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Mathematical review (Euclidean Space)

Vector and matrix norms

The norm ||z|| of a vector € R™ is a real valued function with the properties

1. ||z

, Vz € R™, with ||z|| = 0 if and only if z =0,

2. lz+yll < ll=ll + lly

, Vz,y € R™ (Triangular inequality)

3. |lez|| = |a|||lz||, Yo € R and Vz € R"™.

p-norm

1
lzll, = (j1l? + l@2l? + ... + lenl?) 7, 1<p<oo

oo-norm
B ol = max fo|

The three most commonly used norms are ||z|;, ||z||, and the Euclidean norm

L2
lelly = (Ja1? + le2f? + .. + oal?)
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Properties

e For ||.ll4.lI-l3. with c # 3 there exist positive constants c1, c2 such that
cillzll, <llzllg < ezlzll,, Yo € R™. In particular

e llzlly < llzlly < vrllzll,
° llzlle < llzlly < vzl

* 7zl < llzlly < nilellg

o Holder inequality

1
+ - =1,Vz,y € R"
q

1
T
o] < llell ol
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Matrix norms The induced p-norm of A € R™*Xn

[l Az]l,

[All, = sup ——= = sup |[|Az|
Proazo llzll,  jel,=1 P

In particular
e p= 1
m
[Ally = max » ~ |ay|
K-
(The maximum by columns)
e p= 2
1/2
| Ally = Amax (AT 4)
where Amax (AT A) is the maximum eigenvalue of AT A.
e p=o00

n
Al = mgxz lais]
j=1

(The maximum by rows)
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Some useful properties. Let A € R™*" and B € R"*!

1.
%IIAIIOO < Al < vl
2. 1
=4l < 141, < VAl
3.
141, < /1Al 4]l
4.

1ABIl, < [IAll,lIBIl,
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Topological concepts in R”
Convergence of sequences

o A sequence of vectors zg, 21, ..., Tk, ... € R™ denoted by {x}, is said to converge
to a limit vector z if
lzk — 2|l — 0

as k — oo, which is equivalent to
Ves03n : lzr — x| <&, V>N

e A vector x is an accumulation point of a sequence {zy} if there is a subsequence
of {x} that converges to . That is, if there is an infinite subset K of the
nonnegative integers such that {xy}, o converges to x.

e A bounded sequence {z}} € R™ has at least one accumulation point in R™.

e Increasing sequence: {zy} € R, xp < xpyq, Yk If {1} € R", o < 241, VE
it is said to be strictly increasing.

o Decreasing sequence {zx} € R", z > xp41, Vk. If {z} € R", zp > xp11, VE
it is said to be strictly decreasing.

e An increasing sequence {z}} € R™ that is bounded from above converges to a
real number.

e Similarly, a decreasing sequence that is bounded from below converges to a real
number.
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Topological concepts in R”

Sets Let S C R™
e Open set: Vz € S, one can find an e-neighborhood of =
N(z, o) ={z €R": |z — | < &}
such that N(z,e) C S

o Closed set: Every convergent sequence {x} with elements in S converges to a
point in S.

e Bounded set: S is bounded if there is r > 0 such that ||z|| <7, Vz € S
o Compact set: If it is closed and bounded.

e Boundary point: A point p is a boundary point of a set S if every neighborhood
of p contains at least one point of S and one point not belonging to S.

The set of all boundary points of S is denoted by 9, the interior of a set by S — 95
and the closure of a set S = SUOJS.
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Continuous functions

A function f : R™ — R™ is said to be continuous at a point z if f(zr) — f(x)
whenever x; — x. Equivalently, if

Vex0 350 llz—yll <= [[f (z) = f (W)l <e

Differentiable functions

A function f: R — R is said to be differentiable at x if the limit

@) = tim LEW T @

h—0 h

exists. A function f : R™ — R™ is said to be continuously differentiable (denoted as

f € C1) at a point xo if the partial derivatives ng exist and are continuous at xq for

1<i<m, 1<j<n.
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Gradient vector
For a continuously differentiable function f : R” — R
T
— of of af
Vf(ff)—[ D21 Omg | Pan ]
Jacobian Matrix

For a continuous differentiable function f : R™ — R™

of1 of

8f oz Oxn

J =|=—|= :
@=|%] _
9fm 9fm

oz Oxn

Chain rule

Let h(z) = g(f(x)) be a continuously differentiable function at zg. Then the Jacobian
matrix is given by the chain rule

oh
ox

_ 99 of
e=zo O lf=f(zg) 0%

T=x(
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Mean value theorem

Let f: R™ — R be a continuously differentiable function at each point x of an open
set S C R™. Let = and y be two points of S such that the line segment

L(z,y) ={z:z2=0z+ (1 —0)y, 0 <6 <1} belongs to S. Then exists a point z of
L(z,y) such that

of

f(y)*f(iﬁ)za B

(y—=)

Implicit Function Theorem

Let f: R™ — R™ be continuously differentiable at each point (z,y) of an open set

S C R™ x R™. Let (x0,y0) € S be a point such that f(zo,y0) = 0 and for which the
Jacobian matrix %(zo,yo) is nonsingular. Then there exist neighborhoods U C R™
of zg and V' C R™ of yg such that for each y € V the equation f(z,y) =0 has a
unique solution z € U. Moreover, this solution can be given as = g(y), where g is
continuously differentiable at y = yo.
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Grownwall-Bellman Inequality

Let A : [a,b] — R be continuous and p : [a,b] — R be continuous and nonnegative.

a continuous function y : [a, b] — R satisfies

yO A0+ [y ds, a<i<y
then

(m)dr
f 7 ds

()<)\(t)+/)\(s
In particular, if A(t) = X is a constant, then

t
(1)d
y(t) < /\ef{M !

If in addition, p(t) = 1 > 0 is a constant, then

y(t) < Aert=a)
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