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Abstract —This paper presents a unified approach to solve different bilinear factorization problems in computer vision in the presence
of missing data in the measurements. The problem is formulated as a constrained optimization where one of the factors must lie
on a specific manifold. To achieve this, we introduce an equivalent reformulation of the bilinear factorization problem that decouples
the core bilinear aspect from the manifold specificity. We then tackle the resulting constrained optimization problem via Augmented
Lagrange Multipliers. The strength and the novelty of our approach is that this framework can handle seamlessly different computer
vision problems. The algorithm is such that only a projector onto the manifold constraint is needed. We present experiments and results
for some popular factorization problems in computer vision such as rigid, non-rigid and articulated Structure from Motion; photometric
stereo and 2D-3D non-rigid registration.
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1 INTRODUCTION

Many computational problems in Computer Vision fit
the form of bilinear problems since often observations
are influenced by two independent factors where each
can be described by a linear model. These bilinear mod-
els are highly representative of a set of problems not
only restricted to the Computer Vision domain. Table
1 provides a list of some common bilinear estimation
problems in the literature.

To cite a few classical examples, in photometric stereo
[1] the shape of the object and the light source direction
interact bilinearly to influence the image intensity. In
rigid structure from motion [2] the 3D shape of the object
is pre-multiplied by the camera matrix to determine its
image coordinates. In structure from sound the time of
arrival of a sound event depends both on the direction
of the sound propagation and the position of the micro-
phones [3]. In facial tracking the problem of separating
head pose and facial expression can also be defined as a
bilinear problem [4]. In non-rigid structure from motion
[5] the 2D coordinates of features arise from a bilinear

• Alessio Del Bue is with the Istituto Italiano di Tecnologia (IIT), Via Morego
30, 16163 Genova, Italy. E-mail: alessio.delbue@iit.it

• João Xavier is with the Institute for Systems and Robotics (ISR), Instituto
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relation between the camera matrix and the time varying
shape. The interaction between two factors has also been
generalized to several problems [6] in the machine learn-
ing field, perhaps the closest computational interpreta-
tion of Schlick’s phylosophical analysis [7] asserting that
content can be only formed and expressed through the
subjectivity of the communication. In all these problems
the objective is to make inferences about both factors –
the goal is their simultaneous estimation.

In this paper, we present a unified approach to solve
different bilinear factorization problems in computer
vision. The problem is formulated as a constrained opti-
mization where one of the factors must lie on a specific
manifold. Our key observation is that the main differ-
ence amongst factorization problems is the manifold on
which the solution lies. Thus, intuitively, it should be
possible to construct a unified optimization framework
in which a change of the manifold constraint just implies
replacing an inner module of the algorithm (as opposed
to an overall redesign of the optimization method from
scratch). In this paper, we propose such a modular
approach. To achieve this, we start by introducing an
equivalent reformulation of the bilinear factorization
problem. In loose terms, the reformulation decouples
the core bilinear aspect from the manifold specificity.
We then tackle the resulting constrained optimization
problem via an Augmented Lagrange Multipliers (ALM)
iterative algorithm. The mechanics of our algorithm are
such that only a projector onto the manifold constraint
is needed. That is the strength and the novelty of our
approach: it can handle seamlessly different computer
vision factorization problems. What will differ in each
case is the projector of the solution onto the correct man-
ifold. If the manifold projector exists, the factorization
problem can be formulated using our unified approach.

Our approach is designed to be able to deal with
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TABLE 1
Different problems and their bilinear forms Y = S M .

Bilinear Problem S M Manifold Constraints

Rigid SfM [2] 3D points position Camera motion Stiefel Matrix
Non-Rigid SfM [5] 3D basis shapes Camera motion and deformations Stiefel Matrix
Articulated SfM [8] Two 3D bodies Camera motion and joint property Stiefel and sub-Stiefel Matrices

Surface unfolding problem [9] Template Isometry operator sub-Stiefel Matrix
Photometric Stereo [1] Lighting direction Albedo and surface normals Normal contraints

Bilinear 2D-3D registration [10] Affine camera Deformation weights Normal contraints
Non-Rigid SfM with DCT bases [11] Camera motion Deformation weights Stiefel Matrix

Structure from Sound [3] Microphone location Sound direction None
Head pose and facial expression [4] Expression Pose None

Face identity and facial expression [12] Identity Expressions None
Face identity and viewpoint [13] Identity Pose None

Face identity and illumination [14] Identity Illumination None
Emotion and speech [15] Viseme Expression None

{identity, action, viewpoint } [16] {identity, action} {view, identity} Case dependent
Nonlinear style and content [17] Content Style Custom (learned)

Factorization of BRDFs [18] Lighting/Viewpoint Surface property Stiefel

missing data. For instance in the structure from motion
scenario this is the case when not all the points are
visible in all the views due to occlusions or broken
tracks, and in photometric stereo shadows, specularities
or saturated pixels are treated as missing data. In our
experiments we show that we are able to deal with high
percentages of missing data which has the practical im-
plication that our approach can be used on data coming
from real, not just controlled, scenarios. We illustrate our
unified approach by applying it to solve several popular
computer vision problems: rigid, articulated and non-
rigid structure from motion; photometric stereo (PS) and
non-rigid registration. To the best of our knowledge,
this paper constitutes the first attempt to propose a
unified optimization framework for large scale bilinear
factorization problems with given manifold constraints
on one of the factors and provide a practical algorithm
that can deal with missing data in the measurements.

2 RELATED WORK

Bilinear models appear frequently in Computer Vision.
However, it is in the area of Structure from Motion (SfM)
where most of the efforts dedicated to solve this prob-
lem have come from. Stemming from Wiberg’s original
algorithm [19], the first to deal with missing data in
SfM1, matrix factorization in the presence of missing data
continues to be an open problem that attracts significant
attention and many different solutions have been since
put forward. The wealth of research in this area is such
that we cannot give an exhaustive review. Instead, we
will focus on describing the most important threads of
research to solve the problem of low-rank matrix factor-
ization in the case of missing data and cite representative
examples of each group of approaches. Buchanan and

1. Often misunderstood in the literature as an Alternate Least
Squares (ALM) algorithm, Wiberg’s algorithm [19] has seen a recent
revitalization due to Okatani and Deguchi [20]

Fitzgibbon [21] provided a comprehensive review of
these methods classifying them into several categories.

One group of approaches propose strategies that com-
bine partial low-rank factorizations obtained for sub-
blocks of the measurement matrix that contain full
data. Pioneered by Jacobs [22], these batch approaches,
reconstruct the measurement matrix by first building its
row or column null-space or one of its range spaces
and have been applied both to the rigid [22] and non-
rigid [23] SfM problems. However, one concern about
these approaches is their sub-optimality and that their
performance degrades in the presence of noise.

