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Abstract

This thesis develops and analyzes distributed algorithms for convex optimization in networks, when nodes
cooperatively minimize the sum of their locally known costs subject to a global variable of common interest.
This setup encompasses very relevant applications in networked systems, including distributed estimation
and source localization in sensor networks, and distributed learning. Generally, existing literature offers
two types of distributed algorithms to solve the above problem: 1) distributed (consensus-based) gradient
methods; and 2) distributed augmented Lagrangian methods; but both types present several limitations. 1)
Distributed gradient-like methods have slow practical convergence rate; further, they are usually studied for
very general, non-differentiable costs, and the possibilities for speed-ups on more structured functions are
not sufficiently explored. 2) Distributed augmented Lagrangian methods generally show good performance
in practice, but there is a limited understanding of their convergence rates, specially how the rates depend
on the underlying network.

This thesis contributes to both classes of algorithms in several ways. We propose a new class of fast
distributed gradient algorithms that are Nesterov-like. We achieve this by exploiting the structure of convex,
differentiable costs with Lipschitz continuous and bounded gradients. We establish their fast convergence
rates in terms of the number of per-node communications, per-node gradient evaluations, and the network
spectral gap. Furthermore, we show that current distributed gradient methods cannot achieve the rates of
our methods under the same function classes. Our distributed Nesterov-like gradient algorithms achieve
guaranteed rates for both static and random networks, including the scenario with intermittently failing
links or randomized communication protocols. With respect to distributed augmented Lagrangian methods,
we consider both deterministic and randomized distributed methods, subsuming known methods but also
introducing novel algorithms. Assuming twice continuously differentiable costs with a bounded Hessian,
we establish global linear convergence rates, in terms of the number of per-node communications, and,
unlike most of the existing work, in terms of the network spectral gap. We illustrate our methods with

several applications in sensor networks and distributed learning.
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Chapter 1

Introduction

1.1 Motivation and thesis objective

Motivated by applications in sensor, multi-robot, and cognitive networks, as well as in distributed learning,
we consider synthesis and analysis of distributed optimization algorithms. We study the problem where
each node i in a connected network acquires data D; to infer a vector quantity 2* € R%. Node ’s own data
D; give only partial knowledge on z*, but the quantity z* can be successfully reconstructed based on all
nodes’ data. More formally, each node ¢ has a local convex cost function f;(z) = f;(x; D;) of the variable
x (parameterized by data D;), known only to node ¢. The goal is for each node to find =* that solves the

unconstrained problem:

N
minimize Zfz(x) =: f(x). (1.1)
i=1

(See also Figure 1.1 for an illustration of the model with a generic network of N = 6 nodes.) Problem (1.1) is
highly relevant as it encompasses, among many other network applications, the following: 1) distributed in-
ference (detection and estimation) [3] and distributed source localization in sensor networks [4]; 2) spectrum
sensing [5] and resource allocation [6] in cognitive radio networks; 3) emulation of swarms in biological
networks [7]; and 4) distributed Lasso [8], linear classification [9], and other learning problems. Section 1.5
details several applications in networked systems that we consider throughout the thesis.

The main objectives of this thesis are to: 1) develop distributed iterative algorithms whereby each node ¢
obtains a solution to (1.1); and 2) establish convergence and convergence rate guarantees of these methods,
in the presence of inter-neighbor communication failures and communication asynchrony. At iteration k,
nodes exchangetheir current solution estimate x;(k) (and, possibly, an additional low-overhead quantity)

only with their immediate neighbors in the network. Nodes do not exchange the raw data D;, either due to
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Figure 1.1: An example of a connected network with NV = 6 nodes. Each node ¢ has a local convex cost
function f;(x).

extremely high dimension of D;, as may arise with massive distributed learning problems, or due to privacy
constraints.

The remainder of the introductory Chapter is organized as follows. Section 1.2 states our main contri-
butions. Section 1.3 reviews existing literature and contrasts it with this thesis. Section 1.4 outlines novel
technical tools that this thesis developed and that may find use in other contexts. Finally, we finish the

Chapter in Section 1.5 with a list of motivating engineering applications, explored throughout the thesis.

1.2 Thesis contributions

To solve (1.1), in general, existing literature proposes two types of algorithms: 1) distributed (consensus-
based) gradient-type algorithms; and 2) distributed augmented Lagrangian (AL) dual algorithms. This thesis
contributes to both types of methods.

Distributed gradient-type methods. With respect to distributed gradient-type methods, our main con-

tributions include the following.

e We develop novel distributed gradient methods that converge significantly faster than existing dis-

tributed gradient methods;

e We establish global convergence rates of our methods in terms of the cost function parameters (e.g.,
Lipschitz constant of the gradient) and the underlying network parameters; remarkably, acceleration

techniques guarantee convergence rates (in expectation) even on random networks;

e We show that existing distributed gradient methods cannot achieve the rates of our methods under

equal network and cost functions conditions.

Distributed augmented Lagrangian methods. With respect to distributed augmented Lagrangian

methods, our main contributions include the following.

e We develop novel distributed AL algorithms that operate with asynchronous inter-node communica-

tion;



e We establish global linear convergence rates of a wide class of distributed AL methods under the
convex twice continuously differentiable costs with bounded Hessian, in terms of the overall per-node

communications at any stage of the algorithm.

We now detail each of our contributions, namely, on distributed nesterov-like gradient methods, distributed

consensus and averaging, and distributed AL methods.

Chapters 2—4: Distributed Nesterov-like gradient methods

We propose distributed Nesterov-like gradient methods, and we establish their convergence rate guarantees
for both static and random networks. Random networks account for random packet dropouts with wireless
sensor networks, as well as random inter-node communication protocols, like gossip [10]. In Chapters 2
and 3, we achieve this on the class F of convex, differentiable costs f;’s that have Lipschitz continuous
and bounded gradients. Chapter 4 establishes the convergence rates for alternative function classes, hence
further broadening the applications that our methods can handle. We now detail specific contributions in

Chapters 2, 3, and 4.

Chapter 2: Static networks

We propose two distributed gradient methods based on a Nesterov’s centralized fast gradient method [11].
We assume the f;’s in (1.1) are in class F. We refer to our first method as Distributed Nesterov-Gradient
(D-NG for short). With D-NG, each node 7 in the network updates its solution estimate x;(k) at time k
by: 1) weight-averaging its own and its neighbors’ estimates (we denote by W;; the weights and by O; the
neighborhood of node ¢, including 7); 2) performing a negative local gradient step with steps size oy, with
respect to f;; and 3) updating an auxiliary variable y; (k) to accelerate convergence via a distributed version

of a Nesterov-like step [11]:

vk +1) = > Wijy;(k) — oV fi(wi(k)) (1.2)
Jj€O0;

yi(k + 1) = l’l(k + 1) +

P13 (zi(k +1) — z(k)) . (1.3)

Iterations (1.2)—(1.3) are computationally simple; the price paid with respect to the standard distributed gra-

dient method [2] is negligible. However, we show that our method achieves, at each node ¢, the convergence

3



rates in the optimality gap at the cost function 4 ( f(z;) — f*):

1 log k 1 log IC
O((l—me k ) a“d0<<1—u>1+f K ) 49

in the number of per-node communications K and per-node gradient evaluations k. In (1.4), the quantity

(1 — p) € (0, 1] is the network’s spectral gap', and & > 0 is arbitrarily small.
We refer to our second method, whose details are in Chapter 3, as Distributed Nesterov gradient with

Consensus iterations (D-NC for short.) Under the class F, D-NC achieves convergence rates:

1 1 1

(See also Table 1.1, rows 1 and 2.)> Both distributed gradient methods D-NG and D-NC show significant

gains over existing, standard distributed gradient methods [2]. We show that existing methods cannot per-

form better than €2 (kg—l/g,) and (2 ( K:21 /3>.3 In other words, our methods achieve significantly faster rates

than [2] on the class F, both in terms of £ and /C, while maintaining algorithm simplicity.

Chapter 3: Random Networks

We modify our D-NG and D-NC methods to handle random networks. We refer to the modified methods
as mD-NG and mD-NC, respectively. We model the network by a sequence of independent, identically
distributed matrices W (k), drawn from the set of symmetric, stochastic* matrices with positive diagonals.
We assume that the underlying network is connected on average’. We establish with mD-NG and mD-NC
methods the rates in terms of the expected normalized optimality gap 4 (E [f(x;)] — f*), at arbitrary node
1, as a function of &, I, the number of nodes /V, and the quantity 1 — 1z that is a generalization of the spectral
gap 1 — 1 for random networks.® The rates of mD-NG and mD-NC for random networks are shown in
Table 1.1., rows 3 and 4. We can see that, in expectation, mD-NG and mD-NC achieve the same rates in k
and K that D-NG and D-NC achieve on static networks. Hence, remarkably, acceleration ideas of Nesterov

apply also to random networks and allow for much faster algorithms than offered by the existing literature.

'The quantity p is the modulus of the second largest (in modulus) eigenvalue of the N x N matrix ¥ that collects the weights
Wij ‘a.

The rates’ constants shown in the Table 1.1 are for the optimized step-sizes; for details and constants under generic step-sizes,
we refer to Chapters 2 and 3.

3For two positive sequences ay and by, notation by = O(ax) means that limsup,_, Z—i < 00; by = Q(ax) means that
lim infy_s oo Z—i > 0; and by, = O(ag) if by = O(ax) and by, = Q(ax).

4Stochastic means that the rows of the matrix sum to one and all its entries are nonnegative.

>This means that the graph that supports the nonzero entries of the expected matrix E [W (k)] is connected.

More precisely, 72 is the second largest eigenvalue of the second moment E [W(k)2]
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Gradient evaluations Communications

D-NG (Static): o) (W%) 0 (W%)
D-NC (Static): 0 () O (pete)

mD-NG (Random): O ((1_%4/3 10,%k) @) (#%)
(@)

mD-NC (Random): O (%) 0 (o ke)

Table 1.1: Convergence rates in the normalized cost function optimality gaps +-(f(z;) — f*) at arbitrary
node 7 for the proposed distributed Nesterov-like gradient methods: D-NG, D-NC, mD-NG, and mD-NC.
The cost functions f;’s belong to the class F of convex, differentiable, costs, with Lipschitz continuous and
bounded gradients.

As explained above, existing distributed gradient methods cannot achieve better rates than 2(1/ K/ 3) and

Q(1/K?/3) even on static networks.

Chapter 4: Alternative function classes

We establish convergence and convergence rate guarantees for our distributed gradient methods under prob-
lem classes different than . In particular, we do not explicitly require that the gradients be bounded, and we
allow for constrained optimization, where each node ¢ has the same closed, convex constraint set X'. Thus,
we enlarge the class of applications for our distributed gradient methods with provable rate guarantees. In
particular, we show the following: 1) We establish rates O(log k/k) and O(log K/K) for D-NG and un-
constrained problems, when the bounded gradients assumption is replaced with a certain growth condition;
2) We establish convergence to e-solution neighborhood (in terms of the cost function) of D-NG under a
constant step-size after O(1/¢) per-node communications and per-node gradient evaluations, for constrained
optimization with a compact constrain set; and 3) We establish rates O(1/k2) and O(1/K?~¢) of the mD-
NC method for constrained optimization with compact constraints. Further details on the assumed problem

setups can be found in Chapter 4.

Chapter 5: Weight Optimization for Consensus in Random Networks

Performance of distributed consensus-based gradient algorithms, like our D-NG and D-NC and their mod-
ifications mD-NG and mD-NC, as well as [2] and [12], significantly depend on the underlying averaging
(consensus) dynamics — see the weighed averaging in (1.2). Consensus dynamics significantly depends on

the weights W;;’s in (1.2) that nodes assign to their neighbors. We address the problem of optimal weight

5



design such that consensus dynamics are the fastest possible, allowing for random networks with spatially
correlated link failures. Our weight design is clearly of direct interest for consensus and distributed aver-
aging, but also allows for faster convergence of distributed optimization methods, as we demonstrate by
simulation in Chapter 5. Our weight design is applicable to: 1) networks with correlated random link fail-
ures (see, e.g., [13] and 2) networks with randomized algorithms (see, e.g, [10, 1]). We address the weight
design problem for both symmetric and asymmetric random links.

With symmetric random links, we use as optimization criterion the mean squared consensus convergence
rate that equals 7i2. We express express the rate as a function of the link occurence probabilities, their
correlations, and the weights. We prove that 7z° is a convex, nonsmooth function of the weights. This enables
global optimization of the weights for arbitrary link occurrence probabilities and arbitrary link correlation
structures. We provide insights into weight design with a simple example of complete random network
that admits closed form solution for the optimal weights and convergence rate and show how the optimal
weights depend on the number of nodes, the link occurence probabilities, and their correlations. Finally, we
extend our results to the case of asymmetric random links, adopting as an optimization criterion the mean
squared deviation (from the current average state) rate, and show that this metric is a convex function of the
weights. Simulation examples demonstrate the gains with our weight design compared with existing weight

assignment choices, both in distributed averaging and in distributed optimization.

Chapters 6 and 7: Distributed augmented Lagrangian (AL) methods

A popular approach to solve (1.1) is through the AL dual; we briefly outline it here to help us state our
contributions. (Derivations can be found in Chapter 6.) Each node i updates its solution estimate x;(k)

(primal variable), and a dual variable n;(k), by:

(21(k +1), ccsan(k+1)) = argming, o) eran La (21, ocsan mk), ooy (k) (16)

J€O0;

where a > 0 is the (dual) step-size, L, : RV x R¥ — R, is the AL function:

N N
La(SUl, ooy TN, 171,...,77]\[):Zfi(xi)-f—z:ﬁ;l‘i-i-g ' Z ‘Wij ||17z'_-rj”2, (1-8)
i=1 i=1 {i,7}€E,i<j

p > 01is the AL penalty parameter, and £ is the edge set. Dual updates (1.7) are performed in a distributed

way, as each node ¢ needs only the primal variables z;(k + 1) from its immediate neighbors in the network.

6



When p = 0, the primal update (1.6) decouples as well, and node i solves for x;(k + 1) locally (without
inter-neighbor communications.) When p > 0 (which is advantageous in many sistuations), the quadratic
coupling term in (1.8) induces the need for an iterative solution of (1.6) that involves the inter-neighbor

communications.

Our main contributions with respect to (1.6)—(1.7) are two-fold: 1) We design efficient novel algorithms
to iteratively solve (1.6); and 2) We establish convergence rates for the overall scheme (1.6)—(1.7), in terms

of the overall per-node communications C at any algorithm stage.

We now highlight our specific contributions.

Chapter 6: Distributed augmented Lagrangian algorithms for generic costs

We propose a randomized distributed AL method, termed Augmented Lagrangian algorithm with Gossip
communication (AL-G), that: 1) handles very general, nondifferentiable costs f;’s; 2) allows a private con-
straint set &; at each node 7; and 3) utilizes asynchronous, unidirectional, gossip communication. This
contrasts with existing distributed AL methods that handle only static networks and synchronous communi-
cation, while the AL-G algorithm handles random networks and uses gossip communication. In distinction
with existing distributed gradient algorithms that essentially handle only symmetric link failures, AL-G

handles asymmetric link failures.

The AL-G method operates in two time scales. Nodes update their dual variable synchronously via a step
of type (1.7),” at a slow time scale. To solve (1.6), nodes update their primal variables via a novel nonlinear
Gauss-Seidel method. The method uses asynchronous, gossip operations, at a fast time scale, as follows. At
a time, one node is selected at random; upon selection, it updates its primal variable x;, and transmits it to a
randomly selected neighbor. We further propose two variants of AL-G, the AL-BG (augmented Lagrangian

with broadcast gossiping) and AL-MG (augmented Lagrangian with multi-neighbor gossiping) methods.

We prove convergence of the inner primal algorithms (1.6), when the number of inner iterations goes
to infinity. This establishes convergence of the nonlinear Gauss-Seidel method with random order of mini-
mizations, while existing literature previously showed convergence only under the cyclic or the essentially
cyclic rules, [14, 15]. We illustrate the performance of AL—G with two simulation examples, [;-regularized

logistic regression for classification and cooperative spectrum sensing for cognitive radios.

"The step is similar but not the same; we refer to Chapter 6 for details.
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Chapter 7: Distributed augmented Lagrangian algorithms for costs with bounded Hessian

We assume a restricted class of functions with respect to Chapter 6, namely convex, twice differentiable
fi’s with a bounded Hessian. We establish globally linear convergence rates for a class of methods of
type (1.6)—(1.7) in the overall per-node communications X. Furthermore, we give explicit dependence of

the convergence rate on the network spectral gap 1 — p.

Specifically, we study a class of deterministic and randomized methods of type (1.6)—(1.7). Both de-
terministic and randomized methods update the dual variables via (1.7). With the deterministic variants,
step (1.6) is done via multiple inner iterations of either: 1) the nonlinear Jacobi (NJ) method on L(-; n(k));
or 2) the gradient descent on L(+; n(k)). With both cases, one inner iteration corresponds to one per-node
broadcast communication to all neighbors. With the randomized methods, step (1.6) is done either via mul-
tiple inner iterations of: 1) a randomized nonlinear Gauss-Seidel (NGS) method on L(-; n(k)) (this variant
is precisely the AL-BG method from the previous Chapter); or 2) a randomized coordinate gradient descent
on L(-; n(k)). Hence, we consider the total of four algorithm variants: 1) deterministic NJ; 2) deterministic
gradient; 3) randomized NGS (this is AL-BG in Chapter 6); and 4) randomized gradient. With all variants,
we establish linear convergence rates in the total number of elapsed per-node communications K(k) after k
outer iterations, assuming that nodes know beforehand a Hessian lower bound h.,;,, a Hessian upper bound
hmax, and (a lower bound) on the network spectral gap 1 — p. The distance to the solution z* of (1.1), at

any node i and any outer iteration k decays as:®

(k) — 2*|| = O (R’C(k)) , (1.9)

with the communication rate R € [0, 1) (the smaller it is, the better) shown in Table 1.2. The quantity
v := hmax/hmin is the condition number of the f;’s. Our results, in contradistinction with the literature,
establish how the convergence rate depends on the underlying network (spectral gap 1 — p.) For example,
for the deterministic NJ method (row 1 in Table 1.2), the rate is jointly negatively affected by the condition
number vy and the network “connectivity,” measured by 1 — p. For a poorly connected chain network of N
nodes, 1 — p = ©(1/N?), and hence the rate is 1 — <W) In contrast, for well-connected expander
networks, 1 — i = (1), i.e., it stays bounded away from one, and so the rate essentially does not deteriorate

with the increase of V.

8With randomized methods, the result is in terms of the expected distance E [||z; — 2*||] and in terms of the expected overall
communications E [C(k)], see Chapter 7 for details.



Convergence Rate R

Deterministic, NJ: 1-0 (}H__J)
2

10g<1+#>
e o e « . o 1_‘“ 1+
Deterministic, Gradient: 1 — € <1 T Tog(17) +Tog ()

: . _ 1—p 1
Randomized, NGS: 1-Q iy log(lJr'y)Jrlog((lu)_l))

. . . _ 1—p 1
Randomized, Gradient: 1 — e 10g(1+’y)+log((1u)_l)>

Table 1.2: Convergence rates R in (1.9) for the four variants of (1.6)—(1.7).

1.3 Review of the literature

We briefly review the literature to contrast ours with existing work. We consider: (1) distributed gradient

methods; and (2) distributed AL methods.

Distributed gradient methods

Distributed gradient methods have been studied in the past [16, 17], with main focus on parallel architectures
(star networks) and on distributing the optimization variable’s components across different processors (for
generic networks). More recent literature proposes and analyzes: 1) diffusion algorithms, e.g., [18, 19];
2) primal (sub)gradient methods [2, 20, 21, 22, 23, 24, 25, 26]; 3) dual averaging methods [12, 4, 27];
and 4) primal-dual (sub)gradient methods [28]. These methods are usually studied under a broad class of

convex f;’s (possibly non-differentiable) with bounded gradients. With respect to convergence rate, [12]

establishes the convergence rates O (fﬁ’;) and O <ig% /’§ ) for the algorithm presented in [12]. Recent
references [29, 30] that appeared after our initial works on Nesterov-like gradient methods develop and
analyze accelerated proximal methods for time varying networks that resemble D-NC, but have no parallels
with our D-NG methods. Their rates are worse than ours in terms of the number of nodes IN. (We contrast
in detail our work with [29, 30] in Chapter 2.)

In summary, we identify the following limitations of the existing work on distributed gradient-like meth-

ods:

1. The methods show a slow (theoretical and practical) convergence rates; see, e.g., our simulation ex-

amples in Chapter 2.

2. Theoretical studies are available only for very wide classes of non-differentiable costs, where it is not

possible to achieve fast convergence rates. In particular, no faster rates than O(1/ \/E) are possible,
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even in a centralized setting. The literature does not sufficiently explore the relevant scenario of more
restricted classes of functions, where in a centralized setting faster rates are known to be achievable.
For example, with differentiable costs that have Lipschitz continuous gradients, centralized gradient

methods can achieve rates O(1/k?).

3. Acceleration techniques by Nesterov and others for gradient methods have not been sufficiently ex-

plored.

This thesis and [29, 30] respond to the above limitations. In particular, we achieve the following: 1) We
propose fast distributed gradient methods D-NG, D-NC, and their modifications mD-NG and mD-NC.
Our methods converge faster than existing distributed gradient methods, both in theory and in simulation.
2) We study distributed gradient methods under the class F when the costs f;’s are differentiable, and
have Lipschitz continuous and bounded gradients. This setup allows for convergence rates O(1/k?) in a
centralized setting. Our distributed D-NC method achieves rates O(1/k?) and O(1/K?~¢) and is hence
close to the best achievable (centralized) rates. 3) We show that the acceleration techniques due to Nesterov

allow for speed-ups in distributed optimization as well, remarkably, even on random networks.

Distributed augmented Lagrangian methods

In a classical, centralized setting, augmented Lagrangian (AL) and alternating direction method of multipli-
ers (ADMM) methods have been studied for a long time; e.g., references [31, 32, 33] show locally linear
or superlinear convergence rates of AL methods. Recently, there has been a strong renewed interest and
progress in the convergence rate analysis of the classical AL and ADMM methods. References [34, 35]
show that the ADMM method converges globally linearly for certain cost function classes.

Reference [36] analyzes the AL methods under more general costs than ours and is not concerned with
the distributed optimization problem (1.1). The work [36] is related to ours in the sense that it analyzes
the AL methods when the primal problems are solved inexactly, but, under their setup, the AL methods
converge to a solution neighborhood. By contrast, in our setup studied in Chapter 7, distributed AL methods
converge linearly to the exact solution, in spite of the inexact solutions of the (inner) primal problems.

Lagrangian dual methods for parallel computation (star configuration) have been studied in the past [37].
More recently, the literature considers generic networks, e.g., [8, 38, 39, 40] for AL methods, and [41]
for ordinary dual methods. References [40, 8, 5] propose different versions of the distributed alternating
direction method of multipliers methods (ADMM). They have been particularly extensively studied in the

signal processing literature, demonstrating their effectiveness in various applications, e.g., [42, 43, 39, 8, 40].
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These works do not study the convergence rates of their proposed methods. The results in [34, 35] may
imply linear convergence of the D-Lasso and related methods in, e.g., [8, 5]. Hence, the results in [34, 35]
may imply linear convergence for a sub-class of methods that we consider in this thesis. Our analysis is

technically different from the analysis in [34, 35].

Reference [44] considers the distributed optimization problem (1.1) over generic networks as we do here,
under a wider class of functions than what we study. The reference shows O (1/K) rate of convergence in
the number of per-node communications for a distributed ADMM method. Hence, with respect to our
work, [44] studies a wider class of problems but establishes much slower rates. Reference [45] considers

both resource allocation problems and (1.1) and develops accelerated dual gradient methods. For (1.1), this

Amin (AAT)

reference gives the methods’ local rates as 1 — €2 ( T (AAT)

), where A is the edge-node incidence
matrix and Apin (+) and Apax (<) denote the minimal and maximal eigenvalues, respectively. An important
distinction is that [45] considers ordinary dual problems, with the AL parameter p = 0; in contrast, we

consider both cases p = 0 and p > 0.

In summary, we identify the following limitations of the literature on distributed AL and ADMM meth-

ods:

1. The literature offers a limited understanding on how global convergence rates depend on the underly-

ing network parameters, e.g., spectral gap.

2. There is a limited study of the convergence rates of these algorithms in an asynchronous operation, or

in the presence of random link failures.

We respond to the above literature limitations as follows: 1) We establish globally linear convergence rates
for a wide class of distributed AL algorithms; 2) We explicitly characterize the rates in terms of the network
spectral gap; and 3) We establish linear convergence rates (in expectation) for distributed AL methods that

utilize asynchronous communication.

Portions of this thesis have been published in journal papers [46, 38], submitted to journals [9, 47], and

are to be submitted to a journal in [48]; and published in conference proceedings [49, 50].

During the course of this thesis, we also published journal [3, 51, 52] and conference [53, 54, 55, 56, 57,
58] papers.
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1.4 Technical tools developed in the thesis

This thesis develops technical tools that are, to the authors’ best knowledge, not available in the literature,
and may find use in further developments of distributed optimization or other contexts. These tools are

detailed below.

Stability of random time-varying systems

In Chapters 2 and 3, we analyze the following time-varying random systems that arise with distributed
methods that employ Nesterov’s acceleration techniques:

(k) = A+ Be-1) —Bi ® (W (k) — J) 2(k—1)+%u(k—1),k::1,2,..., (1.10)

1 0
where ® is the Kronecker product; Z(k) is the 2N x 1 system state; J = ~117; 8, = k/(k+3); W(k) isa
random, symmetric, stochastic matrix; and u(k) is an almost surely bounded random vector. System (1.10)
involves 2 N-dimensional states, it is random, time varying, and more complex than the systems that arise

with standard distributed gradient methods, e.g., [2, 12]. We show that:

4
E(1201°) = 0 (= oyizz )

hence establishing the mean square convergence rate to zero. We refer to Chapters 2 and 3 for further details.

Inexact projected Nesterov gradient method

We establish optimality gap bounds for the inexact projected and non-projected (centralized) Nesterov gra-
dient method [11], in the presence of gradient inexactness and projection inexactness. This contributes to
existing studies of such methods [59, 60]. Reference [60] considers only gradient inexactness and a differ-
ent Nesterov’s method. Reference [59] considers both gradient and projections (in fact, inexact proximal
steps). However, it establishes bounds in terms of the norms of the gradient inexactness €. In contrast, we
establish (in this context, refined) bounds in terms of the squared norms of gradient inexactness e%. While
the bounds that involve ¢, are sufficient to study the methods of type D-NC and [29, 30], they do not allow
for meaningful bounds for D-NG type methods; for such methods, one needs to work with the bounds that

involve ei. We refer to Chapters 2 and 3 for further details.
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Lower bounds on the performance of distributed gradient methods

We establish lower bounds on the performance of distributed gradient like methods. Our techniques con-
struct “hard” problem instances. Generally, they account for the fact that, with distributed consensus-based
methods like D-NG, D-NC, and [2, 12], the local nodes’ gradients at a global solution z* of (1.1) are non-
zero. In particular, we show that [2, 12] cannot achieve worst-case rates better than 2(1/ K2/ 3), as well as
that all three methods D-NG, D-NC, and [2] are arbitrarily slow in the worst case when the functions do

not have uniformly bounded gradients. We refer to Chapters 2 and 3 for further details.

Analysis of augmented Lagrangian methods with a fixed number of inner iterations

We analyze augmented Lagrangian methods of type (1.6)—(1.7) with a fixed number of inner iterations so
that problems (1.6) are solved inexactly. When the f;’s are twice continuously differentiable with a bounded
Hessian, we establish globally linear convergence to the exact solution in the primal domain, in terms of
the overall communications (overall number of the inner iterations.) This contrasts with the literature that
usually 1) uses an increasing number 75 of the inner iterations at the outer iteration k; or 2) establishes only

convergence to a solution neighborhood. We refer to Chapter 7 for further details.

1.5 Motivating applications

We give several examples of problem (1.1) from existing literature that are relevant in engineering applica-

tions; we study each of these examples in subsequent Chapters.

Example 1: Consensus

We explain consensus in the context of sensor networks, but many other contexts, e.g., social networks, are
possible [61]. Let IV nodes (sensors) be deployed in a field; each sensor acquires a scalar measurement d;,
e.g., temperature at its location. The goal is for each sensor to compute the average temperature in the field:
+ sz\il d;. Consensus can be cast as (1.1) by setting f;(z) = 3 (z — d;)*.

Example 2: Distributed learning: linear classifier

For concreteness, we focus on linear classification, but other distributed learning problems fit naturally (1.1).

Training data (e.g., data about patients, as illustrated in [62]) is distributed across nodes in the network

N5

(different hospitals); each node has N, data samples, {a;;, b;; }j:p

where a;; € R™ is a feature vector

13



(patient signature — blood pressure, etc) and b;; € {—1,+1} is the class label of the vector a;; (patient
healthy or ill). For the purpose of future feature vector classifications, each node wants to learn the linear
classifier a + sign (aTaj’ + 2z ), i.e., to determine a vector ' € R™ and a scalar 2" € R, based on all
nodes’ data samples, that makes the best classification in a certain sense. Specifically, we seek 2’ € R™ and

2" € R that minimize a convex surrogate loss with respect to x = ((z') ", 2") T
minimize Zf\il Zj\f:sl ) (—bij(aizj’ + a:”)) +vR() . 1.11)

Here ¢(z) is a surrogate loss function, e.g., logistic, exponential, or hinge loss [63], v > 0 is a param-

eter, and R(z') is the regularization, e.g., [; norm or quadratic. Problem (1.11) fits (1.1), with f;(x) =
S0 6 (<biglala’ +27) + % R(@).

Example 3: Acoustic source localization in sensor networks

A sensor network instruments the environment where an acoustic source is positioned at an unknown loca-
tion € R?, e.g., [64]. The source emits a signal isotropically. Each node (sensor) i measures the received

signal strength:

A n
Yi= w13 i
16 — ]|

Here r; € R? is node 4’s location, known to node i, A > 0 and 3 > 0 are constants known to all nodes, and ¢;
is zero-mean additive noise. The goal is for each node to estimate the source’s position 6. A straightforward
approach is to find the nonlinear least squares estimate § = x* by minimizing the following cost function

(of the variable x):
2
minimize SV, (yi _ ﬁ) . (1.12)

Problem (4.81) is nonconvex and hence difficult; still, it is possible to efficiently obtain an estimator 9 based

on the data y;, ¢ = 1, ..., N, by solving the following convex problem:
minimize % Zi\il dist? (z,C;) (1.13)

/8
where C; is the disk C; = {x ER?: ||z —ry < (ﬁ) }, and dist(z,C) = infyec ||z — y|| is the
distance from « to the set C. In words, (4.82) finds a point 0 that has the minimal total squared distance

from disks C;, i = 1, ..., N. Problem (4.82) fits our framework (1.1) with f;(z) = %dist2 (x,C;).
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Example 4: Spectrum sensing for cognitive radio networks

Consider N secondary users (CRs) connected by a generic network. The CRs sense the power spectral
density (PSD) to reconstruct the PSD map of primary users (PUs), i.e., the CRs want to determine at what
physical locations the PUs are present, and what frequencies they use; this example is studied in [5, 8].
The model assumes N, potential locations (a grid) of PUs; each “potential” PU p has a power spectral

density (PSD) expressed as:

Ny
Op(w) =D Oy Vo(w),
b=1

where w is the frequency, ¥, (w) is rectangle over interval b, and 6y, is a coefficient that says how much
PSD is generated by the pth (potential) PU in the frequency range . The PSD at CR i is modeled as a
superposition of all potential PU’s PSDs:

Np Np Ny
Oi(w) =D gp®p(w) =D gip > pTs(w), (1.14)
p:l p:1 b=1

where g;;, is the channel gain between PU p and CR . Denote by ¢ the vector that stacks all the ,’s. Each

CR collects samples at frequencies w;, [ = 1, ..., L, modeled as:
Yiy = ®iwr) + Gy = hia(0) + G,

where (;; is a zero-mean additive noise, and h; ;(#) is a linear function of #. Reference [5] assumes that
most of the coefficients 0y, are zero, i.e., the vector 6 is sparse. Hence, the spectrum sensing problem of

determining the vector z* — an estimate of 6 — is:

minimize Y%, YL (hia(x) — i) + v |l (L.15)

where ||x||1 is the I;-norm that sums the absolute values of the entries of the vector. In framework (1.1), we
now have f;(z) = 322 (hia(#) = i) + Fll 1.
We consider Example 1 is Chapter 5; example 2 in Chapters 2, 6, and 7; example 3 in Chapter 4; and

example 4 in Chapter 6.

Comment on organization. The chapters are designed such that it is possible to read them indepen-
dently. Each chapter carefully explains the problem considered, the assumptions underlying the chapter, and

the new algorithms and corresponding results. The price paid is some repetition in problem formulation and
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set-up.
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Chapter 2

Distributed Nesterov-like Gradient
Methods: Static Networks

2.1 Introduction

In this Chapter, we propose distributed Nesterov-like gradient methods for static networks that solve (1.1).
We consider the class F of convex, differentiable costs f;’s, with Lipschitz continuous and bounded gradi-
ents. Existing work [2, 12] usually assumes a wider class, where the f;’s are (possibly) non-differentiable
and convex, and: 1) for unconstrained minimization, the f;’s have bounded gradients, while 2) for con-
strained minimization, they are Lipschitz continuous over the constraint set. It is well established in cen-
tralized optimization, [11], that one expects faster convergence rates on classes of more structured func-
tions; e.g., for convex, non-smooth functions, the best achievable rate for centralized (sub)gradient methods
is O(1/v/'k), while, for convex functions with Lipschitz continuous gradient, the best rate is O(1/k?),
achieved, e.g., by the Nesterov gradient method [11]. Here & is the number of iterations, i.e., the number of

gradient evaluations.

Contributions. Building from the centralized Nesterov gradient method, we develop for the class F two
distributed gradient methods and prove their convergence rates, in terms of the number of per-node commu-
nications /C, the per-node gradient evaluations k, and the network topology. Our first method, the Distributed
Nesterov Gradient (D-NG), achieves convergence rate O <W%) , where £ > 0 is an arbitrarily
small quantity, when the nodes have no global knowledge of the parameters underlying the optimization
problem and the network: L and G the f;’s gradient’s Lispchitz constant and the gradient bound, respec-

tively, 1 — (W) the spectral gap, and R a bound on the distance to a solution. When L and p (W) are known
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by all, the Distributed Nesterov Gradient method with optimized step-size achieves O (W %)

Our second method, Distributed Nesterov gradient with Consensus iterations (D-NC), assumes global

knowledge or at least upper bounds on £(1/') and L. It achieves convergence rate O (Wﬁ) in

1
%2

the number of communications per node XC, and O ( ) in the number of gradient evaluations. Further,
we establish that, for the class F, both our methods (achieving at least O(log k/k)) are strictly better than
the distributed (sub)gradient method [2] and the distributed dual averaging in [12], even when these algo-
rithms are restricted to functions in F. We show analytically that [2] cannot be better than 2 (1/ K2/ %) and
Q (1 / K%/ 3) (see Subsection 2.7.1), and by simulation examples that [2] and [12] perform similarly.

Distributed versus centralized Nesterov gradient methods. The centralized Nesterov gradient method
does not require bounded gradients — an assumption that we make for our distributed methods. We prove
here that if we drop the bounded gradients assumption, the convergence rates that we establish do not hold
for either of our algorithms. (It may be possible to replace the bounded gradients assumption with a weaker
requirement.) In fact, the worst case convergence rates of D-NG and D-NC become arbitrarily slow. (See
Subsection 2.7.2 for details.) This important result illustrates a distinction between the allowed function
classes by the centralized and distributed methods. The result is not specific to our accelerated methods; it
can be shown that the standard distributed gradient method in [2] is also arbitrarily slow when the assumption
of bounded gradients is dropped (while convexity and Lipschitz continuous gradient hold), see Appendix A.

