and is measurable,

which concludes the proof. O

H.3 Divergence of vector fields defined on SO(3)

This section details the computation of the divergence on SO(3), that is used in the

stability analysis of the attitude observer. The rotation matrix R is an element of SO(3)

L T4 T7
R=|ro r5 78],
r3s Tre T9

the tangent space of SO(3) is identified with T SO(3) ~ {RK € M(3,3) : K= -K' /K €
M(3,3)}, and let £ : SO(3) — T% SO(3) be a vector field. In [30], explicit equations for
the computation of the divergence in local coordinates are provided. Given that R is
an implicit parameterization of SO(3), the parameterization based on Euler angle-axis is

considered instead

(VR)X
[vell

vr € {vr € R®:[lvg| < 7},

(VR)« (VR)«

R(vg) = I+ sin(|vr]) T

+ (1= cos([lvrl])

Y

/
where v = [Ul V9 ’U3i| corresponds to the rotation axis and ||vg|| is the rotation angle.

The divergence is given by

M

o 1 9y/det(G)E;
dlv(f)—; (©) o, , (H.2)

where G = J’WJ is the metric tensor, W is a diagonal weight matrix, J is the Jacobian

matrix characterized by the basis vectors a‘%ﬁm for the tangent hyper-plane

Or1  Or1  Or]

ovr Ovo ovg

Iro . .

__ | Ovec(R) 9Ovec(R) Ovec(R)| _ | ovy

J= =
ovy Ovg Ovs .

Org  Org  Org
LOovy  Ovo  Ovz

and F; are the coordinates of the vector field f in the tangent hyper-plane,

3
dvec(R)
= FF———" = JF H.3
f Z ! avi ’ ( )
=1
!/

where F = [Fl £ F3] — (33,
The divergence of a vector field f is computed using (H.2). The following lemma allows
for the computation of a vector field pf given div(f), where p is a scalar function defined

on the manifold.
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Lemma H.10. Let p(R) : SO(3) — R, the divergence of the product pf satisfies
div(pf) = pdiv(f) + (Vrp)'f,

where VR (+) is the gradient with respect to the coordinates of R, i.e. Vrp = [ 9p Op ... Op

ory  Org Org
Proof. The result is obtained by algebraic manipulation of (H.2) applied to pf,

_ M 1 0+/det(G)pF;
divlpf) = Z Jdet(G) o

M 0+/det(G %
pu— F
i—1 \/det(G) (p 87}1 8”1)
M M
1 8\/d t(G)F;
=92 ; ZF

-1V det(G) ov;
= pdiv(f) + (Vvp)'F,
!/
where V(+) is the gradient with respect to the coordinates of vz, i.e. Vyp = Op  Op  Op

8’01 B'UQ 81}3

Using the chain rule yields the well known result 8” = Z? 1 g T’; gZJz = (Je&;))'Vgrp =

Vvp = J'Vxp, where e; is the unit norm vector with umt value at coordinate i. Conse-
quently,

div(pf) = pdiv(f) + (Vip) JF,

which, using (H.3), produces div(pf) = pdiv(f) + (Vgrp)'f. O



Appendix I

Closed-form solution to the

pseudorange equations

In this section, the solution to the GPS receiver position given the pseudorange measure-
ments is derived. Algorithms to compute the position of the GPS receiver in Earth frame
using the pseudorange measurements are presented in H, H, @, E, 91]. The present ap-
proach builds on the geometric method presented in [27] for s > 4 satellites. Consider two

pseudorange measurements obtained by receiver j

pij = I"p; — psil + bo,  p1; = I"P; — “ps1l + by,

with respect to satellites 7 and 1, respectively. Squaring and subtracting the pseudoranges

yields
~2(%psi = "ps1)' s + 2015 = p19)by = o = oy = (IFpsill® = PR )
which can be written in matrix formulation as
E
P
Asj [ J] =bs, (L1)
bp
where
03—t = (17ps2ll® = ["psi?)
Agji=2 [—EU Asj] ., bg;= : ’
pa;— i = (IIPpssl” = "psall?)
/ !
E
U — |:Ep{5'2 - Ep,,5‘1 . Ep{s’s - Episq] ) AS] = |:p2j — plj . ps] — p1]:| .

A solution of (I.1) is given by the Moore-Penrose inverse

Ep] _ / A ‘_1A/ b .
—( Sj S]) SiPS
o
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which, by algebraic manipulation and using the properties of the block matrix inverse ,
produces
5 (FU'Wg,;FU)"1FU'Wg,bg;

P; = — 9 = _fp(pj)’ (1.2)

where
Wy = 4A5j(4Aingsj — 1)_1Ai<}j — I(s—l)x(s—l)‘

The conditions for existence and uniqueness of a position fix ¥ p; given the pseudorange
E, @] For

measurements p;; depend on the user-satellite geometry for s = 4 satellites
s > 5, the solution is unique if the satellite geometry is nonplanar ﬁ] In case rank(Ag ;) <
4, (I.1) yields multiple solutions, even if the position fix E p; is unique.