A second group of missing data approaches that
dominates the literature includes iterative methods that
perform alternation of closed form solutions to solve for
the two factors of the matrix [24], [25], [26], [27]. For in-
stance, Powerfactorization [26] uses an alternated least-
squares (ALS) scheme to solve for the motion and shape
matrices. Alternation constitutes an attractive scheme
since it guarantees convergence to a local minimum as
the objective function is reduced after each iteration.
Further advantages are quick iteration steps combined
with a fast convergence rate in the initial iterations.
However, after a few iterations, the convergence rate
drops and these algorithms are susceptible to flatlining.

Finally non-linear optimization algorithms have also
been proposed to optimize directly the cost function.
Buchanan and Fitzgibbon [21] proposed a Damped New-
ton algorithm that provides faster and more accurate
solutions than standard alternation approaches. Later,
Chen revitalized the use of the Levenberg-Marquardt
algorithm to solve the missing data problem by formu-
lating the low-rank matrix approximation problem as a
minimization on subspaces [28]. The idea is to consider
the shape as an implicit function of the motion and
measurement matrices and solve only for the motion.
This results in a smaller system to be solved in every
iteration, which makes this method well suited to large
matrices where it outperforms [19] and [21].
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Although these non-linear methods do exhibit a supe-
rior performance, proper initialization remains an open
problem and, more importantly, integrating additional
constraints in the optimization process is not an easy
task. The common drawback of all the methods de-
scribed above is that they only solve the low-rank matrix
factorization problem without imposing manifold con-
straints. These are applied afterwards, once the low-rank
matrix has been estimated. Crucially, the constraints are
not imposed during the minimization.

On the other hand, a relatively recent set of algorithms
have attempted to solve the problem by including ex-
plicitly the non-linear constraints given by the specific
problem structure in the low-rank minimization. Mar-
ques and Costeira [29] introduced the concept of motion
manifold in rigid SfM to obtain motion matrices that ex-
actly satisfy the camera constraints. Similarly, Paladini et
al. [30] propose an alternation algorithm associated with
an optimal projector onto the motion manifold of non-rigid
shapes. The practical implication of their algorithm is
that it can deal with very high percentages of missing
data. Shaji et al. [31] also propose to solve a non-linear
optimization problem directly on the product manifold
of the Special Euclidean Group claiming better results
than [21] in a rigid real sequence.

However, all these approaches are tailored to specific
problems. Therefore, for different manifold constraints
an overall redesign of the optimization method would be
needed. The purpose of our work is to present a generic
approach that is not problem dependent. In similar spirit,
Chandraker and Kriegman [10] have proposed a globally
optimal bilinear fitting approach for general Computer
Vision problems. The key contribution of their approach
is that they can prove convergence to a global minimizer
using a branch and bound approach. Their insight is that
in many bilinear problems in computer vision the size of
one set of variables in the relation is much smaller than
the size of the other one. Exploiting this property allows
them to solve the problem by restricting the branching
dimensions to just one set of variables (the smaller one).
However, the main drawback is that the scenarios to
which their method can be applied are restricted to
simple bilinear problems where the number of variables
in one of the sets must be very small (for instance just 9
variables in one of their examples).

Our Bilinear factorization via Augmented Lagrange
Multipliers (BALM) is designed to deal with large-scale
optimization problems with the inclusion of non-linear
constraints. Our approach is not the first one to adopt the
Augmented Lagrangian Multipliers (ALM) framework
in the Computer Vision or related contexts. In perspec-
tive 3D reconstruction [32] ALM was used to enforce
constraints on the perspective depths. In [33] ALM is
successfully employed as a single matrix imputation
algorithm which can deal with large scale problems.

3 PROBLEM STATEMENT

We denote by Y ∈ R
n×m the measurement matrix. In

this paper, we consider the general case of missing data.
We let the finite set O := {(i, j) : Yij is observed}
enumerate the indices of the entries of Y which are
available. The bilinear factorization problem we address
is the following constrained optimization problem:

minimize
∑

(i,j)∈O

(
Yij − s⊤i mj

)2

subject to Mi ∈ M, i = 1, . . . , f,

(1)

where s⊤i denotes the ith row of the matrix S ∈ R
n×r

and mj denotes the jth column of the matrix M =[
M1 · · · Mi · · · Mf

]
∈ R

r×m, Mi ∈ R
r×p. Note

that we are using a dummy variable i twice in (1): in
the cost function (i.e., (i, j) ∈ O) and in the constraints
(to enumerate the submatrices Mi of M ).

The variable to optimize in (1) is (S,M). Here, f is the
number of frames and we consider throughout the paper
that n ≥ r ≥ p. For instance in the structure from motion
problem S would be the 3D structure and M the camera
matrices, in photometric stereo S would be the lighting
parameters and M the surface normals and albedo.

In words, problem (1) consists in finding the best
rank r factorization SM of Y , given the available entries
enumerated by O and subject to the constraints on M .
More precisely, each submatrix Mi ∈ R

r×p of M must
belong to the manifoldM⊂ R

r×p. Our aim in this paper
is to construct an algorithm to solve problem (1) which
takes advantage of the fact that the projector onto M
is available (easily implementable). That is, we assume
that, for a given A ∈ R

r×p, it is known how to solve the
projection problem onto M

minimize ‖A−X‖2

subject to X ∈ M
, (2)

where ‖X‖ denotes the Frobenius norm of X . In the
sequel, we let pM(A) denote a solution of (2).

Problem reformulation. Let us define a new set of
variables z := {Zij : (i, j) 6∈ O}. Think of them
as representing the non-observed entries of Y . We can
introduce these variables in (1) and obtain the following
equivalent optimization problem

minimize ‖Y (z)− SM‖2

subject to Mi ∈ M, i = 1, . . . , f,
(3)

where the (i, j) entry of the matrix Y (z) is defined as

(Y (z))ij :=

{
Yij , if (i, j) ∈ O
Zij , if (i, j) 6∈ O

.

In words, Y (z) is just Y where we fill-in the missing
entries with z. Note that the variable to optimize in (3)
is (z, S,M). Problem (3) is equivalent to (1) because
once we fix (S,M) in (3) and minimize over z we fall
back into (1). Finally, we clone M into a new variable
N =

[
N1 · · · Ni · · · Nf

]
∈ R

r×m, Ni ∈ R
r×p,

and transfer the manifold constraint to the latter. By
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doing so, we roughly separate the bilinear issue from
the manifold restriction. This is our final reformulation:

minimize ‖Y (z)− SM‖
2

subject to Mi = Ni, i = 1, . . . , f
Ni ∈ M, i = 1, . . . , f.

(4)

The variable to optimize in (4) is (z, S,M,N). We note
that duplicating the variable M into N and attaching the
manifold constraint to the latter can be also interpreted
as variable splitting; see [34].

