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ABSTRACT
In this paper we address the problem of recovering 3D non-
rigid structure from a sequence of images taken with a stereo
pair. We have extended existing non-rigid factorization al-
gorithms to the stereo camera case and presented an algo-
rithm to decompose the measurement matrix into the mo-
tion of the left and right cameras and the 3D shape, repre-
sented as a linear combination of basis-shapes. The added
constraints in the stereo camera case is that both cameras
are viewing the same structure and that the relative orienta-
tion between both cameras is fixed. Our focus in this paper
is on the recovery of flexible 3D shape rather than on the
correspondence problem. We propose a method to compute
reliable 3D models of deformable structure from stereo im-
ages. Our experiments with real data show that improved
reconstructions can be achieved using this method.

1. INTRODUCTION

Recent work in non-rigid factorization [1, 2, 3] has proved
that it is possible under weak perspective viewing condi-
tions to infer the principal modes of deformation of an ob-
ject alongside its 3D shape within a structure from motion
estimation framework. These non-rigid factorization meth-
ods stem from Tomasi and Kanade’s factorization algorithm
for rigid structure [4], developed in the early 90’s. The
key idea of this algorithm is the use of rank-constraints to
express the geometric invariants present in the data. This
allows the factorization of a measurement matrix – which
contains the image coordinates of a set of features tracks –
into its shape and motion components.

In the case of non-rigid factorization, the 3D shape re-
covered by the algorithms is represented as a linear com-
bination of a number of detected modes of deformation.
These models can subsequently be used as compact rep-
resentations of the objects suitable for use in tracking [5],
animation or other analysis.

The authors would like to thank the Royal Society European Sci-
ence Exchange Programme for financial support and Enrique Muñoz, José
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There have been other computer vision systems able to
build similar morphable 3D models of non-rigid objects.
However, most of them rely on having additional informa-
tion — for instance depth estimates available from 3D scan-
ning devices [6] or multiview reconstruction [7] — or have
been specialised to the specific object under observation: for
example physically-based human face models [8].

Crucially, the new factorization methods work purely
from video in an unconstrained case: a single uncalibrated
camera viewing an arbitrary 3D surface which is moving
and articulating. The 2D point tracks needed as input data
by the algorithm can be obtained initially using a local fea-
ture tracker provided the patch around the feature has high
texture content (corner features). Alternatively, robust op-
tic flow can also be obtained in areas of the image with low
texture by exploiting the rank constraint [3, 2], an approach
inspired by its rigid equivalent [9].

In this paper we have extended the non-rigid factoriza-
tion algorithm to the multiple camera case. More specifi-
cally, we have formulated the problem for a stereo rig, where
the two cameras remain fixed relative to each other through-
out the sequence. In this case the measurement matrix re-
quires not only the temporal tracks of points in the left and
right image sequences but also the stereo correspondences
between left and right image pairs. Assuming that both
cameras are synchronized and that the stereo correspondences
are known, the measurement matrix may be factorized into
the left and right motion matrices and the 3D non-rigid shape.

Note that our work requires the temporal and spatial cor-
respondences to be known. Previous work on non-rigid fac-
torization for a single camera has mainly concentrated its
efforts in solving the temporal tracking problem, exploit-
ing the rank constraints to obtain correspondences between
frames [3, 2]. However, our focus here is on the recov-
ery of flexible 3D shape rather than on the correspondence
problem. The results of our experiments – where matching
is aided by the use of markers – show that using a stereo
framework gives improved 3D reconstructions.

The paper is organized as follows. In section 2 we de-
scribe the use of rank constraints to compute motion and



3D shape within the factorization framework. We first out-
line the factorization algorithm in the rigid case and then
describe the existing non-rigid factorization algorithms for
a single camera. We then formulate non-rigid factorization
for the case of multiple cameras in section 3 and describe an
algorithm that imposes the extra constraints. Finally in sec-
tion 4 we present some experimental results on real image
sequences showing improved 3D reconstructions.