The ambiguity in (I.1)), if present, can be easily tackled for any nonplanar satellite
configuration, under the proviso that the position fix p; is unique. The nonplanar satellite
configuration bears rank(?U) = 3, and the solution is determined by intersecting the one
dimensional space defined by (I.2) with the cones defined by the pseudorange equations

(8.2). Using the derivation 2%, p.1024], the solution is given by

E
pj ’ N /
[b ]ZWS;’ﬂLaaLWSj:AEj( §,;A5;) T AG,bsj,
P

where Ag; € M(3,4) is obtained by selecting the linearly independent lines of Agj,
a; € R* describes the null space of Agj, ie. Agja; = 0, and the coefficient « is the

solution of the quadratic equation
*w! Zw, +2aw'Za, +a'|Za, =0
/
Wo = Wgj — [Epgl plj} \Z = diag(1,1,1, 1),

which uniquely satisfies the pseudorange measurements p;;. For further study and solu-

tions for the planar configuration case, the reader is referred to M, 91].



Appendix J

Exponential stability of a cascade

system

This section studies the convergence properties for cascade systems in the form

x1 = Axq + BU(XQ,t), (Jla)
X2 = fa(x2), (J.1b)

where x1 € R™, xo € R", u: R" x R} — RP, A € M(m), B € M(m,p), and fo: R" — R"
is locally Lipschitz.

The formulation (J.1) is motivated by the structure of the observer based on GPS
measurements, depicted in Fig. [8.2] and given by (8.5, [8.17). The results presented in
this section are adopted to derive the stability properties of the observer formulated in
Chapter

Sufficient conditions for the global stability of the origin of the cascade system (J.1) can
be found in H, ’T%], and the following stability results are well known in input-to-state
stability theory [131].

Theorem J.1 (ﬁ??%]) If the system (J.1a) is input-to-state stable, and if the origin of the
system (J.1b)) is globally asymptotically stable, then the origin of the cascade system (J.1))
18 globally asymptotically stable.

Theorem J.2 (ﬁl?%l]) The system (J.1a) is input-to-state stable if and only if the matriz

A is Hurwitz.

The results of Theorem|J.1]yield global asymptotic stability of the origin of the cascade
system. If the subsystem (J.1b) is exponentially stable, explicit convergence bounds of the
solutions of (J.1) can be obtained due to the linear, time-invariant formulation of (J.1a),
as shown in the ensuing. The following statement characterizes the solutions of (J.1a) for

an exponentially decaying input.
Proposition J.3. Consider the system

x1 = Ax; + Bu. (J.2)
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Assume that the origin of the system (J.2) is stable, and that there exist ¢y, Yy, ug > 0
such that the input verifies

la(®)]] < cue™ 0, (1.3)

Then the solution of the system is bounded by

(i cu||B
a0l Seae 9 (o)) + 2B ).

‘ a u|
where Ymin = Min{Ya, Yo}, and ca,va > 0 satisfy ||eA7|| < coe™ 7.

Proof. The solution of the LTT system (J.2) satisfies
t
()] < e a1 + [ e B ()
to

where the stability of the origin implies that there exists ¢, and 7, > 0 such that ||| <
cqe Vet @] Applying (J.3), yields

t t
/ cae~ DB Ju(r)|[dr < cacal|Blluo / (=)= (r—t0) g
to to
_ CaCul[Blluo (e—vua4¢o>__efwaa—uﬂ),
Ya — Yu
Using the inequalities

e*"/u(t*tO) — ef'yll(tfto) ef'Ymin(tftO)

<
Ya — Yu Ve — Yul

7 ¢~ Va(t—to) < e—Wmin(t—to)’

where Ymin = min(7yy,v,), produces the desired bound. Ol

The following result establishes convergence bounds for the trajectories of the cascade
system (J.1).

Proposition J.4. Assume that the origin of the system (J.1a) is stable, that the origin
of the system (J.1b) is exponentially stable as follows

Vs to) | <e Searra>0 [IX2(8)]] < c2e™2710)|[x5(k0) (J.4)

and that there exists cs > 0 such that ||u(xa,t)|| < cs||x2||. Then the solution of the system
J.1) is exponentially stable, bounded by

()| Semaxe™ =m0 x(to)

for all ||x2(to)|| < ¢, where

caC32|B|

) in = min s V20
"7!1 _72‘ Ymin {Vas 72}

/
x:[x’1 x’Q}, Cmax = Cq + Co +

and cq,Yq > 0 satisfy ||eA7|| < cqe™aT.
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Proof. The input of system (J.1a) satisfies
lu(xz, )| < eaeze™ 20710 xa (20) .

Using Proposition [J.3 produces

_ . _ C3C9 B
|mmﬂné%e”m“t“’QMAmM%%”"mﬂmm)-
"Ya - '72|
Using (J.4), and the inequalities
Il < Il + el ol < il Il < ]l

produces the exponential bound

=@ < llx @ + [x2 (D)

L c3co||B — o (t—
< e 0 (s )]+ P et ) + eae” i)
. —
o caC3co||B
< et (e + (222304 o)) o
a
B
S e_’Ymin(t_tO) <CCL —+ M + C2> ||X(t0)H
|’Ya - 72’