4 THE BALM ALGORITHM

The main difficulty in the constrained optimization prob-
lem (4) are the equality constraints Mi = Ni. We pro-
pose to handle them through an augmented Lagrangian
approach, see [35], [36] for details on this optimization
technique. In our context, the augmented Lagrangian
corresponding to (4) is given by

Lσ(z, S,M,N ;R) = ‖Y (z)− SM‖
2
−

f∑

i=1

tr

(
R⊤

i (Mi −Ni)
)
+

σ

2

f∑

i=1

‖Mi −Ni‖
2
.

(5)

where σ > 0 is the weight of the penalty term and
Ri, i = 1, . . . , f , denote Lagrange multipliers. We let
R =

[
R1 . . . Rf

]
. The optimization problem (4) can

then be tackled by our Bilinear factorization via Aug-
mented Lagrange Multipliers (BALM) algorithm detailed
in Algorithm 1.

Algorithm 1 Bilinear factorization via Augmented La-
grange Multipliers (BALM)

1: set k = 0 and ǫbest = +∞
2: initialize σ(0), R(0), γ > 1 and 0 < η < 1
3: initialize z(0), S(0) and M (0)

4: repeat
5: solve

(
z(k+1), S(k+1),M (k+1), N (k+1)

)
=

= argmin Lσ(k)(z, S,M,N ;R(k))
subject to Ni ∈M, i = 1, . . . , f,

(6)

using the iterative Gauss-Seidel scheme de-
scribed in Algorithm 2

6: compute ǫ =
∥∥M (k+1) −N (k+1)

∥∥2
7: if ǫ < η ǫbest
8: R(k+1) = R(k) − σ(k)

(
M (k+1) −N (k+1)

)

9: σ(k+1) = σ(k)

10: ǫbest = ǫ
10: else
10: R(k+1) = R(k)

11: σ(k+1) = γσ(k)

12: endif
13: update k ← k + 1
14: until some stopping criterion

Regarding the initialization of the BALM algorithm, we
used σ(0) = 1, R(0) = 0, γ = 5 and η = 1/2 in all
our computer experiments. With respect to z(0), S(0) and
M (0), we feel that there is no universally good method,
that is, the structure of M must be taken into account.
We discuss the initialization

(
z(0), S(0),M (0)

)
for several

examples in the experimental section of this paper.
Clearly, solving the inner problem (6) at each iteration

of the BALM method is the main computational step.
Note that in (6) the optimization variable is (z, S,M,N)
(σ(k) and R(k) are constants). To tackle (6) we propose
an iterative Gauss-Seidel scheme which is described in
Algorithm 2. For simplicity, we run a fixed number
of iterations (Lmax) in Algorithm 2. However, adopting
other stopping criteria might be more efficient and boost
the overall BALM algorithm speed (we leave this issue
for future work). We now show that each of the sub-
problems (7), (8) and (9) inside the Gauss-Seidel scheme
are easily solvable.

Algorithm 2 Iterative Gauss Seidel scheme to solve
for (6)

1: set l = 0 and choose Lmax

2: set z[0] = z(k), S[0] = S(k) and M [0] = M (k)

3: repeat
4: solve

N [l+1] =

= argmin Lσ(k)

(
z[l], S[l],M [l], N ;R(k)

)

subject to Ni ∈ M, i = 1, . . . , f,

(7)

5: solve
(
S[l+1],M [l+1]

)
=

= argmin Lσ(k)

(
z[l], S,M,N [l+1];R(k)

) (8)

6: solve

z[l+1] =

= argmin Lσ(k)

(
z, S[l+1],M [l+1], N [l+1];R(k)

)

(9)

7: update l← l + 1
8: until l = Lmax

9: set S(k+1) = S[Lmax], M (k+1) = M [Lmax] and N (k+1) =
N [Lmax]

Solving for (7), (8) and (9). Problem (7) requires a
minimization over Ni ∈ M, i = 1, . . . , f , the remaining
variables being constant. Thus, by using (5) and drop-
ping the constant terms, problem (7) becomes equivalent
to

N [l+1] = argmin
∑f

i=1

∥∥∥Ni −
(
M

[l]
i −

1
σ(k)R

(k)
i

)∥∥∥
2

subject to Ni ∈M, i = 1, . . . , f

.

(10)
That is, problem (7) decouples into f projections onto
the manifold of constraints M. More precisely, if we
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partition

N [l+1] =
[
N

[l+1]
1 · · · N

[l+1]
i · · · N

[l+1]
f

]
∈ R

r×m,

with N
[l+1]
i ∈ R

r×p. The solution of (7) is given by

N
[l+1]
i = pM

(
M

[l]
i −

1

σ(k)
R

(k)
i

)
, i = 1, . . . , f. (11)

We recall that pM stands for the projector onto M,
see (2), which we assume is available. This is the only
part of the algorithm where the constraint manifold M
plays a role. Thus, replacing M amounts to replace the
projector pM. This is the modularity which we alluded
to previously.

To simplify notation, we let Y = Y
(
z[l]
)
, N = N [l+1],

σ = σ(k) and R = R(k). Solving (8) corresponds to
solving

minimize ‖Y − SM‖2 + σ
2

∑f

i=1

∥∥Mi −
(
Ni +

1
σ
Ri

)∥∥2 .

It can be solved as described in [37, Sec. 4.2] or further
decoupled in two least-squares problems, first over M
(fixed S) and then over S (fixed M ). In fact, in all our
numerical experiments, we implemented this option, i.e.,
we approach (8) by solving once for M and then once
for S, in each iteration of the loop between the lines 3
and 8 of Algorithm 2.

After solving for N [l+1] and
(
S[l+1],M [l+1]

)
, prob-

lem (9) updates the missing data. The solution of (9) is

trivial: we just have to take Z
[l+1]
ij as the (i, j)th entry

of S[l+1]M [l+1] for all (i, j) 6∈ O.

Algorithm convergence. At best, the BALM algorithm
can produce a local minimizer for (1). That is, we
do not claim that BALM (algorithm 1) converges to
a global minimizer. In fact, even the nonlinear Gauss-
Seidel technique (algorithm 2) is not guaranteed to glob-
ally solve (6). This is the common situation when dealing
with non-convex problems. A detailed theoretical study
of the convergence properties of BALM is available
in [38]. See [39] for some convergence results on aug-
mented Lagrangian methods. We now apply our generic
BALM algorithm to solve different bilinear computer vi-
sion problems: the rigid, non-rigid, articulated structure-
from-motion problems, Photometric Stereo (PS) problem
and 2D-3D image registration problem.