2. BACKGROUND: FACTORIZATION

2.1. Rigid factorization

Tomasi and Kanade’s factorization algorithm [4] for rigid
structure provides a maximum likelihood estimate for affine
structure and motion under the assumption of isotropic gaus-
sian noise. The key idea is to gather the 2D image coordi-
nates of a set of P points tracked throughout F frames into
a measurement matrix W2F�P . Assuming affine viewing
conditions, the measurement matrix can be expressed an-
alytically as a product of two matrices: W = MS where M is a
2F�3 motion matrix which expresses the pose of the camera
and S is the 3�P shape matrix which contains 3D locations
of the reconstructed scene points. Therefore the rank of the
measurement matrix is constrained to be r � 3. This con-
straint can be easily imposed by taking the Singular Value
Decomposition of the measurement matrix and truncating it
to rank 3: SV D3(W) = U2F�3D3�3V3�P =M2F�3S3�P .
In this way the image measurement matrix can be factorized
into its motion and shape components.

2.2. Non-rigid motion: the single camera case

Tomasi and Kanade’s factorization algorithm has recently
been extended to the case of non-rigid deformable 3D struc-
ture [1, 2, 3]. Here, a model is needed to express the defor-
mations of the 3D shape in a compact way. The chosen
model is a simple linear model where the 3D shape of any
specific configuration of a non-rigid object is approximated
by a linear combination of a set of K basis-shapes which
represent the K principal modes of deformation of the object
for P points. A perfectly rigid object would correspond to
the situation where K=1. Each basis-shape (S1; S2; :::; SK)
is a 3 � P matrix which contains the 3D locations of P ob-
ject points for that particular mode of deformation. The 3D
shape of any configuration can then be expressed as a linear
combination of the basis-shapes Si:

S =

KX
i=1

liSi S; Si 2 <3�P li 2 <

where li are the deformation weights. If we assume a scaled
orthographic projection model for the camera, the coordi-
nates of the 2D image points observed at each frame f are

related to the coordinates of the 3D points according to the
following equation:

Wf =

�
uf;1 ::: uf;P
vf;1 ::: vf;P

�
= Rf

 
KX
i=1

lf;iSi

!
+Tf (1)

where Rf is a 2�3 matrix which contains the first and sec-
ond rows of the camera rotation matrix and T f contains the
first two components of the camera translation vector. Weak
perspective is a good approximation when the depth varia-
tion within the object is small compared to the distance to
the camera. The weak perspective scaling (f/Zavg) is im-
plicitly encoded in the lf;i coefficients. We may eliminate
the translation vector Tf by registering image points to the
centroid in each frame. If the same P points can be tracked
throughout an image sequence we may stack them into a
2F�P measurement matrix W and we may write:

W=

2
64
W1
...
WF

3
75=

2
64
l1;1R1 ::: l1;KR1

...
...

lF;1RF ::: lF;KRF

3
75
2
64
S1
...
SK

3
75=MS (2)

Since M is a 2F�3K matrix and S is a 3K�P matrix, the
rank of W when no noise is present must be r � 3K. Note
that, in relation to rigid factorization, in the non-rigid case
the rank is incremented by three with every new mode of
deformation.

2.3. Non-rigid factorization

The rank constraint on the measurement matrix W can be
easily imposed by truncating the SVD of W to rank 3K. This
will factor W into a motion matrix ~M and a shape matrix ~S.
However, the result of the factorization of W is not unique
since any invertible 3K�3K matrix Q can be inserted in the
decomposition leading to the alternative factorization W =

(~MQ)(Q�1~S). The problem is to find a transformation matrix
Q that imposes the replicated block structure on the motion
matrix ~M shown in (2) and that removes the affine ambiguity
upgrading the reconstruction to a metric one. The block
structure is not required if we only wish to determine image
point motion, but is crucial for the recovery of 3D shape and
motion.

2.3.1. Computing the transformation matrix Q

Whereas in the rigid case the problem of computing the
transformation matrix Q to upgrade the reconstruction to a
metric one can be solved linearly [4], in the non-rigid case
imposing the appropriate repetitive structure to the motion
matrix ~M results in a non-linear problem. A satisfactory so-
lution is yet to be found for this problem but various meth-
ods have been proposed so far in the literature [2, 3].