Appendix K

Magnetometer calibration in

sensor frame

The EKF and CKF based navigation systems, derived in Chapters 2/ and [4, resort to
magnetometer measurements for attitude aiding. In the experimental validation of the
algorithms using the DELFIMx catamaran, it was noted that the magnetometer measure-
ments were corrupted by bias and scaling effects, and that distortions occurred when the
sensor was mounted onboard the vehicle. Motivated by the magnetometer non-idealities
found in the experimental setup, this appendix derives an algorithm for the onboard cal-
ibration of three-axis strapdown magnetometers. The proposed calibration method is
written in the sensor frame, and compensates for the combined effect of all linear time-
invariant distortions, namely soft iron, hard iron, sensor non-orthogonality, bias, among
others. A Maximum Likelihood Estimator (MLE) is formulated to iteratively find the
optimal calibration parameters that best fit to the onboard sensor readings, without re-
quiring external attitude references. It is shown that the proposed calibration technique
is equivalent to the estimation of a rotation, scaling and translation transformation, and
that the sensor alignment matrix is given by the solution of the orthogonal Procrustes
problem. Good initial conditions for the iterative algorithm are obtained by a subopti-
mal batch least squares computation. Simulation and experimental results with low-cost
sensors data are presented and discussed, supporting the application of the algorithm to

autonomous vehicles and other robotic platforms.

K.1 Introduction to magnetometer calibration

Magnetometers are a key aiding sensor for attitude estimation in low-cost, high perfor-
Ei, M, ’F.O], with widespread application to autonomous

air, ground and ocean vehicles. These inexpensive, low power sensors allow for accu-

mance navigation systems &,
rate attitude estimates by comparing the magnetic field vector observation in body frame

coordinates with the vector representation in Earth frame coordinates, available from ge-

omagnetic charts and software [108]. In conjunction with vector observations provided by
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other sensors such as star trackers or pendulums, the magnetometer triad yields complete
3-DOF attitude estimation [8, 98].

The magnetic field reading distortions occur in the presence of ferromagnetic elements
found in the vicinity of the sensor and due to devices mounted in the vehicle’s structure.
Other sources of disturbances are associated with technological limitations in sensor man-
ufacturing and installation. A comprehensive description of the magnetic compass theory
can be found in [41].

Magnetometer calibration is an old problem in ship navigation and many calibration
techniques have been presented in the literature. The classic compass swinging calibra-
tion technique proposed in @] is a heading calibration algorithm that computes scalar
parameters using a least squares algorithm. The major shortcoming of this approach is the
necessity of an external heading information [55], which is a strong requirement in many
applications. A tutorial work using a similar but more sound mathematical derivation
is found in [41]. This book addresses the fundamentals of magnetic compass theory and
presents a methodology to calibrate the soft and hard iron parameters in heading and
pitch, resorting only to the magnetic compass data. However, the calibration algorithm is
derived by means of successive approximations and is formulated in a deterministic fashion
that does not exploit the data of multiple compass readings.

In recent literature, advanced magnetometer calibration algorithms have been proposed
to tackle distortions such as bias, hard iron, soft iron and non-orthogonality directly in
the sensor space, with no external attitude references and using optimality criteria. The
batch least squares calibration algorithm derived in [44, 55] accounts for non-orthogonality,
scaling and bias errors. A nonlinear, two-step estimator provides the initial conditions
using a nonlinear change of variables to cast the calibration in a pseudo-linear least squares
form. The obtained estimate of the calibration parameters is then iteratively processed
by a linearized least squares batch algorithm.

The TWOSTEP batch method proposed in ] is based on the observations of the
differences between the actual and the measured unit vector, denoted as scalar-checking.
In the first step of the algorithm, the centering approximation derived in [52] produces a
good initial guess of the calibration parameters, by rewriting the calibration problem in a
linear least squares form. In a second step, a batch Gauss-Newton method is adopted to
iteratively estimate the bias, scaling and non-orthogonality parameters. In related work,
36] derives recursive algorithms for magnetometer calibration based on the centering
approximation and on nonlinear Kalman filtering techniques.

Magnetic errors such as soft iron, hard iron, scaling, bias and non-orthogonality are
modeled separately in [44]. Although additional magnetic transformations can be mod-
eled, it is known that some sensor errors are compensated by an equivalent effect, e.g.
the hard iron and sensor biases are grouped together in [55]. Therefore, the calibration
procedure should address the estimation of the joint effect of the sensor errors, as opposed
to estimating each effect separately.

In this work, the magnetometer reading error model is discussed and cast in a error
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formulation which accounts for the combined effect of all linear time-invariant magnetic
transformations. The calibration algorithm is derived rigorously using a comprehensive
model of the sensor readings in R3, that clarifies and exploits the geometric locus of the
magnetometer readings, given by an ellipsoid manifold. A rigorous geometric formulation
simplifies the problem of compensating for the modeled and unmodeled magnetometer
errors to that of the estimation of parameters lying on an ellipsoid manifold. A complete
methodology to calibrate the magnetometer is detailed, and a Maximum Likelihood Es-
timator (MLE) allows for the formulation of the calibration problem as the optimization
of the sensor readings likelihood. It is also shown that the calibration and alignment
procedures are distinct.

The sensor calibration problem is naturally formulated in the sensor frame. The cali-
bration parameters are estimated using the magnetometer readings, and without resorting
to external information or models about the magnetic field. In addition, a closed form
solution for the sensor alignment is also presented, based on the well known solution to
the orthogonal Procrustes problem [61].