4.1 Example 1: Rigid and Non-Rigid SfM

The problem of recovering the non-rigid 3D shape of
a deforming object from a monocular video sequence
given only 2D correspondences between frames was
formulated as a factorization problem by Bregler et al. [5]
in the case of an orthographic camera. The assumption
is that the 3D shape can be represented as a linear
combination of a set of d basis shapes with time varying
coefficients tid. If the image coordinates are referred to

the centroid, the projection of the shape at frame i can
be expressed as

Yi =

[
ui1 . . . uin

vi1 . . . vin

]⊤
=

(
d∑

l=1

tilBl

)
Qi =

=
[
B1 . . . Bd

]
(ti ⊗Qi) = SMi

(12)

where Yi is the n× 2 measurement matrix that contains
the 2D coordinates of n image points in frame i, Bl are
the basis shapes of size n×3 and til are the time varying
shape coefficients and Qi is the projection matrix for
frame i, which in the case of an orthographic camera
is a 3 × 2 matrix that encodes the first two columns of
a rotation matrix (therefore it is a Stiefel matrix). Note
that we are defining Mi := ti ⊗ Qi, and ⊗ denotes the
Kronecker product. Rigid SfM can be instantiated with
this framework by imposing d = 1, a single basis shape.
By concatenating all the measurements for all the frames
into a single matrix we have

Y =
[
B1 . . . Bd

] [
t1 ⊗Q1 . . . tf ⊗Qf

]
=

= S
[
M1 . . . Mf

]
= SM.

(13)

Now, we have expressed the measurement matrix as
a bilinear interaction between the shape matrix S of size
n × 3d and the motion matrix M of size 3d × 2f . This
form fits exactly the optimization problem as presented
in Eq. (1). Therefore, in the NRSFM case, the manifold
constraint corresponds to

M =
{
t⊗Q : t ∈ R

d, Q ∈ R
3×2, Q⊤Q = I2

}
, (14)

or in other words, the two rows of the rotation matrix
Q⊤ must be orthonormal (i.e. it is a Stiefel matrix). To
apply our BALM algorithm, we need first to derive the
projector onto M. We now turn to this problem.

4.1.1 NRSfM manifold projector

In [30] Paladini et al. derived an exact globally optimal
algorithm to project the motion matrices onto the non-
rigid motion manifold (14). However, here, we discuss
an alternative which provides an approximate projector
onto M. The advantage is that our proposed algorithm
stills provides accurate estimates while being consid-
erably faster (approximately 100 times in experimental
tests).

Let A ∈ R
3d×2 be given, and consider the partition

A =
[
A⊤

1 A⊤
2 · · ·A

⊤
d

]⊤
, where Ai ∈ R

3×2. We want to
compute pM(A), that is, we want to solve the optimiza-
tion problem

minimize ‖A− t⊗Q‖
2

subject to t ∈ R
d

Q⊤Q = I2

. (15)

If A ∈ M, that is, if A = t⊗Q for some t = (t1, . . . , td)
⊤ ∈

R
d and Stiefel matrix Q, then we would have the identity∑d

i=1 AiA
⊤
i = ‖t‖

2
QQ⊤. That is, the left-hand side of

the equation would reveal the underlying Q (up to a
right multiplication by a 2 × 2 rotation). This motivates
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the following approach, for a generic A: compute A =∑d

i=1 AiA
⊤
i and estimate Q as its dominant Stiefel, that

is, corresponding to the 2 top eigenvectors of A. Let Q̂
denotes this Stiefel matrix. Even when A ∈ M we do
not have, in general, Q̂ = Q. Rather, Q̂ = QR for a 2× 2
orthogonal matrix R. Thus, we return to problem (15)
and we solve for t ∈ R

d and R:

minimize
∥∥∥A− t⊗

(
Q̂R
)∥∥∥

2

subject to t ∈ R
d

R ∈ R
2×2, R⊤R = I2

. (16)

For a fixed R, the optimal t is ti =
1
2 tr
(
R⊤Q̂⊤Ai

)
with

i = 1, . . . , d. Plugging ti into (16) gives the reduced
problem over R

maximize
∑d

i=1

(
tr

(
R⊤Ti

))2
subject to R⊤R = I2

(17)

where Ti := Q̂⊤Ai. Now, a 2× 2 rotation matrix R must
fall into one of the two following cases det(R) = 1 or
det(R) = −1.
Case det(R) = 1. In this case

R =

[
c −s
s c

]

for some (c, s) ∈ R
2, ‖(c, s)‖ = 1. Using this representa-

tion in (17) yields

maximize
∑d

i=1

[
c s

]∑d

i=1

[
Ti(1, 1) + Ti(2, 2)
Ti(2, 1)− Ti(1, 2)

]

[
Ti(1, 1) + Ti(2, 2)
Ti(2, 1)− Ti(1, 2)

]⊤ [
c
s

]

subject to ‖(c, s)‖ = 1

which can be solved by an eigenvalue decomposition.
Case det(R) = −1. In this case

R =

[
c s
s −c

]

for some (c, s) ∈ R
2, ‖(c, s)‖ = 1. Using this representa-

tion in (17) yields

maximize
∑d

i=1

[
c s

]∑d

i=1

[
Ti(1, 1) + Ti(2, 2)
Ti(2, 1)− Ti(1, 2)

]

[
Ti(1, 1)− Ti(2, 2)
Ti(2, 1) + Ti(1, 2)

]⊤ [
c
s

]

subject to ‖(c, s)‖ = 1

which can be solved by an eigenvalue decomposition.
After examining separately the two cases, we pick the
best.

4.2 Example 2: Articulated SfM

A bilinear formulation of motion and 3D structure com-
ponents is also possible for articulated image shapes. In
such case two, or more, moving object have their motion
constrained by a certain extent given the type of joint
among the shapes. These constraints lead to a factor-
ization formulation of the problem and this results in a

drop in the dimensionality of the measurement matrix.
For the simplified case of two shapes, we have that the

overall measurement matrix is given by Y =

[
Y (1)

Y (2)

]

and it contains the 2D image point trajectories for each
object with Y (1) and Y (2) being a n1 ×m and a n2 ×m
matrix respectively (i.e. n1 + n2 = n). In the case of a
universal joint the two shapes share a common translation
(i.e. the distance between the centers of mass of the
shapes is constant) while in the case of a hinge joint
the shapes also share a common rotation axis [8], [40].
As an initial assumption, the approach requires that an
initial segmentation stage has taken place to assign the
trajectories in Y to the respective shapes.