One of the approaches proposed by Brand [2] consists
of correcting each column triple independently applying the
rigid metric constraint to each ~Mk

2F�3 vertical block in ~M

shown here:

~M=
�
~M1 ::: ~MK

�
=

2
64
~M11 ::: ~M1K
...

...
~MF1 ::: ~MFK

3
75=
2
64
l1;1R1 ::: l1;KR1

...
...

lF;1RF ::: lF;KRF

3
75

Since each 2�3 ~Mfk sub-block is a scaled rotation (trun-
cated to dimension 2 for weak perspective projection) a 3�3
matrix Qk (with k = 1:::K) can be computed to correct each
vertical block ~Mk by imposing orthogonality and equal norm
constraints on the rows of each ~Mfk. Each ~Mfk block will
contribute with 1 orthogonality and 1 equal norm constraint
to solve for the elements in Qk.

Each vertical block will then be corrected in the fol-
lowing way: (M̂k  ~MkQk). Unlike the method proposed
in [1], this provides a unique corrective transform for each
column-triple of ~M. The overall 3K�3K correction matrix
Q will therefore be a block diagonal matrix. The 3D struc-
ture matrix will then be corrected appropriately using the
inverse transformation: Ŝ  Q�1~S. Brand included two
further steps to refine the transformation. However, we did
not notice improved results when we applied them.

2.3.2. Factorization of the motion matrix ~M

The final step in the non-rigid factorization algorithm deals
with the factorization of the motion matrix ~M into the 2�3
rotation matrices Rf and the deformation weights lf;k. Bre-
gler et al. [1] proposed a second factorization round where
each each motion matrix 2 row sub-block ~Mf = l

T
f 
 Rf

(with f = 1:::F ) is rearranged as an outer product of ro-
tation parameters and deformation coefficients and then de-
composed using a series of rank-1 SVD’s. However, in the
presence of noise the second and higher singular values of
the sub-blocks do not vanish and this results in bad esti-
mates for the rotation matrices and the deformation weights.

Brand proposed an alternative method in [2] to factorize
each motion matrix 2 row sub-block ~Mf = l

T
f 
 Rf using

orthonormal decomposition, which factors a matrix directly
into a rotation and a vector. Summarizing his approach: a
matrix A2�3 is built by re-arranging and manipulating each
motion matrix sub-block ~Mf (see [5] for details). The ana-
lytic form of A is:

A =

�
kr1 kr2 kr3
kr4 kr5 kr6

�
(3)

where k = lf;1 + lf;2 + :::+ lf;K (the sum of all the defor-
mation weights for that particular frame f ) and r1; ::; r6 are
the coefficients of the truncated rotation matrix Rf . Since
the rows of Rf are orthonormal, the equation ARTf =

p
AAT

is satisfied, leading to RTf =

p
AAT =A. This allows one to

find a linear least-squares fit for Rf and subsequently for the
weights lfk exploiting the orthonormality of A.

3. THE STEREO CAMERA CASE

The main contribution of this paper is to extend the non-
rigid factorization methods to the case of a stereo rig, where
the two cameras remain fixed relative to each other through-
out the sequence. However, the same framework could be
used in the case of 3 or more cameras. Torresani et. al. [3]
formulated the factorization problem for the multiple cam-
era case but did not provide an implementation or any ex-
perimental results.

3.1. The stereo motion model

When two cameras are viewing the same scene, the mea-
surement matrix W will contain the image measurements
from the left and right cameras resulting in a 4F�P size ma-
trix. Assuming that both cameras are synchronized and that
not only the single-frame tracks but also the stereo corre-
spondences are known we may write the measurement ma-
trix W as:

W=

�
WL

WR

�
(4)

where for each frame f the stereo correspondences are:

W
L
f=

�
uLf;1 ::: uLf;P
vLf;1 ::: vLf;P

�
W
R
f=

�
uRf;1 ::: uRf;P
vRf;1 ::: vRf;P

�
(5)