Remark. The bounded gradients Assumption cannot be relaxed, but we show that it can be replaced
with certain different setups, with both D-NG and D-NC methods. We consider these alternative setups in
Chapter 4.

Remark. We comment on references [29] and [30] (see also Subsection 2.7.1 and Appendix A). They
develop accelerated proximal methods for time varying networks that resemble D-NC. The methods in [29]
and [30] use only one consensus algorithm per outer iteration k, while we use two with D-NC. Adapting the
results in [29, 30] to our framework, it can be shown that the optimality gap bounds in [29, 30] expressed in
terms of N, 1—pu (W), and K have the same or worse (depending on the variant of their methods) dependence
on C and p(W) than the one we show for D-NC, and a worse dependence on N. (See Subsection 2.7.1 and
Appendix A.)

Chapter organization. The next paragraph introduces notation. Section 2.2 describes the network and
optimization models that we assume. Section 2.3 presents our algorithms, the distributed Nesterov gradient
and the distributed Nesterov gradient with consensus iterations, D-NG and D-NC for short. Section 2.4

explains the framework of the (centralized) inexact Nesterov gradient method; we use this framework to

establish the convergence rate results for D-NG and D-NC. Sections 2.5 and 2.6 prove convergence rate
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results for the algorithms D-NG and D-NC, respectively. Section 2.7 compares our algorithms D-NG
and D-NC with existing distributed gradient type methods, discusses the algorithms’ implementation, and
discusses the need for our Assumptions. Section 2.9 provides simulation examples. Finally, we conclude
in Section 2.10. Proofs of certain lengthy arguments are relegated to Appendix A.

Notation. We index by a subscript i a (possibly vector) quantity assigned to node ; e.g., x;(k) is node i’s
estimate at iteration k. Further, we denote by: R? the d-dimensional real coordinate space; j the imaginary
unit (j2 = —1); Ay, or [A];, the entry in the [-th row and m-th column of matrix A; a®) the I-th entry
of vector a; ()T the transpose and ()H the conjugate transpose; I, 0, 1, and e;, respectively, the identity
matrix, the zero matrix, the column vector with unit entries, and the i-th column of /; @ and ® the direct
sum and Kronecker product of matrices, respectively; || - ||; the vector (respectively, matrix) [-norm of its
vector (respectively, matrix) argument; || - || = || - |2 the Euclidean (respectively, spectral) norm of its vector
(respectively, matrix) argument (|| - || also denotes the modulus of a scalar); \; () the i-th smallest in modulus
eigenvalue; A = 0 means that a Hermitian matrix A is positive semi-definite; [a| the smallest integer not
smaller than a real scalar a; V¢(x) and V2¢(z) the gradient and Hessian at  of a twice differentiable
function ¢ : R¢ — R, d > 1. For two positive sequences a, and by, the following is the standard notation:
b, = O(ay) if limsupy_, o 2 < 003 by = Q(ag) if lim inf 00 2 > 0; and by = O(ay) if by = O(ay)
and by, = Q(ag).

Part of the material in Chapter 2 has been submitted for publication in [9].

2.2 Model and preliminaries

In this Section, we present our model and preliminaries. Specifically, Subsection 2.2.1 introduces the net-
work and optimization models that we assume, subsection 2.2.2 reviews the consensus algorithm, and Sub-

section 2.2.1 reviews the centralized Nesterov gradient method.

2.2.1 Model
Network model

We consider a (sparse) network N of N nodes (sensors, processors, agents,) each communicating only
locally, i.e., with a subset of the remaining nodes. The communication pattern is captured by the graph
G = (N,E), where E C N x N is the set of links. The graph G is connected, undirected and simple

(no self/multiple links.)
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Weight matrix. We associate to the graph G a symmetric, doubly stochastic (rows and columns sum to
one and all the entries are non-negative), N x N weight matrix W, with, for ¢ # j, W;; > 0 if and only if,
{i,j} € E,and W;; = 1 =3, ,; W;;. Denote by W =W — J, where J := +117 is the ideal consensus
matrix. We let W = QKQT, where A is the diagonal matrix with Ay = )\z(/I/IV/) and Q = [q1,...,qn] is
the matrix of the eigenvectors of W. With D-NC, we impose Assumption 2.1 (a) below; with D-NG, we

require both Assumptions 2.1 (a) and (b).
Assumption 2.1 (Weight matrix) We assume that (a) u(W) < 1; and (b) W > kI, where k < 1 is an

arbitrarily small positive quantity.

Note that Assumption 2.1 (a) can be fulfilled only by a connected network. Assumption 2.1 (a) is standard
and is also needed with the existing algorithms in [2, 12]. For a connected network, nodes can assign the
weights W and fulfill Assumption 2.1 (a), e.g., through the Metropolis weights [65]; to set the Metropolis
weights, each node needs to know its own degree and its neighbors’ degrees. Assumption 2.1 (b) required

by D-NG is not common in the literature. We discuss the impact of Assumption 2.1 (b) in Subsection 2.7.1.

Distributed optimization model

The nodes solve the unconstrained problem:

N
minimize Zfl(x) =: f(x). (2.1)

=1

The function f; : R — R is known only to node i. We impose Assumptions 2.2 and 2.3.

Assumption 2.2 (Solvability and Lipschitz continuity of the derivative) (a) There exists a solution 2* € R

with f(z*) = inf cpa f(z) =: f*.

(b) Vi, f; is convex, differentiable, with Lipschitz continuous derivative with constant L € [0, co):
IV fi(x) = Vi)l < Lllz - yl|, Vz,y R

Assumption 2.3 (Bounded gradients) 3G € [0, 00) such that, Vi, |V fi(z)|| < G, Vo € R%.

Examples of f;’s that satisfy Assumptions 2.2-2.3 include the logistic and Huber losses (See Sec-

tion 2.9), or the “fair” loss in robust statistics, ¢ : R — R, ¢(x) = bg (% — log (1 + ‘%)), where by
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is a positive parameter, e.g., [66]. Assumption 2.2 is precisely the assumption required by [11] in the con-
vergence analysis of the (centralized) Nesterov gradient method. With respect to the centralized Nesterov
gradient method [11], we additionally require bounded gradients as given by Assumption 2.3. We explain

the need for Assumption 2.3 in Subsection 2.7.2. We refer to Chapter 4 for different optimization models.

2.2.2 Consensus algorithm

We review the standard consensus algorithm that serves as a building block for our D-NG and D-NC
methods, as well as other distributed methods in the literature, e.g., [2, 12]. Suppose that each node ¢ in a
network acquires a scalar measurement z;(0). The goal for each node i is to obtain the global average of the
measurements Z(0) 1= + Zfi 1 2i(0), by communicating only with its immediate neighbors in the network.
This can be accomplished by the standard consensus algorithm, whereby nodes iteratively update their state
zi(k) as:

Zl(k') = Z Wij Zj(k‘ — 1), k= 1, 2, (2.2)
J€0;

Here, W;; are the averaging weights (the entries of W), and O; is the neighborhood set of node ¢ (including
i). Operation of consensus is as follows. At iteration k, node ¢ transmits its state z;(k — 1) to all neighbors
J € O; — {i}, as well as receives the states z;(k — 1), for j € O; — {i}. Upon reception, each node i makes
the weighted average as in (2.2). Introducing the network-wide state vector z(k) = (z1(k), ..., 2x(k)) 7,

consensus is rewritten in compact form as:
z2(k)=Wzk—-1), k=1,2,.. (2.3)

2.2.3 Centralized Nesterov gradient method

We briefly review the fast (centralized) gradient method proposed by Nesterov in [11]. Consider a differ-
entiable convex function f : R? — R that has Lipschitz continuous gradient with constant L. The goal
is to find z* € R? = arg min,gaf(z). (We assume that such a z* exists.) The fast centralized gradient

method [11] updates the solution estimate Z(k) and an auxiliary variable 7(k) as follows:!

(k) = T(k—1)—aVf(ylk—1)) 2.4)

(k) = T(k)+ Be_r (T(k) —ZT(k—1)), k=1,2,... (2.5)

"For convenience, we denote the iterates here by Z(k) and 7i(k). We will show later that the global averages, also denoted by
z(k),y(k), of the nodes estimates with our distributed methods evolve according to an inexact version of (2.4)—(2.5).
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with the initialization Z(0) = 7(0) € R?. The constant step size o < 1/L and 3, = k/(k + 3), for

k =0,1,... Compared with the standard gradient method:
Z(k)=z(k—1)—aVf(@k-1)), k=1,2,...,

the Nesterov gradient method introduces an auxiliary variable 7(k) and an inexpensive update (2.5). With
this small overhead per iteration k, the Nesterov gradient method significantly increases the convergence
rate in the cost function optimality gap f (Z(k)) — f(«*), from O(1/k) to O(1/k?) [11]. There seems to
be little explanation in the literature about the geometric intuition of the Nesterov gradient method. See,
e.g., ([67], Chapter 5.3), for relations of the Nesterov gradient method with the earlier proposed heavy ball
method by Polyak and the conjugate gradient method; see also ([68], Chapter 3.2). Finally, we remark
that there exist other variants of fast gradient methods in [69, 70]; see also for a method for composite,

nondifferentiable optimization [71], and [72].

2.3 Distributed Nesterov based algorithms

We now consider our two proposed algorithms. Subsection 2.3.1 presents algorithm D-NG, while subsec-

tion 2.3.2 presents algorithm D-NC.

2.3.1 Distributed Nesterov gradient algorithm (D-NG)

Algorithm D-NG generates the sequence (z;(k),y;(k)), K = 0,1,2,..., at each node i, where y;(k) is
an auxiliary variable. D-NG is initialized by z;(0) = y;(0) € R, for all 4. The update at node i and

iteration k = 1,2, ... is:

zi(k) = Y Wijy;(k—1) — a1 Vi(yi(k — 1)) (2.6)
Jj€0;

Here, the step-size «, and the sequence [, are:

c k

- 0: = — =0,1,... 2.8
k}—i-l’ c>U; Bk’ k+37 s 4y ( )

€93

The convergence rate O(1/k?) with the Nesterov gradient method holds on the class of convex, differentiable costs, with
Lipschitz continuous gradient of constant L.
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With algorithm (2.6)—(2.7), each node 1, at each iteration k, performs the following: 1) broadcasts its variable
yi(k—1) to all its neighbors j € O;; 2) receives y;(k — 1) from all its neighbors j € O;; 3) updates z;(k) by
weight-averaging its own y;(k — 1) and its neighbors variables y;(k — 1), and performs a negative gradient
step with respect to f;; and 4) updates y;(k) via the inexpensive update in (2.7). To avoid notation explosion
in the analysis further ahead, we assume throughout the chapter, with both D-NG and D-NC, equal initial
estimates x;(0) = ;(0) = z;(0) = y;(0) for all 4, j; e.g., nodes can set them to zero.

We adopt the sequence % as in the centralized fast gradient method by Nesterov [11]; see also [72, 73].
With the centralized Nesterov gradient, oy = « is constant along the iterations. However, under a constant
step-size, algorithm (2.6)—(2.7) does not converge to the exact solution, but only to a solution neighborhood.
More precisely, in general, f(z;(k)) does not converge to f* (See [49] for details.) We force f(x;(k)) to
converge to f* with (2.6)—(2.7) by adopting a diminishing step-size a, as in (2.8). The constant ¢ > 0
in (2.8) can be arbitrary (See also ahead Theorem 2.8.)

Vector form. Let x(k) = (x1(k)",z2(k) ", ...,an(k) )T, y(k) = (yi(k) ", p2(k)", ..., yun(E))T,
and introduce F' : RVY — Ras: F(z) = F(xy1, 2, ....2n) = fi(z1) + fo(z2) + ..., f(zn). Then, given

initialization 2(0) = y(0), D-NG in vector form is:

w(k) = Wely(k—1)—aaVF(y(k—1)) 2.9

y(k) = x(k)+ Br—1 (x(k) —x(k—1)), k=1,2,.., (2.10)

where the identity matrix is of size d — the dimension of the optimization variable in (2.1).

2.3.2 Algorithm D-NC

Algorithm D-NC uses a constant step-size « < 1/(2L) and operates in two time scales. In the outer (slow
time scale) iterations k, each node ¢ updates its solution estimate x;(k), and updates an auxiliary variable
yi(k) (as with the D-NG);? in the inner iterations s, nodes perform two rounds of consensus with the number
of inner iterations given in (2.11) and (2.12) below, respectively. D-NC is Summarized in Algorithm 1.

The number of inner consensus iterations in (2.11) increases as log k and depends on the underlying
network through 1(7). Note an important difference between D-NC and D-NG. D-NC uses explicitly a
number of consensus steps at each k. In contrast, D-NG does not explicitly use multi-step consensus at
each k; consensus occurs implicitly, similarly to [2, 12].

Vector form. Using the same compact notation for z(k), y(k), and VF(y(k)) as with D-NG, D-NC in

3To avoid notation explosion, we use the same letters to denote the iterates of D-NG and D-NC.
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Algorithm 1 Algorithm D-NC
1: Initialization: Node i sets: 2;(0) = y;(0) € R% and k = 1.
2: Node i calculates: " (k) = y;(k — 1) — aV fi(ys(k — 1)).
3: (First consensus) Nodes run average consensus initialized by 3:1(-6) (s=0,k) = {L‘z(-a) (k):

_ (¢) - _ 2log k
_jgo:lwuxj (S—l,k)7 5—1,2,,T_L(k), T_L(k)— ’V—logu(m—‘ y (211)
and set z;(k) := 2\ (s = 7, (k), k).
4: Node i calculates 3\ (k) = a;(k) + Br_1 (z:(k) — z:(k — 1)) .
5: (Second consensus) Nodes run average consensus initialized by ygc) (s=0,k) = yz(a) (k):
(0) _ _ log 3 2logk
goj Wi\ (s = Lk), s =12, 7,(k), 7,(k) = Llogu(W) T g (1) | (2.12)
and set y; (k) := y\? (s = 7, (k), k).
6: Setk — k+ 1 and go to step 2.
vector form is:
w(k) = WeD)™®[yk—-1)—aVF(y(k-1))] 2.13)
y(k) = WeD)™®[ak)+ Br1(x(k) — 2(k —1)) ] (2.14)

The power (W @ I)7=(¥) in (2.13) corresponds to the first consensus in (2.11), and the power (W ® I)7(*)
in (2.14) corresponds to the second consensus in (2.12). The connection between D-NC and the (central-
ized) Nesterov gradient method becomes clearer in Subsection 2.4.2. The matrix powers (2.13)—(2.14) are
implemented in a distributed way through multiple iterative steps — they require respectively 7, (k) and 7, (k)

iterative (distributed) consensus steps. This is clear from the representation in Algorithm 1.

2.4 Intermediate results: Inexact Nesterov gradient method

We will analyze the convergence rates of D-NG and D-NC by considering the evolution of the global
averages T(k) = + Zi\il z;(k) and y(k) == + Zf\il yi(k). We will show that, with both distributed
methods, the evolution of Z(k) and (k) can be studied through the framework of the inexact (centralized)
Nesterov gradient method, essentially like the one in [60]. Subsection 2.4.1 introduces this framework and
gives the relation for the progress in one iteration. Subsection 2.4.2 then demonstrates that we can cast our

algorithms D-NG and D-NC in this framework.
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2.4.1 Inexact Nesterov gradient method

We next introduce the definition of a (pointwise) inexact first order oracle.

Definition 2.4 (Pointwise inexact first order oracle) Consider a function f : R¢ — R that is convex and has
Lipschitz continuous gradient with constant L ;. We say that a pair (ﬁ,, §y) € R x R%isa (Ly,d,) inexact

oracle of f at point y if:
T AT T AT L, 2 d
fyt+9y (x—y) < fl@) < fy+9, (@—y)+ Fllz—ylI"+ 9y, VoeR" (2.15)

For any y € RY, the pair (f(y), Vf(y)) satisfies Definition 4.11 with (L, = Ly, 4, = 0). If (ﬁ,, §y> isa
(Ly, d,) inexact oracle at y, then it is also a (L}, §,) inexact oracle at y, with L} > L,,.

Remark. The prefix pointwise in Definition 4.11 emphasizes that we are concerned with finding
(fy, §y> that satisfy (4.49) with (L, d,) at a fixed point y. This differs from the conventional definition
(Definition 1) in [60]. Throughout, we always refer to the inexact oracle in the sense of Definition 4.11 here

and drop the prefix pointwise.

Inexact Nesterov gradient method

Lemma 2.5 gives the progress in one iteration of the inexact (centralized) Nesterov gradient method for
the unconstrained minimization of f. Consider a point (Z(k — 1),7(k — 1)) € R% x R, for some fixed

k=1,2,..Let (ﬁ_l,ﬁk_1> be a (Ly_1,0%_1) inexact oracle of the function f at point 7j(k — 1) and:*

1
Ly

(k) =Pk — 1) = ——Gir, T(K) = T(k) + By (3 (k) —F(k — 1)). 2.16)

Lemma 2.5 (Progress per iteration) Consider the update rule (4.51) for some £ = 1,2, ... Then:

(k+1)% (f(z(k)) — f(2*)) + 2Lp—1||0(k) — 2°*||? (2.17)

< (K= 1) (F@(k = 1)) — f(2*)) + 2Lg 1[5k — 1) — 2|2 + (k +1)% 1,

for any z* € R?, where v, = 2/(k + 2) and 5(k) = W

Lemma 2.5 is similar to [[60], Theorem 5], although [60] considers a different accelerated Nesterov method.

It is intuitive: the progress per iteration is the same as with the exact Nesterov gradient algorithm, except that

*For convenience, we denote the iterates in (4.51) by Z(k), 7(k) — the same notation as we use for the global averages with
D-NG and D-NC, as we later apply Lemma 2.5 to these global averages.
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it is deteriorated by the “gradient direction inexactness” ((k + 1)26,_1). The proof follows the arguments

of [60] and [73, 11, 72] and is in Appendix A.

2.4.2 Algorithms D-NG and D-NC in the inexact oracle framework

We now cast algorithms D-NG and D-NC in the inexact oracle framework.

Algorithm D-NG

Recall the global averages (k) := ZZ 1 zi(k) and (k) := 5 Zl 1 ¥i(k), and define:

N N
fr = Z {fz (yi(k)) + V filyi(k)) T (G(k) — yi(k))} . Gk = Vii(yi(k)). (2.18)
izl i=1
Multiplying (2.9)~(2.10) from the left by (1/N)(1" @ I), using (1T @ I)(W ® I) = 17 ® I, letting
L N , and using g, in (2.18), we obtain that T(k), (k) evolve according to:
1
z(k) =gk = 1) = 77—gk—1,  Y(k) =T(k) + fp—1 (@(k) —2(k — 1)), (2.19)
k—1

The following Lemma shows how we can analyze convergence of (2.19) in the inexact oracle framework.
Define 7;(k) := y;(k) — 5(k) and 5(k) := (71(k) T, ...,yn(k)) . Define analogously Z;(k) and Z(k). We
refer to z(k) and y(k) as the disagreement vectors, as they indicate how mutually apart the estimates of

different nodes are.

Lemma 2.6 Let Assumption 2.2 hold. Then, (ﬁ, gr) in (2.18) is a (Ly, 0y ) inexact oracle of f = Zfil fi
at point 7j(k) with constants Lj, = 2N L and 6, = L||5(k)||?.

Lemma 2.6 implies that, if L} | = M >2NL,ie.,ifc< 5 L, then the progress per iteration in Lemma 2.5
holds for (2.19) with 6, 1 := L||g(k—1)||>. If ¢ < 1/(2L), Lemma 2.5 applies for all iterations k = 1,2, ...;
otherwise, it holds for all £ > 2¢L.

Proof: [Proof of Lemma 2.6] For notation simplicity, we re-write y(k) and y(k) as y and 7, and
]‘A‘k, Gk, L1, O as fy, Gy, Ly, 6. In view of Definition 4.11, we need to show inequalities (4.49). We first show
the left one. By convexity of f;(-): fi(x) > fi(yi) + Vfi(y:) " (x —y;), Va; summing overi = 1,..., N,

using f(x) = Zfil fi(x), and expressingx —y; = — G+ 7 — y;:

T
ZZ(fl Yi —l-sz(yz) Y- yz) <vaz yz> x_g):]@"ﬁ‘@j(.@—@)

=1
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We now prove the right inequality in (4.49). As f;(-) is convex and has Lipschitz continuous derivative
with constant L, we have: f;(z) < fi(y;) + Vfi(yi) " (z — y;) + %]l — v;||?, which, after summation over
i=1,...,N,expressing z —y; = (z —7) + (¥ — ¥;), and using the inequality ||z — y;||*> = ||[(x —7) + (T —
v)l? <2z = 7l* + 27 — wil®,

gives:

N T
< Z (f’L Yi +sz(yz) Y—Yi ) <val Yi ) x—@)

=1
2NL

N
+ NL|lz=gI*+ LY l5—wil®>=Ffy + 3, (@ —7) + ==z =7l + 4y,

=1

and so (f,, ) satisfy the right inequality in (4.49) with L, = 2NLand 6, = LYY | |7 — v O

Algorithm D-NC

Consider algorithm D-NC in (2.13)-(2.14). To avoid notational clutter, use the same notation as with D—
NG for the global averages: Z(k) := ZZ 1zi(k), and (k) := & ZZ 1 Yi(k), re-define ., G for D-NC
as in (2.18), and let L) | := % Multiplying (2.13)—~(2.14) from the left by (1/N)1T ® I, and using
AT H(W®I)=1"T @1, we get that (k), (k) satisfy (2.19). Asa < 1/(2L), we have L} |, > 2NL,
and so, by Lemma 2.6, the progress per iteration in Lemma 2.5 applies to Z(k), 7 (k) of D-NC for all k,
with 8,1 = L[g(k — 1)

In summary, the analysis of the convergence rates of both D-NG and D-NC boils down to finding the

disagreements ||y(k)|| and then applying Lemma 2.5.

2.5 Algorithm D-NG: Convergence analysis

This Section studies the convergence of D-NG. Subsection 2.5.1 bounds the disagreements ||z (k)|| and ||y(k)||
with D-NG; Subsection 2.5.2 combines these bounds with Lemma 2.5 to derive the convergence rate of D—

NG and its dependence on the underlying network.

2.5.1 Algorithm D-NG: Disagreement estimate

This subsection shows that ||Z(k)|| and ||y(k)|| are O(1/k), hence establishing asymptotic consensus — the
differences of the nodes’ estimates x;(k) (and y;(k)) converge to zero. Recall the step-size constant ¢ > 0

in (2.8) and the gradient bound G in Assumption 2.3.
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Theorem 2.7 (Consensus with D-NG) For D-NG in (2.6)—(2.8) under Assumptions 2.1 and 2.3:

- 1 N 1
1Z(E)]| < VNG Ceons - and  [|7(k)|| < 4VN ¢G Ceons = k=1,2,.., (2.20)
8

Coons = HO_M(W»{%( u(W))+1_;(W)}, 21)

with B(r) := sup,>1 /o (277 log(1 + 2)) € (0,00), 7 € (0,1).

For notational simplicity, we prove Theorem 2.7 for d = 1, but the proof extends to a generic d > 1.
We model the dynamics of the augmented state (Z(k) ", Z(k — 1) ") as a linear time varying system with
inputs (I — J)VF(y(k)). We present here the linear system and solve it in the Appendix. Substitute the
expression for y(k — 1) in (2.9); multiply the resulting equation from the left by (I — J); use (I — J)W =
W= W(I — J); and set 22(0) = 0 by assumption. We obtain:

[ () ][(Hm_z)ﬁ —ﬂk_ﬁ] [f(k—l)}ak_l{u—JWF(y(k—l))

. (222)
F(k—1) I 0 Z(k—2) 0 ]

for all k = 1,2,..., where B, for k = 0,1,..., is in (2.8), B_1 = 0, and (z(0)",Z(-1)")T = 0. We
emphasize that system (2.22) is more complex than the corresponding systems in, e.g., [2, 12], because the
systems in [2, 12] involve only a single state Z(k) and are not time varying (when W is constant); the upper
bound on ||Z(k)|| from (2.22) is an important technical contribution of this chapter; see Theorem 2.7 and

Appendix A.

2.5.2 Convergence rate and network scaling

Theorem 2.8 (a) states the O (log k/k) convergence rate result for D-NG when the step-size constant ¢ <
1/(2L); Theorem 2.8 (b) (proved in Appendix A) demonstrates that the O (log k/k) convergence rate still
holds if ¢ > 1/(2L), with a deterioration in the convergence constant. Part (b) assumes z;(0) = y;(0) = 0,

Vi, to avoid notational clutter.

Theorem 2.8 Consider the algorithm D-NG in (2.6)—(2.8) under Assumptions 2.1-2.3. Let ||Z(0) — || <
R, R > 0. Then:
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(a) If ¢ < 1/(2L), we have, Vi, Vk = 1,2, ...

flai(k) — f* _2R2 (1 s e (18 (t+2)° ) 1
N S e <k>+160 b @ <kz(t+1)t2 F o6 Ceon (k:)

t=1

cons

k 2 2
c (1 5 <t+2>> o= 16200207 ¢ eGPl (223)
k C

(b) Let z;(0) = y;(0) = 0,Vi. If ¢ > 1/(2L), (2.23) holds Vi, Vk > 2c¢L, with C replaced with C’ =
C"(L,G,R,c) + 162 LC2 .G? + ¢G?Ceons, and C"(L, G, R, ¢) € [0,00) is a constant that depends
on L, G, R, ¢, and is independent of N, pu(W).

We prove here Theorem 2.8 (a); for part (b), see Appendix A.

Proof: [Proof of Theorem 2.8 (a)] The proof consists of two parts. In Step 1 of the proof, we estimate

the optimality gap & (f(z(k)) — f*) at the point Z(k) = + Zfil x;(k) using Lemma 2.5 and the inexact

oracle machinery. In Step 2, we estimate the optimality gap % (f(x;(k))— f*) at any node ¢ using convexity

of the f;’s and the bound on ||Z(k)|| from Theorem 2.7. O

Step 1. Optimality gap (f(z(k)) — f*)

Recall that, for k = 1,2, ..., (fk, gk) in (2.18) is a (Ly, O ) inexact oracle of f at point (k) with Ly, = 2N L
and 6, = L|y(k)||>. Note that (fk,ﬁk) is also a (L}, d)) inexact oracle of f at point (k) with L) =
N%(k +1) = 071\11 because % > 2L, and so L;c > L. Now, we apply Lemma 2.5 to (2.19), with z°* = x*,

and the Lipschitz constant L}, = 1/(cy,/N). Recall that 5(k) = W We get:

2
E2 D% g -+ Zipe) - o2 .24

<

Because (]HI;I)Q > (k:ﬁ_l, and (f(z(k)) — f*) > 0, we have:

(k+1)2-1,, . 2N _ 112
S (@) — 1) + o) — |

< B @ - 1) - £+ 2 ol - 1) — o + Lk - D

(k+1)2
—

By unwinding the above recursion, and using 7(0) = Z(0), gives: (kﬁzi_l (f(@(k)) — f*) < 2 |z(0) —

a2+ LY | - 1)H2@ Applying Theorem 2.7 to the last equation, and using (,gfl% =
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= 1, and the assumption [|5(0)|| = 0, leads to, as desired:

_ 12N a2y BEN L s o Pt +1)?
< - — —+ .
(f(l‘(k)) f ) =k c ||.CC(O) €z || k Lccons ; tt 1 (2 25)

Optimality gap (f(z;(k)) — f*)

Fix an arbitrary node ¢; then, by convexity of f;, j = 1,2, ..., N: f;(z(k)) > f; (xl(k:))qLVfJ(xl(k‘))T(f(k)—
zi(k)), and so: fj(z;i(k)) < f;(@(k))+G||Z(k) —z;(k)|. Summing the above inequalities for j = 1, ..., NV,
using S0, [Z(k) — zi(k)| = SN F(k)| < VN|E(K)
ing ||Z(k)|| < V' NcGCeons(1/k) from Theorem 2.7:

, subtracting f* from both sides, and us-

flaik) = f* < f@K) = [+ GYN|EK)[| < f@(K) = f*+cN CoonsGP,  (2.26)

k

which, with (2.25) where the summation variable ¢ is replaced by ¢ + 1, completes the proof. O

Network Scaling

Using Theorem 2.8, Theorem 2.9 studies the dependence of the convergence rate on the underlying network
— N and W, when: 1) nodes do not know L and p(W) before the algorithm run, and they set the step-size
constant ¢ to a constant independent of N, L, W, e.g., ¢ = 1; and 2) nodes know L, ;(W), and they set
c= 1—;;72{/[/) See [12] for dependence of 1/(1 — (1)) on N for commonly used models, e.g., expanders

or geometric graphs.

Theorem 2.9 Consider the algorithm D-NG in (2.6)—(2.8) under Assumptions 2.1-2.3. Then:

(a) For arbitrary ¢ = const > 0: % (f(zi(k)) — f*) = O (W%) .

(0 For e = S50 L (£ (k) — 1) = O (e 282

Proof: [Proof of Theorem 2.9] Fix x € (0,1) and £ € (0, 1) (two arbitrarily small positive constants).
By Assumption 2.1 (b), u = (W) € [k, 1]. We show that for Cops in (2.21):

1

C'cons m 9

< A€, k) Vp € [k, 1], (2:27)
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where A(§, k) € (0,00) depends only on &, x. Consider B(r) = sup,>y 5 {z7°log(1 +2)}, r € (0,1);
there exists K (&) € (0, 00) such that: log(1 + z) < Kp(€)2¢, V2 > 1/2. Thus:

A ey (9
B(r) < Kal€) sup {1*r°} = Kale) e 91+ 609 oy = 0 e

for all » € (0,1). From the above equation, and using 1/(—log/u) < 2/(1 — u), Vu € [0,1), we have
B (r) < 2A'(€)/(1 — p)'+¢. The latter, applied to (2.21), yields (2.27) , with

A&, R) = jﬁ max {3A'(£),7} .

Claim (a) now follows by taking arbitrary ¢ = ©(1) and applying (2.27) to Theorem 2.8 (b); and claim (b)
follows by taking ¢ = % and applying (2.27) to Theorem 2.8 (a). O
2.6 Algorithm D-NC: Convergence analysis

We now consider the D-NC algorithm. Subsection 2.6.1 provides the disagreement estimate, while Subsec-

tion 2.6.1 gives the convergence rate and network scaling.
2.6.1 Disagreement estimate
We estimate the disagreements z(k), and y(k) with D-NC.

Theorem 2.10 (Consensus with D-NC) Let Assumptions 2.1 (a) and 2.3 hold, and consider the algorithm
D-NC. Then, fork =1, 2, ...:

~ 1 - 1
||m(k:)||§2a\/NGﬁ and ||y(k)||g2a\/ﬁaﬁ (2.28)

For notational simplicity, we perform the proof for d = 1, but it extends to a generic d > 1. Denote by
Bioy = max {[lz(t = 1], [[y(t - 1)
(2.14) by (I — J) from the left, using (I — J)W = W(I —J):

}, and fix ¢ — 1. We want to upper bound B;. Multiplying (2.13)-

() = WreEOGE—1)—aW™=O (1 — HVF(y(t — 1)) (2.29)

gt) = WrO[EH) + 81 (@) —F(t—1)) ] (2.30)

We upper bound ||Z(¢)|| and [|7(¢)]|| from (2.29), (2.30). Recall |[W|| = w(W) := u € (0,1); from (2.11)
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and (2.12), we have ™ (1) < % and p™ () < From (2.29), using the sub-additive and sub-multiplicative

< g
properties of norms, and using ||y(t—1)|| < Bi—1, u € (0,1), ||[(I=J)VF(y(t—1))|| < [[VF(y(t—1))| <

VNG, By < 1:

1 1
1Z@) < p= By +ap™ VNG < 5 B+ aVNG 2.31)
G < 2p™ )@@ + pO)E(E - 1))
< 2HT$(t)+Ty(t)Bt,1 + 20&\/NG MTw(t)+Ty(t) + MTy(t)Btfl
1 1
< 3uvOB_ 1 4+ 20V NGu™" < 5B+ a\/ﬁeﬁ. (2.32)

Clearly, from (2.31) and (2.32):B; < t%Bt_l + t%oe\/ﬁ G. Next, using By = 0, unwind the latter
recursion for k£ = 1, 2, to obtain, respectively: By < aV/NG and B; < aV/' NG /2, and so (2.28) holds for

k = 1, 2. Further, for £ > 3 unwinding the same recursion fort = k, k — 1, ..., 1:

k—1
a\/ NG 1
B < ( +tz k: 2)2. t2+(k—1)2(k—2)2...22>
k
avVNG 1 aVv NG 1 2avV NG
— + —= -1 < — =
- i <1+t:2t2+2>_ k2 <6+4>_ k? EE R

where we use 1 + Zf:_; t% <7?/6,Vk >3.0

2.6.2 Convergence rate and network scaling

We are now ready to state the Theorem on the convergence rate of D-NC.

Theorem 2.11 Consider the algorithm D-NC under Assumptions 2.1 (a), 2.2, and 2.3. Let ||Z(0) —z*|| < R,
R > 0. Then, after K = Y% (7,(t) + 7,(t)) < W (klog3+2(k+1)log(k+1)) = O (klogk)

communication rounds, i.e., after k£ outer iterations, at any node ¢:

% (f(zi(k) — f) < le ( R+ 11a%LG? + aG2> k=1,2,.. (2.33)

[Proof outline] The proof is very similar to the proof of Theorem 2.8 (a) (for details see the second version v2
on arxiv [9]); first upper bound f(Z(k)) — f*, and then f(z;(k)) — f*. To upper bound f(Z(k)) — f*, recall
that the evolution (2.19) with o = « for (T(k),y(k)) is the inexact Nesterov gradient with the inexact
oracle (fk,fq\k) in (2.18), and (L = 2NL, 6, = L|y(k)||?). Then, apply Lemma 2.5 with 2* = 2* and
Lj._, = N/a, and use the bound on ||y(k)| from Theorem 2.10, to obtain the bound on f(Z(k)) — f*.
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Finally, find the bound on f(z;(k)) — f* analogously to the proof of Theorem 2.8 (a).

Network scaling

We now give the network scaling for algorithm D-NC in Theorem 2.12. We assume that nodes know L and

(W) before the algorithm run.

Theorem 2.12 Consider D-NC under Assumptions 2.1 (a), 2.2, and 2.3 with step-size & < 1/(2L). Then,

. . .1 . 1 1
after K communication rounds, at any node 4,  (f(x;) — f*)is O (W m) .

Proof: Fix € € (0,1), and let K be the number of elapsed communication rounds after k outer iterations.
There exists Cp(&) € (1,00), such that, 2 (klog3 + 2(k + 1) log(k + 1)) < Co(£)k'*E, Vk > 1. The
latter, combined with 1/(—log u(W)) < 1/(1 — pw(W)), u(W) € [0, 1), and the upper bound bound on K

in Theorem 2.11, gives: 1/k? < (Cp(€)) Plugging the latter in the optimality gap bound

2 1 1
(I—p(W))? k226"
in Theorem 2.11, the result follows (replacing £ with £/2.) O

2.7 Comparisons with the literature and discussion of the Assumptions

Subsection 2.7.1 compares D-NG, D-NC, and the distributed (sub)gradient algorithms in [2, 12, 29], from
the aspects of implementation and convergence rate; Subsection 2.7.2 gives a detailed discussion on As-

sumptions 2.1-2.3.

2.7.1 Comparisons of D-NG and D-NC with the literature

We first set up the comparisons by explaining how to account for Assumption 2.1 (b) and by adapting the
results in [29, 30] to our framework.

