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The Equations of Registration 



Deformable Image Registration 

 

 

The warp •ȡɱᴼᴙ  is a function that transfers pixels between images 

Warp visualization grid 

Ҧ ¢ƻ ǊŜƭŀǘŜ ǘƘŜ ŎƻƴǘŜƴǘ ƻŦ at least two images 

•  
•  

•  ROI ɱᶰᴓ  



Difficulty: Variation of the Imaged Appearance 

External occlusions, color Self-occlusion Field of view + lighting 

Scene geometry Surface appearance Imaging conditions 

Å External occlusions 
Å Self-occlusions 
ÅWrinkles and foldings 
Å Temporal continuity 
Å Extensibility 
Å Etc. 

Å Lighting 
Å Lack of / repeating texture 
Å Reflectance 
Å Specularities 
Å Transparency 
Å Etc. 

Å Pose 
Å Field of view 
Å Affine vs perspective 
Å Optical and motion blur 
Å Auto-exposure, saturation 
Å Etc. 

Template 



Semantic Matching 



The Warp Function • 

The warp •ȡɱᴼᴙ  is continuous and piecewise ΨsmoothΩ 

3D deformation ɰᶰὅ  

Warp •ᶰὅ  



Image Pair Versus Video Registration 

 

 
•  

•  
•  

Video registration 

Image pair registration 

• 
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A variational optimization problem 

 ꜡is the cost functional 



Computational Warp Representation 

A warp • is an interpolant between pairs of  fixed/moving driving features 

source target 

fixed 

moving 



Computational Warp Representation 

Encompasses the Flow-Field, Mesh 
Interpolation, Radial Basis Functions 
(and so the Thin-Plate Spline),  
Tensors Product (and so the Cubic B-
Spline Free-Form Deformation), etc. 

[Brunet et alΦΣ LW/±Ωмм Τ .ŀǊǘƻƭƛ et alΦΣ LW/±Ωмлϐ 



The Cost Functional 

Data term 
Å Relates the warp to 
the image content 
Å Bayesian likelihood 

Regularization term 
Å Measures closeness to 
prior knowledge 
Å Bayesian prior 

Regularization weight 
Å Hyperparameter 
Å Trades-off data-regularization 
Å Ғ Bayesian noise variance 

Overfitting About fine Underfitting Underfitting 



Measuring Unsmoothness 

This energy is Linear Least Squares (and so convex) for Linear Basis Expansion warps 

Partial derivatives of order 1 and 2 are commonly used:  

[BooksteinΣ t!aLΩуфϐ 



Measuring Data Fitting 

1 ς Feature-based registration 

ÅWide-baseline 
 

Å Keeps only geometric features 
 

Å Less accurate than pixel-based 

Å Small-baseline 
 

Å Uses the whole image content 
 

Å More accurate than feature-based 

2 ςPixel-based registration 



Warp Estimation from Keypoint Matches 

Property: for Linear Basis Expansion warps the above cost function is Linear Least Squares 