A universal joint [8] constrains the distance between the
centres of the two shapes to be constant (for instance,
the head and the torso of a human body) but with
independent rotation components. At each frame i the
shapes connected by a joint satisfy:

t(1) + d(1)
⊤

Q(1) = t(2) + d(2)
⊤

Q(2) (18)

where t(1) and t(2) are the 2D image centroid of the two

objects, Q
(1)
i and Q

(2)
i are the 3× 2 orthographic camera

matrices and d(1) and d(2) the 3D displacement vectors
of each shape from the joint. The relation in equation
(18) gives the reduced dimensionality in the motion and
shape subspaces. Thus, the shape matrix S can be written
as:

S =

[
S(1) 0 1n1

D(1) S(2) −D(2) 1n2

]
(19)

where S of size n × 7 is a full rank matrix. The ma-
trices D(1) and D(2) are given by D(1) = d(1) 1⊤n2

and
D(2) = d(1) 1⊤n1

where 1n1 and 1n2 are vectors of n1 and
n2 ones respectively. The motion for a frame i has to be
accordingly arranged to satisfy equation (18) as:

Mi =




Q
(1)
i

Q
(2)
i

t(1)
⊤

i


 . (20)

In the case of a hinge joint, if we assume the image
coordinates to be registered to the centroid of each
segment, then the motion matrices Mi that lie on the
articulated motion manifold can be written as:

Mi =




u⊤
i

Ai

Bi


 (21)

where u is a 2-vector with the common rotation axis
for both objects, Ai and Bi are 2 × 2 matrices such that

Q
(1)
i =

[
ui Ai

]⊤
and Q

(2)
i =

[
ui Bi

]⊤
are the 3×2

orthographic camera matrices associated with the first
and second shape respectively. The metric constraints in
the case of a hinge can therefore be expressed as:

[ui Ai]

[
u⊤
i

A⊤
i

]
= I2 and [ui Bi]

[
u⊤
i

B⊤
i

]
= I2 (22)
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where, without loss of generality, we have implicitly
assumed that the axis of rotation is aligned with the x-
axis of the first object. According to the hinge model [8],
we can write S as:

S =




x
(1)
1 y

(1)
1 z

(1)
1 0 0

...
...

...
...

...

x
(1)
n1 y

(1)
n1 z

(1)
n1 0 0

x
(2)
1 0 0 y

(2)
1 z

(2)
1

...
...

...
...

...

x
(2)
n2 0 0 y

(2)
n2 z

(2)
n2




(23)

where now S is a 5×p matrix and n = n1+n2 (we assume
the shapes have been registered to the respective object
centroids). Therefore, in the case of a hinge joint the rank
of the measurement matrix is at most 5.

Regarding the projector for the articulated case, we
point the reader to the solution presented in [30] that
provides an optimal projection on the articulated motion
manifold.

4.3 Example 3: Photometric Stereo

Basri et al. [1] derived a bilinear approximation of the
image brightness given by luminance variations. This
derivation is based on a spherical harmonics represen-
tation of lighting variations and it allows to frame PS
as a factorization problem with manifold constraints
on one of the bilinear factors. Given a set of images
of a Lambertian object with varying illumination, it is
possible to extract the dense normal to the surface of
the object z, the albedo ρ and the lighting directions l.
For a 1st order spherical harmonics approximation, the
brightness at image pixel j at frame i can be modelled
as:

Yij = l⊤i ρj [1 z⊤j ]
⊤ = SiMj

where li ∈ R
4, ρj ∈ R, zj ∈ R

3 with z⊤j zj = 1. A compact
matrix form can be obtained for each pixel Yij as:

Y =




Y11 . . . Y1n

...
. . .

...
Yf1 . . . Yfn


 =

=




l⊤1
...
l⊤f



[

ρ1

[
1
z1

]
. . . ρn

[
1
zn

] ]
= SM

(24)

where a single image i is represented by the vector Yi =[
yi1 . . . yin

]
. Manifold constraints are given by the

surface normal constraints which implies M4×f lying on
the manifold defined by:

M =
{
ρ [1 z⊤]⊤ : ρ ∈ R, z ∈ R

3, z⊤z = 1
}
, (25)

The matrix Sn×4 now contains the collection of lighting
directions which which combines the first-order spheri-
cal harmonics at each frame i.

4.3.1 Photometric Stereo manifold projector
We now derive the projector onto the manifold M
defined in (25). That is, for a given a ∈ R

4, we show
how to solve the associated optimization problem

minimize
∥∥a− ρ [1 z⊤]⊤

∥∥2
subject to z⊤z = 1

. (26)

The variable to optimize is (ρ, z) ∈ R×R
3. Consider the

partition a =
[
αβ⊤

]⊤
with α ∈ R and β ∈ R

3. We can
rewrite (26) as

minimize ρ2 − αρ− ρβ⊤z
subject to z⊤z = 1

. (27)

We denote by (ρ⋆, z⋆) the solution of (27). If β = 0 then
ρ⋆ = α/2 and z⋆ can be any unit-norm vector. If β 6= 0
then optimizing (27) over z (for a fixed ρ) gives

z⋆ =
ρ

|ρ|

β

‖β‖
(28)

and leaves the optimization problem

minimize ρ2 − αρ− |ρ| ‖β‖
ρ

. (29)

Now, if α ≥ 0 (respectively α < 0) then it is clear that
ρ⋆ ≥ 0 (ρ⋆ < 0). Inserting this constraint into (29) leaves
a quadratic problem with an easy solution: ρ⋆ = (α +
‖β‖)/2 (respectively ρ⋆ = (α− ‖β‖)/2).

4.4 Example 4: Image Registration

A common problem in Computer Vision is the registra-
tion of a 3D model defined as a set of basis shapes to a set
of 2D coordinates. This 2D-3D registration problem was
one of the application domains of the Branch and Bound
method proposed by Chandraker and Kriegman [10].
Our BALM approach can be reformulated to deal with
this case as well with a simple modification to the opti-
mization and by introducing a new manifold projector.
In order to be able to relate the solution proposed in [10]
with ours we will also assume that the image coordinates
(i.e. x or y in Y ) will be optimized independently. We
want to solve:

minimize
∑N

j=1

(
yj − a⊤

∑p

i=1 α
iX i

j

)2

subject to ‖a‖ = 1

. (30)

The variable to optimize is (a, α) ∈ R
q ×R

p. The vectors
y = (y1, . . . , yN ) ∈ R

N , {X i
j ∈ R

q : j = 1, . . . , N, i =
1, . . . , p} are given.

Problem (30) can be expressed in our canonical
form (1). Indeed, problem (30) is equivalent to

minimize ‖y − Sm‖2

subject to m ∈ M
(31)

where

S :=




(X1
1 )

⊤ (X2
1 )

⊤ · · · (Xp
1 )

⊤

(X1
2 )

⊤ (X2
2 )

⊤ · · · (Xp
2 )

⊤

...
... · · ·

...
(X1

N )⊤ (X2
N )⊤ · · · (Xp

N )⊤


 ∈ R

N×pq
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and

M = {m : m = α⊗ a, for some α ∈ R
p, a ∈ R

q, ‖a‖ = 1} .
(32)

In the following, we assume that N > pq (thus, S is a
tall matrix).