The proposed calibration methodology is assessed both in simulation and using exper-
imental data. Because the calibration parameters are influenced by the magnetic charac-
teristics of the payload, the geomagnetic profile of the terrain and diverse vehicle operating
conditions, the online calibration of the magnetometers is analyzed. The calibration pa-
rameters are estimated for magnetometer data collected in ring shaped sets, corresponding
to yaw and pitch maneuvers that are feasible for most land, air and ocean vehicles. Simu-
lation and experimental results show that the algorithm performs a computationally fast
calibration with accurate parameter estimation.

The appendix is organized as follows. In Section [K.2, a unified magnetometer error
parameterization is derived and formulated. It is shown that the calibration parameters
describe an ellipsoid surface and that the calibration and alignment problems are distinct.
A MLE formulation is proposed to calculate the optimal generic calibration parameters and
an algorithm to provide good initial conditions is presented. Also, a closed form solution
for the magnetometer alignment problem is obtained. Simulation and experimental results

obtained with a low-cost magnetometer triad are presented and discussed in Section|[K.3l

K.2 Magnetometer calibration and alignment

In this section, an equivalent parameterization of the magnetometer errors is derived. The
main sources of magnetic distortion and bias are characterized, to yield a comprehensive
structured model of the magnetometer readings. Using this detailed parameterization as
a motivation, the magnetometer calibration problem is recast, without loss of generality,
into a unified transformation parameterized by a rotation R, a scaling S, and an offset b.
Consequently, it is shown that for all linear transformations of the magnetic field, such as
soft and hard iron, non-orthogonality, scaling factor and sensor bias, the magnetometer

readings will always lie on an ellipsoid manifold.
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A Maximum Likelihood Estimator formulation is proposed to find the optimal cali-
bration parameters which maximize the likelihood of the sensor readings. The proposed
calibration algorithm is derived in the sensor frame and does not require any specific infor-
mation about the magnetic field’s magnitude and body frame coordinates. This fact allows
for magnetometer calibration without external aiding references. Also, a closed form op-
timal algorithm to align the magnetometer and body coordinate frames is obtained from

the solution to the orthogonal Procrustes problem.

K.2.1 Magnetometer errors characterization

The magnetometer readings are distorted by the presence of ferromagnetic elements in the
vicinity of the sensor, the interference between the magnetic field and the vehicle structure,

local permanently magnetized materials, and by sensor technological limitations.

Hard Iron / Soft Iron

The hard iron bias, denoted as by, is the combined result of the permanent magnets
inherent to the vehicle’s structure, as well as other elements installed in the vehicle, and
it is constant in the vehicle’s coordinate frame.

Soft iron effects are generated by the interaction of an external magnetic field with the
ferromagnetic materials in the vicinity of the sensor. The resulting magnetic field depends
on the magnitude and direction of the applied magnetic field with respect to the soft iron

material, producing
hg; = Cs[gREh, (K.1)

where Cg; € M(3) is the soft iron transformation matrix, ZR is the rotation matrix
from body to Earth coordinate frames, gR = gR’ , Ph is the Earth magnetic field.
As described in , chapter XIJ, the combined hard and soft iron effects are given by
hgri g7 = hgr + byy. The linearization of the ferromagnetic effects (K.1) yields the well
known heading error §¢» model m, @] adopted in compass swinging calibration, which
ignores the harmonics above 2¢. The formulation (K.1), adopted in this work, yields a

rigorous approach to the simultaneous estimation of the hard and soft iron effects.

Non-orthogonality

The non-orthogonality of the sensors can be described as a transformation of vector space

basis, parameterized by M]

1 0 0
Cnro = | sin(v) cos(1)) 0 )
—sin(f) cos(6)sin(¢p) cos(f) cos(¢)

where (1,6, ¢) are yaw, pitch and roll Euler angles, respectively.
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Scaling and Bias

The null-shift or offset of the sensor readings is modeled as a constant vector by, € R3.
The transduction from the electrical output of the sensor to the measured quantity is
formulated as a scaling matrix Sy; € D' (3), where D(n) denotes the set of n x n diagonal
matrices with real entries and DT (n) = {S € D(n) : S > 0}.

Wideband noise

The disturbing noise is assumed wideband compared with the bandwidth of the system,

yielding uncorrelated sensor sampled noise.

Alignment with the body frame

The formulation of the proposed algorithm in the sensor frame allows for sensor calibra-
tion without determination of the alignment of the sensor with respect to a reference
frame. An alignment procedure of the sensor triad is proposed in this work for the sake

of completeness.

Other effects

Generic and more complex effects related to sensor-specific characteristics and to the
magnetic distortion are difficult to model accurately. The proposed calibration algorithm
compensates for the combined influence of all linear time-invariant transformations that
distort the magnetic field, which are estimated in the form of an equivalent linear trans-

formation.

