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1. Introduction

Letxq,...,xy € R¥. And let
D= [X1 se XN]T S RNXk. (1)

Let S be a subspace of RV, with rank § = r, where r > k.
The following problem is motivated by Computer Vision - it appears frequently in face and 3D
object recognition (see e.g. [1,2,6,7]):

Problem 1. Suppose that there exists a permutation matrix IT such that the columns of I1D belong to
S. Find the matrix IT.
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Also, it is related to the classical correspondence problem of finding a permutation that transforms
one collection of points in R¥ into the another one (see Section 4).

For large N (which is a standard case in the applications), this problem is very hard to resolve.
Because of that, we shall consider its important particular case. In fact, from now on we shall consider
permutation matrix IT to be of the following form

o [fr=k+1 O
H.—[ 0 l—[/]y (2)

where now 1" € RIN=r+k=1x(N=r+k=1) i 3 permutation matrix.
We can now formulate our main problem:

Problem 2. Suppose that there exists a permutation matrix IT of the form (2), such that the columns
of T1D belong to S. Find the matrix IT.

Moreover, in Section 4, we shall discuss how the solution of Problem 2 gives an algorithm for a
solution of the general case (Problem 1).

Without loss of generality, we are going to study these problems in a generic case. In particular, we
have certain generic conditions on matrix D and on subspace S (precise conditions are given in Section
2.1).

Our approach to Problem 2 is to study doubly-stochastic matrices, instead of permutation matrices.

Let

l__ Ir7k+1 0
= B, 3)

where M € RIN=T+k=Dx(N=r+k=1) 5 3 doubly-stochastic matrix. Now, the analogous problem to
Problem 2, for doubly-stochastic matrices is the following one:

Problem 3. Suppose that there exists a doubly-stochastic matrix M’ of the form (3), such that the
columns of M’D belong to S. Find the matrix M'.

The last problem can be resolved quickly and efficiently, see e.g. [4]. So, the goal of this paper is to
use the solution of Problem 3 to resolve Problem 2. In fact, we prove the following:

Let T1 be a permutation matrix of the form (2), such that the columns of T1D belong to S.

If M is a doubly-stochastic matrix of the form (3), such that the columns of M'D belong to S, then
M =TI

This is the main result of the paper given in Theorem 2 from Section 3. The proofrelies on the Perron—
Frobenius theorem applied for the special case of doubly-stochastic matrices. This theorem gives the
uniqueness of the permutation matrix I'T with the wanted properties in the set of all doubly-stochastic
matrices.

2. Notation and auxiliary results

In this section we recall some of the properties of doubly-stochastic matrices that will be essential
for the rest of the paper. These are classical results that are based on the theory of non-negative matrices
and the Perron-Frobenius theorem [5], applied to the particular case of doubly-stochastic matrices.

Let M be a doubly-stochastic matrix, i.e. a non-negative square matrix whose row and column
sums are all equal to 1. There exists a permutation matrix P such that PMPT has the following lower
block-triangular form:

M 0 0
et — [

Mp Mp - M
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where My, . . ., M|, are square irreducible matrices. Moreover, since M is a non-negative matrix, with
row and column sums equal to 1, we have that all off-diagonal blocks are equal to zero, i.e. all blocks
M;j; withi > j are zero matrices. So, we have that for the doubly-stochastic matrix M, the matrix PMPT
has the block-diagonal form:

My 0o --- 0
0 M, --- 0

PMP" = : D : (4)
0 0o --- M

with all blocks being irreducible.
The following lemma is classical and it is an application of the Perron-Frobenius theorem for
irreducible doubly-stochastic matrices. It will be essential in the proof of the main result.