Note that the only variable to optimize in (31) is
m ∈ R

pq . We recall that S is given (thus, this problem is
simpler than (1) where S is also a variable; also, in (31)
both the matrices Y and M correspond to vectors y and
m, respectively).

As usual, we reformulate (31) as

minimize ‖y − Sm‖2

subject to m = n
n ∈M

. (33)

In Algorithm 3 we present the BALM algorithm for (33):

Algorithm 3 BALM for registration problems

1: set k = 0 and ǫbest = +∞
2: initialize σ(0), r(0), γ > 1 and η < 1
3: initialize m(0)

4: repeat
5: solve

(
m(k+1), n(k+1)

)
= argmin Lσ(k)(m,n; r(k))

subject to n ∈M
(34)

6: compute ǫ =
∥∥m(k+1) − n(k+1)

∥∥2
7: if ǫ < η ǫbest
8: r(k+1) = r(k) − σ(k)

(
m(k+1) − n(k+1)

)

9: σ(k+1) = σ(k)

10: ǫbest = ǫ
10: else
10: r(k+1) = r(k)

11: σ(k+1) = γσ(k)

12: endif
13: update k ← k + 1
14: until some stopping criterion

Note that

Lσ(m,n; r) = ‖y − Sm‖
2
− r⊤ (m− n) +

σ

2
‖m− n‖

2
.

To address (34) we can use a Gauss-Seidel approach
as before. A summary of the optimization is given in
Algorithm 4.

We now address the subproblems (35) and (36). Sub-
problem (36) is just an unconstrained quadratic mini-
mization with respect to m. The solution is

m[l+1] =

(
S⊤S +

σ(k)

2
Ipq

)−1(
S⊤y +

1

2
r(k) +

σ(k)

2
n[l+1]

)
.

Problem (35) corresponds, in the current setting, to prob-
lem (7). Following similar manipulations, we conclude

Algorithm 4 Iterative Gauss Seidel scheme to solve
for (34)

1: set l = 0 and choose Lmax

2: set m[0] = m(k)

3: repeat
4: solve

n[l+1] = argmin Lσ(k)

(
m[l], n; r(k)

)

subject to n ∈M
(35)

5: solve

m[l+1] = argmin Lσ(k)

(
m,n[l+1]; r(k)

)
(36)

6: update l← l + 1
7: until l = Lmax

8: set m(k+1) = m[Lmax] and n(k+1) = n[Lmax].

that the solution of (35) is given by

n[l+1] = pM

(
m[l] −

1

σ(k)
r(k)

)
,

which is the counterpart of (11). We discuss the projector
manifold pM in the next subsection. Finally, we propose
the following initialization m(0) for (31) (hence, for (33)):

m(0) = pM
(
S+y

)

where S+ denotes the pseudo-inverse of S.

4.4.1 Image registration manifold projector

We now consider how to compute pM(x) for a
generic x ∈ R

pq where M is given as in (32). That is,
we address the optimization problem

minimize ‖x− α⊗ a‖
2

subject to ‖a‖ = 1
(37)

where the variable to optimize is (α, a) ∈ R
p× ∈ R

q.
Consider the partition of the given x ∈ R

pq as

x =
[
x1 x2 · · · xp

]⊤

and define the matrix

X =
[
x1 x2 · · · xp

]
∈ R

q×p.

With this notation, we can rewrite (37) as

minimize
∥∥X − aα⊤

∥∥2
subject to ‖a‖ = 1

. (38)

It is now clear that (38) asks for the optimal rank 1 ap-
proximation of the matrix X . In conclusion, problem (37)
can be solved as follows:

1) Write the given x ∈ R
pq as

x =
[
x1 x2 · · · xp

]⊤

where each xi ∈ R
q for i = 1, 2, . . . , p

2) Build the matrix

X :=
[
x1 x2 · · · xp

]
∈ R

q×p.
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In Matlab notation, this corresponds to X =
reshape(x,q,p).

3) Perform the SVD

X = UΣV ⊤

4) Set pM(x) = (σ1v1) ⊗ u1, where σ1 is the top
singular value of X (that is, the (1,1) entry of Σ),
u1 ∈ R

q is the first column of U and v1 ∈ R
p is the

first column of V .

5 EXPERIMENTS

To evaluate our unified algorithm we carry out experi-
ments on the example problems proposed above with
both synthetic and real data2. The aim of our tests
is twofold: to show that the performance of BALM is
comparable to the best specialized algorithms and to
assess its convergence. In the NRSfM and PS problems
we will also assess the resilence of our approach to very
high levels of missing data. We will use the 2D-3D non-
rigid registration problem to validate the convergence
of our algorithm comparing against a Branch & Bound
based algorithm [10].

5.1 Synthetic experiments: NRSfM

First we evaluate the performance of our bilinear algo-
rithm when applied to the NRSfM problem. We consider
two different sets of synthetic experiments. The first
set of tests is designed to verify the resilience of the
algorithm to increasing ratios of missing data. We used
a 3D motion capture sequence of a face. The sequence
was captured using a VICON system tracking a subject
wearing 37 markers on the face to provide 3D ground
truth for the evaluation. The 3D points were then pro-
jected synthetically onto an image sequence 74 frames
long using an orthographic camera model. To test the
performance of our algorithm we computed the 3D
reconstruction error, defined as the Frobenius norm of
the difference between the recovered 3D shape S and
the ground truth 3D shape SGT . The relative 3D error
is then computed as: ||S− SGT ||/||SGT ||. We subtract the
centroid of each shape and align them with Procrustes
analysis. We evaluated the performance of the algorithm
with respect to noise in the image measurements of up
to 3% and up to 80% missing data in a combined test.
Zero mean additive Gaussian noise was applied with
standard deviation σ = n × s/100 where n is the noise
percentage and s is defined as max(Y ) in pixels. In all
experiments the number of basis shapes was fixed to
k = 5. The results for each level of noise were averaged
over 100 trials.

In Figure 1 we compare the results of our proposed
algorithm (BALM) with Torresani et al.’s algorithm [41]
(EM-PPCA), Bundle Adjustment (BA) [42], the MP
method [30] and the trilinear approach of Wang et al. [43]

2. The code for the BALM method and the manifold projectors is
available from: http://www.isr.ist.utl.pt/∼adb/the-balm/.
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Fig. 1. Synthetic experiment results showing comparison
with several NRSfM methods with different ratios of miss-
ing data and noise.