K.2.2 Magnetometer error parameterization

In this section, an equivalent error model for the magnetometer readings is formulated.
First, the estimation problem of the non-ideal magnetic effects described in Section [K.2.1]
is recast, without loss of generality, as the problem of estimating an affine linear trans-
formation. Second, it is shown that the linear transformation is equivalent to a single
rotation, scaling and translation transformation. In other words, to calibrate the magne-
tometer it is sufficient to estimate the center, orientation and radii of the ellipsoid that
best fit to the acquired data.
Define a sphere and an ellipsoid as ]

S(n) = x e R™': [x|2 =1}, L(n) = {x € B™*!: [SR'x|* = 1},

where S € DT (n+1) and R € SO(n+1) describe the radii and orientation of the ellipsoid,
respectively. The three-axis magnetometer reading is given by the Earth’s magnetic field

Fh affected by the magnetic distortions and errors, yielding

h,; = Sy Cno(CsBR:Ph 4 byy) 4 bas + 10y, (K.2)



228 Chapter K. Magnetometer calibration in sensor frame

Figure K.1: Affine transformation of a two dimensional sphere.

where h, is the magnetometer reading in the (non-orthogonal) magnetometer coordinate
frame, n,, € R? is the Gaussian wideband noise, Sy;, Cno, Csr, bgr and by, are the
magnetic distortions described in Section|K.2.1, and 7 = 1,...,n denotes the index of the
reading.

Without loss of generality, the magnetometer reading can be described by
h,; = CPh; + b + nps, (K.3)

where C = Sy CnoCsr, b = Sy Cnobyr + by, Bhi = gRiEh, Bhi c 5(2) is the
magnetic field in body coordinate frame. In particular, C € M(3) and b € R? are un-
constrained, so unmodeled linear time-invariant magnetic errors and distortions are also
taken into account.

Given that the points Ph; are contained in the sphere, straightforward application of
the Singular Value Decomposition (SVD) @] shows that the magnetometer readings h,;
lie on an ellipsoid manifold, as illustrated in the example of Fig. K.1 and summarized in

the following theorem. The proof is presented for the sake of clarity.

Theorem K.1 (@]) Let ¢ : R" — R", ¢(x) = Cx be a linear transformation where
C € M(n) is full rank. Then c(x) is a bijective transformation between the sphere and
an ellipsoid in R™, i.e. there is an ellipsoid L(n — 1) such that the transformation cl|s :
S(n—1) = L(n—1), c|s(x)= Cx is bijective.

Proof. Let the s decomposition C = UXV’, where U,V € O(n) and ¥ € D" (n). Define
the matrices Ry := UJ,Sy := 3,V (= VJ, J = dEtéU) In_lom_l]’ which describe a
modified singular value decomposition with at least one special orthogonal matrix C =
R1SL V) where Ry, € SO(n), S;, € DT(n) and V, € O(n). The transformation c(x)

applied to the sphere is given by
cls(x) == RSy, (K.4)

where y := V/x verifies ||y|? = 1. Choosing the ellipsoid L(n — 1) = {x € R" :
IS 'R x[|? = 1} then ¢|s(x) € L(n — 1). The function (K.4) is injective because
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RSy is invertible. To see that it is surjective, given any z € L(n — 1), the point
y =S, 'R}z € S(n — 1) satisfies c(y) = z. O

Corollary K.2. Let C € M(n) be a full rank matriz and let the singular value de-
composition of C be given by C= RSV} where Ry, € SO(n), Sp € DT (n) and
Vi € O(n). The ellipsoid described by c|q is spanned by the bijective transformation
[:S(n—1) = L(n—1), I(x)=RLSLx.

Theorem implies that the magnetic field readings h,; derived in (K.3) lie on the
surface of an ellipsoid centered on b, referred to as sensor ellipsoid. Corollary K.2 states
that the sensor ellipsoid centered at b is fully characterized the rotation Ry and scaling
S}, matrices.

Define “h; := V/ Bh;, “h; € S(2) where the coordinate frame {C} is obtained by the
orthogonal transformation V’ of {B}, i.e. by the alignment matrix V7. The equivalent

model for the magnetometer readings (K.3) is described by
hy; =R.S.h; + b+ nys. (K.5)

Clearly, the calibration process is equivalent to the estimation of the ellipsoid’s parameters
b, Ry, and S;. As expected, the alignment matrix V, is not observable in the calibration
process given that “h; and Ph; are not measured.

The sensor description (K.5) is a function of the calibration parameters (Rp,Sy,b)
lying on the manifold SO(3) x D™ (3) x R3. Optimization tools on Riemannian manifolds are
required to solve for the calibration parameters directly on SO(3) x DT (3) x R3, see 4473, H]
for a comprehensive introduction to the subject. Fortunately, an equivalent calibration
can be performed in the Euclidean space M(3) by estimating C directly, but where the
fact that the alignment matrix V cannot be determined must be considered.

The sensor calibration and alignment algorithm is structured as follows. In the cali-
bration step, the parameters R, Sy and b are estimated, using a Maximum Likelihood
Estimator formulated on M(3). In the alignment step, the determination of the orthogonal

transformation V7, is obtained from a closed form optimal algorithm using vector readings
in {C} and {B} frames.

K.2.3 Magnetometer calibration

The calibration parameters are computed using a Maximum Likelihood Estimator. An
intermediate estimator is formulated on the manifold © := SO(3) x D™ (3) x R3 to evidence
that the sensor alignment cannot be determined by a calibration algorithm written in the
sensor frame. However, the use of classical optimization tools in Euclidean spaces is
allowed for by writing an equivalent estimator formulation on M(3).