Assumption 2.1 (b). We account for Assumption 2.1 (b) with D-NG as follows. Suppose that the nodes
are given arbitrary symmetric, doubly stochastic weights W with p(WW) < 1 — the matrix required by D-NC
and [2, 12, 29]. (For example, the Metropolis weights W.) As the nodes may not be allowed to check
whether the given TV obeys Assumption 2.1 (b) or not, they modify the weights to W' := HTKI + 17T'€VV,
where x € (0,1) can be taken arbitrarily small. The matrix W’ obeys Assumption 2.1 (b), whether W
obeys it or not.> The modification is done without any required knowledge of the system parameters nor
inter-node communication; node 7 sets: 1) VVi’j = 17T”VVZ-]-, for {i,j} € E, 1 # j;2) WZ’] = 0, for
{i.j} ¢ E,i# jyand 3) Wj; := 13", W/,. To be fair, when we compare D-NG with other methods

*Note that A (W') > 15 — 125X (W)| > k, because [A1(W)| < 1, and so W’ = I whether W > £ I or not.
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(either theoretically as we do here or numerically as done in Section 2.9), we set its weights to W’. For
theoretical comparisons, from Theorem 2.8, the convergence rate of D-NG depends on W’ through the
inverse spectral gap 1/(1 — pu(W’)). It can be shown that #(W,) = %ﬁ(m, i.e., the spectral gaps
of W and W’ differ only by a constant factor and the weight modification does not affect the convergence
rate (up to a numerical constant); henceforth, we express the theoretical rate for D-NG in terms of W.
References [29, 30] develop and analyze non-accelerated and accelerated distributed gradient and prox-
imal gradient methods for time-varying networks and convex f;’s that have a differentiable component with
Lipschitz continuous and bounded gradient and a non-differentiable component with bounded gradient. To
compare with reference [30], we adapt it to our framework of static networks and differentiable f;’s. (We
set the non-differentiable components of the f;’s to zero.) The accelerated methods in [30] achieve faster
rates than the non-accelerated ones; we focus only on the former. References [29, 30] assume determinis-
tic time-varying networks. To adapt their results to our static network setup in a fair way, we replace the
parameter v in [29] (see equation (7) in [29]) with p(W). The references propose two variants of the ac-

celerated algorithm: the first (see (6a)—(6d) in [29]) has k inner consensus iterations at the outer iteration &,

while the second one has [4log(k + 1)/(—log )] (See Subsection III-C in [29].) The bounds established

N2
A—n(W))PK>

and 2) O (%), when they in addition know NN and set the step-size « = ©(1/+v/N). The first

variant has a slower rate (see Appendix A).

in [29] for the second variant give its rate: 1) O ( ) when nodes know only p(W) and L;

Algorithm implementation and convergence rate

Table 2.1 compares D-NG, D-NC, the algorithm in [12] and the second algorithm in [29] with respect to
implementation and the number of communications K(e; N, W) to achieve e-accuracy. Here IC(e; N, W) is
the smallest number of communication rounds /C after which % (f(x;) — f*) < ¢, Vi. Regarding implemen-
tation, we discuss the knowledge required a priori by all nodes for: 1) convergence (row 1); and 2) stopping
and optimizing the step-size (row 2). By stopping, we mean determining a priori the (outer) iteration kg
such that % (f(xi(k))— f*) < €, Vk > ko, Vi. Optimizing the step size here means finding the step-size that
minimizes the established upper bound (in the reference of interest) on the optimality gap (e.g., the bound
for D-NG in Theorem 2.8 (a).) We assume, with all methods, that W is already given (e.g., Metropolis.)
Regarding K(e; N, W), we neglect the logarithmic and £-small factors and distinguish two cases: 1) the
nodes have no global knowledge (row 3); and 2) the nodes know L, j1(W) =: u. We can see from Table 2.1
that, without global knowledge (row 3), D-NG has better dependence on ¢ than [12] and worse dependence

on u. Under global knowledge (row 4), D-NC has the best complexity. When with the second method
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D-NG D-NC [12] [29]

Knowledge for convergence none L, none L, u
Knowledge for stopping; stepsize  u, R, G, L w,R,G, L uw,R,G w, R G LN
K(e; N, W): No knowledge O (1_711)36> not guaranteed O W) not studied

. . 1 1 1 N
K(e; N,W): L, o (l—u)e) 0 ((1—@#) 0 (l—u)€2> 0 ((1—u)\ﬁ)

Table 2.1: Comparisons of algorithms D-NG, D-NC, [12], and [29] (algorithms 1 and 2).

in [29] nodes in addition know N, their bound improves to O <(1]j;u/)iﬁ) (see Appednix A.) Further, while
D-NG and [12] require no knowledge of any global parameters for convergence (row 1), D-NC and the
second algorithm in [29] need L and u(W). The first variant in [29] requires only L. Also, the bounds

in [12] in Table 2.1 hold for a wider class of functions; see [12] for details.

Global knowledge 1 (W), L, G, R

Global knowledge u(W), L, G, R (as needed, e.g., by D-NG for stopping) can be obtained as follows.
Consider first L (see Assumption 2.2) and suppose that each node knows a Lipschitz constant L; of its
own f;. Then, L can be taken as L. = max;—; . n L;. Thus, each node can compute L if nodes run
a distributed algorithm for maximum computation, e.g., ([74], (1)); all nodes get L after O(Diam) per-
node communicated scalars, where Diam is the network diameter. Likewise, a gradient bound G (see
Assumption 2.3) can be taken as G = max;—1,.. n G;, where G is a gradient bound for the f;. The quantity
(W) (equal to the second largest eigenvalue of 17) can be computed in a distributed way, e.g., by algorithm
DECENTRALOI, proposed for a more general setting in [75], and adapted to the problem like ours in [[10],
Subsection IV-A, p. 2519]. With DECENTRALOI node i obtains ¢!, the i-th coordinate of the N x

1 eigenvector ¢* of W that corresponds to p (W), (up to e-accuracy) after O (W) per-node

M
Zjeoi WZqu
o3

communicated scalars [75]; then, node i obtains p (W) as: p

Consider now D-NC when nodes do not have available their local gradient Lipschitz constants L;.
Nodes can take a diminishing step size o, = 1/(k + 1), p € (0, 1], and still guarantee convergence, with a
deteriorated rate O (ﬁ) . In alternative, it may be possible to employ a “distributed line search,” sim-
ilarly to [76]. Namely, in the absence of knowledge of the gradient’s Lipschitz constant L, the centralized
Nesterov gradient method with a backtracking line search achieves the same rate O(1/k?), with an addi-
tional computational cost per iteration k; see [73, 77]. It is an interesting research direction to develop a
variant of distributed line search for D-NC type methods and explore the amount of incurred additional

communications/computations per outer iteration k; due to lack of space, this is left for future work.
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The Q(1/k%/3) lower bound on the worst-case optimality gap for [2]

We now focus on the dependence of the convergence rate on k and C only (assuming a finite, fixed 1/(1 —
w(W)).) We demonstrate that D-NG has a strictly better worst-case convergence rate in k£ (and K) than [2],

when applied to the f;’s defined by Assumptions 2.2 and 2.3. Thus, D-NC also has a better rate.

Fix a generic, connected network G with NV nodes and a weight matrix W that obeys Assumption 2.1.
Let F = F(L,G) be the class of all N-element sets of functions {f;})¥,, such that: 1) each f; : R — R
is convex, has Lipschitz continuous derivative with constant L, and bounded gradient with bound G; and
2) problem (2.1) is solvable in the sense of Assumption 2.2 (a). Consider (2.1) with {f; f\il € F, for all
i; consider D-NG with the step-size oy, = (k%l)’ k=0,1,..,c < 1/(2L). Denote by: EP~NG (k. R) =
SUD( AN ¢ 7 SUD{7(0): [7(0)—a* | <R} MAXi=1,..,.N {f(zi(k)) — f*} the optimality gap at the k-th iteration of
D-NG for the worst {f;}¥., € F, and the worst Z(0) (provided ||Z(0) — 2*|| < R.) From Theorem 2.8,
foranyk =1,2,.... EP7NG (k R) < C% = O(log k/k), with C in (2.23). Now, consider the algorithm
in [2] with the step-size oy = ﬁ, k = 0,1,..., where ¢ € [c9,1/(2L)], 7 > 0 are the degrees of
freedom, and c¢g is an arbitrarily small positive number. With this algorithm, & = . We show that, for the

N = 2-node connected network, the weight matrix W with Wy; = 7/8,47 = 1,2, and W;; = 1/8,i # j
(which satisfies Assumption 2.1), and R = V2, L = /2 and G = 10, with [2]:

1
inf E(k,R;1,0) =Q | —= |, 2.34

>0, cel[go,l/(QL)] ( 7:) <k2/3> (2.34)
where € (k, R;T,¢) = SUD{ /AN e 7 SUP{7(0): [(0) o+ | <R} MAXi=1,....N {f(zi(k)) — f*} is the worst-case
optimality gap when the step-size oy, = ﬁ is used. We perform the proof by constructing a “hard”
example of the functions f; € F(L,G) and a “hard” initial condition to upper bound & (k, R; T, ¢); for any
fixed k, c, 7, we set: 2;(0) =: (1,0)7,i =1,2; f; = ff’“, where:

f9( ) = 9($<1>+2(—1)i)2 + (I(ZH‘é_l)i)? if&(x(l) +(=1)1)2 + (x(z) L (-2 <2
' ) v i no1l/2 % .
X ([0GD + (=12 + @ + (-1 = 5)  elses
(2.35)
O -1 -and X = 6. The proof of (2.34) is in the Appendix. We convey here the underlying

T i)
intuition. When 7 is e-smaller (away) from one, we show:

=1, ki-7

() = 1) 2 0 (5 + 37 ).

The first summand is the “optimization term,” for which a counterpart exists in the centralized gradient
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method also. The second, “distributed problem” term, arises because the gradients V f;(x*) of the individual
nodes functions are non-zero at the solution z*. Note the two opposing effects with respect to 7: kl% (the
smaller 7 > 0, the better) and k;% (the larger 7 > 0, the better.) To balance the opposing effects of the
two summands, one needs to take a diminishing step-size; 7 = 1/3 strikes the needed balance to give the

Q(1/k/3) bound.

2.7.2 Discussion on Assumptions

We now discuss what may occur if we drop each of the Assumptions made in our main results—Theorems 2.7

and 2.8 for D-NG, and Theorems 2.10 and 2.11 for D-NC.

Assumption 2.1 (a)

Consider Theorems 2.7 and 2.10. If Assumption 2.1 (a) is relaxed, then z(k) with both methods may not
converge to zero. Similarly, consider Theorems 2.8 and 2.11. Without Assumption 2.1 (a), f(z;(k)) may not
converge to f* at any node. Consider the following simple example: N =2, W =1I;let f; : R - R, i =
1,2, obey Assumptions 2.2 and 2.3, with the three quantities: =7 := argmin g fi(z), ¢ = 1,2, and 2* =
argmin,cg [ f(z) = fi(z) + f2(x)] all unique and mutually different; set arbitrary intialization z(0) =
y(0). Then, z;(k) converges to x} (by convergence of the centralized Nesterov gradient method,) while
z5—a] )T
2

Z(k) and f(x;(k)) — f*, i = 1,2, converge respectively to the non-zero values: (@, and

)
f(xz()_f*’ZZl?z

Assumption 2.1 (b)

Assumption 2.1 (b) is imposed only for D-NG — Theorems 2.7 and 2.8. We show by simulation that, if
relaxed, ||Z(k)|| and f(z;(k)) — f* may grow unbounded. Take N = 2 and W11 = Wae = 1/10, W1y =
Wai = 9/10; the Huber losses f; : R = R, fi(z) = $(z —a;)?if |z —a;]| < 1and fi(z) = ||z —a;]| —1/2
else, a; = (—1)"*%; ¢ = 1, and 2(0) = y(0) = (0,0)". Then, we verify by simulation (see Figure 2.1)

that ||Z(k)|| and min;—; o( f(x;(k)) — f*) grow unbounded.

Assumption 2.2

Assumption 2.2 is not needed for consensus with D-NG and D-NC (Theorems 2.7 and 2.10), but we impose
it for Theorems 2.8 and 2.11 (convergence rates of D-NG and D-NC). This Assumption is standard and

widely present in the convergence analysis of gradient methods, e.g., [11]. Nonetheless, we consider what
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may occur if we relax the requirement on the Lipschitz continuity of the gradient of the f;’s. For both
D-NG and D-NC, we borrow the example functions f; : R — R, ¢ = 1,2, from [30], pages 29-31:
filz) = 43 + %, x> 1; fi(zx) = % — 2,z < 1; and fa(x) := fi(—=x). Then, for D-NG with
Wit =Way =1—Wip =1—Wo =9/10, ¢ = 1, and z(0) = y(0) = (—1,1)T, simulations show that
|lx(k)|| and f(z;i(k)) — f*, ¢ = 1,2, grow unbounded. Similarly, with D-NC, for the same W, a = 0.1,
and (0) = y(0) = (—1,1) T, simulations show that f(x;(k)) — f*, i = 1,2, stays away from zero when k

grows (see Figure 2.1.)

27 27
3.5% 10 25X 10
3 2
w25
g L —1.5
> 2 =
= =
— 1.5 < 4} |
£ 1 1
£ 0.5¢ 1
0.5¢ 1
0O 20 40 60 80 100 OO 20 40 60 80 100
iteration number, k iteration number, k
6% 10%*
— 57
= 4
=
=
= 3
T2
B
1S 1k
0 10
0 20 40 60 80 0 20 40 60 80 100

iteration number, k outer iteration number, k

Figure 2.1: Top: Divergence of D-NG for the N = 2-node network with W that violates Assumption 1 (b);
Left: min;—; o(f(x;(k)) — f*); Right: ||Z(k)|| = ||(I — J)z(k)||; Bottom: Example f;’s, i = 1,2, in
reference [30], pages 29-31 that do not have the Lipschitz continuous gradients; Left: D-NG diverges;
Right: D-NC does not converge to a solution — min;— o(f(x;(k)) — f*) does not converge to zero.

Assumption 2.3

First consider Theorems 2.8 and 2.11 on the convergence rates of D-NG and D-NC. Define the class F(L) to
be the collection of all N-element sets of convex functions { f;} |, where each f; : R? — R has Lipschitz
continuous gradient with constant L, and problem (2.2) is solvable in the sense of Assumption 2.2 (a).
(Assumption 2.3 relaxed.) With the D-NC for the 2-node connected network, arbitrary weight matrix W

obeying Assumption 2.1 (a), and the step-size & = 1/(2L), we show for L = 1, R > 0, that, forany k > 5
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and arbitrarily large M > 0:

E(k;Ry;a=1/(2L)) = sup sup max (f(z;(k)) — f*) > M. (2.36)
{3, eF(L=1) T(0):]|T(0)—a*||<R =12
Note that the above means &£ (k; R;« = 1/(2L)) = 400, Vk > 10, VR > 0. That is, no matter how large

the (outer) iteration number k is, the worst case optimality gap is still arbitrarily large.

We conduct the proof by making a “hard” instance for { f;} ¥ ,: for a fixed k, M, we set 2;(0) = y;(0) =
0,i=12fi :R—>R tof; = 7" where 0 = 0(k, M) = 8/M k? and:

7

(z+ (-1)'0)*, i=1,2, 6>0. (2.37)

N

fx) =

Similarly to D-NC, with D-NG we show in Appendix A that (2.36) also holds for the 2-node connected
network, the symmetric W with Wip = Woy = 1 — Wip = 1 — Way = § (1 —107°) (this W obeys
Assumption 2.1), a, = ¢/(k + 1), and ¢ = § x 1075, The candidate functions are in (2.37), where, for

fixed k > 5, M > 0,0(k, M) =8 x 10k /M.

We convey here the intuition why (2.36) holds for D-NG and D-NC, while the proof is in Section 2.8.
Note that the solution to (2.1) with the f;’s in (2.37) is * = 0, while 2} := arg min,cp fi(x) = (—1)"716,
i = 1,2. Making =} and z3 to be far apart (by taking a large 6), problem (2.1) for D-NG and D-NC
becomes “increasingly difficult.” This is because the inputs to the disagreement dynamics (2.22) (I —
J)VF(y(k —1)) = (I — J)y(k — 1) — (—0,0)T are arbitrarily large, even when y(k — 1) is close the
solution y(k — 1) =~ (0,0) .

Finally, we consider what occurs if we drop Assumption 2.3 with Theorems 2.7 and 2.10. We show with
D-NG and the above “hard” examples that ||z (k)| > \/25159, Vk > 5. Hence,
by choosing 6 large enough. (see Appendix A.) Similarly, with D-NC: ||z(k)| > a49’;é§ , Vk > 10. (see

Appendix A.)

z(k)|| is arbitrarily large

2.8 Technical Proofs

Subsection 2.8.1 proves Theorem 2.7; Subsection 2.8.2 proves the lower bound in (2.34) on the optimality
gap of [2]; and Subsection 2.8.3 prove (2.36) for the D-NC method. The remaining proofs are in Ap-
pendix A.
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2.8.1 Proof of Theorem 2.7

For notational simplicity, we let d = 1, but the proof extends to d > 1. We outline the main steps in the
proof. First, we unwind the recursion (2.22) and calculate the underlying time varying system matrices.
Second, we upper bound the norms of the time varying system matrices. Finally, we use these bounds and a

summation argument to complete the proof of the Theorem.

Unwinding (2.22) and calculating the system matrices

Define the 2N x 2N system matrices:

1+ B )W =B W
O (k,t) := TFZEH 1+ ) Pr k>t (2.38)

1 0

and ®(k, k) = I. Unwinding (2.22), the solution to (2.22) is:

z(k — —(I = J)VF(y(t
k)] Ok, t +1) oy O (2.39)
z(k—1) =0 0
We now show the interesting structure of the matrix ®(k, ¢) in (2.38) by decomposing it into the product of
an orthonormal matrix U, a block-diagonal matrix, and U |. While U is independent of k and ¢, the block

diagonal matrix depends on k and ¢, and has 2 x 2 diagonal blocks. Consider the matrix in (2.22) with

k —2 =1t, foragenerict = —1,0,1, ... Using W= QKQT:

1+ B)W  —BW

; . =QeQ)P (L, %) P (QeQ), (2.40)

where P is the 2N x 2N permutation matrix (e; here is the ¢—th column of the 2N x 2N identity matrix)

P =le1,ent1,€2,eN+2, ...,eN,egN]T ,and X;(t) is a 2 X 2 matrix:

Si(t) = (1+B)N(W)  =Behi(W) ' (2.41)
1 0
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Using (2.40), and the fact that (Q @ Q)P is orthonormal: ((Q ® Q)P)-((Q ® Q)P)" = (Q®Q)PPT (Q®
Q)" =(QQ") @ (QQT) = I, we can express ®(k, t) in (2.38) as:

@@@:4Q@Qw( N IRt (k- »PWQ@QF,Mk>u Ok k)=1.  (242)
Bounding the norm of ¢ (%, t)

As (Q@Q) P is orthonormal, ®(k, t) has the same singular values as @ | [T"_{*1%; (k—s), and so these two
matrices also share the same spectral norm (maximal singular value.) Further, the matrix GBN Hk tHE i(k—

5) is block diagonal (with 2 x 2 blocks IT"_*1%;(k — s)), and so:

(k. 0)] = max_ an LS (k — s)H.

We proceed by calculating HHk t+12 (k—s) H We distinguish two cases: ¢ = 1, and ¢ > 1.

Casei = 1. As )q(V[N/') = 0, for all ¢, ¥;(¢t) = ¥ is a constant matrix, with [¥1],; = 1, and the
entries (1, 1), (1,2) and (2, 2) of 31 are zero. Note that || X]| = 1, and (X1)° = 0, s > 2. Thus, as long as
k >t + 1, the product TI*Zt™15; (k — ) = 0, and so:

1 ifk=t+1
lﬁjkt+12 un—sﬂ(: (2.43)
0 ifk>t+1.

Case i > 1. To simplify notation, let \; := /\i(W), andrecall \; € (0,1); 3;(¢) is: X;(t) = f)l-—t%Ai,
where: 1) [ii]ll = 2)\2, [ii]lg = —/\i, [ii]gl = 1, and [ii]gg = O; and 2) [Ai]ll = —[Ai]lz = )\i, and

~ a1
[Ailo1 = [Ai]a2 = 0. ; X; is diagonalizable, with ¥; = Q,D;Q; , and:

Ai HivV (1= N) 0
0 i — iV =)

' 1 1

5| ArvATN )\ij«/)\i(l)\i)] ~

~ ~ ~ ~1  —~
(Note that the matrices Q; and D; are complex.) Denote by D;(t) = D; — t%Qi A;Q;. Then, ¥;(t) =

~ ~ AN\ A — —~1
Q; ( i — %Q*1A<Qi> Qil = Q;D;(t)Q; . By the sub-multiplicative property of norms, and using

|a] < va|a] =2va o < va|a| = 22
||H’;:;“zi<k—s>\st_A)n’f Dk — 5)]. (2.44)
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It remains to upper bound ||D;(t)||, forall t = —1,0, 1, ... We will show that

1D (®)]] < Vi, VE=-1,0,1,... (2.45)

Denote by a; = t+3, t =0,1,...,and a_; = 1. After some algebra, the entries of D;(¢ ) are: [Di(t)]u =

([Di(®)]22)" = 12— ar) (N +ivV A N1z = ([Di(®)]20)" = ar(Ni + /A ), which
gives: [Di(t)HD(t)]n = [Ds(t )HD-( t)]22 = MA“ and [D; ()" D;(t)]12 = <[Di(t)HD (t)]zl) =

at(2 ) (2>\2 Ai — 25/ N1 = N) ) Next, very interestingly:
1 1
1D @ Di)lh = | [P ODi()] |+ [P (ODi(0)] 1, ]| = §(aF +(2—a) At Far2—an)Ai, = A

for any a; € [0, 2], which is the case here because a; = 3/(t+3) t=0,1,...,and a_; = 0. Thus, as ||A]| <
| A|l; for a Hermitean matrix A: ||D;(t)|| = \/||DZH B < \/HD ) = Vi Applylng the

k—t+1 :
last equation and (2.45) to (2.44), we get, for i # 1: |15 Si(k—s)|| < m (\/)\7)
Combine the latter with (2.43), and use || ®(k, t)|| = max;—;_x [[TI*Z571%;(k — s)||, Assumption 2.1 (b)
and /\N(W) = (W), to obtain:

k>t

s (Vi) s

mine (2 v} \/)\i(W)(l o)) VA= p()

k—t
@ (k,t)|| < ( M(W)) k>t (246)

Summation

We apply (2.46) to (2.39). Using the sub-multiplicative and sub-additive properties of norms, expression

oy = ¢/(t+1), and the inequalities ||Z(k)|| < ||(Z(k) ", z(k = 1)) T, [[(=(I = )VF(y(t))", 07)T|| <

VN G:
k-1
. 8vVNcG F=(+1) 1
[30)] < ——=—=— 3" (VW) . (2.47)
k(1 — p(W)) tz (t+1)
We now denote by r := /(W) € (0,1). To complete the proof of the Lemma, we upper bound the sum
f 01 rk—(t+1) (=)] +1) by splitting it into two sums. With the first sum, ¢ runs from zero to [k/2], while with

the second sum, ¢ runs from [k/2] + 1 to k :

k=1 k—(t+1)
r (k1 k2l o] L k—(Tk/21+1) L 1
2 < e ) (7 R
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1 1 1 1

k/2 k
=7 (” 2 TR T <k+1>/2> G ()
< 72 (log(1+ k/2) +2) + %1 i . (2.48)
— 2 {TW log(1 + k/2)(k:/2)} 1y {4rk/2 k/2 } % % (2.49)
< 2 sup {r*log(1l +z)z} +4 sup {r* z} 2 ! (2.50)

2>1/2 2>1/2 TR

4 2 \1 7 \1

< (28(7") + e(—logr) + 1 7“> % < <28(T) + 1—7’2> 5 (2.51)

Inequality (2.48) uses the inequality 1+ 3 +...+1 < logt+1, t = 1,2,...,and 14+7r+...+rF < -1-;(2.49)
multiplies and divides the first summand on the right hand side of (2.48) by k/2; (2.50) uses rk/ 2 log( +
k/2)(k/2) < sup,sy/o7r7log(l + z)z, for all k = 1,2,..., and a similar bound for the second summand
in (2.49); the left inequality in (2.51) uses B(r) := sup,>; /o 7*log(1 + 2)z and sup,>q o 7% 2 < W
(note that r* z is convex in z; we take the derivative of r? z with respect to z and set it to zero); and the
right inequality in (2.51) uses —1/logr < 1/(1 —r), Vr € [0,1); 1/(1 —7) < 2/(1 —r?), Vr € [0,1),
and e = 2.71... Applying the last to (2.47), and using the Cops in (2.21), Theorem 2.7 for ||z (k)|| follows.
Then, as y(k) = z(k) + Z—;;(?ﬁ(k) —Z(k — 1)), we have that ||y(k)|| < 2||z(k)|| + ||z (k — 1)||. Further, by
Theorem 2.7: ||Z(k—1)|| < ev/NGCs, %% < 20\/>GCCOHS,1§, k > 2,and ||2(0)|| = 0 (by assumption).
Tk —1)| < 2cx/NGCconsk,Vk > 1. Thus, [5(k)|| < 2[Z(k)|| + |12k — D] < 4ev'NGCeonsg.
Vi > 1.

2.8.2 Proof of the worst-case lower bound for standard distributed gradient method

Consider the f;’s in (2.35), the initialization 2;(0) = (1,0)7,i = 1,2, and Wis = Wo; = 1 — Wy; =
1 — Wy = w = 1/8, as we set in Subsection 2.7.1. We divide the proof in four steps. First, we prove
certain properties of (2.1) and the f;’s in (2.35); second, we solve for the state 2(k) = (1 (k)" ,2o(k)") "
with the algorithm in [2]; third, we upper bound ||z(k)||; finally, we use the latter bound to derive the

Q(1/k?/3) worst-case optimality gap.

Step 1: Properties of the ff ’s

Consider the f7’s in (2.35) for a fixed § € [0,1]. The solution to (2.1), with f(z) = f{(z) + f§(z), is
= (0,0)", and the corresponding optimal value is f* = 6 + 1. Further, the f’s belong to the class
F(L = +/2,G = 10). (Proof is in the Supplementary material.)
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Step 2: Solving for x(k) with the algorithm in [2]

Now, consider the algorithm in [2], and consider z;(k)-the solution estimate at node ¢ and time k. Denote
by z!(k) = (:pgl)(k), xgl)(k:))—r—the vector with the [-th coordinate of the estimate of both nodes, [ = 1,2;

-
and d'(k) = <8f18(;t(1£§k))7 ang;ég’“”) , 1 = 1,2. Then, the update rule of [2] is, for the f7, f§ in (2.35):

dl(k)y =Wal(k —1) —ap_1d'(k—1), k=1,2,.., 1=1,2. (2.52)
Recall the “hard” initialization z'(0) = (1,1) 7, 2'1(0) = (0,0) . Under this initialization:
zi(k) € Rii= {2 e R : 0@V + (~1)2 + (2@ + (-1))? < ¥}, (2.53)

for all k, for both nodes ¢ = 1, 2 (proof in the Supplementary material.) Note that R; is the region where

the ff in (2.35) is quadratic. Thus, evaluating V ff’s in the quadratic region:
L) — l I ! T
z' (k) = (W — Qp_1K I) r(k—1) —ap_1r (—1,1) (2.54)

I = 1,2, where ' = 0 and k"' = 1. We now evaluate Z?:l (f(zi (k) — ), f(2) = f(z) + fI(x).
Because x;(k) € R, i = 1,2, verify, using (2.35), and f* = 1 + 0, that:

2

Y (flai(k) = 1) = 0l (k)1 + [|2" (k). (2.55)

=1

By unwinding (2.54), and using z'(0) = (1,1) ", z(0) = (0,0)

2l (k) = (W —ap_101) (W — ap_o0I)...(W — apfI) (1,1)"

k—2
+ 0 (Z(W — ak,lé?f)(W — ak,gﬁf)(W — aH_lHI)at + Ozk1]> (1, —1)T
t=0

k—2
2(k) = (Z(W — o YW — o) ...(W — cpr vy + ak_1]> (1,-1)7.
t=0

Consider the eigenvalue decomposition W = QAQT, where Q = [q1,q2), 1 = %(—1, N

%(1, 1)T, and A is diagonal with the eigenvalues A;; = A\; = 1 — 2w = 3/4, Ags = Ay = 1. The
matrix W — oy, 1601 decomposes as W — a_101 = Q(A — ap_10I)Q T ; likewise, W — ay_1I = Q(A —
a1 1)QT. Then, (W — a_101)(W — ag_201)..(W — z1101) = Q(A — a_101)...(A — ;1 101)Q T,

and (W — agp_11)..(W — azi1I) = Q(A — ajp_11)...(A — a1 1)QT. Using these decompositions, and
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the orthogonality: ¢, (1,1)T =0, and ¢; (—1,1)" = 0:

2'(k) = (1—op_10) (1 —ap_20)...(1—aeh) (1,1)" (2.56)
k—2
+ 1 —1 T < )\1 — O 19)()\1 — Of— 29) ()\1 - at+10)at “+ oy 1)
t=0
)
wII(k‘) = (1 —1 T ( ()\1 — Of— 1)()\1 — Otkfg)...()\l - 04t+1)05t + Oékl) . (2.57)
t=0

Step 3: Upper bounding ||z (k)|

Note that A\ — ax_10 = 3/4 — g—?. > 1/4, for all k,7,c. Also, \} — ax—10 < Ay = 3/4, for all
k,7,c. Similarly, we can show 1 — a;_10 € [1/2,1]. (Note that the terms (1 — ag_10)...(1 — apb),

(A — ap_10)...(A\1 — a4410), and (A; — ag_1)...(A1 — ay11) are then nonnegative, V¢.) Thus: ||z! (k)| >

(1 —ag_10) (1 —ag_—20)...(1 —aph). Set § = 6 = 1/(sk(7)) < 1, where si(7) := f;ol(t +1)7"
use (1 —ar)(1 —az)...(l1 —ap) > 1— (a1 +a2+ ...+ ay), a; € [0,1), Vi; and o, = i We
obtain: [|x(k)|| > 1 — ¢ sp(7), and so: ||z (k)||?> > % where we denote ¢pi, = ¢ and
Cmax = 1/(2L) = 1/(2+/2). Further, from (2.57): ||z (k)|?> > o} | > k";,“, and we obtain:
1 —cmax)? 2,

0 1 k 2 II L 2 > ( max min 2.58

R R @.58)
Step 4: Upper bounding the optimality gap from (2.58)
From (2.58), and using (2.55):

1 (1 —cmax)? 2,
; oy > i x) > max min __. 2.
e (k) = 1) = 5 30 (k) = 1) = S mslh g D~ @59)

Vk > 1, V7 > 0. We further upper bound the right hand side in (2.59) by taking the infimum of ej(7) over
T € [0, 00); we split the interval [0, co) into [0, 3/4]; [3/4, 1], and [1, 00), so that

inf e > min< inf eg(7), inf eg(7), inf eg(7) ;. 2.60
inf ) 2 min{ inf ). inf en(r), nf e (2:60)

Itis easy to prove that: 1) infg 3/4) ex(7) = Q(1/k*/?); 2) using s;,(7) < 3(log k)(k+1)'"7,Vk > 3,V7 €
[0, 1], that inf[3/4 1y er(7) = Q (W); and 3) infp; o) ex(7) = Q <1ng) (see the Supplementary

material.) Combining the latter bounds with (2.60) completes the proof of (2.34).
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2.8.3 Relaxing bounded gradients: Proof of (2.36) for D-NC

We prove (2.36) for D-NC while the proof of D-NG is similar and is in the Supplementary material. Fix
arbitrary # > 0 and take the f;’s in (2.37). From (2.13)—(2.14), evaluating the V f;’s:

c(k)=(1—a)W=Fyk —1)+adW=HF 1, -1)T, yk)=W™® (k) + Bp_1(z(k) — z(k — 1)), (2.61)

for k = 1,2,... We take the initialization at the solution z(0) = 5(0) = (0,0)". Consider the eigenvalue
decomposition W = QAQ ", with Q = [q1, ¢2], ¢1 = %(1, = %( 1), and A is diagonal with

A1 = A1, Ago = Ay = 1. Define z(k) = Q" z(k) and w(k) = Q' y(k). Multiplying (2.61) from the left
by @, and using Q" (1,-1)" = (v/2,0)":

2k) = (1—a)A"Pw(k—1)+a AP (v2,0)7, (2.62)

w(k) = AV [2(k) + B (2(k) — 2(k = 1)),

k=1,2,..,and 2(0) = w(0) = (0,0) . Next, note that

(k)12 (k)12 LD (1))2
max(7(zi(h) ~ 1) 2 3 3 (1(aath)) - ) = O JEOIE S GEIOE 6 6

Further, from (2.62) for the first coordinate z(M) (k), w() (k), recalling that 1 := \;:
1O < p= OO (k= Dl + VZad g, O E)] < 5 (2200 |+ 12Ok - 1)), @64

k = 1,2, ... Note that (2.64) is analogous to (2.31)—(2.32) with the identification (k) = 2( ( ), y(k) =
wM (k), VNG = 1/26; hence, analogously to the proof of Theorem 2.10, from (2.64): ||w™ (k —1)|| <

Q(ff)f;’, k = 2,3...Using the latter, (2.62), and 5 > p™=®) > —L; (see (2.11)): [|z(D(k)[| > o 0/2p7=() —

@Ok - 1) > 2242 (1- 525, ) > @0V2 5 0 Wk > 10. Thus, from (2.63) and the latter
inequality, max;—; 2(f(x;(k)) — f*) > & °6° which is, for o = 1/(2L) = 1/2, greater or equal M for

16 k42
0 =0(k, M) =8+M k2.

2.9 Simulations

We compare the proposed D-NG and D-NC algorithms with [2, 12, 29] on the logistic loss. Simulations
confirm the increased convergence rates of D-NG and D-NC with respect to [2, 12] and show a comparable

performance with respect to [29]. More precisely, D-NG achieves an accuracy ¢ faster than [2, 12] for
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all e, while D-NC is faster than [2, 12] at least for ¢ < 10~2. With respect to [29], D-NG is faster for lower
accuracies (e in the range 107! to 107% —10~?), while [29] becomes faster for high accuracies (1074 —-107°

and finer); D-NC performs slower than [29].

Simulation setup

We consider distributed learning via the logistic loss; see, e.g., [78] for further details. Nodes minimize the
logistic loss: f(z) = sz\il filx) = Zi\il log (1 + 6_bi(a:z1+x0)) , where z = (2] ,24 )", a; € R?is the

node i’s feature vector, and b; € {—1,+1} is its class label. The functions f; : R — R, d = 3, satisfy

CTIE

Assumptions 2.2 and 2.3. The Hessian V2f(x) = vazl (6772)2@0@T where ¢; = (bia] ,b;))T € R3. A
14e % *

Lipschitz constant L should satisfy || V2 f(z)|| < NL, Vz € R% Note that V2f(z) < sz\il cic; , because

c

T
4T 1 N
m S 1/4, Vx. We thus choose L = IN HZiZl CZ'C;r

over 4; each entry is drawn from the standard normal distribution. We generate the “true” vector z* =

~ 0.3053. We generate a; independently
(:L'{T, wg)T by drawing its entries independently from the standard normal distribution. The labels are
b; = sign (az*lTai + %0 + 6,-) , where the ¢;’s are drawn independently from a normal distribution with
zero mean and variance 3. The network is a geometric network: nodes are placed uniformly randomly
on a unit square and the nodes whose distance is less than a radius are connected by an edge. There are
N = 100 nodes, and the relative degree (: %j’f)%ﬂ‘s) ~ 10%. We initialize all nodes by x;(0) = 0
(and y;(0) = 0 with D-NG, D-NC, and [29]). With all algorithms except D-NG, we use the Metropolis
weights W [65]; with D-NG, we use W/ = 27 + 18 with & = 0.1. The step-size oy, is: ay =
1/(k + 1), with D-NG; o = 1/(2L) and 1/L, with D-NC®; 1/L, with [29] (both the 1st and 2nd algorithm
variants — see Subsection 2.7.1); and 1/(k+ 1)1/ 2 with [2] and [12]. 7 We simulate the normalized (average)

error + Zfi 1 % versus the total number of communications at all nodes (= NK.)