(RCPF) for different levels of noise. In practical terms,
note that a reconstruction error above 20% is too high to
be of any use in most applications. Regarding the overall
results, while in the case of full data the performance of
all algorithms is comparable, BALM and MP outperform
the rest of the algorithms in the case of missing data.
Notice that RCPF is closer to both BALM and MP since
it also includes a projection step of the rotation matrices
onto the correct manifold. However, since the projection
step is only approximate, this algorithm breaks down for
lower levels of missing data. On the other hand, BA and
EMPPCA deteriorate for levels of missing data above
30%. Also notice that the algorithms that perform metric
projections (BALM, MP and RCPF) are less affected by
increasing levels of noise than others. BALM closely fol-
lows the performance of the best performing algorithm
(MP) which is specific for NRSfM. A noticeable decrease
in performance for BALM occurs at 80% missing data
(70% for the higher percentages of noise). Regarding run-
time, a single manifold projection takes approximately
1.8 msec for each frame with d = 5 basis shapes.

Regarding the initialization of the ALM algorithm in
the case of NRSfM, the missing data tracks are first
filled in using [29] which enforces metric constraints on
the motion matrices. The camera matrices are initialized
assuming rigid motion. Torresani et al.’s initialization
[41] is used to estimate configuration weights and basis
shapes given the residual of the first rigid solution.

5.2 Synthetic experiments: image registration

To evaluate the convergence of our BALM algorithm
we compare with the global minimizer proposed by
Chandraker and Kriegman [10], based on Branch &
Bound. Since the use of this algorithm is restricted to
problems with a small number of variables, we choose
to test the convergence of our algorithm on the same
small scale problem of 2D-3D non-rigid registration. To
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ease the comparison Figure 2 shows the results using
an identical experimental setup to the one used for the
validation of their method [10]. We show the L2 norm
in order to maintain consistency with the cost functions
optimized by both approaches.
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Fig. 2. Comparison of the errors obtained with our
BALM algorithm (black line) and the Branch & Bound
approach of [10] (red line) applied to the 2D-3D non-
rigid registration problem. We show errors in mean 2D
image reprojection, camera pose, shape coefficients and
3D shape. A set of 1000 experiments was run for each
level of image noise and the errors averaged. The BALM
plots, shown in black, converge to the global minimum in
the noiseless case. Notice that these plots replicate the
convergence behavior shown in [10].

Interestingly, BALM compares favorably with respect
to [10]. The reason why our algorithm consistently
achieves a lower error than Branch & Bound is related
to the MATLAB implementation of [10]3 since the bound
could not be reduced to less than 10−5. This lack of
further branching is a common and known issue of
this type of optimization algorithms. Clearly, BALM
can reach a closer solution because of its continuous
optimization nature (in contrast with the discrete nature
of Branch & Bound approaches).

Notice that the solution obtained with the Branch
& Bound converges to the global optimum (as we ex-
plained above, the small error is due to the branching
stopping criteria used in the tested implementation).
BALM also converged to the global optimum without
the use of any bounds on the non-linear parameters
of the problem (i.e. the Stiefel matrix) thus obtaining
a closer solution. Regarding execution times, Branch &
Bound approaches are known to be computationally
expensive while our ALM based approach is four orders
of magnitude faster as Table 2 confirms.

The initialization for the registration problem is made
by first centering the 2D image points to the image
centroid t. Then we obtain an estimate of the motion
matrix not satisfying the manifold constraints by simply

3. Note that we have used the same code and sequences provided
directly by the authors of [10]

TABLE 2
Mean computational time for BALM and B&B.

Noise 0.1 0.3 0.5 0.7 0.9

B&B 21s 28s 31s 32s 20s

BALM 0.0022s 0.0028s 0.0032s 0.0155s 0.0245s

pseudo inverting the known S such that S+Y = M . This
initial M is then fed to the BALM algorithm as presented
in Algorithm 3.

Frame 75 Frame 395 Frame 589

Fig. 3. The Franck sequence (first row) with 30% missing
data. Tracked points are in green while red circles show
missing entries. Second row: frontal view of 3D recon-
struction. Third row: side view of the 3D shape.

5.3 Real data: NRSfM

We have tested BALM for NRSfM in the face mod-
elling domain on the Franck sequence4. The face points
were tracked with Active Appearance Models giving
56 points in 700 frames and ratio of 30% missing data
was simulated synthetically. The first row of Figure 3
shows a sample of the sequence and the bottom row
shows the corresponding reconstructions. The resulting
3D shape and deformations describe the shape well,
even in occluded areas (e.g. lips).

4. The image sequence is freely available at: www-prima.inrialpes.
fr/FGnet/data/01-TalkingFace/talking\ face.html
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5.4 Real data: Rigid SfM

We tested our BALM algorithm in the case of rigid
scenes. Figure 4 shows results for the classic dinosaur
sequence with 72% missing data. The results confirm that
BALM performs closely to the best performing methods
for rigid structure. The overall 2D rms error obtained
with BALM5 was 1.3039 which is a slight improvement
over the error reported by Marques and Costeira (1.3705)
but higher than the error of the Damped-Newton ap-
proach by Buchanan and Fitzgibbon (1.0847). However
notice that their best result [21] does not enforce exact
orthonormality constraints and only obtains an affine
3D reconstruction while ours guarantees a metric one.
We then initialized a non-linear bundle adjustment opti-
mization step [44] obtaining a marginal improvement in
the 2D error which went down to 1.2302. This points to
the fact that BALM provided a solution that was already
close to the local minimum.

Fig. 4. The BALM algorithm applied to the Dinosaur
sequence. Left: complete 2D image trajectories resulting
from our algorithm. Right: reconstructed 3D shape.

We have also attempted the reconstruction of the casa
da musica sequence [29] with 60% missing data where
the images were obtained from Google images and thus
generally shot far apart and with unknown cameras (no
temporal consistency of camera views). The sequence
also contains degenerate configurations since only pla-
nar surfaces are seen from each camera view. The 3D
reconstruction in Figure 5 shows that most of the planar
surfaces are correctly reconstructed and they provide a
credible 3D reconstruction.

Fig. 5. BALM applied to the casa da musica dataset. Left:
sample image of the dataset. Note that the images have
a large baseline. Right: reconstructed 3D shape.

Finally, in order to test the performance of BALM
in large scale reconstruction problems we have run

5. Notice that this error is calculated only from the known entries to
compare correctly with [29] and [21]

experiments on a modification of the Venice dataset
released by Agarwal et al. [45]. The original dataset
could not be used in our experiments since the per-
spective effects were found to be too strong for our
orthographic camera model assumptions. Our modified
dataset was constructed by projecting the large scale 3D
model of Piazza San Marco in Venice with almost 106

points using 100 random ortographic camera matrices.
This allows us to perform an evaluation with ground
truth data on a challenging dataset. Overall, the final
measurement matrix Y was of size 939551× 200 leading
to a factorisation problem with nearly 200 million entries.
We generated a random missing data pattern with 90%
missing entries. Our BALM algorithm gave a final 3D
reconstruction error of 6.67% on this dataset. Notice in
Figure 6 that most of the error is localised where the 3D
model points are sparser (i.e. top of the bell tower and
surrounding areas of the square).