Assuming that the noise on the magnetometer readings is a zero mean Gaussian process
2

with variance o/, ;, the probability density function (p.d.f.) of each h,; is also Gaussian

Ny~ N(0,02,1) = h; ~ N(RS.%h; + b,02,,1I).
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The MLE finds the parameters that maximize the conditional p.d.f. of each sensor read-
ing given the optimization parameters [75]. The resulting minimization problem of the

weighted log-likelihood function is described by

"\ (b —b) = RS\’
min Z(H( ) —RiSL H> . (K.6)
(Rr,SL,b)€O® 1 Omi

Ch;€5(2),i=1,...,n

The minimum of (K.6) is computed iteratively by gradient or Newton-like methods on
manifolds 4473, H] Note that solving the minimization problem (K.6) implies estimating
n auxiliary magnetic field vectors “h;, and the dimension of the search space is (2n +
dim ©) whereas the dimension of the calibration parameters space is dim © = dim SO(3)+
dimD*(3) + dimR? = 9.

The minimization problem (K.6) finds the ellipsoid points (R;S;%h;) that best fit
the sensor readings (h,; — b). Intuitively, the minimization problem can be rewritten
to find the sphere points “h; that best fit to the pullback of the ellipsoid to the sphere
(S;'R(h,; — b)), yielding

n — / 2
gy S(Sm )

(Rr,Sp,b)e® = Omi
Ch;€5(2),i=1,..,n

The minimization problem (K.7) is suboptimal with respect to the unified error model
(K.5), but can be rigorously derived using a MLE formulation by assuming that the
noise is external to the sensor, as detailed in the Section More important, the
log-likelihood function (K.7) can be optimized by searching only in the parameter space
0.

Proposition K.3. The solution (R},S},b*) of also minimizes

2
. " (ISL' Ry (b —b)|| — 1
E . K.8
mln)ee : ( : ( )

(Rr,SL,b i1 Omi

Proof. Given (R7j,S},b*), the optimal Ch;‘ satisfies

“h} =argmin ||v; — “h;|?, (K.9)
Ch;€S(2)

where v := 87 'R%’(h,; — b*). The minimization problem (K.9) corresponds to the
v

projection of v} on the unit sphere, which has the closed form solution Oh;k = T

s

Therefore, the minimization problem (K.7) can be written as

n IR (s —b) — Vi [\ 2
min_ > <HSL Ri/(hi—b) vi||||>
(Re.SL.b)e® ’

Omi

where v; 1= SZIR 1/ (h,;—b). Using simple algebraic manipulation produces the likelihood
function (K.8). ]
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The minimization problem (K.8) can be formulated on the Euclidean space, which

allows for the use of optimization tools for unconstrained problems [12].

Proposition K.4. Let (T*, b}) denote the solution of the unconstrained minimization

problem

n o _ 2
min (”T(h” br)| 1) , (K.10)
TeM(3) =1 Omi

and take the singular value decomposition of T* = UsS: VA Ur € O(3), Sy € DT(3),
V1 € SO(3). The solution of (K.8) is given by R} = V5., S} = S*T_l, b* = b7.

Proof. Using the equality [|[VS; 'R} (h,; —b)| = ||S; 'R}, (h,; — b)|| for any V € O(3),
and the fact that, by the singular value decomposition, T := VLSZIT\’/L is a generic
element of M(3), produces the desired results. O

By Proposition [K.4, the calibration parameters of equation (K.5) are obtained by
solving (K.10) and decomposing the resulting T*. Although (K.10]) could be derived using
(K.3), the intermediate derivations and (K.8) where presented to show that (i)
the sensor readings lie on an ellipsoid manifold parameterized by Ry, Sy and b (ii) the
alignment matrix, represented by V (or U%) cannot be determined in the calibration
process, given that there are no body referenced measurements.

In this work, the minimization problem (K.10) is solved by using the gradient and
Newton-descent method for Euclidean spaces ], and the Armijo rule for the step size
determination. The gradient and Hessian of the log-likelihood function are computed
analytically and presented in the Section [K.4.1.

Given the calibration parameters (Rr,Srz,b), an unbiased and unit norm represen-
tation of the Earth magnetic field in the calibration frame {C'} is obtained by algebraic
manipulation of (K.5), resulting in

“h; = S;'R (h,; — b). (K.11)

A good initial guess of the scaling and bias calibration parameters is produced by the

two-step estimator proposed in H] The locus of measurements described by
Ep (2 -1 2
17h|" =187 (h, — b)||7,

is expanded and, by defining a nonlinear change of variables, it is rewritten as a pseudo-

linear least squares estimation problem
H(hy)f(b,s) = b(h,), (K.12)

where the matrix H(h,) € M(n,6) and the vector b(h,) € R" are nonlinear functions of

the vector readings and the vector of unknowns f(b,s) € RS is a nonlinear function of the

calibration parameters. The closed form solution to the least ﬁuares problem (K.12) is
5

.

found to yield a good first guess of the calibration parameters [4
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In alternative, the algorithm proposed in [24] can produce an initial ellipsoid guess
based on the difference-of-squares error criterion using a semidefinite programming (SDP)
formulation. However, the SDP algorithm is computationally feasible only for no more
than a few hundred samples, whereas the pseudo-linear least squares formulation (K.12)
allows for efficient processing of the several thousands of points contained in the calibration

data, which are required in practice.