Note that, since we assume that the cameras are synchro-
nized, at each time step f the left and right cameras are ob-
serving the same 3D structure and an additional constraint
is that the the structure matrix S and the deformation coef-
ficients lf;k are shared by left and right camera. The mea-
surement matrix W can be factored into a motion matrix M

and a structure matrix S which take the following form:

W=

2
666666664

l1;1R
L
1

::: l1;KR
L
1

...
...

lF;1R
L
F ::: lF;KR

L
F

l1;1R
R
1

::: l1;KR
R
1

...
...

lF;1R
R
F ::: lF;KR

R
F

3
777777775

2
64

S1
...
SK

3
75 (6)

Note that the assumption that the deformation coeffi-
cients are the same for the left and right sequences relies
on the fact that the weak perspective scaling f=Zavg must
be the same for both cameras. However, this assumption is
generally true in a symmetric stereo setup where f andZavg

are usually the same for both cameras.



3.2. Non-rigid stereo factorization

Once more the rank of the matrix measurement W is r � 3K

since M is a 4F�3K matrix and S is a 3K�P matrix, where
P is the number of points. Assuming that the single frame
tracks and the stereo correspondences are all known the
measurement matrix W may be factorized into the product
of a motion matrix M and a shape matrix S by truncating the
SVD of W to rank 3K.

W=

�
WL

WR

�
=~M~S=

�
~ML

~MR

�
~S (7)

3.2.1. Computing the transformation matrix Q

The result of the factorization is not unique since (~MQ)(Q�1~S)
would give an equivalent factorization. We proceed to ap-
ply the metric constraint in the same way as we did for the
single camera case in section 2.3.1, correcting each 4F�3
vertical block in ~M independently. Note that in this case we
have four constraints per frame: 1 orthogonality and 1 equal
norm constraint from each camera. Each vertical block will
then be corrected: M̂k  ~MkQk and the shape matrix will be
corrected with the inverse transformation: Ŝ Q�1~S.

3.2.2. Factorization of the motion matrix ~M

In the stereo case we factorize each 4�3K sub-block of the
motion matrix (which contains left and right measurements
for each frame f ) into its truncated 2�3 rotation matrices
RLf and RRf and the deformation weights lf;k using orthonor-
mal decomposition. The structure of the sub-blocks can be
expressed as:�

MLf1 ::: MLfK

MRf1 ::: MRfK

�
=

�
lf;1

�
RLf

RRf

�
::: lf;K

�
RLf

RRf

��
(8)

Since now we have 4 rows per frame, in the stereo case
we build a 4�3 matrix A by re-arranging and manipulating
each motion matrix sub-block ~Mf. The analytic form of this
matrix, built directly from ~Mf, is:

A =

2
664

krL
1

krL
2

krL
3

krL
4

krL
5

krL
6

krR
1

krR
2

krR
3

krR
4

krR
5

krR
6

3
775 =

�
AL

AR

�
(9)

where k = lf;1 + ::: + lf;K . Since the rows of RL and RR

are orthonormal, the following equation is satisfied:

�
RL 0

0 RR

�
4�6

�
ATL 0

0 ATR

�
6�4

=

s�
ALA

T
L 0

0 ARA
T
R

�
4�4

(10)
Therefore, a linear least-squares fit can be obtained for the
rotation matrices RL and RR and the weights lfk can be sub-
sequently estimated exploiting the orthonormality of A.

3.2.3. Imposing the fixed relative rotation constraint

There is a further constraint that may be imposed if we as-
sume that the left and right cameras remain fixed with re-
spect to each other throughout the sequence: the relative
rotation between the left and right cameras is fixed. This
can be expressed in the following way:

R
R
f;k = R

L
f;kR̂ f = 1:::F; k = 1:::K (11)

Given all the RRf;k and RLf;k the previous expression can be
used to find the linear least squares fit of R̂. However, we
have implemented this estimation and found that we did not
obtain improved estimates for the rotation matrices and for
the modified 3D shape S.

We are currently developing a non-linear method to re-
fine the estimates of all the parameters by minimizing image
reprojection error using bundle-adjustment.