Results

Figure 2.2 (left) compares D-NG, D-NC (with step-sizes & = 1/(2L) and 1/L), [2, 12], [29] (both 1st and
2nd variant with o = 1/L.) We can see that D-NG converges faster than other methods for accuracies € in
the range 10~! to 3 - 107°. For example, for ¢ = 1072, D-NG requires about 10* transmissions; [29] (2nd
variant) ~ 3.16 - 10*; D-NC (a = 1/L) ~ 4.65-10%, and D-NC with o = 1/(2L) ~ 1.1-10°; and [29] (1st
variant), [2], and [12] — at least ~ 1.3 - 10°. For high accuracies, 2 - 1075 and finer, [29] (2nd variant)

becomes faster than D-NG. Finally, [29] (2nd) converges faster than D-NC, while [29] (1st) is slower than

80ur theoretical analysis allows for a < 1/(2L), but we also simulate D-NG with o = 1/L.
"With [2, 12], ax = 1/(k 4+ 1)? and p = 1/2, gave the best simulation performance among the choices p € {1/3,1/2,1}.
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Further comparisons of D-NG and D-NC: Huber loss

We provide an additional experiment to further compare the D-NG and D-NC methods. We show that the
relative performance of D-NC with respect to D-NG improves when the instance of (2.1) becomes easier
(in the sense explained below.) We consider a N = 20-node geometric network with %ﬁ;}gks ~ 32%
and Huber losses f; : R — R, fi(z) = 3|z — a||? if ||z — a;|| < L, and fi(z) = ||z — a;|| — 1/2, else,
with a; € R. We divide the set of nodes in two groups. For the first group, ¢+ = 1,...,6, we generate the
a;’s as a; = 0 + v;, where 6 > 0 is the “signal” and v; is the uniform noise on [—0.16, 0.16]. For the
second group, ¢ = 7, ..., 20, we set a; = —6 + v;, with the 1;’s from the same uniform distribution. Note
that any z} € argmin, g 3.0 | f;(x) is in [0.90, 1.16], while any 23 € argmin, g 2?27 fi(z) lies in
[—1.16, —0.96]. Intuitively, by making # > 0 large, we increase the problem difficulty. For a small 6, we
are in the “easy problem” regime, because the solutions x7 and x5 of the two nodes’ groups are close; for
a large 6, we are in the “difficult problem” regime. Figure 2.2 (right) plots the normalized average error
versus N for § € {0.01;10; 1000} for D-NG with aj, = 1/(k + 1), D-NC with a = 1/L, while both
algorithms are initialized by z;(0) = v;(0) = 0. We can see that, with D-NC, the decrease of 6§ makes the
convergence faster, as expected. (With D-NG, it is not a clear “monotonic” behavior.) Also, as 6 decreases
(“easier problem”), the performance of D-NC relative do D-NG improves. For § = 0.01, D-NG is initially
better, but the curves of D-NG and D-NC intersect at the value about 4 - 10~3, while for § = 1000, D-NG

is better for all accuracies as fine as (at least) 10~ ".

0 — Ofa=: ERETLY
— = =] "\\ \ '\‘ 0N
2 4 == 2 J \
g - = \\ i 5
— = yie
S -2 g 2 ! it \
= [} Via
@ _g|=—dual avg. o -3 ' FIT
2 2 i
] subgrad. = iten
© -4|—Chen; 1st © 4[—DNG,0=0.01 |
§ _<|—D-NG 3 —5*-.-8_22’ o= 1800 i
= ==Chen; 2nd N -NG, 6=
£ _ L \ g *==:D-NC, 6= 1000
5 6 D-NC; a=1/L VN £ -6/l —D-NC; 6= 0.01
-=:D-NC; a=1/(2L) TR e _l[="DNG;e=10
"2 3 4 5 6 2 3 4 5 6
number of communications (all nodes) [ log, ] number of communications (all nodes) [ log,, |

Figure 2.2: Normalized (average) relative error + Zf\i 1 % versus the number of communications

(all nodes) NIC; Left: Logistic loss; Right: Huber loss.
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2.10 Conclusion

We proposed fast distributed Nesterov-like gradient algorithms to solve optimization problem (1.1). Exist-
ing literature has presented distributed gradient based algorithms to solve this problem and has studied their
convergence rates, for a class of convex, non-differentiable f;’s, with bounded gradients. In this chapter, we
asked whether faster convergence rates than the rates established in the literature can be achieved on a more
structured class of f;’s — convex, with Lipschitz continuous gradient (with constant ) and bounded gradient.

Building from the centralized Nesterov gradient method, we answer affirmatively this question by propos-

ing two distributed gradient algorithms. Our algorithm D-NG achieves the rates O ( (1_#(;‘/))3 T lo,gC’C)
and O (W %), when the global knowledge of the gradient Lipschitz constant L and the net-

work spectral gap 1 — p(W) is not available before the algorithm run. The rates, for the optimized step size,

improve to O ((1—#(1}{/))1% loIgCIC> and O (W 10%’“), when L and u(W) are available before the

run. Our algorithm D-NC operates only if L and (W) are available and achieves rates O (W ﬁ)
and O (k%) We also showed that our methods achieve strictly faster rates than the method in [2]. Simula-

tions illustrate the performance of the proposed methods.
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Chapter 3

Distributed Nesterov-like Gradient
Methods: Random Networks

3.1 Introduction

In Chapter 2, we presented our D-NG and D-NC distributed methods for static networks. In many ap-
plications, it is relevant to account for randomness in the underlying network. Randomness arises when
inter-node links fail as with random packet dropouts in wireless sensor networks, or when communication
protocols are random like with the gossip protocol [10]. In this Chapter, we propose modified D-NG and
D-NC algorithms, referred to as mD-NG and mD-NC, respectively, and establish their convergence rate

guarantees on random networks.

We model the network by a sequence of random independent, identically distributed (i.i.d.) weight ma-
trices W (k) drawn from a set of symmetric, stochastic matrices with positive diagonals, and we assume that
the network is connected on average'. We establish the convergence rates of the expected optimality gap in
the cost function (at any node 7)> of mD-NG and mD-NC, in terms of the number of per node gradient evalu-
ations k and the number of per-node communications /C, when the functions f; are convex and differentiable,
with Lipschitz continuous and bounded gradients. We show that the modified methods achieve in expecta-
tion the same rates that the methods in Chapter 2 achieve on static networks, namely: mD-NG converges
at rates O(log k/k) and O(log KC/K), while mD-NC has rates O(1/k?) and O(1/K%¢), where ¢ is an

arbitrarily small positive number. We explicitly give the convergence rate constants in terms of the number

"Here, connected on average means that the graph that supports the non-zero entries of the expected weight matrix E [W (k)] is
connected.
Note that we assume deterministic cost functions f;’s; the randomness is only due to the underlying random networks.
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of nodes IV and the network statistics, more precisely, in terms of the quantity 7 := (|[E[W (k)?] — J||) 12

(See ahead paragraph with heading Notation.)

It is interesting to compare the original algorithms D-NG and D-NC in Chapter 2 with their modified
variants, mD-NG and mD-NC, respectively. Clearly, algorithms mD-NG and mD-NC apply for static
networks as well. A simulation example in Section 3.8 shows that D-NG (from Chapter 2) may diverge
in the presence of link failures, while mD-NG may converge at a slightly lower rate than D-NG on static
deterministic networks. Also, mD-NG requires an additional (d-dimensional) vector communication per
iteration k. Hence, the modified variant mD-NG compromises slightly the speed of convergence (in terms
of the overall number of communications) for robustness with respect to (wrt) D-NG.

As for mD-NC and D-NC, mD-NC utilizes one inner consensus algorithm with 2d-dimensional vari-
ables per outer iteration &, while D-NC has two consensus algorithms with d-dimensional variables. Both
D-NC variants converge in our simulations (in the presence of link failures), showing very similar perfor-
mance.

Technically, the analysis of mD-NG and mD-NC methods is very different from D-NG and D-NC
in terms of the disagreement estimates. Namely, the time-varying systems that underly the dynamics of
disagreements here require a different analysis from the time varying systems in Chapter 2. Chapter 3
establishes novel bounds on certain products of time-varying matrices to analyze these new dynamics. In

terms of the optimality gap analysis, Chapter 3 uses similar tools as Chapter 2.

Brief comment on the literature

We comment on the literature relevant to the analysis of convergence rates of distributed gradient algorithms
under random networks. References [2, 20, 23] prove convergence of their algorithms under deterministi-
cally time varying or random networks. Typically, these references assume f;’s that are convex, (possibly)
non-differentiable, and with bounded gradients over the constraint set. For bounded gradients over the
constraint set and random networks, reference [12] establishes O (log k/ \/E) convergence rate (with high
probability) of a version of the distributed dual averaging method. With respect to these methods, we assume
a more restricted class F of cost functions—f;’s that are convex and have Lipschitz continuous and bounded
gradients, but, in contradistinction, we establish strictly faster convergence rates—at least O(log k/k) that
are not achievable by standard distributed gradient methods [2] on the same class F. (See Chapter 2 for
details.) Reference [29] analyzes its accelerated distributed proximal gradient method for deterministically
time varying networks; in contrast, we deal here with randomly varying networks. (For a detailed compari-

son with [29], see Chapter 2.)
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Chapter organization. The next paragraph introduces notation. Section 3.2 introduces the random
network and optimization models that we assume and presents the mD-NG algorithm and its convergence
rate. Section 3.4 proves the convergence rate of mD-NG. Section 3.5 presents the mD-NC algorithm and
states its convergence rate, while Section 3.6 proves the convergence rate result. Section 3.7 discusses
extensions and corollaries of our results. Section 3.8 illustrates the mD—NG and mD-NC methods on a
Huber loss example. We conclude in Section 3.9. Auxiliary proofs are in Appendix B.

Notation. We denote by R? the d-dimensional real coordinate space. We index by a subscript i a
(possibly) vector quantity assigned to node i; e.g., x;(k) is node i’s estimate at iteration k. Further, we
denote by: A;,, or [A];,, the entry in the [-th row and m-th column of matrix A; AT the transpose of matrix
A; [alp.y, the selection of the [-th, (I + 1)-th, ..., m-th entries of a vector a; I, 0, 1, and e;, respectively,
the identity matrix, the zero matrix, the column vector with unit entries, and the i-th column of I; J the

N x N ideal consensus matrix J := (1/N)11"; ® the Kronecker product of matrices;

- ||; the vector
(respectively, matrix) [-norm of its argument; || - || = || - ||2 the Euclidean (respectively, spectral) norm of
its vector (respectively, matrix) argument (|| - || also denotes the modulus of a scalar); A;(-) the i-th smallest
in modulus eigenvalue; A - 0 a positive definite Hermitian matrix A; |a| the integer part of a real scalar
a; Vo(x) and V2¢(x) the gradient and Hessian at z of a twice differentiable function ¢ : RY — R, d > 1;
[P(-) and [E[-] the probability and expectation, respectively; and Z 4 the indicator of event .A. For two positive
sequences 7, and X, we have: 7, = O(xy,) if limsup,,_, Z—Z < 00; N = Qxp) if iminf,, o0 Z—Z > 0;
and 7, = O(xn) if 7n = O(xn); and 1, = Q(xn).

The material in this Chapter has been submitted for publication in [47].

3.2 Algorithm mD-NG

Subsection 7.2.1 introduces the network and optimization models, Subsection 3.2.2 presents the mD-NG

algorithm, and Subsection 3.5.2 states our result on its convergence rate.

3.2.1 Problem model
Random network model

The network is random, either due to random link failures or due to the random communication protocol
used (e.g., gossip, [10, 79].) Formally, the network is defined by a sequence {W (k)}7°; of N x N random

weight matrices that obey the following.
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Assumption 3.1 (Random network) The random network satisfies:
(a) The sequence {W (k)}22, isi.i.d.

(b) With probability one, the random matrices W (k) are symmetric, stochastic, and have strictly positive

diagonal entries.
(c) There exists a positive scalar w such that, for all ¢, j = 1, ..., N, with probability one: W;;(k) ¢ (0, w).

(In Assumption 3.1, the underline notation in w indicates that w is the lowest value that the entries of
W (k) can take whenever they are positive.) The off-diagonal entries W;;(k), ¢ # j, may take the value
zero. Assumption 3.1 (c) ensures that a node gives a non-negligible weight to itself (By Assumptions 3.1 (b)
and (c), W;;(k) > w, with probability one, Vi); also, whenever Wi (k) > 0,1.e., nodes i and j communicate,
they assign to each other a non-negligible weight (at least w).

We denote by W := E [W(k)]. Further, define the supergraph G = (N, E), where N is the set of N
nodes and E = {{i,j}: i <j, W;; > 0}. In words, G collects all the pairs {i, 5} for which W;;(k) is
nonzero with a positive probability — all realizable communication links.

An example of the model of the W (k)’s subsumed by Assumption 3.1 is the link failure model. Here,
each link {7, j} € E at time k is a Bernoulli random variable; when it takes the value one, the link {i, j} is
interpreted as being online (communication occurs), and, when it equals zero, the link fails (communication
does not occur). The links (the corresponding Bernoulli variables) are independent over time, but may be
correlated in space. A possible weight assignment is to set: 1) fori # j, {i,j} € E: W;;(k) = w;; = 1/N,
when {i,j} is online, and W;;(k) = 0, else; 2) for i # j, {i,5} ¢ E: W;;(k) = 0; and 3) W;;(k) =
1-> ot Wij(k). An alternative assignment, when the link occurrence probabilities and their correlations
are known, is to set the (possibly mutually different) weights w;;, {i,j} € E, as the minimizers of z (See
Section 3.8 and Chapter 5.)

We further make the following Assumption.

Assumption 3.2 (Network connectedness) The supergraph G is connected.

Denote by W(k:) = W (k) — J, where we recall J := (1/N)11T, by
Ok, t) =W (k). W(E+2), t=0,1,...k—2, 3.1)

and by ®(k,k — 1) = I.
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Recall 1z := (|[E [W2(k)] — J|) 2 One can show that 1 equals the square root of the second largest
eigenvalue of E [WQ(k)] and that, under Assumptions 3.1 and 3.2, z < 1. Lemma 3.3 below demonstrates
that &z characterizes the geometric decay (in k — t) of the first and second moments of &)(k, t). The proof of

Lemma 3.3 is in the Appendix.

Lemma 3.3 Let Assumptions 3.1 and 3.2 hold. Then:

EH)%(kJ)‘H < Nphtl 3.2)
E[Hé(k,t)Tci(k,t)m < N2g2k—t=1) (3.3)
E[| 8k, )To(k,0)] < NPptormhrEmeD, (3.4)

forallt,s =0,....,.k —1,forallk =1,2,...

The bounds in (3.2)-(3.4) may be loose, and could be easily improved for certain values of the arguments s

and ¢, but as stated they are enough to prove the results below, while simplifying the presentation.

For static networks, W (k) = W, where W is a doubly stochastic, deterministic, symmetric weight
matrix W. In this case, the quantity iz := ||IW — J|| equals the spectral gap, i.e., the modulus of the
second largest (in modulus) eigenvalue of W. Further, for static networks, the constants N, NV 2 and N3
in (3.2)—(3.4) can be reduced to unity.

Finally, we remark that the requirement of the entries of W (k) being nonnegative with probability one

can be relaxed, as long as 71 is less than one. We refer to Chapter 5 for details.

Optimization model

We now introduce the optimization model. The nodes solve the unconstrained problem:
N
minimize » _ fi(z) =: f(=). (3.5)
i=1
The function f; : R* — R is known only to node 7. We impose the following three Assumptions.
Assumption 3.4 (Solvability) There exists a solution 2* € R? such that f(z*) = f* := inf,cga f(2).

Assumption 3.5 (Lipschitz continuous gradient) For all 4, f; is convex and has Lipschitz continuous gradient
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with constant L € [0, 00):
IV fi(z) = Vfiy)ll < Lllz —yll, Va,y R

Assumption 3.6 (Bounded gradients) There exists a constant G € [0, 00) such that, Vi, |V fi(z)| < G,
Vr € R%.

We comment on the optimization model in Assumptions 3.4-3.6. Assumptions 3.4 and 3.5 are standard
in the analysis of gradient methods; in particular, Assumption 3.5 is precisely the Assumption required
by the centralized Nesterov gradient method [11]. Assumption 3.6 is in addition to what is common in
the centralized Nesterov gradient method. Chapter 2 demonstrates that (even on) static networks and a
constant W (k) = W, the convergence rate of D-NG becomes arbitrarily slow if Assumption 3.6 is violated
(see Chapter 2 for a precise statement.) We remark that this requirement is not specific to our accelerated

methods but is also a feature of, e.g., the standard distributed gradient method in [2] (see Chapter 2.)

3.2.2 Algorithm mD-NG for random networks

We modify the D-NG algorithm in Chapter 2 to handle random networks. Each node ¢ maintains its solution
estimate x;(k) and an auxiliary variable y; (k) over iterations £ = 0, 1, ... Node 7 uses arbitrary initialization

2;(0) = ;(0) € R and performs the following updates for k = 1,2, ...

zi(k) = Z Wii(k)y;(k —1) — ar—1Vfi(yi(k — 1)) (3.6)
J€0; (k)
yilk) = (14 Br1)wilk) = Be—1 Y Wii(k)aj(k - 1). 3.7)
J€O;(k)

In (3.6)-(3.7), O;(k) = {j € {1, ..., N} : W;;(k) > 0} is the (random) neighborhood of node i (including

node 7) at time k. For k = 0,1, 2, ..., the step-size qy is:
ap=c/(k+1), ¢<1/(2L). (3.8)

We adopt the sequence [ from the centralized Nesterov gradient method [11]:

ko

T3 3.9

B =

The mD-NG algorithm works as follows. At iteration k, node i receives the variables z;(k — 1) and
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yj(k — 1) from its current neighbors j € O;(k) — {i}, and updates x;(k) and y;(k) via (3.6) and (3.7). We
assume that all nodes know the constant L (or its upper bound) beforehand to set o, in (3.8). We show in
Section 3.7 how this requirement can be relaxed.

The mD-NG algorithm given by (3.6) and (3.7) differs from the original D-NG in Chapter 2 in step (3.7).
With D-NG, nodes communicate only the variables yj(k: — 1)’s; with mD-NG, they also communicate the
xj(k — 1)’s. As we will show, the latter modification allows for the robustness to link failures. (See also
Theorems 3.7 and 3.8 and the simulations in Section 3.8.) Further, the mD—NG does not require that the
weight matrix be positive definite, as required by D-NG in Chapter 2.

Vector form. We rewrite mD-NG in vector form. Introduce 2 (k) := (z1(k)7,...,2n (k) )T, y(k) :=
(1 (k)T .yyn(B) DT, and F : RNY & R, F(xy,...,an) == fi(z1) + ... + fn(zn). Then, mD-NG

algorithm in vector form is:

2(k) = (Wk)®I) y(k - 1) — ap_1 VF(y(k - 1)) (3.10)

y(k) = (1+ Br1) z(k) = By W(k) @ I) z(k - 1), (3.11)

k=1,2,.., with 2(0) = y(0) € RV where W (k) ® I is the Kronecker product of W (k) and the d x d
identity matrix.
Initialization. For simplicity of notation, and without loss of generality (wlog), we assume throughout,

with all proposed methods, that nodes initialize their estimates to the same values, i.e., z;(0) = y;(0) =

xj(0) = y;(0), for all 4, j; for example, z;(0) = y;(0) = x;(0) = y;(0) = 0.

3.2.3 Convergence rate of mD-NG

In this Subsection, we state our convergence rate result for mD-NG distributed method and random net-
works. Proofs are in Section 3.4.

We estimate the expected (normalized) optimality gap in the cost® at each node i: +E [f(z;) — f*] =
+ (E[f(z;)] — f*), where z; is node i’s solution estimate at a certain stage of the algorithm. We are
interested in how the node ¢’s optimality gap depends (decreases) with: 1) the number of per-node gradient
evaluations k (iterations); and 2) the total number of 2 d-dimensional vector communications per node K.
With mD-NG, we have that k = C — at each iteration k, there is one and only one per-node 2 d-dimensional

communication and one per-node gradient evaluation. With mD-NC, as we will see, there are several per-

node 2 d-dimensional communications at each k.

3We normalize the optimality gap by N, as is frequently done in the literature, e.g., [12, 27].
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With both methods, we also establish the mean square convergence rate on the disagreements of different
node estimates, in terms of k£ and K, showing that the mean square disagreement converges to zero.

Denote by Z(k) := + Zfi L 2i(k) and G(k) = & Zfi 1 yi(k) the network-wide global averages of the
nodes’ estimates. Introduce the disagreements: Z;(k) = z;(k) — Z(k) and Z(k) = (Z1(k) ", ..., EN(k)T)T ,
and the analogous quantities y;(k) and y(k). Denote by z(k) := (y(k) T, E(k:)T)T . We have the following
Theorem on E [||Z(k)||] and E [||Z(k)||?]. Note that ||Z(k)|| < [|Z(k)]|. and so E [|Z(k)||] < E [||Z(k)]|] and
E [[|Z(k)||?] < E[|I2(k)||?]. ( The same inequalities hold for y(k) as well.) Recall also 7z in Lemma 3.3.

Theorem 3.7 states that the mean square disagreement of different nodes’ estimates converges to zero at

rate 1/k2.

Theorem 3.7 Consider the mD-NG algorithm given in (3.6)—(3.9) under Assumptions 3.1-3.6. Then, for
allk=1,2, ..

_ 50cN3/2@G 1

E[[[z(®)I] < T & (3.12)
_ 502 ¢2 N*G?

E[Z(®)°] < T (3.13)

Theorem 3.8 establishes the O(log k/k) (and O(log K/K)) convergence rate of mD-NG.

Theorem 3.8 Consider the mD-NG algorithm in (3.6)—(3.9) under Assumptions 3.1-3.6. Let ||Z(0) —z*|| <
R, R > 0. Then, at any node 4, the expected normalized optimality gap +E [f(z;(k)) — f*] is O(log k/k);

more precisely:

E[f(xi(k) =] (281 502N LG? 12 (t+2) L BONZeG? 1 G
N -~ ¢ k (1-mt ko (t+1)2 1-m)? k '
.. . . (1—ﬁ)4/3 A
Remark. For the optimized step-size, ¢ = © <T>’ we obtain that
E i —f* N 1 ,
Fleilk) = f1] (N logh)
N (1—-p)43 k

Remark. For static networks, when W (k) = W and i := ||W — J||, the factors N and N3 in (3.14)
reduce to unity. Theorem 3.8 is similar to Theorem 5 (a) in Chapter 2. Comparing the two Theorems (for
static networks), we can see that the rate constant in Theorem 3.8 above depends on [z as O (ﬁ) ; with

Theorem 2.8 (a) in Chapter 2, this dependence is O( EiS ), for arbitrarily small positive quantity &.

1
(1-m
Hence, with respect to D-NG, mD-NG method has an increased (worse) theoretical constant, but exhibits
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robustness to link failures. (See Section 3.8.)

3.3 Intermediate results

This section establishes intermediate results on certain scalar sums and the products of time-varying 2 x 2

matrices that arise in the analysis of the mD-NG and mD-NC methods.

Scalar sums

We have the following Lemma.

Lemma 3.9 Consider a nonnegative scalar r < 1. Then, forall k = 1,2, ...:

k
1
ty < < 1
;T S Ao Sa—ee ©-15)
k—1
1 1
k—t—1
. 3.16
A R S S (o ey (3.16)

Proof:

We first show (3.15). Denote by d%h(r) the first derivative of a function h(r), h : R — R. We have:

k k d k
t, t—1, _ t

Zrt = T‘ZT t_TdT(ZT)

t=1 t=1 t=1
B d [ r—rktl o (1 —(k+ 1)k —7r) — rk“)
- T 1—7r (1—1r)2

r

< Vk=1,2
— (1 _74)27 ) )

Thus, the bound in (3.15).

To obtain the second inequality (3.16), we use k/(t + 1) < k —t,Vt = 0,1, ..., k — 1. Using the latter
and (3.15):

T
L
T
L
o
L

oy

t=0 t+ t=0 t+ "y (1—r)

Il
o
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Products of matrices B(k)

Consider the matrix B(k), defined, for k = 1,2, ..., by:

B(k) := (4 Bi-1) =Fs , (3.17)

1 0

where ;1 is in (3.9). As we will see, the proofs of Theorems 3.7 and 3.14 rely much on the analysis of

products B(k, t), defined by:
B(k,t):= B(k)B(k—1)..B(k—1t),t=0,1,....,k — 2, (3.18)

and B(k, —1) := I.

We first give a Lemma that explicitly calculates the product B(k,t),t =1,2,....,k — 2, for k > 3.

Lemma 3.10 Let k > 3, consider B(k,t) in (3.18), define a; := 3/(t + 3),t =0, 1, ..., and let:

11 ]
. (3.19)

Then, fort =1,2,.... k — 2:

B(k,t) = B — o9(k,t) By — 03(k,t) Bs,

where
o2k, t) = ap—t—1t+ ak—tPr—t—1 (t = 1) + ar—t41Pk—tBr—t—1(t —2) + ... + ar—20k—3...Br—t—1(3.20)
o3(k,t) = ap—i—1 + ap—tPr—t—1 + k141 Bk—tBr—t—1 + .. + ap—2Bk—3...Br—t—1. (3.21)

Proof: The proof is by mathematical induction on ¢t = 1,2, ..., k — 2. First, we verify that the claim
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holds for ¢t = 1. We have:

B(k,1) = B(k)B(k—1) = (Bi — az_1Bs)(Bi — as_sBs)
= DBi —ag_1 B3B1 — ay_2B1Bs + ay_1a;_2B3
= B —ax2Bs— (ag—1+ ax-—2 — ag_1a5-2)Bs
= B} —ap_2Bs — (ag—2 + aj_1B4—2)Bs

= B%—O’g(k},l)Bg—Ug(k‘, 1) Bg,

where the second equality uses B3 B = Bs, B1 B3 = By + Bs, and B% = B3, and the fourth equality uses
1 — ag—o = Pr_o. Thus, the claim for ¢ = 1 holds. Now, suppose the claim holds true for some fixed ¢,
t € {1,...,k — 3}. We must show that it holds true for ¢ + 1 as well. Using the inductive hypothesis and the

definition of B(k,t + 1):

B(k,t+1) = B(k,t)B(k—t—1)
= (B — oy(k,t)By — 03(k,t)B3) (By — aj_;_2B3)
= B2 gy(k,t)By — a3(k,t)Bs (3.22)
—ag_y_2((t +1)By + Bs) + oa(k,t)ar_s_2Bs + o3(k,t)ar__2Bs

= B — (02(k,t)Br_t_o + (t + 1)ag_¢_2)Ba — (03(k,t)Br_t_2 + ar_s_2)Bs.

Equality (3.22) uses Bo By = By, B = B3, By B3 = By, and the fact that B! B3 = (t+1) By + Bs. (This
is trivial to show by mathematical induction on t.) Next, recognize from (3.20)—(3.21) that oo(k,t + 1) =

Jg(k, t)ﬁk,t,Q + (t + l)ak,t,Q, and Jg(k, t+ 1) = U3(k, t)ﬂk,t,Q + ap_¢—9. Thus, the result. O

Next, we establish the bounds on the sums o2 (k, t) and o3(k, t).

Lemma 3.11 Consider o3(k,t) and o3(k,t) in (3.20) fort =1, ...,k — 2, k > 3. Then:

t2

<ok, t) <t+1 0 <o3(k,t) <1 3.23
rrp Sk SRl 0< ek < (3.23)

Proof:
We prove each of the four inequalities above.
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Proof of the right inequality on o2 (%, t)

We conduct inductionon t = 1, ...,k — 2. For t = 1, we have that o9(k,1) = a2 = 3/(k+1) <141,
Vk, and so the claim holds for ¢ = 1. Suppose that the claim is true for some fixed ¢ > 1. Further, note that

o2(k,t) can be written recursively as:

Uz(k,t + 1) = ak_t_g(t + 1) + 6k—t—202(k7t)7 t=1,...,k—3. (3.24)

Using (3.24) and the induction hypothesis: oo(k,t + 1) < (t + 1)ag—t—2 + Br—t—2(t + 1) = (ag—t—2 +
Br—t—2)(t+1) =t + 1 <t + 2. Thus, the right inequality on oa(k, t).

Proof of the left inequality on o5 (%, t)

We perform the proof by mathematical induction on ¢. First, we verify the claim for ¢ = 1:

hl)=apqae > > L
02(R, = agp—2 = +1_k+27

x>

and so the claim for ¢ = 1 holds. Now, suppose that the claim is true for some ¢ € {1,2, ...,k — 3}, i.e.:

2
t) > . 2
oa(k,t) > h o (3.25)
We must show that oo (k,t + 1) > (t];rlz)z. Using (3.24):
2
o2(k,t+1) > ak—t—z(t+1)+5k—t—2k+2
o (t+1)? +t(k:—t)+(2k:+5t+5) S (t+1)>
 k+2 k+2)(k—t+1) ~— k+2°

where the last equality follows after some algebraic manipulations. By induction, the last inequality com-

pletes the proof of the lower bound on o5 (k, ).

Proof of the lower bound on o3(k, t). is trivial.

Proof of the upper bound on o3(k,t)

We again proceed by induction. For ¢ = 1, we have:

o3(k,1) = ap—2 + ar—18k—2 < ar—2 + Pr—2 = L.
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Suppose now that the claim holds true for some ¢t € {1, ...,k — 3}, i.e.:

os(k,t) < 1.

Note from (3.20) that:
03(k7 t+ 1) = Br—t—2 03(k7 t) + ag—t—2.

Thus, using the induction hypothesis:

o3(k,t+1) < Br—t—2+ ap——2 < 1,

and the proof of the upper bound on o3(k, t) is completed. O

We are now ready to upper bound ||B(k, k — ¢t — 2)||, the result of direct use in proving Theorem 3.7.

Lemma 3.12 Consider the product B(k, t) defined in (3.18). Then, forallt =0, ...,k —1, forall k = 1,2, ...

(k—t—1)(t+1)
k

Bk, k—t—2)]| <8 +5. (3.26)

Proof:

Fix some ¢ € {1,...,k — 2}, k > 3, and consider the explicit expression for B(k,¢) in Lemma 3.10. It

is easy to show that B! =t By + I. Thus,
B(/{?,t) = (t +1- O'Q(k,t)) By +1— Ug(k,t)Bg. (3.27)

By Lemma 3.11, the term:
0<t+1—oak,t) <t+1—1*/(k+2).

Next, use the latter equation; o3(k, ) < 1 (by Lemma 3.11); and || Ba|| = 2, || Bs|| = v/2 < 2. Applying

these findings to (3.27), we obtain:

t2 t2
Bk, | <2 (t+1-— 3=2(t— 5 3.28
el <2 (41 g ) +3=2 (0= g ) 4 (.29

forallt =1,2,...,k — 2, k > 3. Next, we set the second argument of B(k,-)tok —t —2,t =0,....k — 3,
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k > 3. From (3.28), we obtain:

(k —t—2)?
—t-2) < 2(k—-t-2- " "2
IB(k,k—t—2)|| < <k t el

t44 t+1
= Q(k—t—2)ki+2+5§8(k—t—1)%+5,

forallt =0,...,k—3, forall k > 3. (Here, we used (t +4)/(k+2) < 4(t+1)/k.) Thus, we have obtained
the desired inequality (3.26) for ¢t = 0, ...,k — 3, for £ > 3. To complete the proof, we show that (3.26)
holds also for: 1)t = k—2,k > 2;2)t = k—1, k > 1. Consider first case | and B(k,k—2) = B(k—1) =
By — ay—1Bs, k > 2. We have ||B(k,k — 2)|| < ||B1|| + ||Bs|| < 5, and so (3.26) holds for t = k — 2,
k > 2. Next, consider case 2 and B(k,k — 1) = I, k > 1. We have that |[B(k,k — 1)|| = 1 < 5, and
s0 (3.26) also holds for ¢ = k — 1, k£ > 1. This completes the proof of the Lemma. O

3.4 Proofs of Theorems 3.7 and 3.8

Subsection 3.4.1 proves Theorem 3.7, while Subsection 3.4.2 proves Theorem 3.8.

3.4.1 Proof of Theorem 3.7

We proceed by proving Theorem 3.7. Throughout this proof and the rest of the chapter, we establish certain
equalities and inequalities on random quantities of interest. All of these equalities and inequalities further
ahead hold either: 1) surely, for any random realization, or: 2) in expectation (From the notation, it is clear
which of the two cases is in force.) For notational simplicity, we perform the proof of Theorem 3.7 for the
case d = 1, but the proof extends for a generic d > 1. The proof has three steps. In Step 1, we derive
the dynamic equation for the disagreement z(k) = (y(k) ", :E(k)T)T. In Step 2, we unwind the dynamic
equation, expressing Z(k) in terms of the products ®(k, t) in (3.1) and B(k, t) in (3.18). Finally, in Step 3,

we apply the already established bounds on the norms of the latter products.

Step 1. Disagreement dynamics
Denote by z(k) == (y(k)", f(k)T)T. Multiplying (3.6)—(3.7) from the left by (I — J), and using (I —
J)W (k) = W(kz) — J, obtain:

k) = (B(k) ® ”W(k)) k-1 +uk-1), k=12, ... (3.29)
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and z(0) = 0, where

wlk—1) = — ap—1(1+ Br-1)I = J)VF(y(k — 1)) . (330)
ap—1(L = J)VE(y(k —1))

Step 2. Unwinding recursion (3.29)

Recall CIJ(k t) in (3.1), and B(k,t) in (3.18). Then, unwinding (3.29), and using the Kronecker product
property (A ® B)(C ® D) = (AB) ® (CD), we obtain:

(k) = (B(k:, k—t—2)® ok, t)) u(t), (3.31)

forall k = 1,2, ... Note that the quantities u(t) and ®(k, t) in (3.31) are random, while the B(k, k —t —2)’s

are deterministic.

Step 3. Finalizing the proof

Consider u(t) in (3.30). By Assumption 3.6, we have |[VE(y(t))| < v/ NG. Using the latter, the step-
size oy = ¢/(t + 1), and || — J|| = 1, we obtain that |[u(t)| < %, for any random realization
of u(t). Use the latter bound, Lemma 3.12, and the sub-multiplicative and sub-additive properties of norms;

from (3.31) we obtain:

k—

;_n

k—

,_.

~ 1
Hz(k)ug(sﬁcx/ﬁe) SN 1Bk, )] ( —t—1)+<5\/§C\/NG> 1B (e, )| ——-.
k P = t+1
Taking expectation, and using Lemma 3.3:
1 k—1 k—1 1
E[|Z(k)|]] < <8\/§CN3/2 G) SN (- 1) 4 (5\/§CN3/2 G) pEtl
k = P t+1

Finally, applying Lemma 3.9 to the last equation with r» = 1, the result in (3.12) follows.
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We now prove (3.13). Consider ||Z(k)||?. From (3.31), we obtain:

T
—
Ea
A

IZR)|? = u(t)” (B(k, k—t-2)7 ® cE(k,t)T) (B(k, k—t—2) @ ok, s)) u(s)
it
- u(t)T (B(k, k—t—2)T Blk,k—s— 2)) ® (&wc, 7T Bk, s)) u(s),
t=0 s=0

where the last equality uses the property (A® B)(C ® D) = (AC) ® (BD). Further, using the sub-additive

and sub-multiplicative properties of norms, we obtain:

k—1k—-1
IZ®IP < 1Bk, k=t = )l 1Bl ks — s = 2)Il | Bk, )" Bk 9)|| 1ut)] (o)1 (3.32)
t=0 s=0
8k —t—1)(t+1) 8(k—s—1)(s+1) ~ 32 NG?
< ( +5> ( +5) Hcp(k,t)T H
Pt k k t+1)(s+1)’

where the last inequality uses Lemma 3.12 and |ju(t)]] < <\/§C\/N G) /(t + 1). Taking expectation and

applying Lemma 3.3, we obtain:

k—1k-1
o~ 8(k —t—l (t+1 8(k—s—1 1
B[EWF] < @eNe) Y ( ) (M )
t=0 s=0
Rtk 1

(t 1)(s+1)
— (8

2
_ 8(k —t— 1)(t +1) phtt
= (32 N*'G?) (t:()( +5> ot )

502 ¢2 N*G2
(1—m)tk?’

where the last inequality applies Lemma 3.9. Thus, the bound in (3.13). The proof of Theorem 3.7 is

complete.