Fig. 6. Results of BALM applied to reconstruct a modifi-
cation of the Venice dataset [45] with 90% missing data.
Ground truth 3D points are in black while 3D recon-
structed points are in red

5.5 Real data: Articulated SfM

We present the reconstruction of the hinge2 sequence [8]
with two boxes linked by an hinge joint as shown in
Figure 7. The bigger box has 72 points and the smaller
one on top has 25 points. The missing data amounted to
60% of the available data in Y of size 1630×97. After an
initialization obtained by filling the missing entries for
the two shapes independently with rigid SfM, we apply
our BALM algorithm using the projector described in
[30]. The results show that even in this case of high levels
of missing the data, the position of the axis is estimated
correctly and it reflects the real motion of the objects.

Additionally, we show results using a motion cap-
ture sequence of a person kicking a football. A motion
capture system tracked 333 markers on the body. We
selected 15 and 18 points respectively on the upper and
lower leg to reconstruct the knee joint. The 3D points
are projected with a synthetic camera using orthographic
projection. From the 2D tracks we recover the rotation
axis and the 3D structure of the leg, as shown in Figure 8.
The reconstructed 3D points and correctly recovered axis
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Fig. 7. BALM applied to the hinge2 sequence. First 2
images: two sample images and tracked points. Dark
green circles represent missing data for that frame (60%
for the whole sequence). The remaining images show the
respective 3D reconstructions and estimated 3D hinge
joint (green axis).

Fig. 8. Motion capture football sequence. Reconstruction
obtained with BALM for frames 15 and 35. The 3D error
in the reconstruction achieved with BALM was 4.97%
against motion capture ground truth data. The recovered
axis is the knee joint.

have been aligned to the MOCAP data to show the full
body pose. The overall 3D error was 4.97% over the 51
frame long sequence.

5.6 Real data: Photometric Stereo

We present results for our BALM factorization algorithm
applied to the photometric stereo problem using the
projector presented in Section 4.3.1. The aim is to extract
the 3D surface, albedo and luminance parameters in the
presence of significant occlusions in the input image
data. We consider missing data to be the dark pixels
and the saturated parts of the images in the sequence.
This is a reasonable assumption since in these areas
the Lambertian model considered will not be satisfied.
Similarly to the NRSfM case, we need to provide an
initialization for the missing entries in Y . A heuristic
for initialization which gives good results is to use an
inpainitng technique [46] which fills the image holes
given the known part of the image. The initialization
for
(
S(0),M (0)

)
is then given by a simple rank-4 SVD on

the “inpainted” Y . These affine low-rank components
are then normalized as in [1] to comply with the equal
norm constraints of the spherical harmonics model.

The first row of Figure 9 (Sculpture sequence) shows
that even with large occluded areas the initialization

a) b) c) d)

Fig. 9. Photometric stereo results for the 46-frame long
Sculpture sequence with 48% missing data (1st row) and
49-frame long YaleB10 sequence with 31% missing data
(2nd row). Images show: a) selected frame from the
original sequence; b) image mask where green pixels
represent missing entries; c) image used as initialization
for BALM; d) resulting BALM optimized image. Last row:
computed surface after needle map integration.

with inpainting copes well if the overall texture of the
object is fairly homogenous (although errors can still
be noticed on the top of the head and the darkest
areas). Note that the final optimized image (Figure 9(d))
conforming to a strict Lambertian model reveals some
further details in the neck area which were hidden in
the original frame. The sequence on the second row,
taken from a YaleB database sequence, shows an extreme
occlusion in which half of the face of the subject is not
visible. In this case inpainting clearly fails to provide
a good initialization but the reconstructed shape still
resembles the subject, estimating the closest image that
satisfies the Lambertian model assumptions.

In a further test, we applied photometric stereo to a
large-scale experiment Potatoes sequence of the robot data
set [47]6 comprising 19 high resolution images of size
1600× 1200 (see Figure 10). Since the objects of interest
occupied a restricted area of the image those regions
were pre-selected. The data set provides 3D ground
truth (given by a structured light acquisition system) in
addition to the calibration parameters required to align
the 3D shape at each image. The sequence offers several
challenges: the setup uses led lights for illumination and

6. http://roboimagedata.imm.dtu.dk/
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a) b) c)

Fig. 10. Results on the potatoes sequence. First row: two
sample images. Second row: a) image mask: green pixels
represent missing entries; b) image used as initialization;
c) resulting optimized image with a Lambertian model.
Third row: two views of the reconstructed 3D surface after
normal integration. The reference gray plane refers to the
image plane of size 1600 × 1200 pixels. Left – top view
showing the curvature of the objects. Right – side view
showing the relief of the reconstruction.

is completely uncalibrated; strong shadows affect the im-
ages; finally the surface properties of the objects depart
from the assumed Lambertian model. By thresholding
highly saturated pixels and dark regions the overall ratio
of missing data is 62.46% with a measurement matrix Y
of nearly 32 million entries.

Figure 10 also shows an example of the missing data
mask for some of the frames and it presents two views
of the 3D reconstruction after normal integration. After
aligning with the ground truth, we obtained a mean
3D error of 17.34% while the median 3D error was
8.4% denoting some localized regions with higher errors:
mostly the areas in shadow and the frontal surfaces
which are most affected by specularites.

5.7 Real data: 2D-3D Image registration

We also present an experiment with a real image se-
quence using a set of points tracked with an AAM algo-
rithm. The first row of Figure 11 shows two frames of the
sequence showing a face changing pose and expression.
The bottom row shows the registered 2D points given
a generic deformable 3D model S12×68 trained with a
different data set of deforming faces. The lower row of
Figure 11 shows the estimated 2D points along with the
3D shape fitted to the image measurements.

6 CONCLUSIONS

We have provided a novel optimization framework for
a broad range of bilinear problems in Computer Vision
with manifold constraints on the space where the data
lies. Our results match state of the art methods in NRSfM
and show a considerable improvement in performance

a) b) c) d)

Fig. 11. a-b) The image sequence with tracking (white
dots) using an AAM. c) registration results given the
deformable model using BALM (red circles) and d) reg-
istered 3D shape.

on the PS problem, where our method can deal with
34% more missing data than previous solutions [48].
Our approach can deal with data matrices Y with 108

entries as demonstrated in the 3D reconstruction of the
Piazza San Marco dataset. These features, together with its
robustness to missing data, make BALM a good choice
for bilinear modelling in large-scale inference scenarios.
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