4. EXPERIMENTAL RESULTS

In this section we present some experimental results ob-
tained with real image sequences taken with a pair of syn-
chronized Fire-i digital cameras with 4,65mm built in lenses.
The stereo setup was such that the baseline was 20cm and
the relative orientation of the cameras was around 15 deg.
Two sequences of a human face undergoing rigid motion
and flexible deformations were used: the SMILE sequence
(82 frames), where the deformation was due to the subject
smiling and the EYEBROW (115 frames) sequence where
the subject was raising and lowering the eyebrows. Figure
(1) shows 3 frames chosen from the sequences taken with
the left and right cameras.

In order to simplify the temporal and stereo matching
the subject had some markers placed on relevant points of
the face such as along the eyebrows, the chin and the lips.
A simple colour model of the markers using HSV compo-
nents was used and this representation was used to track
each marker throughout the left and right sequences respec-
tively. The stereo matching was initialized by hand in the
first image pair and then the temporal tracks were used to
update the stereo matches.

Figure (2) shows front, side and top views of the 3D re-
constructions obtained for the SMILE sequence. First we
applied the single camera factorization algorithm described
in section 2.3 independently to the left and right sequences.
We then applied the proposed stereo algorithm to the stereo
sequence. In all cases the number of tracked points was
P = 31 and the chosen number of basis shapes was K = 5.
Figure (2) shows how the stereo reconstruction clearly pro-
vides improved results. The reconstructions obtained from
the left and right sequences have worse depth estimates (see
top views) and the symmetry of the face is only preserved
in the stereo sequence. Figure (3) shows the front views



a) SMILE sequence: left view b) EYEBROW sequence: left view

c) SMILE sequence: right view d) EYEBROW sequence: right view

Fig. 1. Three images from the left (a) and right (c) views of the SMILE sequence and left (b) and right (d) views of the
EYEBROW sequence.

a) Left camera b) Right camera c) Stereo algorithm

Fig. 2. SMILE sequence: Front, side and top views (above,
middle, bottom) of the 3D model for the a) left camera, b)
right camera and c) stereo setup for K=5.

of the 3D reconstructions obtained for frames 1 and 64 of
the stereo sequence. We can appreciate how the deformable
structure is well captured in the 3D models (notice how the
upper lip is curved first and then straightened). Figure (4)
shows the 3D reconstructions obtained for the EYEBROW
sequence. Once more, the single camera factorization al-
gorithm was applied to the left and right sequences and the
stereo algorithm was then applied to the stereo sequence.

Images 1 and 64

Front view of reconstructed frames

Fig. 3. SMILE sequence: Frames 1 and 64 of the sequence
and results of reconstruction with the stereo algorithm

In this sequence the 3D model obtained using stereo fac-
torization is significantly better than the ones obtained with
the left and right sequences. In fact, the left and right re-
constructions have very poor quality, particularly the depth
estimates. Note that there was less rigid motion in this se-
quence and therefore the single camera factorization algo-
rithm is not capable of recovering correct 3D information
whereas the stereo algorithm provides a good deformable
model. Figure (5) shows the 3D reconstructions obtained
for frames 10 and 78 of the stereo sequence, showing that
the flexibility of the face is well recovered.



a) Left camera b) Right camera c) Stereo algorithm

Fig. 4. EYEBROW sequence: Front, side and top views
(above, middle, bottom) of the 3D model for the a) left cam-
era, b) right camera and c) stereo setup sequences for K=5.

5. SUMMARY AND CONCLUSIONS

We have developed a factorization algorithm to obtain non-
rigid 3D models from image correspondences obtained from
a stereo pair. The algorithm imposes the extra constraints
that arise from the fact that both stereo cameras are viewing
the same 3D structure. Our focus has been on the recov-
ery of 3D shape. Experiments with real data prove that im-
proved 3D models can be achieved using the stereo factor-
ization method. We have simplified the temporal and spatial
correspondence problem by using markers and some man-
ual matching.

We are currently working on a non-linear estimation
method to refine the initial estimates of the motion and shape
parameters obtained with factorization by minimizing im-
age reprojection error using bundle-adjustment.
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