K.2.4 Magnetometer alignment

The representation of Ph; in the body frame is necessary in attitude determination al-
gorithms @] Although the alignment and calibration procedures are independent, the
magnetometer alignment algorithm is detailed for the sake of completeness.

The magnetometer alignment with respect to a reference frame is represented by the or-
thogonal matrix V1, € O(3) contained in the unified transformation C, see Corollary [K.2!
Given that “h; := V’LBhi, Ch, € S(2), the matrix V, is computed using the Ch; observa-
tions given by the calibrated sensor reading (K.11), and the Ph; measurements obtained
from external information sources, such as heading reference units or external localization
systems.

As illustrated in Fig.[K.2, two vector readings are sufficient to characterize a rigid rota-
tion V1, € SO(3), or a rotation with reflection Vi, € (O(3)\SO(3)), but the determination
of an orthogonal transformation V € O(3) requires at least three linearly independent
vectors readings. The well known results for the orthogonal Procrustes problem [61] are
adopted to determine V € O(3).

Theorem K.5 (Orthogonal Procrustes Problem). Take two sets of vector readings in
{C} and {B} coordinate frames, concatenated in the form ¢X = [Chl Chn] and
BX = |Bnh, ... Bhn] where n > 3. Assume that BXC X' is nonsingular, and denote
the corresponding SVD as BXCX' = UZV/, where U,V € 0O(3), ¥ € D"(3). The
optimal orthogonal matriz V; € O(3) that minimizes the transformation from {B} to

{C} coordinates frames in least squares sense

n
Juin ;Hchi = V1P|,
is unique and given by V;* =VU'.
Using (K.11), the calibrated and aligned magnetic field vector reading is given by
Bh; = VSR (h,; — D).

Given that the vector magnitude is not relevant for the attitude determination algorithms
], it is assumed without loss of generality that “h lies on the unit sphere, and the norm
scaling factor is thus incorporated in the scaling matrix Sy. Clearly, if |“h|| = o, a # 1,

the calibrated sensor reading Bh,, is given by Bh;, = oPh;.
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Figure K.2: Alignment estimation ambiguity with two vector readings.

K.3 Algorithm implementation and results

In this section, the proposed calibration algorithm is validated using simulated and exper-

imental data from a triad of low-cost magnetometers.

K.3.1 Simulation results

The calibration algorithm was first analyzed using simulated data. The reference calibra-
tion parameters from are

W 2.0° ~1.2
Sar = diag(1.2,0.8,1.3), |0| = [1.0°|, bar= | 0.2 | G,
¢ 1.5° —0.8
1.5 0.58 —0.73 0.36
by = 04| G, Csr= | 1.32 046 —0.12],
2.7 —0.26 0.44 0.53

and the magnetometer noise, described in the sensor space, is a zero mean Gaussian noise
with standard deviation ¢, = 5mG. The likelihood function f is normalized by the
number of samples n and the stop condition of the minimization algorithm is ||V f|x, || <
e=10"3

In a strapdown sensor architecture, the swinging of the magnetometer triad is con-
strained by the vehicle’s maneuverability and, consequently, only some sections of the
ellipsoid can be traced. The magnetic field readings are obtained for two specific cases,
illustrated in Fig. In the first case, a ring shaped uniform set of points is obtained
for unconstrained yaw and a pitch sweep interval of § € [—20, 20]°. Note that the con-
straint in the pitch angle can be found in most terrestrial vehicles. In the second case, the

ellipsoid’s curvature information is reduced by constraining the yaw to i € [—90, 90] °.
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I Estimated Ellipsoid
Sensor Data

(a) Ring shaped data. (b) Arch shaped data.

Figure K.3: Ellipsoid fitting (simulation data).

The results of 20 Monte Carlo simulations using 10* magnetometer readings are pre-
sented in Tables K.1 and K.2 and depicted in Fig.K.3. Given the large likelihood cost of
the noncalibrated data, denoted by f(x_1), the initial condition draws the cost function
into the vicinity of the optimum, and the iterations yield a 20% improvement over the

initial guess.

Table K.1: Calibration results (gradient method).

flx=1) f(xo0) f(x*) iterations e Se be

Ring Shaped Data 3.28 x 10! 1.17 x 10~%  9.64 x 10~° 2246 1.74 x 1073 7.61 x 1073 3.54 x 10~*
Arch Shaped Data 4.36 x 1071 1.18 x 10~* 9.62 x 10~° 1932 1.46 x 1072 1.65x 1072 1.74 x 1072

Table K.2: Calibration results (Newton method).

flx=1) f(xo0) F(x*) iterations B Se be

Ring Shaped Data 3.28 x 1071 1.18 x 10~* 9.64 x 10~° 37.0 1.74 x 1073 7.61x 1073 3.54 x 10~*
Arch Shaped Data 4.37 x 10~!  1.18 x 10~* 9.62 x 10~5 37.2 1.46 x 1072 1.65x 1072 1.75 x 102

The Newton algorithm converges faster than the gradient algorithm, exploiting the
second order information of the Hessian, as illustrated in Fig. K.4 and Fig.[K.5| Although
the Hessian computations are more complex, the Newton method takes only 5s to converge
to in a Matlab 7.3 implementation running on a standard computer with a Pentium Celeron
1.6 Ghz processor.