3.4.2 Proof of Theorem 3.8

The proof is similar to the proof of Theorem 5 (a) in Chapter 2. Henceforth, we give only a proof outline

and refer to Chapter 2 for details. The proof is based on the evolution of the global averages T(k) =
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LSV ai(k), and 5(k) = & 3oV, yi(k). Denote by:

N
B s= 3 (Alwilk = 1) + itk = 1)@k = 1) = il — 1)) (3:33)
z;l
g1 = Y Viilyi(k—1))
=1
Liq = N :ﬁ22NLk
A1 C
by = LIk - 1)

Then, it is easy to show that Z(k), y(k) evolve as:

~

k) = gk—1)— It (3.34)
Ly
y(k) = (1+ Br-1)Z(k) — Be—1z(k — 1), (3.35)

k=1,2, ..., withZ(0) = 7(0). As shown in Chapter 2, (fk_l, §k—1) isa (Lg_1,0k_1) inexact oracle, i.e.,
it holds:

F@) 4T =Tk =1) £ f(2) < Fioa 450 (&= 0k = D)+ 22 o =gk = )+, (336

for all points 2 € R?.
Thus, we can apply Lemma 2.5 in Chapter 2, which, using the expression for d;_1 in (3.33), gives:

(k+1)* (f@k) - £*) + 2Nk [o(k) — | (3.37)
2Nk

< (F-DUEE=-D) = )+ =~ olk - 1) =27 + (k+ DL]gk - D7,

where T(k) = (g(k) — (1 — 0x)T(k)) /6. Further, dividing (3.37) by k and unwinding the resulting in-

equality, it can be shown that:

k 2
N @)~ 1) < R0 - 1 A - e (3.38)

“Note from (3.33) that fk_l, Gr—1, and gk_l are functions of (solely) the argument y(k — 1). Inequalities (3.36) hold for any
random realization of y(k — 1), and for any point z € R%.
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Next, using Assumption 3.6, obtain, Vi:

1 1 _ N G -
N ) = £ < 55 (@) = 1)+ o7 b)), (339)
The proof is completed after combining (3.38) and (3.39), taking expectation, and using the bounds on
E(|z(%)[l] < E[IZ(k)[] and E [[[§(k)|]*] < E [||Z()|?] in Theorem 3.7.

3.5 Algorithm mD-NC

We now present our mD—NC algorithm. Subsection 3.5.1 defines certain additional random matrices needed
for representation of mD—NC and presents mD—-NC. Subsection 3.5.2 states our result on the convergence

rate of mD-NC.

3.5.1 Model and algorithm

This subsection presents our mD-NC algorithm. We continue to consider a sequence of i.i.d. random
matrices that obey Assumptions 3.1 and 3.2. For convenience, we introduce here a two-index notation to
index these matrices. As we will see, the algorithm D-NC operates in two time scales, i.e., it has the inner
iterations, index by s, and the outer iterations, indexed by k. There are s = 1, 2, ..., 7 inner iterations at the

outer iteration k = 1,2, ..., where 71 equals:

= [3 logk +log N ] . (3.40)

—logp
It can be shown that, for static networks, the term log N can be dropped. At each inner iteration, nodes
utilize one communication round — each node broadcasts a 2d x 1 vector to all its neighbors. We denote by
W (k, s) the random weight matrix that corresponds to the communication round at the s-th inner iteration
and k-th outer iteration. The matrices W (k, s) are ordered in a one-dimensional sequence as W (k = 1,s =
D, W(k=1s=2),.W(k=1,s =1),..W(k =2,s = 1), ... This sequence obeys Assumptions 3.1
and 3.2.

It will be useful to define the products of the weight matrices W (k, s) over an outer iteration k:
W(k) = TE S W (k, 7 — 5). (3.41)

Clearly, the sequence {W(k)}7 is a sequence of independent (but not identically distributed) matrices.
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For future reference, also define VNV(k:) = W(k) — J, and:
Uk, t) == W(EW(E —1).. W(t + 1), (3.42)

fort=0,1,....k — 1.
The Lemma below follows from Assumptions 3.1 and 3.2, independence of the matrices W(k), the

value of 13, in (3.40), and Lemma 3.3. The Lemma is proved in the Appendix.

Lemma 3.13 Let Assumptions 3.1 and 3.2 hold. Then, forall k = 1,2, ..., forall s,¢ € {0,1,....k — 1}:

E [HW(k)HQ- < % (3.43)
E(19G0l] < mr—pary (3:44)
~ ~ B 2
E [H‘I’(k,t)T\I’(k,t)H_ < <k3(k_1);”(t+1)3> (3.45)
. . 1 1
B[I (k) ¥(k )] < </<:3(k—1)3...(t+1)3> <k3(k—1)3...(s+1)3>' 550)

The mD-NC algorithm

We now present mD-NC. It uses a constant step-size « < 1/(2L). Each node 7 maintains over (outer itera-
tions) k the solution estimate x;(k) and an auxiliary variable y; (k). The mD-NC algorithm is summarized

in Algorithm 2. Recall the quantity z in Lemma 3.3. The inter-node communication occurs only at step 3;

Algorithm 2 The mD-NC algorithm
1: Initialization: Node i sets: z;(0) = y;(0) € R% and k = 1.
2: Node 7 calculates:

2" (k) = yi(k = 1) = aV fi(yi(k — 1),
3: (Consensus) Nodes run average consensus on a 2d x 1 variable x;(s, k), initialized by x;(s = 0,k) =
(2 (k)T sk = )T T

xi(s, k) = Z Wii(k,s)xj(s—1,k), s=1,2,...,7, (3.47)
JEOi(k)

with 7, in (3.40), and set z; (k) := [xi(s = 74, k)] 1. and 21" (k — 1) := [xi(s = Th, k)] gy 1.0+ (Here [l is a
selection of [-th, [ + 1-th, ..., m-th entries of vector a.)
4: Node 7 calculates:

yi(k) = (1+ Breor)zi(k) — By 2 (k — 1).

5: Setk — k + 1 and go to step 2.

step 3 of the k-th outer iteration has 7, communication rounds. We assume that nodes know beforehand the
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constants L, fz, and N. We show in Section 3.7 how this requirement can be relaxed.
Vector form. We rewrite mD-NC in vector form, using the definition of matrices WW(k) in (3.41). Use

the same compact notation as with mD-NG for x(k), y(k), and F : RV? — R¥. Then:

2(k) = WE) @) [y(k —1) — a VEy(k — 1)) (3.48)

y(k) = (14 Br—1)z(k) — Pr—1 W(k)®I) x(k—1), (3.49)

k = 1,2,...,and 2(0) = y(0) € RN Note the formal similarity with mD-NG in (3.10)—(3.11). The

differences are that W (k) is replaced with W(k), and the diminishing step-size o, = ¢/(k + 1) is replaced

with the constant step-size o = «.

3.5.2 Convergence rate

Define, as with mD-NG (and in the same notation), the disagreements z;(k), y;(k), z(k), and y(k), as well

as the augmented vector z(k) := (y(k)", x(k‘)T)T . We have the following Theorem on the disagreement

bounds.

Theorem 3.14 Consider the mD-NC given in Algorithm 2 under Assumptions 3.1-3.6. Then, for all k£ =

1,2, ...
- 50a N2 @

E[lIZ(%)|] QT (3.50)
. 502 a? NG?

E[ZRI7] < —F— (3.51)

Theorem 3.15 Consider mD-NC given in Algorithm 2 under Assumptions 3.1-3.6. Let ||Z(0) — 2*|| < R,
R > 0. Then, after

b= log [(k+1)log(N(k+1))] = O (klogk) (3.52)

communication rounds, i.e., after k outer iterations, we have, at any node i:

E[f((k) £ _ 1
N — k2

2
<R2 +11®LG? + aG2> , k=12, .. (3.53)
[0

Remark. Theorem 3.15 implies the O (dﬁ) convergence rate of mD-NC method in the number

E[f(zi(k

of communications /C (in terms of N))_f '] .) This can be proved analogously to the analysis of D-NC
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in Chapter 2.

3.6 Proofs of Theorems 3.14 and 3.15

We now prove the convergence rate results for mD-NC. Subsection 3.6.1 proves Theorem 3.14 and Subsec-

tion 3.6.2 proves Theorem 3.15.

3.6.1 Proof of Theorem 3.14

For notational simplicity, we perform the proof for d = 1, but the proof extends to a generic d > 1.
Similarly to the proof of Theorem 3.7, we proceed in three steps. In Step 1, we derive the dynamics for the
disagreement Z(k) = (y(k)", Z(k)"). In Step 2, we unwind the disagreement equation and express (k) in
terms of the W(k, t)’s in (3.42) and B(k, t) in (3.18). Finally, Step 3 finalizes the proof using the previously

established bounds on the norms of W (k, ¢) and B(k, t).

Step 1. Disagreement dynamics

We write the dynamic equation for Z(k). Recall B(k) in (3.17). Multiplying (3.48)—(3.49) from the left by

(I —J), and using (I — J)W(k) = W(k)(I — J), obtain:
(k) = (B(k:) ® W(k)) Glk—1)+d(k—1)), k=1,2,.., (3.54)

and z(0) = 0, where

(3.55)

o1 o { it VF(y(k — 1) ] |

0

Step 2: Unwinding the recursion (3.54)

Recall the products B(k, t) in (3.18). Then, unwinding (3.54), and using (A® B)(C® D) = (AC)® (BD):
(k) = (B(k, k—t—2)B(t+1)® Uk, t)) u'(8), (3.56)

for all k = 1,2,... The quantities /(¢) and W(k, ) in (3.56) are random, while the B(k, k — ¢ — 2)’s are

deterministic.
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Step 3: Finalizing the proof

Consider «/(t) in (3.55). By Assumption 3.6, we have ||V F(y(t))|| < v/NG. Using the latter, we obtain
that ||u/(t)|| < a+/N G, for any random realization of u/(t). We use the latter bound, Lemma 3.12, the

sub-multiplicative and sub-additive properties of norms, and || B(t + 1)|| < 3, V¢; from (3.56):

B

-1

IZ0) <3 (8aVNG) 3 (k1) (k¢ _kl)(t* DI (5avNG) 31k

x>
—

-
Il
o
~+
Il
o

(k—t—1)(t+1)
k

Taking expectation, using <t+ 1, and using Lemma 3.13:

1
K3(k — 1)3...(t+2)3(t + 1)?

A
w
o0
Q
2
Q

E[IIZ(%)[]

IN
@
o0
Q
2]
Q

1
; K3 (k — 1)3..(t+ 2)3(t + 1)3
1
k2
B

o
)

Thus, the result in (3.50).

We now prove (3.51). Consider ||Z(k)||?. From (3.56), we obtain:

el
|
—

k—

[aary

ER)|? = W) (B+1) Bl k—t-2)7 @ U(k,0)")

N\

©
Il
o

X
/N
=
—~

kk—t—2)Bt+1)® \T/(k,s)) ' (s)

T
A
o
A

= W) (Bt+1)"B(kk—t—2)"

s

% B(l,k—s—2)B(t+1) @ (\T/(k,t)T \Tf(k,s)) /()

o~
Il

o
I

=)

where the last inequality uses the Kronecker product property (A ® B)(C ® D) = (AC) ® (BD). Next,
by the sub-additive and sub-multiplicative properties of norms, and || B(¢ + 1)|| < 3, V¢, obtain:

k—1k—-1
IZR)I2 < 93 Bk k=t = 2)ll 1Bk k =5 = 2)| [ B0, t)T D) | I @) ' ()| 3.57)
t=0 s=0
k—1k—-1 . _
< 9 (8(t+1) +5) (8(s + 1) +5) H\Il(lc,t)T @(k,s)H a? NG?,
t=0 s=0
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where the last inequality uses (k—s—1)(s+1)/k < s+1, Lemma 3.12 and ||u(t)|| < (a \/NG) /(t+1).

Taking expectation and applying Lemma 3.13, we obtain:

k—1k—

E[|ZK)?] < 9(a®NG?) ZZ (t+1)+5) (8(s+1)+5)

)_I

X
/\
+
[a—
%
vo
?TA

w
)
+
}_L
\_/

= NG? k18t 1 571 2
= 9(’NG) | D (Bt +1)+5) 3y

Thus, the bound in (3.51). The proof of Theorem 3.14 is complete.

3.6.2 Proof outline of Theorem 3.15

The proof is similar to the proof of Theorem 8 in [9] (version v2), and hence we give only an outline.
Consider the global averages 7 (k) and y(k), defined analogously to the case of mD-NG. Then, Z(k) and
y(k) evolve according to (3.34)—(3.35), with Ly_1 := N/«, and g;_; defined as in (3.33). Also, inequali-
ties (3.36) hold with Ly, := N/« and fk_l and g1 defined as in (3.33). We can thus apply Lemma 2.5

in Chapter 2, which gives:

k
N ) = 1) < IO =21+ 5 S = DI+ 1)

(Compare the last equation with (3.38).) The remainder of the proof proceeds analogously to the case of

Theorem 3.8.

3.7 Discussion and extensions

This section discusses extensions and corollaries of our analysis. We show that: 1) the requirement on the
a priori knowledge of L, iz, and N can be relaxed with both mD-NG and mD-NC; 2) establish rates in the
convergence in probability of mD-NG and mD-NC; 3) show almost sure convergence with mD-NC; and

4) establish a convergence rate in the second moment with both methods.
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Relaxing knowledge of L., i, and NV

The mD-NG method requires only the knowledge of L to set the step-size a, = ¢/(k+1),¢ < 1/(2L). We
demonstrate that the rate O(log k/k) (with a deteriorated constant) still holds if nodes use arbitrary ¢ > 0.
Initialize all nodes to z;(0) = y;(0) = 0, suppose that ¢ > 1/(2L), and let ¥’ = 2¢ L. Applying Lemma
2.5, as in the proof of Theorem 2.8 (b), for all k& > £/, surely:

CE (FER) — ) G38)
k 2
)= 1)+ 2 el - 01 +2lleri?) + 3 LD

t=1

L{jg(t - 1)|I*.

IN
=
—~
&,}
/\

Further, consulting the proof of Theorem 2.8 (b), surely:
2 o %
[Tk — 1|2 < (2K + 1)2 (3 ) 2¢G. (3.59)

Finally, Theorem 3.7 holds unchanged for ¢ > 1/(2L), and thus Zle @LE [l — 1)[|*] = O(logk).

Multiplying (3.58) by G ffS% 7> taking expectation on the resulting inequality, and applying Theorem 3.7,

we obtain the O(log k/k) rate, as desired.

The mD-NC algorithm uses the constant step-size « < 1/(2L) and 73 in (3.40). We adapt mD-NC to
avoid the use of L, i, and NV, by setting: 1) a diminishing step-size a, = 1/kP, p € (0,1]; and 2) 7, = k (as
suggested in [29]). We demonstrate that the adapted mD-NC achieves rate O(1/k>7P). Let k" = (2L)'/.
Then, by Lemma 2.5, for all k& > k”, surely:

WS (F@(R) — £7) (3.60)
Et+1)?

< (PP (F@EE -D) = ) 2N 2l - DIP+202t)?) + D m
t=1

— o Lllgt - DI

Further, (3.59) holds here as well (surely.) We now modify the argument on the sum in (3.60). By
Lemma 3.13 and the value 7, = k, we have: E [HVNV(IC)HZ} < N?pi%F. From this equality, Yk > k" :=

(%ﬁ:l)) MW Bl ] < k4 Next, consider the matrix

U(k,5) W(k, 1) = (Vv’(k)...Vv’(s n 1))T (Vv’(k)...W(t + 1)) ,
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for arbitrary k > k", and arbitrary s,t € {0,1, ...,k — 1}. Clearly,
- T~ 2
¥k, T T 1) < R

and hence,
1
k4

E [H\T/(k,s T(k, 1) (H < Vst e {01, k—1}, Vk> k"

Now, from step 3 of the proof of Theorem 3.14, the above implies: E [||7(k)|?] < E [|[Z(k)|?] < &. fo

all k > k", where C' > 0 is independent of k. Hence, we obtain the desired bound on the sum:
o
(t+1)> _
SRR [t - DI = 0q1).
t=1
Using the latter, (3.59), multiplying (3.60) by _]:ri)lz)l, and taking expectation in (3.60), we obtain the
desired rate O(1/k*7P).

Convergence in probability and almost sure convergence

Through the Markov inequality, Theorems 3.8 and 3.15 imply, for any € > 0, the following:

mD — NG : P (/&*6 (f(zi(k)) — F*) > e) 50 as k — 0o, Vi

mD — NC : P(k2_§ (f(zi(k)) — f*) > e) — 0 as k — o0, Vi,

where £ > 0 is arbitrarily small. Furthermore, by the arguments in, e.g., ([80], Subsection IV-A), with
mD-NC, we have that, Vi, f(z;(k)) — f* — 0, almost surely.

Convergence rates in the second moment

Consider a special case of the random network model in Assumptions 3.1 and 3.2. Define the random
graph G(k) to be the graph that supports the nonzero pattern of the random matrix W (k); that is, G(k) =
(N, E), with E = {{i,j} : W;;(k) >0, i < j}. In other words, G(k) is the graph that supports a random
realization of matrix W (k). We assume that G (k) is connected with positive probability. This Assumption
holds, e.g., with spatio-temporally independent link failures, but it does not hold, e.g., with pairwise gossip.

(With gossip, only one edge occurs at a time, and hence all realizations of G(k) are disconnected.) Under
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the latter Assumption, we establish the following bounds on the second moment of the optimality gaps:

mD —NG: E [(f(xi(k:)) - f*)ﬂ ~0 (b]‘ik) . Vi, (3.61)
mD —~NC: E [(f(z:i(k)) - f*ﬂ -0 <k14> | Vi, (3.62)

where (3.62) holds for mD-NC with a modified value of 7. (See the Appendix for details.) We inter-
pret (3.61), while (3.62) is similar. The result (3.61) shows that, not only the mean of the optimality gap de-
cays as O(log k/k) (by Theorem 3.8), but also the standard deviation about the mean is of order O(log k/k).
The proof of (3.61)—(3.62) is in the Appendix.

3.8 Simulation example

We provide a simulation example that corroborates convergence rates of the proposed mD-NG and mD-NC
in the presence of link failures, as well as their rates faster than the rates of the method in [2]. We also

compare D-NG and mD-NC with the original variants in Chapter 2.

Setup

We consider a N = 10 node network and the Huber loss cost functions, which arise, e.g., in distributed
robust estimation in sensor networks [4]; the function f; : R — Ris fi(x) = ||z — 6;||? if |z — 6;]| < 1,
and fi(z) = ||z — 0;|| — 1/2, else, ; € R. (The f;’s obey Assumptions 3.4 and 3.6.) We generate 6;’s
as follows. For i = 1,2,3, we set §; = 0°(1 + v;), where 8* = 4, and v; is generated randomly from the
uniform distribution on [—0.1,0.1]. For j = 4,5, ..., 10, we set ; = (—6°)(1 + v;), where v; is generated
from the same uniform distribution.

The network model has a connected supergraph G = (N, E) with 26 links. It is generated randomly by
placing nodes at random on a unit 2D square and connecting the pairs of nodes whose distance is less than
a prescribed radius. We consider two scenarios: 1) random network (failing links), and 2) static network.
With the random network, each link {7, j} € F fails independently in time and independently from other
links, with probability 0.9. When a link {4, j} € E is online, we set the weights W;;(k) = Wj;(k) =
1/N = 1/10. (We set Wyi(k) = 1 — >0, k)3 Wij(k), Vi) With the static network, we consider the
same supergraph G, and, V{i, j} € E, we set W;; = Wj; = 1/N. With D-NG and mD-NG, we set the
step-size a, = 1/(k + 1), while with D-NC and mD-NC, we use o = 1/2. With the algorithm in [2], we

use the step-size ay, = 1/ Vk. With random networks, for both variants of D-NC, we set 75 as in (3.40);
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3 logk
—logp

with static networks, we use 7, = [ -‘ . (As indicated in Section 3.5, the log /N term is not needed with
static networks.)

With both scenarios, we simulate the mD-NG and mD-NC, the original variants D-NG and D-NC
in Chapter 2, and the method in [2]. We initialize all the methods to z;(0) = y;(0) = 0, Vi. We gen-

erate one sample path (simulation run), and we estimate the average normalized optimality gap erry =

+ Zfi 1 J}%i)):f: versus the total number K’ of scalar transmissions, cumulatively across all nodes. We
count both the successful and unsuccessful (due to link failures) transmissions. All our plots below are in

log;y — logy scale.

Results: Scenario with link failures

Figure 3.1 (top left) shows the performance of mD-NG, mD-NC, D-NC, and the method in [2]. We
can see that all methods exhibit convergence in the presence of (severe) link failures. With respect to
convergence rates, we can see, for example, that the mD-NG shows improvement over [2]. Note the better
(larger) slope of decay with the mD-NG with respect to [2]. Further, Figure 3.1 (top right) shows that the

(original) D-NG method diverges on this example.

Results: Static network scenario

Figure 3.1 (bottom left) shows the performance of the same methods on static network. Note again a faster
rate (better slope) of the mD-NG and D-NG’s with respect to [22]. Further, we can see that the original
D-NG method performs better than mD-NG. Hence, the modified method looses slightly in performance,
but gains robustness to link failures. The D-NC and mD-NC methods perform the same, both on static and
on random networks.

As noted earlier, the original D-NG method in 2 requires the weight matrix W to be positive definite. In
certain scenarios, nodes may not be able to check whether a given W is positive definite or not. We include a
simulation that compares D-NG and mD-NG’s by accounting for this effect. (The network is assumed static
here.) We take the Metropolis weight matrix W (see [65]) which is not positive definite. As the original
D-NG requires a positive definite W, we replace W with W' = % I+ O'QﬂW, which is positive definite,
but has a larger (worse) . With mD-NG, we use the (non-positive definite) W. The remaining system
parameters are the same as in the previous example. Figure 3.1 (bottom right) plots erry versus the total
number of scalar transmissions K’ for the original D-NG (red, dotted line), and mD-NG (green, solid line).

We can see that the methods perform almost the same, with the original D-NG performing slightly better.
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Figure 3.1: Average normalized optimality gap erry = va 1 ];(%Z) : versus the total number K’ of

scalar transmissions, cumulatively across all nodes (in the log;, — log; scale ) Top (left and right): Scenario
with link failures; Bottom left: Static network scenario. Bottom right: Static network scenario; comparison
of D-NG and mD-NG when the weight matrix W is not positive definite.
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3.9 Conclusion

In this Chapter, we modified our D-NG and D-NC methods to operate under randomly varying networks,
modeled by a sequence {W(k)} of independent, identically distributed random stochastic matrices. The
fi’s are convex and have Lipschitz continuous and bounded gradients. We establish convergence rates for
the two modified methods, termed mD-NG and mD-NC, in terms of the expected optimality gap at the cost
function at arbitrary node i. The mD-NG algorithm achieves rates O (log k/k) and O (log K/K), where k
is the number of per-node gradient evaluations and K is the number of per-node communications. The mD-
NC algorithm has rates O(1/k?) and O(1/K2?7¢), with ¢ > 0 arbitrarily small. Simulation examples on the

networks with link failures and Huber loss functions illustrate our findings.
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Chapter 4

Distributed Nesterov-like Gradient

Methods: Alternative Function Classes

4.1 Introduction

In Chapters 2 and 3, we established convergence rates for D-NG and D-NC methods, as well as their
modified variants, for unconstrained optimization when the costs f;’s are convex, differentiable, and have
Lipschitz continuous and bounded gradients. In this Chapter, we analyze our methods for alternative func-
tion classes, including also constrained optimization where each node has the same constraint set X'. We still
consider differentiable convex costs with Lipschitz continuous derivative, but we do not explicitly require
that the gradients be bounded. Hence, we enlarge the class of costs f;’s that are applicable to our methods.
For example, we can include quadratic costs, as well as the costs that arise with source localization prob-
lems (see Section 4.7.) Furthermore, we allow for constraints, thus covering, e.g., model predictive control

problems, e.g., [36].

Chapter outline. We outline the chapter. Section 4.2 briefly introduces the general setup. Section 4.3
analyzes D-NG for unconstrained optimization when the bounded gradients Assumption is replaced with a
certain growth condition. We show that the method achieves rate O(log k/k) and O(log IC/KC) in the number
of per-node gradient evaluations & and the number of per-node communications K. Section 4.4 presents the
projected D-NG method with constant step-size for constrained problems. The method converges to an
e-neighborhood of the optimal cost after O(1/¢) per-node communications and O(1/¢) per-node gradient
evaluations. Section 4.5 presents the projected mD—NC method for constrained problems. We show that the

method converges at rates O(1/k%) and O(1/K?¢). Sections 4.3 and 4.4 consider static networks, while
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Section 4.5 allows for random networks as well. Section 4.6 proves a technical result on an inexact projected
Nesterov gradient method in Section 4.5. Section 4.7 provides a simulation example on the acoustic source

localization problem. Finally, Section 4.8 gives a closing discussion.

Technically, Sections 4.3 and 4.4 bring an approach to the analysis of D-NG that is different from
the approach in Chapters 2 and 3. Namely, we introduce certain auxiliary functions W, that we refer to
as the clone functions (see ahead (4.11)). We show that the D-NG method is the (centralized) Nesterov
gradient method on the clone function W. This allows us to indirectly prove in Section 4.3 that the gradients
V fi(y;(k)) along iterations are bounded, without requiring that the gradients V f;(x) are uniformly bounded
over the whole space R?. Actually, the clone approach yields tighter upper bounds than the approach in

Chapters 2 and 3 under a constant step-size. (See Section 4.4 for details.)

Notation. Throughout the Chapter, we denote by: R? the d-dimensional real coordinate space, d > 1;
Aj;; the entry in the i-th row and j-th column of a matrix A; a; the i-th entry of a vector a; (-)" the transpose;
Il - |l = | - || the Euclidean (respectively, spectral) norm of its vector (respectively, matrix) argument (We

note that || - || also denotes the modulus of a scalar throughout); A;(-) the i-th smallest eigenvalue;

- | the
cardinality of a set; V.7 (y) the gradient evaluated at y of a function 7 : R — R, d > 1. Finally, for

positive sequences 7,, and x5, we have: 1, = O(x,) if limsup,,_, ., ;—: < 0.

Parts of the material in Chapter 4 have been published in [49, 50].

4.2 Setup

We briefly outline the general setup, and we later add details for each of our specific studies. We consider

the constrained problem:
N
minimize Zfz(x) =: f(x) subjectto z € X, 4.1)
i=1

where f; : R? — R is node 4’s locally known convex cost function, and X C R? is a closed, convex
constrained set known by all nodes. We specify further Assumptions on the f;’s and X" in each of the
Sections 4.3, 4.4, and 4.5. We associate with problem (4.1) a network V of N nodes, described by the graph

G = (V,E), where E C V x V is the set of edges, and we require the following.

Assumption 4.1 The graph G = (V, E)) is connected, undirected, and simple (no self/multiple links).
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We recall the unweighted, symmetric graph Laplacian matrix £ by: 1) £;; = —1,if {i,j} € E, i # j;2)
Lij =0,if{i,j} ¢ E,i # j;and 3) L; :== — Z#i L;j, Vi. Because the graph is connected, we have that
the algebraic connectivity A2(L) > 0. Further, denote by O; the neighborhood set of node ¢ (including i),

and /; the degree (number of neighbors) of node i.

4.3 D-NG method: Growth assumption

In this Section, we consider D-NG for unconstrained optimization, when the f;’s satisfy a growth condition.
Subsection 4.3.1 details the Assumptions and setup, Subsection 4.3.2 defines clone functions ¥ and gives
their properties, and Subsection 4.3.3 performs convergence rate analysis. Throughout the current section,

we consider static networks.

4.3.1 Assumptions and setup

We consider the unconstrained version of (4.1) with X = R?, and we impose the following two Assumptions

on the f;’s.

Assumption 4.2 For all i, f; : R® — R is convex, differentiable, and has Lipschitz continuous derivative

with constant L, i.e., for all :
IV fi(z) = V) < Lz —yll, Yo,y € R

Assumption 4.3 (Growth assumption) There exist two positive scalars b and B, such that, for all 4, f;(z) >

b ||z|| whenever ||x|| > B.

Assumption 4.2 is standard in the analysis of gradient methods. Assumption 4.3 says that the function
grows at least as b||z| when ||z|| is sufficiently large. The two Assumptions hold with many costs, e.g.,
quadratics with positive Hessians, and source localization costs (see Section 4.7). Under Assumption 4.3,
each f; is coercive!, and so is f := Zf\;l fi. Thus, there exist 27, ¢ = 1,..., N, and z*, such that f* :=
inf cpa fi(z) = fi(z}), and f* :=inf cpa f(z) = f(z*). Without loss of generality (w.l.o.g.), we choose

the constant B in Assumption 4.3 such that:

ff < bB,Vi=1,..,N, 4.2)

f* < NbB. (4.3)

!Coercive means that f;(2) — 400 whenever ||z|| — +oo.
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Hence, any minimizer =} of f;, Vi, and any minimizer 2* of f, belongs to the closed ball {z € R?: ||z| <

B}.

Introduce the function F : RY — R, as:

F(x) = F(x1,....,zn) = fi(z1) + ... + fn(xn). (4.4)

For future reference, we introduce the following sub-level set:

N
S = {J:ERN: F(z) =) fi(z:) ngB}, (4.5)

=1

and the following two constants:

= sup ||z| < o0 (4.6)
xeS

G = sup||VF(x)| < oo.
€S

The set S is compact, because the function F' is coercive by Assumption 4.3. The two suprema in (4.6) are
attained at some points and are finite, because the set S is compact, and the functions || - || and ||V F(-)|| are
continuous (The latter function is continuous due to continuity of the gradients of the f;’s — see Assump-

tion 4.2.)

We consider the D-NG algorithm in Chapter 2; we briefly recall it here, for convenience. Each node ¢

updates its solution estimate z;(k) and an auxiliary variable y; (k) over iterations k as follows:

wi(k) = (I—tiw)y(k—D+w Y yj(k—1)—aVfi(y(k—1)) 4.7)
Jj€0;—{i}
yi(k) = xi(k) + Be_1 (wi(k) —xi(k — 1)), k=1,2,..., (4.8)

with z;(0) = y;(0) € RZ. The step-size a;, and the sequence 3, are:

k=0,1,.. 4.9)

2We assign equal weights wy to all neighbors; generalization to unequal weights is straightforward.
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We choose ¢ and w as:

1
< 4.1
“ = N +L (4.10)

w = cp.

Here, p is a positive constant; e.g., it can be set to p = 1. To satisfy (4.10), we require that nodes know
beforehand (upper bounds on) p, Axy (L), and L. We can set p = 1. It can be shown that Ay (L) <
2 max;—1,. n ¥;. If V f; has a Lipschitz constant L;, known by node ¢, we can take L as L := max;—1 .. n L;.
Hence, requirement (4.10) is accomplished beforehand through two distributed maximum computations —

in O(N) per-node scalar communications. (See also Chapter 2 for a similar discussion.)

Here, and throughout the whole Chapter, to avoid notational clutter, we assume equal initialization
7(0) := 2;(0) = 4;(0) = x;(0) = y;(0), Vi, j, and we let d = 1, but the results extend for a generic d as

well.

4.3.2 Clone functions VU,

For a real number £ > 0, consider the following (clone) unconstrained optimization problem over z =

(z1,29,...,2n5) € RV:
minimize Y (x) := Zf\il fi(zi) + % "Lz, p>0. (4.11)

In (4.11), recall that £ is the graph Laplacian matrix. Recall the step-size ax—1 = ¢/k, and let w =
cp. Introduce compact notation for the nodes’ estimates (k) := (x1(k),...,zn(k))", and y(k) =

(y1(k), ...,yn(k))". Then, it is easy to verify that algorithm (4.7)—(4.8) can be re-written as:

2(k) = ylk—1) — ar V(y(k — 1)) “.12)

y(k) = a(k)+ Br—1 (x(k) —2(k—1)), k=1,2,... (4.13)

with oy, and S in (4.9) and the initialization is 2(0) = y(0) = z(0)1. Hence, at iteration k, algorithm (4.7)—
(4.8) performs the (exact) Nesterov gradient step with respect to the clone function Wy.

We impose that the step-size satisfies:

A1 — C/k‘ < 1/L\1;k,
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where Ly, is a Lipschitz constant of the gradient of W, which we can take as:
L\pk =k (p)\N(£> + L) .
Thus, we can choose c as in (4.10).

Properties of the clone functions U,

The next Lemma states certain properties of the clone functions ¥;’s and problem (4.11). The Lemma also

relates (4.11) with the original problem (3.5).

Lemma 4.4 (Properties of (4.11)) Consider (4.11), and let Assumption 4.1 hold. Then:

(a) There exists a solution 2°(k) = (z{(k), ..., 2, (k)) to (4.11) that satisfies inf , cpv Vi (z) = ¥ (2°(k)) =:

W7 > —oo. Further, the corresponding solution set is compact.
(b) f* >y > Wy forall k,t, k>t
(c) For any z°(k), there holds: ||V fi(zg..(k))|| < LD + G =: G*, for all i,k, where x5, (k) =
N
% > im1 25 ().

N(G*)2

(d) Forany k> 0, U} > f* — 502

Proof: For part (a), note that the function Uy, is, by Assumption 4.3, coercive. Also, the function Uy, is
closed and convex. Hence, as Wy, is closed, convex, and coercive, problem (4.11) is solvable, the solution
set is compact, and U3 > —oo (see, e.g., [81]).

We prove part (b). Fix some k, and note that:
N
fr=Ug(at) = filat) > Wi(at(k)) = ¥,

i=1

and thus f* > Wy. Next, fix k, t, k > ¢, and note that:

Ui = Wy(at(1) < Wi(2(k)) = Z Fiw§ (k) + 2l (k)T Lo (k)

and so ¥y < W} whenever ¢t < k, which completes the proof of part (b).

84



We now prove part (c). From part (b):

N
F(z°(k)) =Y _ fila§(k)) < U} < f* < NbB, Vk.
=1

Thus, 2°(k) belongs to set S, and then, in view of (4.6), we have: ||z§ (k)| < ||z°(k)|| < D, Vi, Vk. Further:

1
< 3 Nl=*(R) | < D.

12avg (K) | = N

avg

1 C
NZ%U{?)

=1

‘ N

We now upper bound ||V f; (25, (k))||:

IV fi(25g (K))

IV fi(aayg (k) — V fixf (k) + V fi(a5 (k)|
IV fi(25g () — V fi(@ (R))| + IV fil2 (k)]
L|j25g (k) — 25 (k)| + [V fi(25 (k)]

L ([logeg (R) + 125 (R)) + IV fi (25 (R)) |
2LD + G =: G*, Vk,

ININ A

IN

where we use ||z§ (k)| < ||2°(k)|| < D (as 2°(k) belongs to set S), (4.6), and the Lipschitz continuity of

the gradient V f; (see Assumption 4.2.) Thus, the result in part (c). We now prove part (d). We have:

N
Ui o= D fila§ (k) + Skt (k)T Lot (k)

i=1
N

> Y (filwhg (k) + V fil@hg (k) (25 (k) — 255 (K))) (4.14)
=1

+ gk(xc(k) — &g () 1) T L(2°(k) — 25y ()1)

* p C

> f(ig +Z( G5 (k) = g ()] + RN (L) 25 (K) — a5 (R)[2)  415)
. N(@GY)?