Lemma 1. If M is an irreducible doubly-stochastic matrix, and w is a vector such that Mw = w, then all
entries of w are equal, i.e. there exists c € R, such that

2.1. Generic conditions

Let N, r and k be positive integers, such thatr > k,and N >r 4 2(k — 1). Let

1 2 k
a a e a
b= [xl Xz . x"} e R )
be a matrix where a' € RC¥+Dx1 and xt ¢ RIN-Tk=Dx1j — 1k are given vectors. We also
denote
X = [Xl X2 ... Xk] e RN-T+k=1)xk_ (6)

Let S be a prescribed r-dimensional vector subspace of RN, such that the columns of D belong to S.
Then S is the span of some r linearly independent vectors:

(1))

where el € [Rr_kH,fi € RN=r+k=1i —1,...,r. We denote by B the corresponding matrix:
1 2 r
e e e e
B:[f [ ﬂ}eRWt (8)

We shall assume that the matrix D and the subspace S, satisfy the following two conditions:
Condition 1. The projection of S onto the (r — k 4 1)-dimensional subspace of RV, formed by the
first r — k + 1 coordinates, is surjective. In other words, the matrix

—is1 0B =[e!,... €,

is of full row-rank, i.e. has rank r — k + 1. By reordering, without loss of generality, we can assume
that the vectors e', €%, . .., " ¥*1 are linearly independent, i.e. that the matrix

Q:= [el o2 ... er—k+1]'

is invertible.
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Moreover, let vy, . . ., Vx—1 be vectors defined by:
V=i [ﬂ e fr_k‘H] Qe i=1,... k—1. 9)
We furthermore require that all submatrices of the matrix [v; ... vx—1] formed by any k — 1 of its

rows have rank k — 1.

Condition 2. Let T bethesetofall (N —r +k — 1) x (N — r + k — 1) matrices R, such that all entries
of R are 0’s and 1’s, with exactly one 1 in each row. We require that for all matrices R € T and every
dsuchthatk<d <N —r + k — 1, we have the following: for arbitrary 1<i; <iy < --- <ig<N —
r 4+ k — 1, the submatrix of [X R] formed by the rows iy, iy, . . ., ig has the rank k 4 p, where p is the
number of the nonzero columns in the submatrix of R formed by the rows iy, iy, ..., iz, whenever
d>k+p.

Since the set T has finitely many elements, it is straightforward to see that generic matrix D and
subspace S satisfy the Conditions 1 and 2. In other words, the sets of matrices D and B that do not
satisfy Conditions 2 and 1, respectively, are of measure zero.

3. Main result

Before proving the main result, we give a solution to the following theorem:

Theorem 1. Let D € RV*K be a matrix (5) and let S be a r-dimensional subspace of RN (7) containing

the columns of D, such that D and S satisfy the Conditions 1 and 2. Then we have the following:
i
IfM € RIN=rHk=DX(N=r+k=1) j¢ 4 doubly-stochastic matrix such that all vectors [IVCIIX"] i=1,...k

belong to S, then M is the identity matrix.

Proof. Our first and main goal is to find a vector w which is a nonzero linear combination of the vectors
X1, x2, ..., X such that

Mw = w. (10)

Having this relation, by using Lemma 1 we shall obtain strong restrictionsonw.
In order to find a vector w that satisfies (10) we do the following: denote by ¥/,j = 1, ..., k, the

space of all vectors of the form [;} where Z runs through RN~"+D>1 which belong to S, i.e.:

o

Letj € {1,...,k} be fixed. We have that [gf} € S if and only if there exists a{ eRi=1,...,r,

Ze [REN”F"l} ns.

such that

)=zl
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Since S satisfies the Condition 1, the matrix

Q= [el 2 ... er—k+1]
is invertible. Then (11) becomes
& o
a’:[e1e2--~er] Cl=al |+ X o
i i I=r—k-+2
al e
and so
o
. r .
—o'd— Y ool (13)
i I=r—k+2
o i
By replacing this in (12) we obtain that
" 471 .
Z]:[f1 f2 fr] = [f] fr_k‘H] + Z Ol{el
i i I=r—k+2
w’T O{]r—k+l
r .
=[f1 . fr—k—H] Q ld + Z a{ (fl _ [fl . fr—k+1] Q—lel> .
I=r—k+2
In (9) we defined the vectors vy, ..., vk—1 € RN k=1 55
Vi :fr7i+1 . [f1 fr—k+1} Q leHl i=1,... . k—1. (14)
i , . d
Then we have that ZZ belongs to the affine subspace spanned by vy, . . ., vk—1. Finally, since xi €S,
we have:
@ . Rl .
|:ZJ} €S & Z=XxX+ Z cﬁv,-, for somed e R. (15)
i=1
Note thatthevectorsv;,i = 1,.. .,k — 1areindependentonj,andhenceall 1, ..., =¥ are parallel.
Now, let M be a doubly-stochastic matrix such that [1\/‘;{]} e S, foralli =1,...,k. Then by (15)
there exist real numberscf: eRj=1,...,ki=1,...,k—1,suchthat
) k=1
MY =X+ dvi, j=1...k (16)
i=1
Denote
Vi= [v1 vy oo Vk—1] e R(N—r—&-k—])x(k—])'
g
di= D e RE=D>1 5 =1 ..k
G-t