Defining the distance between the estimated and the actual parameter as s, := ||S* —
S||,be := ||b* — b||, and 6. := arccos (%), Tables K.1 and [K.2 show that the arch

shaped data set contains sufficient eccentricity information to estimate the equivalent mag-
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Figure K.4: Convergence of the log-likelihood function (arch shaped data).
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Figure K.5: Convergence of the log-likelihood gradient (arch shaped data).
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Figure K.6: Estimation error vs. signal-to-noise ratio (100 MC, ring shaped data).

netometer errors quantities R, s and b. For platforms with limited maneuverability, the
proposed optimization algorithm identifies the calibration parameters with good accuracy.
As expected, reducing the information about the ellipsoid curvature slightly degrades the
sensor calibration errors.

As depicted in Fig. [K.3| although the noise is formulated in the sensor frame, the
suboptimal formulation (K.8) yields accurate results with unit likelihood weights o2, ..
Let the distance in the parameter space be given by d(x*,x)? := 62 +s2 +b?, the influence
of the noise power in the estimation error is illustrated in Fig. where the magnetic
field magnitude in the San Francisco Bay area is adopted, ||“h| = 0.5 G.

K.3.2 Experimental results

The algorithm proposed in this work was used to estimate the calibration parameters for a
set of 6 x 10 points obtained from an actual magnetometer triad. The magnetometer was
a Honeywell HMC1042L 2-axis magnetometer and a Honeywell HMC1041%Z for the third
(Z) axis, sampled with a TT MSC12xx microcontroller with a 24bit Delta Sigma converter,
at 100Hz, see @] for details.

A gimbal system was maneuvered to collect (i) a set of sensor readings spanning the
ellipsoid surface, Fig. m, (ii) only four ellipsoid sections, Fig. m The calibration
algorithm converged to a minimum within 60 Newton method iterations, taking less than
40s and yielding f(x*) = 2.51 x 1079 for the ellipsoid surface data set and f(x*) =
2.67 x 1075 for the ellipsoid sections data set. Although the second data set included
less data points, the results were similar because the collected data were sufficient to
characterize the ellipsoid’s eccentricity and rotation, as depicted in Fig.

Given the calibration parameters, the sensor noise is characterized by rewriting (K.5)
as n,,; = h, — (R*LS*LCh;" + b*) where Ch;" is given in the proof of Proposition|K.3. The
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Figure K.7: Ellipsoid fitting (real data).
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obtained experimental standard deviation of the sensor noise is 0, = 0.65mG, which
evidences that the signal-to-noise ratio of a typical low-cost magnetometer is better than
that assumed in the simulations of Section [K.3.1, as depicted in Fig. [K.6.

The calibrated magnetometer data are compared to the raw data in Fig. [K.8. The
calibrated readings are near to the unit circle locus, which validates the proposed unified
error formulation of Theorem and shows that the combined effect of the magnetic

distortions is successfully compensated for.

K.4 Auxiliary results

This section presents auxiliary results adopted in the derivation of the magnetometer

calibration algorithm.

K.4.1 External magnetic noise

In the proposed error model (K.2), electronic interference and sensor specific technology
are the main sources of noise. In the case where the main sources of electromagnetic
interference are external, the magnetic noise influence in the magnetometer reading can

be modeled as

h,; = Sy Cno(Csi(BRZh +BRn,,) + bys) + by = CPhy + CER N, + b
=R;S.%h; + RSV, SR, + b,

where ¥R rotates from the coordinate frame {N} where the magnetic noise is defined,

to the body coordinate frame. Assuming that n,,; is a zero mean Gaussian process with
2

variance o ;, the p.d.f. of each h;; is also Gaussian

n,,; ~N(0,02,1) = h.; ~ N(R.S; h; + b, 02, ;R S2R)).

Using the p.d.f. of the h,;, straightforward analytical derivations show that MLE formu-
lation is given by (K.7). As convincingly argued in H], if the noise exists in the sensor
frame (K.5), the ellipsoid obtained by (K.7) tends to fit best the points with lower eccen-
tricity. This effect can be balanced by defining appropriate curvature weights } U?n i
producing results close to the optimal solution of (K.6).

K.4.2 Likelihood function derivatives

Let u; := h,.; — b, the gradient of the likelihood function

I= i <”T(h”—P)H - 1)27

g
i=1 me

denoted by V f|x = [V fle Vf |b}, is described by the submatrices

n n
2c —2c
Vi =Y Sru® Ty, Vb= 5 T'Tu;,

i=1 mi i=1 m1i
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where ¢7 := 1—||Tu;|| " and @ denotes the Kronecker product M] The Hessian V2 f|x =

Hr Tt Hrp
Hy, Hop

] is given by the following submatrices

[ (wiwg) © (Tu;uiT')
[Ty 2

+cﬂmm9®ﬂ,
—(ui ® r:[‘Lll) u;T’T
e

—|—CT(ui®T+I®T\Ui)]7

[T Tu,u,T'T

/
e *”Tﬂ‘
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