=/ 20k (L)

after (separately) minimizing each summand in (4.15) over € := ||z{(k) — 25, (k)|| € R. Inequality (4.14)

used convexity of the f;’s and the fact that L(z5,,(k)1) = 0. Inequality (4.15) used the bound on the
gradients ||V fi(z5,(k))|| < G*, and the variational characterization of the eigenvalues to show (z°(k) —

g (R)1) TL(2(k) — 2505 (k) 1) > Na(L)]|2°(k) — w5y (k)1 as (2°(k) — 25y, (k)1) is orthogonal to
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q = ﬁl—the eigenvector of £ that corresponds to A1 (L) = 0. Thus, the result in part (d). O

4.3.3 Convergence rate analysis

We briefly summarize the analysis. We first show that Zf\i 1 filzi(k)) = O(logk), thus showing that
Zij\il fi(zi(k)) does not grow fast with k. Then, using Assumption 4.3, we show that ||V f;(v:(k))|| =
O(log k). We then apply the latter to Theorem 2.8 with G, = O(log k), that gives us that f(z;(k)) — f* =
O(log® k/k), and, as a corollary, that f(z;(k)) is uniformly bounded, for all i, k. (Lemma 4.8.) Finally, we
explain how to boost the optimality gap bound to O(log k/k).

Bounding the function values by O(log k)

We now show that SV | f;(i(k)) is O(log k).

Lemma 4.5 Consider algorithm (4.7)—(4.10) under Assumptions 4.1, 4.2 and 4.3. Further, denote by R :=
|Z(0) — z*||. Then, forall k = 1,2, ...

N 2N R? D\ N(GH)?
;fz(xz(k‘))ﬁ + f(z(0)) + ( NB - Zf) m5k7

where

?
L

2 k—1
_.I_
t
1 t=2

Sp,=1+
t

O(logk). (4.16)

Proof: We prove Lemma 4.5 using the interpretation (4.12) that the iteration k of our algorithm (4.7)—
(4.8) is a Nesterov gradient step with respect to W;,. We use Lemma 2.5 from Chapter 2. We use it here to
estimate the progress in one iteration with respect to ¥y. More precisely, denote by v(k) = %ﬁ“m
and 0 = 2/(k + 2). Applying Lemma 2.5 with f = Uy, 2®* = 2*1, and Ly, = 1/, = k/c (Note that here
0 = 0; also, we do not choose z* to be an optimizer of Wy, which is a valid choice):

(k+1)2

T (Te(@(k) = Te(@* 1)) + (2/c)l|o(k) - 2*1|* 4.17)

k-1 * *1 112
< o (Welz(k = 1)) = Or(2™1) + (2/c)ll(k — 1) —2™1]%
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Next, note that the term % (Uk(x(k — 1)) — ¥g(2*1)) on the right hand side of (4.17) is, fork = 1,2, ...,
upper bounded as (because Wy, (z*1) > UF):

2 _ 2 _
o Welah— 1) - 1)) < L (il - 1) - )

<k (Up(z(k— 1)) — UL), (4.18)

IN

where the last inequality follows because Wy, (x(k—1)) > W5. Further, the term w (Vi(z(k)) — Yr(2*1))

on the left hand side of (4.17) is, for k = 1, 2, ..., lower bounded as:

(k+1)? (k+1)*

(p(z(k)) — Wi(z1)) = (Wi (z(k)) — W) —

k
2
> (k4 2) (T (a(k)) — wp) — FTD

(k+1)2

k (Wi (2"1) = W)

(Up(a*1) — UF) (4.19)

(k+1)* N(G*)?

> (o 2) (U (k) — W) — g

(4.20)

Here, (4.19) uses the fact that Uy, (z(k)) — W} > 0, so that 4241 (@ (2(k)) — UF) > E42k (9 (2(k)) -

U7); and (4.20) uses inequality f* — Uy = Wy (2*1) — ¥} < QJZIC()\L;()Z) from Lemma 4.4, part (d). Using
(4.18) and (4.20), dividing (4.17) by k, and rearranging the terms:

(1+7) (eutati) - w3+ Zote) - 1P

(k+1)* N(G*)?
B 2px(L)

2
< (el = 1) = 9) + —flo(k = 1) = 2" 1" +
or, equivalently:

(k) =21 < (Wg(a(k —1)) = F) + = (k—1) —2*1|?

—llv
ck
k+1)? N(G*)? 2 .
) 2p()\2()£) -2k v @2

(Whla(k) )+ = o

We next replace the term (W (x(k)) — W) on the left hand side in (4.21) with its lower bound that involves

(\II k1(z(k)) — ¥ +1). Using the definition of the functions Wy, and Wy, 4, adding and subtracting U _ | +
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o

(k)" Lx(k), and using the relation W}, > U} (see Lemma 4.4, part (b)):

N

(UL = W) = Y fiwilh) + BT Lalh) = Wi+ Wy — W
P
2

Pak)T La(k) — gaz(kz)Tﬁx(k)

Wpr (k) = Wiy) — o) " Lalk) + (Vip, — O7)

Uppr(2(k) — Vi) —

(
(

M\bw

> z(k) " Lax(k). (4.22)

Further, we replace the term —% (¥ (z(k)) — ¥}) on the right hand side of (4.21) by an upper bound as
follows. We express (¥, (x(k)) — ¥}) in terms of (‘I’Lk/zj (x(k)) — \Il’[km) as follows:

(Wh(a(k) - U3) = Zfz (k) + 2 a(k) T La k) —

p(k — [k/2])

= Z filwi(k)) + %x(kfﬁx(k) = Wlkjz) + Vkjzy — Yk + ) x(k) " La(k)
= (U2 (x(k)) = Ul n)) — (Oh — T o)) + w (k)T (k).

Thus, using (V5,2 (x(k)) — \Ijtk/QJ) > 0,and k — [k/2] > k/2, the term (Vy,(x(k)) — W) is bounded

from above as:

(U (o)~ WE) >~ — o))+ p T2 o),

or, equivalently:
2

2 (Welalk) — W) < V] = Whyyey) — Balh) Lo k)

Next, by Lemma 4.4, parts (c¢) and (d), the term :

* * * N G* 2
(k= Wleya) = (W5 = )+ (f = ¥gya)) < QP)\2E£)L)/€/2J, k=23,
which finally gives:
—% (U (z(k)) — UF) < (\If; - qqkm) - gx(k)%x(k) < /m - gw(kz)Tﬁx(k), k=23,..(4.23)
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Note that, for kK = 1:

2 (W) — W) < 20— W) — D)) (1), (4.24)

Now, applying the bounds (4.22) and (4.23) to (4.21), for k = 2,3, ...

(Wea(@(h) — Wii) + = olk) — 217 < (el — 1)~ W) + ol — 1) — 21

N(G*)? <(k+1)2 1 >

T o 2@ TRz

which gives:

(eon(o(k) = W) < (Welalk— 1)) — W) + ok —1) = 1) = flo(k) — 21
(k+1)2 1 N(G*)?
25 ku@/zj] o alL)

, k=23, ... (4.25)
Also, for k = 1:
2 2
(T2(2(1)) = ¥3) < (Va(2(0)) = ¥7) + —[lv(0) — 2 1* - (1) = 21|

(1+1)* N(G*)?
213 pAy(L)

+ 207 — 7). (4.26)
Finally, by telescoping (4.25) and (4.26), and using the definition of Sy, 1 in (4.16):

(Urpr(2(k) — Wi) < Wi(x(0) — T+(2/C)”U(O)_ZE*1H2+]f:[)\z(ﬁ)

[Skr1]  (4.27)

Too(Ur ).

Use equality #(0) = v(0) = Z(0)L: W} < £+ 05 > YN fri w1 > 0| £ and W3 (3(0)1) = F(3(0)).

Substituting the latter findings in (4.27), we get the desired result. O

Bounding gradients by O(log k)

We now use Lemma 4.5 to show that the gradients ||V f;(v;(k))|| = O(log K), k = 1, ..., K. Denote by:

' . AN 2N R* N(G*)?
Cp = (f*iT}.ﬁNZfJ)JF?’(bNBZfi>+f(x(0))+ - +2p(>\2()£). (4.28)

i i=1
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Lemma 4.6 Consider algorithm (4.7)—(4.10) under Assumptions 4.1, 4.2 and 4.3, and denote by:

1

Cgrad = 3L max {B, 2

Cr b+ LI+ e [V GO 429

Then, forall k = 0,1,..., K:
||Vfl(yl(k))|| < Cgrad SK-

Proof: Fix arbitrary node i € {1,2, ..., N}. By Lemma 4.5, and using f;(z;(k)) > g #i

N N
* * 2NR2 N(G*)Q *
(. < — ; - Z J
filzi(k)) < | f ;fﬂ + c * 2pA2(L) k3 ONE i=1 £

because S, > 1forallk =1,..., K,and S, < Sk, forall k = 1, ..., K. Next, using Assumption 4.3:

[zi(F) || < max{B, (1/b)C¢} Sk

which, because ||y(k)|| = ||z (k) + l,j—jr%(x(k) —z(k=1)| <2||z(k)|| + ||lx(k — 1)||, gives:
lyi (k)| < 3 max{B, (1/b)Cy} Sk, (4.30)

Now, using the Lipschitz continuity of V f; and the triangle inequality:

IVfilyiDI = IV i

N
<
=
—~~ —~
&
=
w
~
~
\
<
=
—~~
&
=
o
S~—
=
+
<
=k
—~~
&
=
(=)
S~—
=

IN

Lllyi(k) = 5i(O) | + IV filw: (0))]

Lllyi(R)Il + Llly: ) + [V fi(yi(0))]]-

IN

The latter gives the desired result using the bound (4.66), the inequalities ||y;(0)|| = ||=;(0)| = ||z(0)
IV £i(y:(0))| < max;—y._n || V.fi(%(0))]], and using Sgr > 1. O

Optimality gap O(log® k/k): Bounding the function values by O(1)

We are now ready to prove the O(log® k/k) rate of convergence, as well as the bounded gradients result.
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Theorem 4.7 (The O(log® k/k) rate of convergence under the growth assumption) Consider algorithm (4.7)—
(4.10) under Assumptions 4.1, 4.2 and 4.3. Then, for all nodes i, the optimality gap +( f(zi(k)) < f*) =

O(log® k/k); more precisely:

Gk - £ @3
2R? 2 o s2 & t+], 5 S?
< 16 LCnsChraa 5 E: + Ciraa Ceons 5 b =1,2,.,

where S}, is in (4.16); Ceons s in (2.21); and Cyag is in (4.29).

Lemma 4.8 Consider algorithm (4.7)—(4.10) under Assumptions 4.1, 4.2 and 4.3. Then, for all nodes %, for

allk=1,2, ...
2

+ay LC? C?

cons ~grad

f(xl(k)) < f*"i' +CL2N0 Ceons,

grad

where S, is in (4.16); Ceon is in (2.21); Cgraq is in (4.29); and a1, az are universal constants independent

of system parameters.

Proof: [Proof of Theorem 4.7] We recall Theorem 2.8 from Chapter 2. Recall that, to establish the
optimality gap at iteration k, the proof of this Theorem actually required only that the gradients ||V f; (vy;(t))]]
be bounded, V¢t = 0,1, ..., k. Hence, for a fixed k£, we can replace the uniform bound on the gradients G
with a bound G/, that satisfies: ||V f;(y;(t))]| < Gg, ¥t = 0,1,...,k. We can use G, = Cgrad S, With
Sk in (4.16) and Cigraq in (4.29). Applying Theorem 2.8 with G, = Ceons Sk, We get (4.31), and thus,
Theorem 4.7. O

Proof: [Proof of Lemma 4.8] Lemma 4.8 follows after maximizing the right hand side in (4.31) over

k > 1, i.e., after calculating that:

1)2 5?2
)}gmm mw{;}ﬁm.ﬂ

SQ
16 max {k
E>1 k — E>1

Improving convergence rate to O(log k/k)

It is clear that we can now improve convergence rate to O(log k/k). As the function values f(x;(k)) are
uniformly bounded by a constant for all k£, we proceed like in the proof of Lemma 4.6, and conclude that the

gradients V f;(y;(k)) are uniformly bounded by a constant, i.e., it holds that: ||V f;(y; (k)| < C? 4. Vi, Vk,

grad ’

91



for a certain constant C’

arad- Applying Theorem 2.8 from Chapter 2, we obtain the O(log k/k) convergence

rate, as desired.

4.4 D-NG method: Constrained optimization with constant step-size

In this Section, we present a projected D-NG method for constrained optimization (4.1). Subsection 4.4.1
introduces the model, the algorithm, and clone functions similar to the previous Section; Subsection 4.4.2

performs convergence analysis. This Section assumes static networks.
4.4.1 Model and algorithm
We impose the following structure on the costs f;’s and the constraint set X

Assumption 4.9 (a) For all 7, f; is convex, coercive, and Lipschitz with respect to the Euclidean || - || norm

on the set X, i.e., there exists G’ € (0, 00), such that:
[ fi(z) = i)l < G |lz —yl|, Vz,y € X.

(b) f;is continuously differentiable, with Lipschitz continuous first derivative of constant L:

IV file) = Vi)l < Lllz —yll, Va,y € RY

(c) The set X is closed, convex, and non-empty.

Condition 1 (a) on the Lipschitz continuity of f;(-) on X" holds for any function f;(-) that satisfies the other
Assumptions in 1 when X is a compact set. By Assumption 4.9, problem (3.5) is solvable, the optimal value

f* > —o0, and the solution set is non-empty and compact, e.g., [81].

The algorithm

We now present the projected D-NG algorithm. The algorithm is the same as (4.7)—(4.8), except that it

introduces the projection step:

vi(k) = Peq (1—Liw)y(k—1)+w Y y;(k—1) —aVfi(yi(k — 1)) (4.32)
JEO;
vi(k) = (k) + Br—1 (xi(k) —xi(k—1)), k=1,2,.., (4.33)
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with initialization x;(0) = y;(0) = Z(0). Here, S is given in (4.9), and Py is the Euclidean projection onto
the set X:

Py {2} = argminy, e [lyi — z|*.
The variables z;(k) are feasible, i.e., z;(k) € X, for all k£, while the variables y; (k) may not be feasible.

We require that the step size « and the averaging weight w satisfy:

1
< - 4.34
“ S Ir oW (39

w = ap, (4.35)

where p > 0 is a parameter specified further ahead. Hence, we require the same a priori knowledge (param-

eters L and Ay (L)) as in Section 4.3.

Clone functions ¥,

Similarly to Section 4.3, we introduce the clone function ¥, and the clone problem as:

minimize V,(z) := sz\il filzi) + 82" La 4.36)
subjectto z € AN, ‘ .

where X'V denotes the Cartesian product XYV = X x ... x X' (X repeated N times.) By Assumption 4.9,
problem (4.11) is solvable and has a compact solution set. Denote by W7 the optimal value of (4.11), and

z°(p) a solution to (4.11). By Lemma 4.4, we have that U5 < f*.

4.4.2 Convergence analysis

We now study convergence of the projected D-NG algorithm (4.32)-(4.33). We have the following Theo-

rem.

Theorem 4.10 Consider algorithm (4.32)—(4.34) under Assumptions 4.1 and 4.9, with the step-size

1
T ILrow()

Then:
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(a) foralli=1,..,N,forallk=1,2,...:

N(N - 1)(G")? L 2 &+ pAn(0))] [|2(0) —z°(p)|?
2p N k2 '

fracIN ( f(zi(k)) — f*) < (4.37)

(b) Let X be a compact set with ||y|| < B’, for all y € X, and fix the desired accuracy € > 0. Then, for:

_ N(GAN -1

p=ple) = c ;

we have: & ( f(zi(k)) — f*) < €, Vk > ko(€), Vi, where:

k ( ) 4N\/>\N(L)G,B/ n 4B’\/maxiL
o\€) = )
€ Ve

i.e., the e-accuracy is achieved after at most kg (€) iterations.

Theorem 4.10 says that, with the proposed D-NG algorithm, for the compact set X and appropriately chosen
p, the number of iterations (per-node communications and per-node gradient evaluations) for e-accuracy in
the cost function is O(1/e).

Proof: [Proof of Theorem 4.10] We first prove claim (a). The proof consists of two parts. First, we
use the convergence results for the Nesterov method [73, 82] to estimate the error in terms of the clone

function ¥, (x(k)) — W7. Second, we relate the clone error ¥, (x(k)) — W7 and the true error at any node j:
f(xj(R)) = f~.
Clone function error

By the convergence results for the Nesterov gradient method [73], and noting that the Lipschitz constant of

VU, equals L + pAn (L), we have that, for all £:

2 (L + pAn (O] [|2(0) —z(p)II* _ Cw

p(z(k)) — ‘I’; <

k2 S k2
Relating the clone and the true errors
We now fix a node j and start with the clone error:
U, (x(k)) — \IJ; (4.38)
al 1
= D _filwi(k) + 5 pa(k) " La(k) - ;. (4.39)
i=1
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Consider equation (4.38), and fix a node j at which we want to estimate the true error. By Lipschitz conti-

nuity of f;(-) on X and by the fact that z;(k), z;(k) € X, we have that:

I fi(zi(k)) = filz; (k)] < G'lai(k) — x;(R)]]. (4.40)

Now, adding and subtracting f* from (4.38) while using the fact that U7 < f*, and using (4.40) gives:

N
U, (x(k) — U > Z filaj(k)) = f* (4.41)

v
=
8

<
Ny
Nt
\
~
*
\
Q
N
=
IS4
"
B}
—~
NA
~
\
8
<
—~
=y
=
N————

We now lower bound the quadratic form
T 2
el Loe= ) ai—a)?
{ij}ek

for any € RY. Fix a node j, and let max;. ; z; ||z; — x;|| =: ||xs — z;||. Because the graph is connected,
there is a path of length D from node s to node j, say (s = i1) — i2 — ... — (ipy1 = j), Where

1< D<N —1. Then:

> DHD(:CS—:CZ-2)+...—I—D(xiD — ;) (4.42)
1 1
= EH% x| > m“xs—xﬂ|2a
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where we use the fact that, for any path, D < (N — 1), and inequality (4.42) uses convexity of the quadratic

function z — ||z||2. Using the latter bound for = = z(k), we have:

2
+ ;(Np—l) <ggi§llxi(k)—xj(k)”> 4.43)
2 _ "2
thﬂm—ﬁ—ngy@)’ i

where (4.44) follows by maximizing NG’ — % 0 pr ) 52 over 6 € R. Equation (4.44) allows us to relate the

clone and the true errors:

N2(N - 1)(G")?

(k) = £* < Wy(olh) = 05+ =

(4.45)

Equation (4.45), combined with (4.38), and dividing both sides of the inequality by N, completes the proof
of part (a).

We now prove part (b). Let the set X be compact, such that ||y|| < B’, for all y € X. Denote by
B :=\/NB'. Then,
[2(0) = ()]l < =) + [=“(p)[| < 2B,

which gives:

fzi(k)) — f* < 20 (4.46)
2 (L + pAn(£))] (2B)?
k2
- Gy p% - % (4.47)

with 1 = w Cy = 8B2)\N(£), and C5 = 8LB?. Now, fix an € > 0, and consider the iteration
K (p)-the smallest iteration k at which f(z;(k)) — f* < e, for all i. Our goal is then to find p > 0
that minimizes K (p) and to find the corresponding minimal value K*(e). Instead of finding the actual

minimum, it suffices for our purpose to find an upper bound on K*(¢), and a sub-optimal p, which we call
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p(€). By (4.47), we have that

2Cy + pC,
K2 <P 21T pPL3
(p) T

=: M(e, p), p> Cy/e. (4.48)

201 _ N2(G)*(N-1)
€ €

Now, set p(e) := . This value, when plugged in the right hand side of (4.48), gives:

4C1Cy  2C
M(e.p(e) = =5+ .

€

From above, using inequality /z + y < \/z + /¥y, z, > 0, we can conclude that:

k(o) < V(e ple) < 20 4 VI,

Substituting the values of C', C, and ('3, and replacing the value of € to IV € (because we are interested in

the normalized optimality gap +( f(2;) — f*)), we obtain the result (b). O

Remark. For the projected D-NG method with a constant step size, the clone function approach gives
better bounds than the approach using “global averages” T (k) and 7(k) that we adopted in Chapters 2 and 3.
Namely, with the “global averages™ approach, we would get (we do not consider here the constants, expect

the step size a, to illsustrate the point):

k
i) - 1 =0 () +a0 (lj zﬁumt)u) ,

where Z(k) = + Zf;l zi(k), y(k) = % Zfil yi(k),and y(k) = y(k) —y(k)1. As the disagreement is not
guaranteed to converge to zero under a constant step-size, the second summand above is O(« k), and we get
the error accumulation. This, however, does not reflect the actual behavior of the projected D-NG method,

whereby the cost function stays in a neighborhood of f* when k increases.

4.5 Projected mD-NC method: Constrained optimization

This Section presents the projected mD—NC method for random networks. In Subsection 4.5.1, we intro-
duce the framework of (centralized) inexact projected Nesterov gradient. This extends our results from
Chapter 2 to constrained problems and inexact, feasible projections. Subsection 4.5.2 introduces the model

and presents the projected mD-NC method. Finally, Subsection 4.5.3 performs convergence rate analysis.
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4.5.1 Framework of Inexact Nesterov gradient method

Throughout this Subsection, we consider the (centralized) constrained minimization of a function f(x)
subject to x € X, where f : R% — R is convex, and X C R%is a nonempty, closed, convex set. Before
detailing the inexact projected Nesterov gradient, we recall from Chapter 2 the pointwise inexact (first order)

oracle and the inexact projection.

Definition 4.11 (Inexact oracle) Consider a convex function f : R? — R and a nonempty, closed, convex
set X'. We say that a pair (fy, Ey) cRxRisa (Ly, 6) inexact oracle of f at point y € R? over the set
X if:

Jy+9, (x—y), Veex (4.49)

=
&
\Y

o L
flx) < fy+gJ(x—y)+7ny—sz+5y, Vr € X. (4.50)

We give a couple of remarks with respect to Definition 4.11. First, in Definition 4.11, we require that =
belongs to X, while y may lie outside X'. Second, throughout we just use the wording “inexact oracle
at y” rather than “inexact oracle of f at y over X,” as the set X’ and the function f are understood from
context. Finally, if (fy, §y> is a (L, é,) inexact oracle at y, then it is also a (Lfy, 5y) inexact oracle at y,
with L; > L.

We next give the definition of an inexact projection. First, denote the exact (Euclidean) projection of

y € R%on X by Py{y} = argmin,.y|z — v].

Definition 4.12 (Inexact projection) We say that x € R? is a (-inexact projection of y € R% on X if: 1)
x € X;and 2) ||z — Pr{y}| <.

Inexact projected Nesterov gradient

We consider the following inexact iteration of the Nesterov gradient method to minimize f(x) over X.
For a given point (Z(k — 1),7(k — 1)) € & x R?, let (ﬁ_hﬁk_l) be a (Lk_1,dx_1) inexact oracle at

~

y(k — 1); further, let P, {?(k -1) - Lklil/g\kfl} be a (j—1-inexact projection of F(k — 1) — Lkl,lgkfl'

Construct T(k), y(k) as:

~ 1
o) = Pfoti-n- g} @s)

yk) = (k) + Be (@(k) —2(k - 1)). (4.52)
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We have the following Lemma on the progress (per iteration) of (4.51)—(4.52).

Lemma 4.13 (Progress per iteration) Consider (4.51)-(4.52) for some k£ = 1,2, ... and let * be arbitrary
point in X'. Further, assume that the set X is compact with ||z|| < B, Vz € X, Then:

(k+1)* (f@(k)) = f(z*)) + 2Le-1|[o(k) — 2*|® (4.53)

< (K =1) (F@k = 1) = f(2*) + 2Leal[o(k = 1) = 2®* + (k + 1)* 61 + (k +1)* k-1,

where 0, = 2/(k + 2) and

o(k—1) = ylk—1) - (19;fk1)x(k -1 (4.54)

M1 = Lp—1Cp 1+ L <6B + ”i’;‘ll”) ot (4.55)

Proof of Lemma 4.13 is in Section 4.6.

4.5.2 Model and algorithm

We consider constrained optimization problem (4.1) and let the f;’s and X obey the following.

Assumption 4.14 (a) The set X’ is nonempty, convex, and compact with ||z|| < B, Vz € X for some

B € (0,00).

(b) For all i, f; : R? — R is convex, continuously differentiable, with Lipschitz continuous gradient with

constant L on the set X’ := {z € R?: |z|| <3 B}:
IV fi(z) = VA < Lllz = yl, Yo,y € x".

By Assumption 4.14, there exists a solution z* € X with f(z*) = f* = inf,cx f(z), and the solution
set {z* € X : f(a*) — f*} is compact. Also, the gradient V f;(z) is bounded over the set A", i.e., there
exists a constant G € [0, 00) such that |V f;(z)|| < G, Va € X’. Assumption 4.14 encompasses many costs
fi’s; e.g., any f; that is twice continuously differentiable on R? obeys Assumption 4.14 (b) with constant
L = max ey | V2 fi(2)].

For convenience, we briefly recall the random network model in Chapter 2. The projected mD-NC
algorithms operates in two time scales, i.e., it has inner iterations s and outer iterations k. There are 73, inner
iterations at the outer iteration s, with 7, specified further ahead. We capture the communication pattern at

(k, s) by the random matrix W (k, s) that obeys the following.
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Assumption 4.15 The matrices W (k, s) are

(a) Mutually independent and identically distributed;

(b) Stochastic, symmetric, with positive diagonals, almost surely;

(c) There exists a positive number w, such that, for all 4,5 = 1,..., N, almost surely, W;;(k,s) € {0} U

[w, 1];

(d) The graph is connected on average, i.e., ||E [W(k,s)] — J|| < 1.

Denote by 11 := (HE [W(k:, 3)2] —J H) 1/2, and introduce, for future reference, the following matrices:

W(k) = W (k, i)W (k, 7 — 1)..W(k,1) and W(k) :== W(k) — J. (4.56)

Projected mD-NC algorithm

Projected mD-NC has all equal steps as the algorithm mD-NC in Chapter 2, and an additional projection

on the constraint set X'. (Recall that Py{y} denotes the projection of y on X.) The projected mD-NC is

summarized in Algorithm 3. The step-size o« < 1/(2L).

Algorithm 3 The projected mD-NC algorithm

1.
2:
3:

Initialization: Node i sets: z;(0) = y;(0) € R%; and k = 1.

Node i calculates: 2\%) (k) = y:(k — 1) — aV fi(y; (k — 1)).

(Consensus) Nodes run average consensus on a 2d x 1 variable x;(s,k), initialized by x;(s = 0,k) =
(@1 (k)T ik = 1))

= Y Wik,s)xj(s—Lk), s=1,2,...m%, 7= { (4.57)

4log k + log N-‘
J€0;(k)

—log i

and set xgc)(k) = [xi(s = Tk, k)];., and be)(k —1) := [xi(5 = T, k)] gy 1.0 q- (Here [a]1.yy, is a selection of [-th,
[ + 1-th, ..., m-th entries of vector a.)
Node i calculates:

x;(k) == Py {xgc)(k)} :

Node 7 calculates:

yi(k) = (1 + Br—1)zi(k) — Br—1 be)(k —1).

: Set k — k + 1 and go to step 2.
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4.5.3 Convergence rate analysis
Inexact oracle framework

To analyze the convergence rate of the projected mD-NC algorithm, we use the framework of inexact
projected Nesterov gradient method in Subsection 2.4.1. Similarly to mD-NC for the unconstrained opti-
mization in Chapter 2, we consider the global average Z(k) := &+ ZZJ\L 1 z;(k), the disagreement at node
ir (k) := x;(k) — T(k), and the aggregate quantities (k) := (x1(k)",...,zn(k)")" and Z(k) :=
(x1(k)T,...,zn(k)")T. We also consider the counterparts for y;(k), xga)(k), a:,gb)(k), and xEC)(k), defined
analogously.

We next derive the update equation for (Z(k),y(k)). From Algorithm 3, steps 2 and 3, we have that

)

7@ (k) = 7 (k) = 5(k) — Yol Zf\il V fi(yi(k — 1)); from the latter and steps 4 and 5:

N

Z(k) = P {y(kf —1) - % >V filyilk — 1))} (4.58)
=1

y(k) = T(k) + fr—1 (T(k) —T(k - 1)), (4.59)

where we define the inexact projection 73k by:

ﬁk{yw—l)—;ivmyxk—m} Pef{z )} = ZPX{C b @6
i=1

As with mD-NC for unconstrained optimization, algorithm (4.58)—(4.59) can be viewed as an inexact
projected Nesterov gradient algorithm. Both the “gradient direction” and the projection step are inexact.
With respect to “gradient direction” inexactness, we recall Lemma 2.5 in Chapter 2. This Lemma continues
to hold here as well. Furthermore, it can be shown that we still have &;_1 := L||g(k — 1)||?. The next

Lemma quantifies the projection inexactness.

Lemma 4.16 Consider the projected mD-NC algorithm with step size « < 1/(2L), and let Assump-
tions 4.14 and 4.15 hold. Then, Z(k) is (;—;—inexact projection of 7j(k — 1) — & Zf\;l Vfilyi(k — 1)),
with

[Cha]l < TII“C( )|I- (4.61)

That is: 1) Z(k) € X, and 2) || (k) — Py {y(k: —1) = &SN Vfilyi(k - 1))} | < (-1

Proof: We first prove claim 1 (Z(k) € X). Note that Z(k) = + Zf\;l Py {xgc)(k)}, and so it belongs

to X as a convex combination of the points that belong to X'. We next prove claim 2. Using Z(¢) (k) =y(k—
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1) - % Zi\il V fi(yi(k — 1)), equations (4.58) and (4.60), and expressing Z(k) = Zfil Py {xz(c)(k:)}

N N
(k) - P {y<k —1) = Vil - 1>>} < SRy {9} - Pe {700} I a62)
i=1 =1

Consider the right hand side in (4.62). Expressing :cz(c)(k) = 7O (k) + Egc)(k), and using the non-

expansiveness property of projection: , obtain:

N((,

, (4.63)

N
(k) — PX{(kI;Z i(yi(k 1}

] < g o

2
where the last inequality follows by convexity of u +— u?: (% ZZJL Hfz(c)(k:) H) <+ Zfil Hil(c)(k:) 1?2 =

il Al

Disagreement estimate

We next find the bounds on ||7(k)|| and ||Z() (k)]

projection inexactness (k.

Lemma 4.17 Consider the projected mD—NC algorithm under Assumptions 4.14 and 4.15, and set the step
size « < 1/(2L). Then, forall k = 1,2, ...:

(E[lzowi])’ < B[Eow)e] < YEZTad) (@64
EMIN? < E[E0I? < <3ij oG, @.65)

Proof: The left inequalities in (4.64) and (4.65) follow, e.g., from the Jensen inequality i (E[Z]) <
E[h(Z)], with h(z) = 22.

We now prove the two right inequalities. We conduct the proof for d = 1, while the extension to generic
d is straightforward.

The proof has four steps. In Step 1, we upper bound ||y(k)||. In Step 2, we prove (4.64). In Step 3, we
upper bound E [||Z(k)||?] . Finally, in Step 4, we prove (4.65).

Step 1: Bounding ||y(k)||. We first prove a bound for ||y(k)||. Consider step 3 in Algorithm 3 and

fix arbitrary node ¢. Note that $§b)(k — 1) belongs to X', because it is a convex combination of the points
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xzj(k —1),7 =1,..., N, that belong to the set X'. Next, using |f_1| < 1:
b
lyi (W) < 2li(k)] + 2" (k — 1) < 3B,

as x;(k), w(-b)(k: — 1) € X, Vk. Thus, we obtain the desired bound:

1

ly(k)|| < 3V NB, Vk. (4.66)

Step 2: Proof of (4.64). Recall the definition of W (k) in (4.56). and VNV(k) = W(k) — J. From steps 2

and 3 in Algorithm 3, note that 7(¢) (k) can be written as:

F (k) = W(k)(I = J) (y(k — 1) — aVF(y(k — 1))).

Recall Lemma 3.13 in Chapter 2. Take the norm, use the sub-multiplicative and sub-additive properties
of norms, and square the obtained inequality. Further, use ||/ —.J|| = 1, inequality (4.66), ||[VF(y(k—1))| <
VNG , Lemma 3.13, and the Jensen inequality, to obtain (4.64).

Step 3: Upper bounding E [||#(k)||2]. For #;(k) := x:(k) — %(k), using z; (k) = Py {x§C>(k)} and
T(k) = & S2IL) Pr{x;j(k)}, we have:

J@I = |[Pafal ZPX{x - ;ﬁj(mx B} = Pr{al?(h)})
1 & ]]V_
) B E ol KNG
j=1
< w2 (Fow] ) < \zﬁc&m\\%\\%mu.

1

J

The left inequality in (4.67) is by convexity of norms, while the right inequality is by the non-expansiveness
of the Euclidean projection' HPX{a} — Py{b}|| < |la — b, Ya,b € RY. The left inequality in (4.68) is
by expressing |2} (k) — 2,7 ()| = 1z (k) =7/ (k) + @ (k) = )| < [} (k) - *<c><k>u +
1Z() (k) — x§c))||; and the rlght inequality in (4.68) is by (% ZZ 1 ||~(C (k )||) <1 ZZ L ||~ ( N2 =

+ 1Z(¢) (k)||>. Summing the squared right inequalities in (4.68) over i = 1, ..., N, and using

(ol + g lrom]) <2 o] + 3 fow]

103




we obtain:

IZ(R)17 < 417 (k)]

Thus, from (4.64), we obtain the desired bound:

N(3B + aG)?

E (RN < E[IF0®)P] < 200

(4.69)

Step 4: Proof of (4.65). From step 5 in Algorithm 3, we have:

J(k) = (14 Be-1)3(k) — Be_17®(k — 1)
= (14 B 1)F(k) = B W(E) (I — J)x(k — 1).

Thus, using || fx—1]] < 1:
G < 20FE)+ IV ER)|IEE = 1.

Squaring the latter inequality, using (a 4 b)? < 2a2 + 2b%, (4.69), and ||(I — J)z(k — 1)|| < VNB, we
obtain:

[F(R)N1Z < 4l1Z(R) 1 + 2V (k)1 |2 (k — 1),
Taking expectations, using (4.69), and using Jensen’s inequality, we finally obtain (4.65). O
Convergence rate

We are now ready to state the convergence rate result for the projected mD-NC algorithm.

Theorem 4.18 Consider the projected mD-NC given in Algorithm 3 under Assumptions 3.1, 3.2, and 4.14

with the constant step size « < 1/(2L). Let ||Z(0) — z*|| < R, R > 0. Then, after

k

1

K=>n< g7 (4(k + 1) log(k + 1) + (k 4+ 1) log N)
t=1

communication rounds, i.e., after k outer iterations, we have, at any node ¢:

Elf(i(k) =1 1

2
~ % <R2 +ay LB + dy L(6B + aG)? + aG2> . k=12, .., (4.70)
(6

where @ and a), are universal constants independent of system parameters.
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Proof: [Proof outline] We apply Lemma 4.13 with 2°* = z*. Further, as 6, < L||g(k)||?>. we have,

by Lemma 4.16, and Lemma 4.17: &, < L|y(k)|? = %, G < HE(\Z’/)%’)H < 33’;0‘6', Finally, set
Li_1 = N/a, and note that |G| = || 2N, V£i(yi(k)|| < NG, Vk, as yi(z) € X', Vk. We now have

all the relevant quantities set, and the proof proceeds by applying Lemma 4.13, and is similar to proofs of

Theorem 3.8 and 3.15. O

4.6 Proof of Lemma 4.13

Proof: We perform the proof in three steps.