C:= [c1 .. c"]elR(k*”Xk.
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Then (16) becomes
MY =xX+Vvd, j=1,... k. (17)

Moreover, since the number of rows of the matrix Cis k — 1, we have thatrank C <k — 1 < k, and so
the equation

P
Cl:|=0
ﬂk
B
has a nonzero solution | : |.Thus these 8;'s satisfy:
/Sk
k )
> Bic =o0. (18)
i=1
Now let
k .
wi=Y BiX'.
i=1
Then from (17) and (18) we obtain
k ) k )
Mw=w+)Y BVd=w+V|> Bd|=w. (19)
j=1 j=1

Thus, such defined w is an eigenvector of M, as wanted in (10).

Since M is adoubly-stochastic matrix, there exists a permutation matrix P € R
such that

(N—r4+k—1)x (N—r+k—1)

M,y 0 ... 0
0 My, --- 0

pmpT = | | R . (20)
0 0 e M

with all diagonal blocks being irreducible. Also, we denote the size of M; by d;,i = 1,...,1, and we

assumethatd; >dy >--->d; > 1.1fd; = 1(and consequentlyd; = 1,foralli =1,...,1),thenM =1,
as wanted. Otherwise, let p:=max({i|d; > 2}, with the convention that dy = +00. Our aim is to prove
that p = 0, which would finish our proof. )

To that end, define vectors ¥ :=PX',j = 1,...,k,and w:=Pw = Z}‘:] Bi¥, and split them accord-
ingly with respect to (20), i.e.:

% o
X=1|, j=1...k o=|1!],
X o
withx), w; € R% i =1,...,1Then by (19) we have that foralli = 1,.. ., I:
Miw; = w;.
By Lemma 1, we have that there exist k; € R,i = 1,..., p, such that

wj Zkildiv i= 1,...,p,
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wherely, = | .| € R%_ Then
1
k .
Zﬂj":’ =¢lg, i=1...,p.
j=1

If we denote

X
%
V=T i=10k
X
we obtain that
1d1 Odl od]
k i odZ 1d2 0d2
Zﬂjy]—kl . —ky . —...—kp : =0,
j=1 : : :
0dp Odp 1dp
ldl Odl 0d1
0d2 1d2 Odz
i.e.since notall B;’s are equal to zero, we have thatk + pvectorsy!,y%, ..., y5 | .|| . |.....| .
od Od ld

are linearly dependent.
However, since the matrix X satisfies the Condition 2, we have that "0, d; < k + p, i.e.

I
D di—1) <k (21)
i=1
In particular we have that p <k — 1, and so Zle d; <2(k — 1). Thus PMPT is of the form:
T _ M 0
PMP' = [0 1] (22)

where M’ is 2(k — 1) x 2(k — 1) matrix.

Now, ifallX’,j = 1,..., ksatisfy MX) = X/, then by Lemma 1, the matrix X would have at least two
identical rows, which contradicts the Condition 2.

