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Maximum Likelihood (ML) estimation. A known signal s[n], 0 ≤ n ≤ N − 1, is transmitted
through a non-ideal channel. The received signal y[n], 0 ≤ n ≤ N − 1, is a noisy and distorted version of
s[n], which can be modeled as

y[n] = as[n] + w[n] , (1)

where w[n], 0 ≤ n ≤ N − 1, are samples of white noise, and a ∈ R is the unknown distortion.

1. Assuming the noise is zero mean Gaussian, i.e., w[n] ∼ N (µ = 0, σ2 = 1), find the expression for âML,
the ML estimator for a. Is âML efficient? Why?

2. Load the MatLab c© file data.mat, which contains the transmitted signal s and the received signal y.
Plot them in the same figure. Compute âML for this data. Comment.

3. The same signal is transmitted through a different channel, also modeled by (1), but with an impulsive
noise that is best characterized by the zero-mean Laplace distribution, i.e., w[n] ∼ L(µ = 0, b = 1), or

p(w[n]) =
1

2b
e−
|w[n]−µ|

b .

Write the log-likelihood function for the problem of estimating a in this case. Can you maximize this
function the same way you did in 1.? Why?

4. The data file also contains the signal y laplace, which was received through the channel just de-
scribed. Plot s and y laplace in the same figure. Using them, compute and visualize the log-likelihood
function for a meaningful range of values of a. Find the ML estimate of a in this case. Comment.

Linear Least Squares (LS). A common way to perform smoothing (noise reduction) and interpolation
of signal samples consists of approximating the underlying signal by a linear combination of (smooth)
basis functions. When the basis functions are pre-specified, the coefficients of the combination are easily
obtained through LS. Consider a set of samples {(tn, xn), 1 ≤ n ≤ N}. We approximate xn by f(tn),
with

f(t) = c0φ0(t) + c1φ1(t) + · · ·+ cK−1φK−1(t) =

K−1∑
k=0

ckφk(t) ,

where the basis functions {φk(t)} are known. The LS approach finds the coefficients {ck} by minimizing

the approximation error
∑N

n=1(xn − f(tn))2.

1. Write the problem in the usual matrix form Ac = b, where c = [c0, c1, . . . , cK−1]T .

2. Write the matrix form expressions for the LS estimate of c and the minimum approximation error.

3. The MatLab c© file contains data samples in t, x. Using this data, compute the LS estimate of c
and the corresponding approximation error, visualize the resulting f(t), superimposing the data points,
comment and interpret the results, for the following choices of basis functions:

a) Polynomial fit: φ0(t) = 1, φ1(t) = t, φ2(t) = t2, etc. In general, φk(t) = tk, 0 ≤ k ≤ K−1. Attempt
at least a third-order polynomial (i.e., K = 4) and an eight-order one (i.e., K = 9).

b) Spline fit: the basis functions are shifted versions of a finite duration signal, e.g., φk(t) = φ(t− k),
0 ≤ k ≤ K−1, where φ(t) is a first-order spline (make K = 11, so that the complete range of values
in t is covered):

φ(t) =

{
1− |t| if |t| < 1
0 otherwise .

Besides implementing directly the expressions obtained in 2., you may want to use {pinv} and {mldivide}.
Anyway, make sure you understand and justify all the computations.

1Parts of this document are based on a lab. assignment authored by Jorge Salvador Marques.