Step 1. We first prove the following auxiliary equality:

Op_10(k) = T(k) — (1 — Op_)T(k — 1). 4.71)

Using the definition of (k) in (4.54), 0 = 2/(k + 2), fr—1 = (k —1)/(k + 2), and (4.52):

v(k)

— - 1 —1
_ k2 k—1_ . k—1_ k (k>>_k+ ) - P L 1),

5 <x(/<:) + mw(k:) — mm(k —-1)— P = z(k) — 5

Multiplying the expression on the right hand side of the last equality by ;1 = 2/(k~+1), the result follows.

Step 2. We prove the following relation:

Ly
F@(R)) < F(2)+ Lima (@) =gk = 1) (2 =2 (k) + =5 [7(k) =5k = DI + 851+, ¥z € X.
(4.72)
Because 7(k) € A (by construction), we have, using (4.50):
~ Ly
F@R)) < Joo1 + ooy @) = 5k = 1)) + —o=[Z(k) = H(k = D)]]* + 5. (4.73)

2

Denote by p := Py {@(k‘ —-1)— L,f,ﬁk—l} . We next upper bound the term

~

g T
H(2) = Ly (yac Sy e m<k>) @) - =),

k—1
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for arbitrary z € X'. Adding and subtracting p in the second and third factors of I1(z), obtain:

I(z)

Ly <y(k -1)- %;j —p)T (p—2)

~ T
# D (=)= B2 ) @) =)+ Lealp = 30)T (0 2) - Lua o~ 50

v

~Licallglh = 1) = =5 = 5l [30) — pll = L lp = 30l — 2 = Li-allp - 30) 474

The inequality follows by: 1) upper bounding the last three summands of II(z) via u'v > —|ul|||v

Vu,v € R and 2) using the fact that the first summand is nonnegative by the following projection property:

(w — Pye{w})" (px{w} — 2) > 0,Vz € X. We next upper bound ||Z(k) —p||, |[7(k —1) — % —p||, and
Jk—1

Ip — z[|. Upper bound ||5(k — 1) — #=% — p|| using the sub-additive property of norms:

~

_ Jk—1 _ |G-
[y(k—1) - —pll < ly(k = 1) +
Lj— Li—1

+ llpll-

Next, from (4.52), |Br—1| < 1, and because T(k — 1),z(k) € X: |y(k — 1)|| < 3B. Also, because
Z(k),p € X, we have ||Z(k)|| < B and ||p|| < B. Using the latter bounds on ||[g(k — 1)||, |Z(k)||, and ||p]|:

o~

Gk Gk

_ — —1
1Z(k) — pll < Ce—1, [[y(k—1) [ pl <4 [

» lz—pl < 2B, (4.75)

where the bound on ||Z(k) — p|| is by the algorithm construction. Applying (4.75) to (4.74), obtain:

~

]
0 <) 4o = Lo (6= D = 2Lz} @) =) 4men, @76)

where nj,_1 is given in (4.55). From property (4.49): f,_1 < f(2) +g._,(@(k — 1) — 2), and so, using the
last equation and adding (A.3) and (A.4), the claim (A.2) follows.

Step 3. We finalize the proof of Lemma 4.13 by proving (4.53). We start by using relation (A.2).
Namely: 1) setting z = Z(k — 1) in (A.2) and multiplying inequality (A.2) by 1 — 6j_1; 2) setting z = z*
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in (A.2) and multiplying inequality (A.2) by 8;_1; and 3) adding the corresponding two inequalities:

Or—1 {f(@(F)) — f(@*)} + (1 = Ok—1) {f(T(K)) — f(=(k — 1))}
= {f@F) - ")} = Q=) {f@(E-1)) - f(z*)}
< OprLi—r @R) =Gk = 1) (@* = T(k) + (1 = Op—1)Li—1 (@(k) =5k = 1) @k — 1) — T(k))

b ) 5k~ DI + 6y

= L1 @ (k) — Gk — 1) T (O _12® + (1 — O _1)T(k — 1) — T(k)) + L’;‘l (k) =Gk — D)) + 651 + 11

_ L’“; 2@ (k) =Gk — 1)) (Br_12® + (1 — 6p_1)E(k — 1) — F(k))

+ |[z(k) =gk = DII*) + 0k—1 + k1. 4.77)
Denote by:

M1 = 2@(k) =5k = 1)) T (Op-12* + (1 = Gp—1)T(k = 1) = Z(k)) + [Z(k) —g(k = D).

Then, inequality (A.5) is written simply as:

Ly

{f@(k)) = f(2*)} = (= Opn) {f(@(k = 1)) = f(2%)} = =

M1+ Ok—1 + N1 (4.78)
Now, we simplify the expression for Mj,_; as follows. Using the identity:

1Z(k) = 5k = VII* = 2(z(k) =k — 1)) "Z(k) + [5(k = D|* = [2(%)[|*,
we have:

My = 2(@(k) =gk — 1)) T (Os—12* + (1 = Op—1)T(k — 1)) — [[Z(k)|* + [|l5(k — 1)|>

[F(k = 1) = (1 = Op—1)T(k — 1) + Op—12®)[|* = [[T(k) — (1 = Op—1)T(k — 1) + Op12®)||*

07 1 v(k — 1) — 2°||> — 67, |v(k) — 2*||?, (4.79)

where the last equality follows by the definition of T(k — 1) in (4.54) and by the identity (A.1). Now,
combining (A.6) and (A.7):

(f@k) = f(*) — (1 =0-)(f(T(k—1)) = f(z*))

Lp1607 | . B .
< T (fotk = 1) = 2®I = otk) = ®I?) + Gko1 + M.
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Finally, multiplying the last equation by 0%, and using 0,1 = 2/(k + 1), we get the result. O
k—1

4.7 Simulation example

We provide a simulation example for the D-NG method and an acoustic source localization problem. The
cost function specified further ahead does not have bounded gradients, but it satisfies Assumptions 4.2
and 4.3, i.e., it fall in the setup of Section 4.3.

We explain the source localization problem. A sensor network instruments the environment where
an acoustic source is positioned at an unknown location # € R?, e.g. [64]. The source emits a signal

isotropically. Each node (sensor) ¢ measures the received signal energy:

A
Y= o G (4.80)
16 — 74

Here r; € R? is node i’s location, known to node i, A > 0 and x > 0 are constants known to all nodes, and G
is zero-mean additive noise. The goal is for each node to estimate the source’s position . A straightforward
approach is to find the nonlinear least squares estimate § = x* by minimizing the following cost function
(of the variable x):

2
minimize Zf\il <yi — ¢) . (4.81)

[z —rafl*

Problem (4.81) is nonconvex and is difficult; still, it is possible to efficiently obtain a good estimator 0 based

on the data y;, ¢ = 1, ..., N, by solving the following convex problem:

N
minimize » _ dist? (z, ;) , (4.82)
=1

where C; is the disk C; = {a: ER?: ||z — | < (;)I/H}, and dist(z,C) = infycco ||z — y| is the
distance from x to the set C. In words, (4.82) finds a point 0 that has the minimal total squared distance
from disks C;, 7 =1, ..., N.

The simulation setup is as follows. Each node 7 acquires a single data sample y; according to model (4.80).
The coefficients A = 1 and s = 2; the true source’s position is (0.2,0.2) " ; and the measurement noise ¢; is
zero mean, Gaussian, i.i.d. across sensors, with the standard deviation 0.5. In case that the measurement y;
is negative (due to adding a large negative noise (;, we set y; = 0.

The network has N = 70 nodes (sensors) and 299 links and is modeled as a geometric graph. Sensors

are deployed uniformly randomly on a unit square, and the sensor pairs whose distance is less than a radius
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are connected by an (undirected) edge.

Figure 4.1 plots the relative error averaged across nodes <: NLf* sz\; 1(f(z4) — f*)), f* # 0, versus
the iteration number % in a log;, — log; scale. We compare D-NG in (4.7)—(4.8) with the algorithm in [2].
With (4.7)—(4.8), we set the step-size ay, = 1/(k + 1); with [2], we set oy, = 1/[(k + 1)7], with 7 €
{1/10,1/3,1/2,1}. We can see that our D-NG method converges much faster in % than the algorithm in [2]
for any of the considered step-size choices (choices of 7). For example, for the target average relative error
of 0.001, D-NG takes about 500 iterations, while [2] requires about 14, 000 iterations. At the same time,
both algorithms have the same communication cost per k and a similar computational cost per k. Also,
from Figure 4.1, the rate of convergence (the slope of the log-log plot) is approximately 1/k? with our
method (4.7)—(4.8), while the best rate with [2] (among all considered choices of 7) is for 7 = 1/2 and is

slightly worse than 1/k.
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Figure 4.1: Acoustic source localization in sensor networks: Relative error averaged across nodes:
%}u Zf\il(f(ml) — f*), f* # 0, versus iteration number k in a log;, — log; scale for: 1) algorithm (4.7)—
(4.8) with step size a, = 1/(k+1); and 2) algorithm in [2] with o, = 1/(k+1)", 7 € {1/10,1/3,1/2,1}.

4.8 Conclusion

In this Chapter, we analyzed our distributed Nesterov-like gradient methods under alternative function
classes, in the following three scenarios. The first two scenarios holds for static networks, while the third

scenario is valid for random networks as well. 1) We analyze D-NG method for unconstrained problems,
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when the bounded gradients Assumption is replaced with a certain growth condition and show that rates
O(log k/k) and O(log K/K) are still achieved by the D-NG. 2) We analyze projected D-NG method for
constrained optimization and differentiable, coercive costs with Lipschitz continuous gradients. for compact
constraints, we show that the constant step size projected D-NG method converges within € neighborhood
of the optimal cost function in O(1/¢) communications and gradient evaluations per-node. Finally, 3) we
analyze the projected mD-NC method for differentiable costs with Lipschitz continuous gradients, when

the constraint ste is compact, and show O(1/k?) and O(1/K?~®%) convergence rates.
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Chapter 5

Weight Optimization for Consensus over

Random Networks

5.1 Introduction

In Chapters 2 and 3, we have seen that the consensus algorithm and the products of stochastic matrices
W (k) play an important role in the performance of distributed optimization algorithms like D-NG, D-NC,
and their modifications mD-NG and mD-NC. In particular, the convergence constant of these methods
depends on the inverse spectral gap ﬁ, where 11 := (||E [W(k)?] —J ||)1/ ?. The quantity 7z depends
significantly on the weights that nodes assign to their neighbors. In this Chapter, we address the weight
optimization (to minimize fz), when the underlying network is random, with spatially correlated and tem-
porally independent links. For simplicity of presentation, we introduce our results from the perspective of
the consensus algorithm — distributed computation of an average. However, studying the random consensus
dynamics is equivalent to studying the products W (k)W (k — 1)...W(0) of the random stochastic matrices.
Hence, the results from this Chapter are of directed use in distributed optimization algorithms like mD-NG

and mD-NC. We demonstrate this by a simulation example in Section 5.5.

Specifically, we consider the following problem: how to assign the weights C;; with which the nodes
mix their states across the network, so that the convergence of the consensus algorithm is the fastest possible.
This problem has not been solved (with full generality) for consensus in random topologies. We study this
problem for networks with symmetric and asymmetric random links separately, since the properties of the
corresponding algorithm are different. For symmetric links (and connected network topology on average),

the consensus algorithm converges to the average of the initial nodes’ states almost surely. For asymmetric
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random links, all the nodes asymptotically reach agreement, but they only agree to a random variable in the
neighborhood of the true initial average.

We refer to our weight solution as probability-based weights (PBW). PBW are simple and suitable for
distributed implementation: we assume at each iteration that the weight of link (2, j) is Cj; (to be optimized),
when the link is alive, or 0, otherwise. Self-weights are adapted such that the row-sums of the weight matrix
at each iteration are one. This is suitable for distributed implementation. Each node updates readily after
receiving messages from its current neighbors. No information about the number of nodes in the network
or the neighbor’s current degrees is needed. Hence, no additional online communication is required for
computing weights, in contrast, for instance, to the case of the Metropolis weights (MW) [65].

Our weight design method assumes that the link occurrence probabilities and their spatial correlations
are known. With randomized protocols, the link occurrence probabilities and their correlations are induced
by the protocol itself, and thus are known. For networks with random link failures, the link occurrence
probabilities relate to the signal to noise ratio at the receiver and can be computed. In [13], the occurrence
probabilities are designed in the presence of link communication costs and an overall network communi-
cation cost budget. When the WSN infrastructure is known, it is possible to estimate the link occurrence
probabilities by measuring the reception rate of a link computed as the ratio between the number of received
and the total number of sent packets. Another possibility is to estimate the link occurrence probabilities
based on the received signal strength. Link occurrence correlations can also be estimated on actual WSNis,
[83]. If there is no training period to characterize quantitatively the links on an actual WSN, we can still
model the probabilities and the correlations as a function of the transmitted power and the inter-sensor
distances. Moreover, several empirical studies ([83, 84] and references therein) on the quantitative proper-
ties of wireless communication in sensor networks have been done that provide models for packet delivery

performance in WSNs.

Contribution. Building our results on the previous extensive studies of convergence conditions and rates
for consensus algorithm, e.g., [1, 80, 13], we address optimization of the weights in consensus algorithms
with correlated random topologies. Our method is applicable to: 1) networks with correlated random link
failures (see, e.g., [13] and 2) networks with randomized algorithms (see, e.g, [10, 1]). We first address the
weight design problem for symmetric random links and then extend the results to asymmetric random links.

With symmetric random links, we use as the optimization criterion the mean squared consensus con-
vergence rate fi2, which we denote here by ¢(C'), thus indicating the dependence on the weights C. We
explicitly express the rate ¢(C') as a function of the link occurrence probabilities, their correlations, and the

weights. We prove that ¢(C') is a convex, nonsmooth function of the weights. This enables global optimiza-
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tion of the weights for arbitrary link occurrence probabilities and and arbitrary link correlation structures.
We solve numerically the resulting optimization problem by a subgradient algorithm, showing also that the
optimization computational cost grows tolerably with the network size. We provide insights into weight de-
sign with a simple example of complete random network that admits a closed form solution for the optimal
weights and convergence rate and show how the optimal weights depend on the number of nodes, the link
occurrence probabilities, and their correlations.

We extend our results to the case of asymmetric random links, adopting as an optimization criterion the
mean squared deviation (from the current average state) rate ¢)(C'), and show that ¢)(C') is a convex function
of the weights.

We provide simulation experiments to demonstrate the effectiveness of our approach. We provide two
different models of random networks with correlated link failures; in addition, we study the broadcast gossip
algorithm [1], as an example of randomized protocol with asymmetric links. In all cases, simulations confirm
that our method shows significant gain compared to the methods available in the literature. Finally, we
demonstrate by a simulation example with the mD-NG algorithm in Chapter 3 and Huber loss cost functions

that the PBW can significantly improve convergence constant with distributed optimization algorithms.

Related work. Reference [13] studies the tradeoff between the convergence rate and the amount of commu-
nication that takes place in the network. This reference is mainly concerned with the design of the network
topology, i.e., the design of the probabilities of reliable communication {F;;} and the weight « (assuming
all nonzero weights are equal), assuming a communication cost Cj; per link and an overall network com-
munication budget. Reference [1] proposes the broadcast gossip algorithm, where at each time step, a single
node, selected at random, broadcasts unidirectionally its state to all the neighbors within its wireless range.
We detail the broadcast gossip in subsection 5.5.2. This reference optimizes the weight for the broadcast
gossip algorithm assuming equal weights for all links.

The problem of optimizing the weights for consensus under a random topology, when the weights for
different links may be different, has not received much attention in the literature. Authors have proposed
weight choices for random or time-varying networks [85, 65], but no claims to optimality are made. Ref-
erence [65] proposes the Metropolis weights (MW), based on the Metropolis-Hastings algorithm for sim-
ulating a Markov chain with uniform equilibrium distribution [86]. The weights choice in [85] is based
on the fastest mixing Markov chain problem studied in [87] and uses the information about the underlying

supergraph. We refer to this weight choice as the supergraph based weights (SGBW).
Summary of the chapter. Section 5.2 describes our model of random networks and the consensus algo-

rithm. Sections 5.3 and 5.4 study the weight optimization for symmetric random graphs and asymmetric
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random graphs, respectively. Section 5.5 demonstrates the effectiveness of our approach with simulations.

Finally, Section 5.6 concludes the chapter. We derive the proofs of some results in Appendices C.

Notation. Symbol R” is the N-dimensional Euclidean space. Inequality < y is understood element
wise, i.e., it is equivalent to a; < y;, for all i. A sequence of random matrices is denoted by {W (k)},~,
and the random matrix indexed by k is denoted W (k). If the distribution of W (k) is the same for any k, we
shorten the notation W (k) to W when the time instant k is not of interest. Symbol R™V*M denotes the set
of N x M real valued matrices and SV denotes the set of symmetric real valued N x N matrices. The i-th
column of a matrix W is denoted by W;. Matrix entries are denoted by W;;. Quantities W @ V, W © V,
and W & V denote the Kronecker product, the Hadamard product, and the direct sum of the matrices W
and V, respectively. Inequality W = V (W =< V) means that the matrix W — V is positive (negative)
semidefinite. Inequality W > V (W < V) is understood entry wise, i.e., it is equivalent to W;; > V;,

for all 7, j. Quantities ||W

, Ai(W), and r(WW') denote the matrix 2-norm, the i-th smallest eigenvalue, and
the spectral radius of W, respectively. The identity matrix is I. Given a matrix W, Vec(W) is the column
vector that stacks the columns of W. For given scalars zy, ..., zy, diag (x1, ...,xx) denotes the diagonal
N x N matrix with the i-th diagonal entry equal to x;. Similarly, diag(z) is the diagonal matrix whose
diagonal entries are the elements of z. The matrix diag (W) is a diagonal matrix with the diagonal equal to
the diagonal of W. The /N-dimensional column vector of ones is denoted by 1. The ideal consensus matrix
J = %HT. The i-th canonical unit vector, i.e., the i-th column of I, is denoted by e;. Symbol |S| denotes
the cardinality of a set .S.

The result in this Chapter have been published in [46].

5.2 Problem model

This section introduces the random network model that we apply to networks with link failures and to
networks with randomized algorithms. It also introduces the consensus algorithm and the corresponding

weight rule assumed in this chapter.

5.2.1 Random network model: symmetric and asymmetric random links

We consider random networks—networks with random links or with a random protocol. Random links arise
because of packet loss or drop, or when a sensor is activated from sleep mode at a random time. Randomized
protocols like standard pairwise gossip [10] or broadcast gossip [1] activate links randomly. This section

describes the network model that applies to both problems. We assume that the links are up or down (link
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failures) or selected to use (randomized gossip) according to spatially correlated Bernoulli random variables.

To be specific, the network is modeled by a graph G = (V, E'), where the set of nodes V' has cardinality
|V| = N and the set of directed edges F, with |[E| = 2M, collects all possible ordered node pairs that
can communicate, i.e., all realizable links. For example, with geometric graphs, realizable links connect
nodes within their communication radius. The graph G is called supergraph, e.g., [13]. The directed edge

(i,j) € E if node j can transmit to node 1.

The supergraph G is assumed to be connected and without loops. For the fully connected supergraph,
the number of directed edges (arcs) 2M is equal to N(N — 1). We are interested in sparse supergraphs, i.e.,

the case when M < $N(N — 1).
Associated with the graph G is its N x N adjacency matrix A:

1 if(i,j) e E
Aij =
0 otherwise

The in-neighborhood set €2; (nodes that can transmit to node 7) and the in-degree d; of a node ¢ are

Q = {j:(ij) € B}

di = |l

We model the connectivity of a random WSN at time step k by a (possibly) directed random graph G(k) =
(V,E(k)). The random edge set is

E(k)={(i,j) € E: (i,j) is online at time step k},

with £(k) C E. The random adjacency matrix associated to G(k) is denoted by A(k) and the random

in-neighborhood for sensor i by €2;(k).

We assume that link failures are temporally independent and spatially correlated. That is, we assume
that the random matrices A(k), k = 0,1, 2, ... are independent identically distributed. The state of the link
(4,7) at a time step & is a Bernoulli random variable, with mean P, i.e., P;; is the occurrence probability
of link (4, j). At time step k, different edges (4, j) and (p, ¢) may be correlated, i.e., the entries A;;(k) and

Apq(k) may be correlated. For the link 7, by which node j transmits to node ¢, and for the link s, by which
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node ¢ transmits to node p, the corresponding cross-variance is

[Rq] s E [-Aijqu] - Pijppq-

5.2.2 Consensus algorithm

We recall the consensus algorithm from Chapter 2. Besides the consensus problem (distributed computation
of an average), the random consensus dynamics plays an important role in the performance of distributed
optimization algorithms like D-NG and D-NC in Chapter 2 and their modifications mD-NG and mD-NC in
Chapter 3. In this Chapter, we present the results mainly in the context of consensus algorithm; Section 5.5

considers a simulation example on distributed optimization via mD-NG.

Let z;(0) represent a scalar measurement or initial data available at sensor 4, i = 1, ..., N. Denote by

Tavg the average:
| N
Tavg = N Z z;(0).
i=1

The consensus algorithm computes x,y, iteratively at each sensor 7 by the distributed weighted average:

zi(k +1) = Wa(k)zi(k) + Y Wii(k)a;(k), k=0,1,.. (5.1)
JE€Q (k)

We assume that the random weights W;; (k) at iteration k are given by:

Cij if j € Q;(k)
Wij(k) = § 1= cq,m Wim(k) ifi=m (5.2)
0 otherwise.

In (5.2), the quantities C;; are non random and will be the variables to be optimized in this Chapter. We also
take C;; = 0, for all 4. By (5.2), when the link is active, the weight is C;, and when not active it is zero.
Note that C;; are non zero only for edges (7, j) in the supergraph G. If an edge (4, j) is not in the supergraph

the corresponding Cj; = 0 and W;;(k) = 0.

We write the consensus algorithm in compact form. Let z(k) = (21(k) z2(k) ... zn(k))T, W = [Cyj],

W (k) = [W;;(k)]. The random weight matrix W (k) can be written in compact form as

W (k) = C ® A(k) — diag (WA(K)) + I (5.3)
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and the consensus algorithm is simply stated with z(k = 0) = x(0) as
ek +1) = W(k)z(k), k>0 (5.4)

To implement the update rule, nodes need to know their random in-neighborhood 2;(k) at every iteration.
In practice, nodes determine €2;(k) based on who they receive messages from at iteration k.

It is well known [1, 88] that, when the random matrix W (k) is symmetric, the consensus algorithm is
average preserving, i.e., the sum of the states x;(k), and so the average state over time, does not change, even
in the presence of random links. In that case the consensus algorithm converges almost surely to the true
average Taye. When the matrix W (k) is not symmetric, the average state is not preserved in time, and the
state of each node converges to the same random variable with bounded mean squared error from z,y, [1].

When the physical communication channels are asymmetric, and the error on the asymptotic consensus
limit ¢ is tolerable, consensus with an asymmetric weight matrix W (k) can be used. An example of such a
protocol is the broadcast gossip algorithm proposed in [1]. Section 5.4 studies this type of algorithms.

Set of possible weight choices: symmetric network. With symmetric random links, we will always
assume C;; = C}j;. By doing this we easily achieve the desirable property that 1V (k) is symmetric. The set

of all possible weight choices for symmetric random links C becomes:
C={CeRVN:Cy=Cy, Cyj=0,if(i,j) ¢ E, Cyy =0, Vi} (5.5)

Set of possible weight choices: asymmetric network. With asymmetric random links, there is no good
reason to require that C;; = C;, and thus we drop the restriction C;; = C};. The set of possible weight

choices in this case becomes:
coym = IC e RVN . Cy; =0, if (i,§) ¢ E, Cy =0, Vi} (5.6)

Depending whether the random network is symmetric or asymmetric, there will be two error quantities that

will play a role. We introduce them here briefly, for reference.

Mean square error (MSE): symmetric network. Define the consensus error vector e(k) and the error

covariance matrix X(k):

e(k) = w(k) — wayl (5.7)
S(k) = E[e(k)e(kﬂ. (5.8)
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The mean squared consensus error MSE is given by:

MSE(k) = i E [(xi(k:) - xavg)Q] —E [e(k)Te(k)} = tr2(k). (5.9)

i=1
Mean square deviation (MSdev): asymmetric network. As explained, when the random links are asym-
metric (i.e., when W (k) is not symmetric), and if the underlying supergraph is strongly connected, then the
states of all nodes converge to a common value c that is in general a random variable that depends on the
sequence of network realizations and on the initial state (0) (see [88, 1]). In order to have ¢ = Tavg, almost

surely, an additional condition must be satisfied:
1"W(k)=1T, as. (5.10)

See [88, 1] for the details. We remark that (5.10) is a crucial assumption in the derivation of the MSE
decay (5.25). Theoretically, equation (5.23) is still valid if the condition W (k) = W (k)T is relaxed to
1"W (k) = 1T. While this condition is trivially satisfied for symmetric links and symmetric weights Cij =
Cjs;, it is very difficult to realize (5.10) in practice when the random links are asymmetric. So, in our work,

we do not assume (5.10) with asymmetric links.

For asymmetric networks, we follow reference [1] and introduce the mean square state deviation MSdev
as a performance measure. Denote the current average of the node states by Zayg (k) = %ﬂx(k). Quantity

MSdev describes how far apart different states z; (k) are; it is given by

N

MSdev(k) = Y~ B [(wi(k) - ue ())?] = E [¢(K) ()]

where

C(k) = x(k) — ave (k)1 = (I — J)z(k). (5.11)

5.2.3 Symmetric links: Statistics of 1/ (k)

In this subsection, we derive closed form expressions for the first and the second order statistics on the

random matrix W (k). Let ¢(k) be the random vector that collects the non redundant entries of A(k):
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where the entries of .4 (k) are ordered in lexicographic order with respect to 7 and 7, from left to right, top to
bottom. For symmetric links, A;;(k) = A;;(k), so the dimension of ¢(k) is half of the number of directed
links, i.e., M. We let the mean and the covariance of ¢(k) and Vec (A(k)) be:

r = Elg(k) (5.13)
m = Elg(k) (5.14)
R, = Cov(q(k)) =E[(q(k) —7) (q(k) —m)"] (5.15)
Ry = Cov(Vec(A(k))) (5.16)

The relation between R, and R 4 can be written as:
Ry =FR,F'. (5.17)

where F € RV**M g the zero one selection matrix that linearly maps (k) to Vec (A(k)), i.e., Vec (A(k)) =

Fq(k). We introduce further notation. Let P be the matrix of the link occurrence probabilities
P = [PBy].

Define the matrix B € RY**N? with N x N zero diagonal blocks and N x N off diagonal blocks B;; equal
to:

Bij = 1€iT + ele.

and write C'in terms of its columns C' = [C} Cs ... Cn]. We let
6201@02@...@0]\1.

For symmetric random networks, the mean of the random weight matrix W (k) and of W?2(k) play an
important role for the convergence rate of the consensus algorithm. Using the above notation, we can get

compact representations for these quantities, as provided in Lemma 1 proved in Appendix C.

Lemma 5.1 Consider the consensus algorithm (5.4). Then the mean and the second moment R, of W
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defined below are:

W = E[W]=CoP+I—diag(CP) (5.18)
2 —2

Reonw = E[W?] -W (5.19)

= 07 {RA@(I®11T +11T @1 —B)} c (5.20)

In the special case of spatially uncorrelated links, the second moment R¢., of W are

%Rcm — diag { ((11T - P) ® P) Co C)} - (11T - P) ©PoCoC. (5.21)

For asymmetric random links, the expression for the mean of the random weight matrix W (k) remains
the same (as in Lemma 1). For asymmetric random links, instead of E [WQ] — J, the quantity of inter-
est becomes E [WT (I—1J) W] (The quantity of interest is different since the optimization criterion will
be different.) For symmetric links, the matrix E [WQ] — J is a quadratic matrix function of the weights

’

Ci;; it depends also quadratically on the P;;’s and is an affine function of [R,], ;- The same will still

hold for E [WT (I—1J) W] in the case of asymmetric random links. The difference, however, is that
E [WT (I—J) W] does not admit the compact representation as given in (5.19), and we do not pursue
here cumbersome entry wise representations. In the Appendix C, we do present the expressions for the

matrix E [W T (I — J) W (k)] for the broadcast gossip algorithm [1] (that we study in subsection 5.5.2).

5.3 Weight optimization: symmetric random links

5.3.1 Optimization criterion: Mean square convergence rate

We are interested in finding the rate at which MSE(k) decays to zero and to optimize this rate with respect

to the weights C'. First we derive the recursion for the error e(k). We have from (5.4):

Uz(k+1) = 1T W(E)z(k)=1"T2(k) = 1"2(0) = N oy

1Te(k) = 1Tx(k) —-1"1 Lavg = Nmavg - Nxavg =0
We derive the error vector dynamics:

e(k+1)=x(k+1) — a0l = W(k)x(k) — W(k)zae 1 = W(k)e(k) = (W (k) —J) e(k) (5.22)
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where the last equality holds because Je(k) = 311" e(k) = 0.
Recall the definition of the mean squared consensus error (5.9) and the error covariance matrix in (5.8)

and recall that MSE(k) = tr (k) = E [e(k)e(k) "]. Introduce the quantity
P(C) = Ay (E[W?] - J). (5.23)

The quantity ¢ = ¢(C') is precisely the square of the quantity 7z in Chapter 3. The next Lemma shows that

the mean squared error decays at the rate ¢(C').

Lemma 5.2 (m.s.s convergence rate) Consider the consensus algorithm given by (5.4). Then:

tr (S(k+1) = tr((E[W? —J)2(k)) (5.24)
tr(E(k+1)) < (o(C)) tr(X(k)), k>0. (5.25)

From the definition of the covariance ¥(k + 1), using the dynamics of the error e(k + 1), interchanging
expectation with the tr operator, using properties of the trace, interchanging the expectation with the tr
once again, using the independence of e(k) and W (k), and, finally, noting that W (k)J = J, we get (5.24).
The independence between e(k) and W (k) follows because W (k) is an i.i.d. sequence, and e(k) depends
on W(0),..., W(k — 1). Then e(k) and W (k) are independent by the disjoint block theorem [89]. Hav-
ing (5.24), (5.25) can be easily shown, for example, by exercise 18, page 423, [90].

We remark that, in the case of asymmetric random links, MSE does not asymptotically go to zero. For

the case of asymmetric links, we use different performance metric. This will be detailed in section 5.4.

5.3.2 Symmetric links: Weight optimization problem formulation

We now formulate the weight optimization problem as finding the weights Cj; that optimize the mean

squared rate of convergence:

minimize C
¢(C) (5.26)
subjectto W € C.

The set C is defined in (5.6) and the rate ¢(C) is given by (5.23). The optimization problem (5.26) is
unconstrained, since effectively the optimization variables are C;; € R, (i, j) € E, other entries of C' being
ZEer10.

A point C* € C such that ¢(C*®) < 1 will always exist if the supergraph G is connected. Reference [80]

studies the case when the random matrices W (k) are stochastic and shows that ¢(C®) < 1 if the supergraph
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is connected and all the realizations of the random matrix W (k) are stochastic symmetric matrices. Thus,
to locate a point C* € C such that ¢(C®) < 1, we just take C'® that assures all the realizations of W be

symmetric stochastic matrices. It is trivial to show that for any point in the set
Sstoch = {C € C: Ci; >0, if (1,j) e E, W1<1} CC (5.27)

all the realizations of W (k) are stochastic, symmetric. Thus, for any point C* € Sgiocn, We have that
¢(C*®) < 1if G is connected.

We remark that the optimum C* does not have to lie in the set Sgocn. In general, C* lies in the set
Sconv ={C €C:¢(C) <1} CC (5.28)

The set Sgtoch 1S @ proper subset of Scony (If W € Sgtoch then ¢(C') < 1, but the converse statement is not
true in general.) We also remark that the consensus algorithm (5.4) converges almost surely if ¢(C) < 1
(not only in mean squared sense). This can be shown, for instance, by the technique developed in [80].

We now relate (5.26) to reference [91]. This reference studies the weight optimization for the case
of a static topology. In this case the topology is deterministic, described by the supergraph G. The link
occurrence probability matrix P reduces to the supergraph adjacency (zero-one) matrix A, since the links
occur always if they are realizable. Also, the link covariance matrix R, becomes zero. The weight matrix

W is deterministic and equal to
W = W=diag(CA)—CoOA+I

Recall that 7(X) denotes the spectral radius of X. Then, the quantities (r (W — J))* and ¢ (W) coin-
cide. Thus, for the case of static topology, the optimization problem (5.26) that we address reduces to the

optimization problem proposed in [91].

5.3.3 Convexity of the weight optimization problem

We show that ¢ : C — R is convex, where C is defined in (5.6) and ¢(C') by (5.23).
Lemma 5.1 gives the closed form expression of E [WZ] We see that ¢(C') is the concatenation of
a quadratic matrix function and Ay (-). This concatenation is not convex in general. However, the next

Lemma shows that ¢(C') is convex for our problem.
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Lemma 5.3 (Convexity of ¢(C')) The function ¢ : C — R is convex.

Choose arbitrary X, Y € C. We restrict our attention to matrices C' of the form
C=X+tY,teR. (5.29)

Recall the expression for W given by (5.2) and (5.4). For the matrix C given by (5.29), we have for
W =W(t)

W(t) = I—diag[(X+tY) A+ (X+tY)0A (5.30)

= X+t), X=X0A+I—diag(XA), Y=Y ®A—diag(XA).
Introduce the auxiliary function n : R — R,
n(t) =y (E[W@®)?] - J). (5.31)

To prove that ¢(C) is convex, it suffices to prove that the function ¢ is convex. Introduce Z(t) and compute

successively

Zt) = Wt)?2—-J (5.32)
— (XY —J (5.33)
= Y (XY VX)) + X% T (5.34)
= t*Z,+t2 + 2. (5.35)

The random matrices Zo, Z1, and Z; do not depend on ¢t. Also, Z is semidefinite positive. The function
7(t) can be expressed as

n(t) = An (E[Z(1)]) -

We will now derive that
Z(l-a)t+aou) = (1-—a)Z(t)+aZ(u), Yae|0,1], Vt,u € R. (5.36)
Since n(t) = t? is convex, the following inequality holds:

(1 —a)t+au)® < (1—a)t® +au?, ac0,1]. (5.37)
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Since the matrix Z is positive semidefinite, (5.37) implies that:
(((1 —a)t+ au)2> Zy=<(1—a)t* Zo+au® 2, a €0,1]

After adding to both sides ((1 — a)t + au) 21 + Zj, we get (5.36). Taking the expectation to both sides
of (5.36), get:

E[Z((1-a)t+au)] < E[(1-a)Z() +aZ(u)]

= 1-aE[Z({#)]+aE[Z(u)], ae€]0,1].
Now, we have that:

n((1l—a)t+au) = AN(E[Z((1—-a)t+au)])

IN

AN (1= @)E[Z()] + aE[Z (u)])

IA

(1 =) AN (E[Z(1)]) + Ay (E[Z (u)])

= (1—-a)nt)+an(u), aecl0,1].

The last inequality holds since Ay (-) is convex. This implies 7(¢) is convex and hence ¢(C') is convex.

5.3.4 Fully connected random network: Closed form solution

To get some insight how the optimal weights depend on the network parameters, we consider the impracti-
cal, but simple geometry of a complete random symmetric graph. For this example, the optimization prob-
lem (5.26) admits a closed form solution, while, in general, numerical optimization is needed to solve (5.26).
Although not practical, this example provides insight how the optimal weights depend on the network size
N, the link occurrence probabilities, and the link occurrence spatial correlations. The supergraph is sym-
metric, fully connected, with N nodes and M = N(N — 1)/2 undirected links. We assume that all the
links have the same occurrence probability, i.e., that P(¢y =1) = m = p, p € (0,1], 1 = 1,..., M. We
assume that the cross-variance between any pair of links 7 and j equals to [Ry];; = 8p(1 — p), where § is

the correlation coefficient. The matrix R, is given by

Ry=p(l-p) |1 =9I +6117].
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The eigenvalues of R, are An(Ry) = p(1 —p) (1 + (M —1)8), and N\i(Ry) = p(1 —p) (1 —5) > 0,
i =2,..., M. The condition that R, > 0 implies that 5 > —1/(M — 1). Also, we have that

E [giqj] — E[q:] E [g;]

B (5.38)
V/Var(q;)/Var(q;)
Pla=la=0=p", »_ (5.39)
p(1—p) ~ 1-p
Thus, the range of 3 is restricted to
. I P P (5.40)
max | -7 p)sPst .