So, there exists some j, such that MX' # X/. Without loss of generality, we can assume thatj = 1.
Then from (16) we would have that

k—1
PMP'X! —x' = 3" ¢! Pv;.
i=1

However by (22), we have that the left-hand side of the above equation is a nonzero vector (and so
not all cl»l ’s are equal to zero), whose all entries except the first 2(k — 1) ones are equal to zero. If we
denote by v; € RN"""K+1 i =1,... k — 1, the vectors formed by the last N —r +k — 1 — 2(k —
1) = N —r — k + 1 components of the vector Pv;, respectively, then the last implies that the vectors
V1,..., Vk—1 are linearly dependent. However, this contradicts the second part of Condition 1 since
N—r—k+1>k—1.

Thus M = I, as wanted. [
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Finally, we can give our main result:

Theorem 2. Let D € RY*¥ be a matrix (5) and let S be a r-dimensional subspace of RN (7) such that D
and S satisfy the Conditions 1 and 2.

Let TT be a permutation matrix of the form (2), such that the columns of I1D belong to S.

If M’ is a doubly-stochastic matrix of the form (3), such that the columns of M'D belong to S, then
M =TI.

Proof. LetD' = I1D = [Ir_k‘H 0 } D. Then the columns of D’ belong to S, and also the columns of

o
Ir—k+1 0 / Ir—k—H 0
[ o Mo /P= o wmP

belong to S. Finally, since MIT'~! is also a doubly-stochastic matrix and since D’ satisfies the Condition
2, by Theorem 1 we have that MIT'~! = i.e. M = IT, as wanted. [J

4. Applications of the main result

In all problems posed and resolved in this paper we assume the existence of a certain permutation
matrix, and the problem is in finding it. Moreover, our solution also detects whether such a permutation
matrix exists. Indeed, the solution of Problem 3 determines whether there exists wanted doubly-
stochastic matrix, and if so, computes it. So, if it does not exist or if the obtained doubly-stochastic
matrix is not a permutation matrix, we conclude that there does not exist a permutation matrix with
the wanted properties.

4.1. Solution of the Problem 1

One approach to Problem 1 would be a search through all N! permutation matrices.

With approach given in this paper we can reduce the original problem to the case when the wanted
permutation matrix has the form (2).

In fact, if P € RNV is a permutation matrix, then there exists a permutation o” € Sy, such that
the entries of P are P; ,p = 1foralli = 1,..., N, and zero otherwise.

Let Pr_k+1 be a subset of the set of all permutation matrices P of size N x N such that UrP_,H_z <

orP_ ka3 <00 < U,{,’ . Then, every permutation matrix from RN*N can be written in a unique way as a
product of two permutation matrices of the form:

Ir—k+1 0
[ o A (23)

where A € Pr_j41.

Thus, our problem becomes to find I1" and A such that the columns of [ AD belong to

Ir7k+1 0 ]

0 I’
S.So,foreach A € P,_g41, we can search for a matrix I1’ by using our solution to Problem 2. Moreover,
if for some A there exists a corresponding matrix IT’, then IT’ is unique.

So, computationally, we only have to check |Pr—g+1| = N(N —1)--- (N —r + k) ~ NT—k+1 com-
binations. Moreover, in practical applications usually r = k, thus giving only N possibilities for the
matrix A through which one should search.

For more details on the implementation of the algorithm, see [4,3].

Finally, note that, since for every A € P;_j 1 there exists at most one I’ such that the matrix (23)
solves the Problem 1, there are at most |P;_1| permutation matrices that solve the Problem 1.
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4.2. Relation with a correspondence problem

Our solution to Problem 2 implies, as a corollary, a solution to a classical correspondence problem
in a generic case.
Let D be a matrix from (1), and let E be some other ordering of the rows of D, i.e.:

E = [Xﬂ(l) ... X;T(N)]T, (24)

for some permutation . The correspondence problem consists of finding a permutation matrix I,
such that

TyD = E. (25)

By taking Sg to be a subspace spanned by the columns of E, (25) implies that the columns of IToD
belong to Sg.

In previous section we have obtained the algorithm for finding a permutation matrix IT, such that
the columns of TID belong to Sg. Also, in a generic case, the rank of Sg is equal to k, and so the number
of such permutation matrices IT is at most |?;| = N. Moreover, by the algorithm from the previous
section, we can obtain all such permutation matrices and the one that satisfies (25) will be the wanted
matrix ITp.
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