Due to the problem symmetry, the optimal weights for all links are the same, say C*. The expressions for
the optimal weight C* and for the optimal convergence rate ¢* can be obtained after careful manipulations

and expressing the matrix E [W2] — J explicitly in terms of p and ; then, it is easy to show that:

. 1
O S M T a-petAN—2) G4l
1
* = 1= . 5.42
’ L TE(RI-) ) o4

The optimal weight C* decreases as ( increases. This is intuitive, since positive correlations imply
that the links emanating from the same node tend to occur simultaneously, and thus the weight should be
smaller. Similarly, negative correlations imply that the links emanating from the same node tend to occur
exclusively, which results in larger weights. Finally, we observe that in the uncorrelated case (5 = 0), as
N becomes very large, the optimal weight behaves as 1/(Np). Thus, for the uncorrelated links and large
network, the optimal strategy (at least for this example) is to rescale the supergraph-optimal weight 1/N by
its occurrence probability p. Finally, for fixed p and IV, the fastest rate is achieved when [ is as negative as

possible.

5.3.5 Numerical optimization: subgradient algorithm

We solve the optimization problem in (5.26) for generic networks by the subgradient algorithm, [92]. In this
subsection, we consider spatially uncorrelated links, and we comment on extensions for spatially correlated
links. Expressions for spatially correlated links are provided in Appendix C.

We recall that the function ¢(17) is convex (proved in Section 5.3.3). It is nonsmooth because Ay (-)

is nonsmooth. Let H € SV be the subgradient of the function ¢(C). To derive the expression for the
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subgradient of ¢(C'), we use the variational interpretation of ¢(C'):

$(C) = max v’ (E[W?] —J) v = max f,(O). (5.43)

vlv=1 vlv=1

By the subgradient calculus, a subgradient of ¢(C) at point C' is equal to a subgradient H,, of the function
fu(C) for which the maximum of the optimization problem (5.43) is attained, see, e.g., [92]. The maximum
of f,(C) (with respect to v) is attained at v = u, where u is the eigenvector of the matrix E [WQ] —-J
that corresponds to its maximal eigenvalue, i.e., the maximal eigenvector. In our case, the function f,(C) is
differentiable (quadratic function), and hence the subgradient of f,,(C') (and also the subgradient of ¢(C))
is equal to the gradient of f,(C), [92]:

uT 2EWIT) if (i,7) € E

Hij = 9Ci; (5.44)
0 otherwise.

We compute for (i,j) € E

0 (W2 iy Rcm)
Hz'j = u 8CZ u (545)

= u' (—2WPij(€i —¢j)(ei —e;) " +4Ci; Py(1 = Py)(ei — ¢j)(ei — ej)T> u

= 2Pl](ul — uj)uT(Wj — Wl) + 4Pz](1 — B )C”(ul — ’U,j)2 (5.46)

The subgradient algorithm is given by Algorithm 4. The stepsize o is nonnegative, diminishing, and

Algorithm 4 Subgradient algorithm
Set initial W) € C

Setk=1
Repeat
Compute a subgradient H*¥) of ¢ at W) and set WHEHD) = k) — o, F*)
k=k+1
nonsummable: limy_,co = 0, Y_po; a = 0o. We choose o, = ﬁ, k=1,2,..

5.4 Weight optimization: asymmetric random links

We now address the weight optimization for asymmetric random networks. Subsections 5.4.1 and V-B intro-
duce the optimization criterion and the corresponding weight optimization problem, respectively. Subsection

V-C shows that this optimization problem is convex.
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5.4.1 Optimization criterion: Mean square deviation convergence rate

Introduce now

D(C) == Ay (E [WT (I—J) WD . (5.47)

Reference [1] shows that the mean square deviation MSdev satisfies the following equation:
MSdev(k + 1) < ¢(C)MSdev(k), Vk > 0. (5.48)

Thus, if the quantity ¢(C) is strictly less than one, then MSdev converges to zero asymptotically, with the
worst case rate equal to ¢)(C'). We remark that the condition (5.10) is not needed for (5.48) to hold, i.e.,
MSdev converges to zero even if condition (5.10) is not satisfied; this condition is needed only for (5.25) to

hold, i.e., only to have MSE to converge to zero.

5.4.2 Asymmetric network: Weight optimization problem formulation

In the case of asymmetric links, we optimize the mean square deviation convergence rate, i.e., we solve the

following optimization problem:

minimize (C)
subjectto W € C*y™m (5.49)
SN PCij=1,i=1,..,N

The constraints in the optimization problem (5.49) assure that, in expectation, condition (5.10) is satisfied,
1.e., that

1"TEW]=1". (5.50)

If (5.50) is satisfied, then the consensus algorithm converges to the true average 4,4 in expectation [1].

Equation (5.50) is a linear constraint with respect to the weights C;;, and thus does not violate the
convexity of the optimization problem (5.49). We emphasize that in the case of asymmetric links, we do
not assume the weights C;; and Cj; to be equal. In section 5.5.2, we show that allowing C;; and C}; to be

different leads to better solutions in the case of asymmetric networks.
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5.4.3 Convexity of the weight optimization problem

We show that the function ¢/(C') is convex. We remark that reference [1] shows that the function is convex,
when all the weights C;; are equal to g. We show here that this function is convex even when the weights

are different.

Lemma 5.4 (Convexity of 1¥(C')) The function ¢ : C*Y™ — R, is convex.

The proof is very similar to the proof of Lemma 5.3. The proof starts with introducing C' as in (5.29)
and with introducing W (t) as in (5.30). The difference is that, instead of considering the matrix W2 —.J, we
consider now the matrix W' (I — J) W. In the proof of Lemma 5.3, we introduced the auxiliary function

n(t) given by (5.31); here, we introduce the auxiliary function (t), given by:
A(t) = A (WO = D), (5.51)

and show that ¥ (C) is convex by proving that x(t) is convex. Then, we proceed as in the proof of
Lemma 5.3. In (5.35) the matrix Z9 becomes Zo := yT(I — J)Y. The random matrix Z5 is obviously

positive semidefinite. The proof then proceeds as in Lemma 5.3.

5.5 Simulations

We demonstrate the effectiveness of our approach with a comprehensive set of simulations. These simu-
lations cover both examples of asymmetric and symmetric networks and both networks with random link
failures and with randomized protocols. In particular, we consider the following two standard sets of exper-
iments with random networks: 1) spatially correlated link failures and symmetric links and 2) randomized
protocols, in particular, the broadcast gossip algorithm [1]. With respect to the first set, we consider cor-
related link failures with two types of correlation structure. We are particularly interested in studying the
dependence of the performance and of the gains on the size of the network /N and on the link correlation
structure.

In all these experiments, we consider geometric random graphs. Nodes communicate among themselves
if within their radius of communication, . The nodes are uniformly distributed on a unit square. The number
of nodes is N = 100 and the average degree is 15% N (= average number of neighbors across all nodes.) In
subsection 5.5.1, the random instantiations of the networks are undirected; in subsection VI-B, the random

instantiations of the networks are directed.
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In the first set of experiments with correlated link failures, the link occurrence probabilities P;; are
chosen such that they decay quadratically with the distance:

5\ 2
Pj=1-k <) , (5.52)

r

where we choose &k = 0.7. We see that, with (5.52), a link will be active with high probability if the nodes

are close (6;; ~ 0), while the link will be down with probability at most 0.7, if the nodes are apart by 7.

We recall that we refer to our weight design, i.e., to the solutions of the weight optimization prob-
lems (5.26), (5.49), as probability based weights (PBW). We study the performance of PBW, comparing
it with the standard weight choices available in the literature: in subsection 5.5.1, we compare it with the
Metropolis weights (MW), discussed in [91], and the supergraph based weights (SGBW). The SGBW are
the optimal (nonnegative) weights designed for a static (nonrandom) graph G, which are then applied to a
random network when the underlying supergraph is . This is the strategy used in [85]. For asymmetric
links (and for asymmetric weights C;; # C};), in subsection 5.5.2, we compare PBW with the optimal

weight choice in [1] for broadcast gossip that considers all the weights to be equal.

In the first set of experiments in subsection 5.5.1, we quantify the performance gain of PBW over SGBW

and MW by the gains:
7 = SCBW (5.53)
TPBW
where 7 is a time constant defined as:
1
- 5.54
T 05m¢(0) (55

We also compare PBW with SGBW and MW with the following measure:

I = ffBBVVVV (5.55)
M = glivvvv (5.56)

where 7 is the asymptotic time constant defined by

1
n = m (5.57)
A O
T = klfélo(He(om) 6:38)

For random networks 7 is an almost sure constant and 7 is an upper bound on 7, [85].
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Subsections 5.5.1 and 5.5.2 will provide further details on the expermints.

5.5.1 Symmetric links: random networks with correlated link failures

To completely define the probability distribution of the random link vector ¢ € R, we must assign prob-
ability to each of the 2 possible realizations of ¢, ¢ = (a1, ...,anr) |, a; € {0,1}. Since in networks of
practical interest M may be very large, of order 1000 or larger, specifying the complete distribution of the
vector ¢ is most likely infeasible. Hence, we work with the second moment description and specify only
the first two moments of its distribution, the mean and the covariance, m and R2,. Without loss of generality,

order the links so that w1 < m9 < ... < mpy.

Lemma 5.5 The mean and the variance (7, R;) of a Bernoulli random vector satisfy:

0 < m <1,i=1,..N (5.59)
R, = 0 (5.60)
max (—mmy, m + 7 — 1 —mimy) < [Rgl; <mi(l—m5) = Rij, i<j (5.61)

Equations (5.59) and (5.60) must hold because 7;’s are probabilities and R, is a covariance matrix.

Recall that
[Rql;; = Elaigs] —Ela] Elgj]l =P (ai =1, ¢; = 1) — mim;. (5.62)

To prove the lower bound in (5.61), observe that:

Plai=1,¢=1) = Pla=1)+P(q;=1) —P({a =1}or{g; =1})

= 7TZ'—|—7Tj—P({qi:1}OI"{qJ':1})Zﬂi+ﬂj—1. (5.63)

In view of the fact that P (¢; = 1, ¢; = 1) > 0, (5.63), and (5.62), the proof for the lower bound in (5.61)
follows. The upper bound in (5.61) holds because P (¢; = 1, ¢; = 1) < 7, i < j and (5.62).

If we choose a pair (7, R,) that satisfies (5.59), (5.60), (5.61), one cannot guarantee that (7, R,) is a
valid pair, in the sense that there exists a probability distribution on ¢ with its first and second moments
being equal to (7, R;), [93]. Furthermore, if (7, R,) is given, to simulate binary random variables with the
marginal probabilities and correlations equal to (7, R,) is challenging. These questions have been studied,
see [94, 93]. We use the results in [94, 93] to generate our correlation models. In particular, we use the

result that R = mw] (see (5.61)) is a valid correlation structure for any 7, [94]. We simulate the correlated
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links by the method proposed in [93]; this method handles a wide range of different correlation structures

and has a small computational cost.

Link correlation structures. We consider two different correlation structures for any pair of links ¢ and j
in the supergraph:

[Rq];; = c1 Rij (5.64)

= 0y 0% Ry (5.65)

where ¢; € (0,1], 0 € (0,1) and co € (0, 1] are parameters, and £;; is the distance between links ¢ and j
defined as the length of the shortest path that connects them in the supergraph.

The correlation structure (5.64) assumes that the correlation between any pair of links is a fraction of the
maximal possible correlation, for the given 7 (see (5.61) to recall Eij). Reference [94] constructs a method
for generating the correlation structure (5.64).

The correlation structure (5.65) assumes that the correlation between the links decays geometrically
with this distance . In our simulations, we set # = 0.95, and find the maximal ¢y, such that the resulting
correlation structure can be simulated by the method in [93]. For all the networks that we simulated in the

chapter, ¢ is between 0.09 and 0.11.

Results. We want to address the following two questions: 1) What is the performance gain (I's, I';,, of PBW

over SGBW and MW; and 2) How does this gain scale with the network size, i.e., the number of nodes N?

Performance gain of PBW over SGBW and MW. We consider question 1) for both correlation struc-
tures (5.64), (5.65). We generate 20 instantiations of our standard supergraphs (with 100 nodes each and
approximately the same average relative degree, equal to 15%). Then, for each supergraph, we generate
occurrence probabilities according to rule (5.52). For each supergraph with the given occurrence probabil-
ities, we generate two link correlation structures, (5.64) and (5.65). We evaluate the convergence rate ¢;
given by (5.25), time constants 7; given by (5.57), and 7, given by (5.54), and the performance gains [I'¢] o
[T7) ; for each supergraph (j = 1, ..., 20). We compute the mean ¢, the maximum ¢ and the minimum ¢~
from the list {¢;}, j = 1, ..., 20 (and similarly for {n;} and {7;}, 7 = 1, ..., 20). Results for the correlation
structure (5.64) are given in Table 5.1 and for the correlation structure (5.65), in Table 5.2. The performance
gains Iy, T';,, for both correlation structures are in Table 5.3. In addition, Figure 5.1 depicts the averaged
error norm over 100 sample paths. We can see that the PBW show better performance than the SGBW and
the MW for both correlation structures (5.64) and (5.65). For example, for the correlation (5.64), the PBW

take less than 40 iterations to achieve 0.2% precision, while the SGBW take more than 70, and the MW take
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Table 5.1: Correlation structure (5.64): Average (-), maximal (-)*, and minimal (-)~ values of the MSE convergence
rate ¢ (5.23), and corresponding time constants 7 (5.54) and 7 (5.57), for 20 generated supergraphs
SGBW PBW MW

® 091 087
ot 095 0.92
¢~ 0.89  0.83
T 27 154
r+ 28 19
T 20 14
i 20 13 29
nt 25 16 38
n 19 12 27

more than 80 iterations. For correlation (5.65), to achieve 0.2% precision, the PBW take about 47 iterations,

while the SGBW and the MW take more than 90 and 100 iterations, respectively. The average performance
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Figure 5.1: Average error norm versus iteration number. Left: correlation structure (5.64); right: correlation
structure (5.65).

gain of PBW over MW is larger than the performance gain over SGBW, for both (5.64) and (5.65). The gain
over SGBW, T, is significant, being 1.54 for (5.64) and 1.73 for (5.65). The gain with the correlation
structure (5.65) is larger than the gain with (5.64), suggesting that larger gain over SGBW is achieved with
smaller correlations. This is intuitive, since large positive correlations imply that the random links tend to
occur simultaneously, i.e., in a certain sense random network realizations are more similar to the underlying
supergraph.

Notice that the networks with R, as in (5.65) achieve faster rate than for (5.64) (having at the same
time similar supergraphs and occurrence probabilities). This is in accordance with the analytical studies in
section 5.3.4 that suggest that faster rates can be achieved for smaller (or negative correlations) if G and 7

are fixed.

132



Table 5.2: Correlation structure (5.65): Average (-), maximal (-)*, and minimal ()~ values of the MSE convergence
rate ¢ (5.23), and corresponding time constants 7 (5.54) and 7 (5.57), for 20 generated supergraphs
SGBW PBW MW

0] 092 0.86
ot 094 090
¢~ 091 0.84
T 255 143
Tt 34 19
T~ 21 12
n 20 115 244
nt 23 14 29
n- 16 9 19

Table 5.3: Average (-), maximal ()™, and minimal (-)~ performance gains I'? and I'?, (5.55) for the two correlation
structures (5.64) and (5.65) for 20 generated supergraphs
Correlation (5.64) Correlation (5.65)

(T7) 1.54 1.73
T+ 1.66 1.91
(r')- 1.46 1.58
(Teta 2.22 2.11
IT0)* 2.42 2.45
()~ 2.07 1.92

Performance gain of PBW over SGBW as a function of the network size. To answer question 2), we
generate the supergraphs with N ranging from 30 up to 160, keeping the average relative degree of the
supergraph approximately the same (15%). Again, PBW performs better than MW (7sgpw < 0.857\vw),
so we focus on the dependence of I's on [V, since it is more critical.

Figure 5.2 plots I'g versus N, for the two correlation structures. The gain I'g increases with N for

both (5.65) and (5.64).

5.5.2 Broadcast gossip algorithm [1]: Asymmetric random links

In the previous section, we demonstrated the effectiveness of our approach in networks with random sym-
metric link failures. This section demonstrates the validity of our approach in randomized protocols with
asymmetric links. We study the broadcast gossip algorithm [1]. Although the optimization problem (5.49)
is convex for generic spatially correlated directed random links, we pursue here numerical optimization of
the broadcast gossip algorithm proposed in [1], where, at each time step, node 7 is selected at random, with
probability 1/N. Node i then broadcasts its state to all its neighbors within its wireless range. The neighbors
then update their state by performing the weighted average of the received state with their own state. The

nodes outside the set €2; and the node 7 itself keep their previous state unchanged. The broadcast gossip
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Figure 5.2: Performance gain of PBW over SGBW (I'Z, (5.55)) as a function of the number of nodes in the
network.

algorithm is well suited for WSN applications, since it exploits the broadcast nature of wireless media and

avoids bidirectional communication [1].

Reference [1] shows that, in broadcast gossiping, all the nodes converge a.s. to a common random value
c with mean z,,, and bounded mean squared error. Reference [1] studies the case when the weights C;; = g,
V(i,7) € E and finds the optimal g = ¢g* that optimizes the mean square deviation MSdev (see (5.49)). We
optimize the same objective function (see (5.49)) as in [1], but allowing different weights for different
directed links. We detail on the numerical optimization for the broadcast gossip in the Appendix C. We
consider again the supergraph G from our standard experiment with N = 100 and average degree 15%N.
For the broadcast gossip, we compare the performance of PBW with 1) the optimal equal weights in [1]

with Cj; = ¢*, (i,j) € E; 2) broadcast gossip with C;; = 0.5, (i, j) € E.

Figure 5.3 (left) plots the consensus mean square deviation MSdev for the 3 different weight choices.
The decay of MSdev is much faster for the PBW than for C;; = 0.5, V(7,7) and Cy; = g*, YV (4,7).
For example, the MSdev falls below 10% after 260 iterations for PBW (i.e., 260 broadcast transmissions);
broadcast gossip with C;; = ¢* and C;; = 0.5 take 420 transmissions to achieve the same precision. This
is to be expected, since PBW has many moredegrees of freedom for to optimize than the broadcast gossip
in [1] with all equal weights C;; = g*. Figure 5.3 (right) plots the MSE, i.e., the deviation of the true
average Tayg, for the three weight choices. PBW shows faster decay of MSE than the broadcast gossip with
C;j = g* and C;; = 0.5. The weights provided by PBW are different among themselves, varying from 0.3
to 0.95. The weights C;; and C}; are also different, where the maximal difference between C;; and Cj;,
(i,j) € E, is 0.6. Thus, in the case of directed random networks, asymmetric matrix C' results in faster

convergence rate.
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Figure 5.3: Broadcast gossip algorithm with different weight choices. Left: total variance; right: total mean
squared error.

5.5.3 Distributed optimization of Huber losses via D-NG algorithm

0 \ :
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Figure 5.4: Average normalized optimality gap err¢ versus K’ (in the log;, — log; scale) for the N = 20-
node network and mD-NG method with different weight assignments; Red, solid line: optimized, PBW
weights; black, dotted line: Cj; = 1/N,V{i,j} € E.

We have seen in Chapter 3 that the convergence constant of our distributed optimization algorithms, e.g.,
mD-NG, depends on the mean square convergence rate, ¢(C) = 12 through the inverse spectral gap ﬁ
We provide here a simulation example to show that PBW significantly reduce the number of communications
and gradient evaluations to achieve a certain accuracy.

We simulate mD-NG on a N = 20-node random network. We compare the mD-NG’s performance
with: 1) the uniform weights C;; = 1/N; and 2) the PBW weights. Clearly, the optimized weights corre-
spond to a smaller (better) parameter z. The supergraph G has N = 20 nodes and 91 links; it is generated

as a geometric graph (as in the previous simulation), with a connectivity radius 6y = 0.55. (Only the nodes
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whose distance is less or equal dp are connected by an edge.) The links {i,j} € E are spatio-temporally
: . . o 62, .
independent, and the link failure probabilities are generated as: F;; = 0.5 X <. We consider Huber losses

52
fi’s, with: 1) for ¢ = 1,2,...,7, 6; = 0°(1 4+ v;); and 2) for j = 8,9, ...,20,00]- = (—6°)(1 + v;). Here
6* = 4 and v;’s and v;’s are generated randomly from the uniform distribution on [—0.1,0.1]. We generate
one random simulation run and compare the two weight choices. Figure 4.4 plots err¢ versus K’ for the
two weight choices. First, we can see that the weight optimization does not affect the convergence rate (the
slopes of the two lines match), but it improves the convergence constant. This is in accordance with the
established upper bounds in Theorem 3.8. Second, the optimized weights significantly reduce the commu-
nication cost for higher accuracies. For example, for the precision 10~4, the method with the optimized

weights requires about 1.12 x 10* transmissions, while the method with uniform weights requires about

3.15 x 10* transmissions for the same accuracy.

5.6 Conclusion

In this chapter, we studied the optimization of the weights for the consensus algorithm under random topol-
ogy and spatially correlated links. We consider both networks with random link failures and randomized
algorithms; from the weights optimization point of view, both fit into the same framework. We show that,
for symmetric random links, optimizing the MSE convergence rate is a convex optimization problem, and
for asymmetric links, optimizing the mean squared deviation from the current average state is also a con-
vex optimization problem. We illustrate with simulations the performance of our probability based weights
(PBW) and compare them with existing weight assignments, both for distributed averaging and distributed

optimization problems.
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Chapter 6

Distributed Augmented Lagrangian
Methods: General Problems

6.1 Introduction

In this Chapter, we develop distributed augmented Lagrangian (AL) algorithms of type (1.6)—(1.7) that
utilize asynchronous communication. We assume a very general distributed optimization model
.. N
minimize ) ;' fi(z)

. 6.1)
subjectto z € X;, i=1,..., N

Here N is the number of nodes in the network, the private cost functions f; : R¢ — R are convex, and each
fi(+) is known locally only by node i. The sets X; are private, closed, convex constraint sets. We remark
that (6.1) captures the scenario when, in addition to private constraints, there is a public constraint x € X
(where X is a closed, convex set,) by replacing X; with X; N X.

This chapter proposes a novel augmented Lagrangian (AL) dual distributed algorithm for solving (6.1),
which handles private costs f;(-), private constraints A, and is resilient to random communication failures.
We refer to this algorithm as AL-G (augmented Lagrangian gossiping.) We also consider two variants to
AL-G, namely, the AL-MG (augmented Lagrangian multiple neighbor gossiping) and the AL-BG (aug-
mented Lagrangian broadcast gossiping.) The AL-G and AL-MG algorithms use unidirectional gossip
communication (see, e.g., [10]). For networks with reliable communication (i.e., no failures,) we propose
the simplified AL-BG algorithm with reduced communication, reduced computation, and lower data storage

cost. Our algorithms update the dual variables by the standard method of multipliers, [15], synchronously,
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at a slow time scale, and update the primal variables with a novel, Gauss-Seidel type (see, e.g., [37]) ran-
domized algorithm with asynchronous gossip communication, at a fast time scale. Proof of convergence for
the method of multipliers (for the dual variables update) is available in the literature, e.g., [15]. However,
our algorithms to update primal variables (referred to as P-AL-G (primal AL gossip), P-AL-MG and P-
AL-BG) are novel; a major contribution of this chapter is to prove convergence of the P-AL-G, for private
constraints, under very generic network topologies, random link failures, and gossip communication. The
proof is then adapted to P~ AL-MG and P-AL-BG.

We provide two simulation examples, namely, /;-regularized logistic regression for classification and
cooperative spectrum sensing for cognitive radio networks. These simulation examples: 1) corroborate
convergence of the proposed algorithms; and 2) compare their performance, in terms of communication and

computational cost, with the algorithms in [24, 22, 8, 5].

As far as we are aware, distributed AL dual algorithms have been studied only for static networks. For
example, references [8, 5] consider a special case of (6.1), namely, the Lasso (least-absolute shrinkage and
selection operator) type problem. They propose the ADMM (alternating direction method of multipliers)
type dual algorithms for static networks, synchronous communication, and no constraints. Reference [78]
applies ADMM to various statistical learning problems, including Lasso, support vector machines, and
sparse logistic regression, assuming a parallel network architecture (all nodes communicate with a fusion
node,) synchronous communication, and no link failures.

In this chapter, we develop a AL dual algorithm for the optimization (6.1) with private costs and private
constraints, random networks, and asynchronous gossip communication. In contrast with existing work on
dual methods, for example, [8, 5], our AL-G handles private constraints, random networks, asymmetric link
failures, and gossip communication."

This Chapter does not study convergence rates. We study convergence rates in Chapter 7 for more

structured cost functions.

Chapter organization. Section 6.2 introduces the communication and computational model. Section 6.3
presents the AL-G algorithm for the networks with link failures. Section 6.3 analyzes the convergence
of the AL-G algorithm. Section 6.4 studies the variants to AL-G, the AL-MG, and AL-BG algorithms.
Section 6.6 provides two simulation examples: 1) [;-regularized logistic regression for classification; and 2)
cooperative spectrum sensing for cognitive radios. Finally, section 6.7 concludes the chapter. Appendix D

analyzes convergence of AL-MG and AL-BG.

' AL—G algorithm uses asynchronous gossip communication, but it is not completely asynchronous algorithm, as it updates the
dual variables synchronously, at a slow time scale (as detailed in Section 6.4.)
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The results in this chapter have been published in [38].

6.2 Problem model

This section explains the communication model (the time slotting, the communication protocol, and the link

failures,) and the computation model (assumptions underlying the optimization problem (6.1).)

Network model: Supergraph

The connectivity of the networked system is described by the bidirectional, connected supergraph G =
(N, E), where N is the set of nodes (with cardinality |[A| = N) and F is the set of bidirectional edges
{i,7} (JE| = M). The supergraph G is simple, i.e., there are no self-edges. Denote by Q; C N, the
neighborhood set of node i in G, with cardinality d; = |€;|. The integer d; is the (supergraph) degree
of node i. The supergraph G models and collects all (possibly unreliable) communication channels in the
network; actual network realizations during the algorithm run will be directed subgraphs of G. We denote
the directed edge (arc) that originates in node ¢ and ends in node j either by (4, j) or i — j, as appropriate.
The set of all arcs is: Eq = {(4,7) : {i,7} € E}, where |[E4| = 2M. We assume that the supergraph is

known, i.e., each node knows a priori with whom it can communicate (over a possibly unreliable link.)

Optimization model

We summarize the assumptions on the cost functions f;(-) and f(-), f(z) := SN | fi(z), and the constraint

sets X in (6.1):

Assumption 6.1 We assume the following for the optimization problem (6.1):
1. The functions f; : R — R are convex and coercive, i.e., fi(x) — oo whenever ||z|| — oc.
2. The constraint sets X; C R are closed and convex, and X := ﬂfilé\,’i is nonempty.
3. (Regularity condition) There exists a point g € ri (X;), foralli =1,..., N.

Here ri (S) denotes the relative interior of a set S C R9.?
We will derive the AL-G algorithm to solve (6.1) by first reformulating it (see ahead (6.2),) and then
dualizing the reformulated problem (using AL dual.) Assumption 1.3 will play a role to assure strong

duality. This will be detailed in subsection III-A. Note that Assumption 1.3 is rather mild, saying only that

?Relative interior of a nonempty set S C R%isthe set: {z € S: Yy € S,Ja>1: ax+ (1 —a)y € S}.
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the intersection of the X;’s, ¢ = 1,..., N, is “large” enough to contain a point from the relative interior of
each of the X;’s. Denote by f* the optimal value and X™* = {x* S Zf\i L filz™) = f*} the solution
set to (6.1). Under Assumptions 6.1, f* is finite, and X™* is nonempty, compact, and convex, [81]. The
model (6.1) applies also when X; = RY, for 4’s in a subset of {1, ..., N'}. The functions f;(-), f(-) need not
be differentiable; f(-) satisfies an additional assumption detailed in Section 6.4.

We now reformulate (6.1) to derive the AL-G algorithm. Start by cloning the variable z € R? and
attaching a local copy of it, z; € R?, to each node in the network. In addition, introduce the variables
Yij € R? and Yji € RY, attached to each link {i, j} in the supergraph. To keep the reformulated problem
equivalent to (6.1), we introduce coupling constraints x; = y;;, (i,7) € Eqand y;; = y;;, {i,j} € E. The

reformulated optimization problem becomes:

minimize Zf\il en

subjectto x; € &;, i =1,..., N,
(6.2)

Ty = yij, (i,7) € Eq
Yij = Yji» 16,7} € E.

The variables x; and y;; may be interpreted as virtual nodes in the network (see Figure 6.1.) Physically, the

Physical node 2 )
Physical node 1 3,’,,,,_‘ Physical node 3

~ ~—o P -~ - -

Figure 6.1: Illustration of the reformulation (6.2) for a chain supergraph with N = 3 (physical) nodes.

variables x;, y;;, j € {}; are maintained by (physical) node 7. The virtual link between nodes x; and y;; is
reliable (non-failing,) as both x; and y;; are physically maintained by node ¢. On the other hand, the virtual
link between y;; and y;; may be unreliable (failing,) as this link corresponds to the physical link between
nodes ¢ and j.

The optimization problems (6.1) and (6.2) are equivalent because the supergraph is connected. The
optimal value for (6.2) is equal to the optimal value for (6.1) and equals f*; the set of solutions to (6.2) is

{{xz*}, {y:j} vy =a*,Vi=1,.., N,y =%, V(i,j) € Eqg, for somez* € X*}.

Time slotting

As we will see in section 6.3., the AL—G algorithm (and also its variants AL-MG and AL-BG in Section 6.5)

is based on the AL dual of (6.2). The AL—-G operates at 2 time scales: the dual variables are updated at a slow
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time scale, and the primal variables are updated at a fast time scale. Thus, accordingly, the time is slotted
with: 1) slow time scale slots {¢}; and 2) fast time scale slots {k}. Fast time scale slots (for the primal
variables update) involve asynchronous communication between the nodes in the network and are detailed
in the next paragraph. At the end of each ¢-slot, there is an idle time interval with no communication, when

the dual variables are updated. The dual variables update at each node requires no communication.

Fast time scale slots {k} and asynchronous communication model

We now define the fast time scale slots {k} for the asynchronous communication and the primal variables
update. We assume the standard model for asynchronous communication [10]. Each node (both physical and
virtual) has a clock that ticks (independently across nodes) according to a A-rate Poisson process. Denote
the clocks of x; and y;; by 77" and Tg, respectively. If T'* ticks, a virtual communication from y;;, Vj € €,
to z;, follows. With the AL-G algorithm, this will physically correspond to the update of the variable z;, as
we will see later. If the clock Tf;- ticks, then (virtual) node y;; transmits to y;; (physically, node 7 transmits
to node j.) We will see later that, after a (successful) communication y;; — y;;, the update of y;; follows.
We also introduce a virtual clock 7" that ticks whenever one of the clocks 777, Tg, ticks; the clock T ticks
according to a (N + 2M )-rate Poisson process. Denote by i, k = 1,2, ... the times when the k-th tick of

T occurs. The time is slotted and the k-th slot is [74_1,7), 70 = 0, k = 1,2,..3

Random link failures

Motivated by applications in wireless networked systems, we allow that transmissions y;; — y;; may fail.
(Of course, the transmissions through the virtual links y;; — x; do not fail.) To formally account for link
failures, we define the N x N random adjacency matrices A(k), k = 1,2, ...; the matrix A(k) defines the
set of available physical links at time slot k. We assume that the link failures are temporally independent,
i.e., {A(k)} are independent identically distributed (i.i.d.) The entries A;;(k), (i,j) € Eq, are Bernoulli
random variables, A;;(k) ~ Bernoulli(m;;), m; = P (A;;(k) =1) > 0, and A;;(k) = 0, for (4,5) ¢ Eq.
We allow A;;(k) and Ay, (k) to be correlated.* At time slot k, at most one link (i, j) € Ey is activated
for transmission. If it is available at time k, i.e., if Al-j(k) = 1, then the transmission is successful; if the
link (4, j) is unavailable (A;;(k) = 0,) then the transmission is unsuccessful. We assume naturally that the
Poisson process that governs the ticks of 7" and the adjacency matrices A(k), kK = 1,2, ... are independent.

Introduce the ordering of links (7, j) € Ey, by attaching a distinct number [, [ = 1,...,2M, to each link

3For notation simplicity, at the beginning of each t—slot, we reset o to zero, and we start counting the k—slots from k = 1.
*With AL-MG algorithm, in Section 6.6, we will additionally require A;;(k) and A;,, (k) be independent.
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(i,7); symbolically, we write this as [ ~ (7, 7). Introduce now the random variables ((k), k = 1,2, ...,
defined as follows: 1) (k) = i, if the k-th tick of T" comes from T}*; 2) ((k) = N + 1, [ ~ (,7), if the
k-th tick of T" comes from Tfj and A;;(k) = 1; and 3) ((k) = 0, otherwise. It can be shown that ((k),
k =1,2, ..., arei.i.d. The random variables (k) define the order of events in our communication model. For
example, ¢ = N + [, [ ~ (4, j), means that, at time slot k =1, the virtual node y;; successfully transmitted
data to the virtual node y;;. We remark that P (((k) = s) is strictly positive, Vs = 0,1,..., N + 2M. This

fact will be important when studying the convergence of AL-G.

6.3 AL-G algorithm (augmented Lagrangian gossiping)

This section details the AL—G algorithm for solving (6.1). In subsection 6.3.1, we dualize (6.2) to form the
AL dual of problem (6.2). Subsection IV-B details the D-AL—-G algorithm for the dual variable update, at a

slow time scale; subsection IV-C details P-AL-G to update the primal variables, at a fast time scale.

6.3.1 Dualization

We form the AL dual of the optimization problem (6.2) by dualizing all the constraints of the type x; = y;;
and y;; = yj;. The dual variable that corresponds to the constraint z; = y;; will be denoted by 7; ;, the
dual variable that corresponds to the (different) constraint x; = y;; will be denoted by 7;;), and the one
that corresponds to y;; = y;; is denoted by A(; j1. In the algorithm implementation, both nodes ¢ and j

will maintain their own copy of the variable Ay; j1—the variable A(; ;) at node ¢ and the variable A(; ;) at

J:%)

node j. Formally, we use both A(; ;y and A;;), and we add the constraint A¢; ;) = A The term after

DR
.

(]’/[’
Ly(-), the (augmented) Lagrangian L(-), and the AL dual optimization problem are, respectively, given

in (6.3), (6.4), and (6.5).

dualizing y;; = y;, equal to )\{Ti,j}(yij — i), becomes: )\&j)yij - Y The resulting AL dual function

Lo ({Xij b Ana.p}) = min L ({x:i}, {wii > it {napt)
subjectto x; € X;,i=1,...,N (6.3)
Yij € ]Rdv (Y’a]) € Ed
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N
L ({zi} {vis} Dap b {napt) = Zfi(wz‘) + Z H(Ti,j) (zi — vij) (6.4)
=1

(Zvj)eEd

1 1
+ Y NV — My v + 2P S =yl + 2P S i — il
{i.4}€E,i<j (4.9)EEq {igteE, i<

maximize L, ({)\(Z-J)}, {n(i’j)})
SubjeCt to )\(Z,j) = )\(]71), {Z,]} € FE . (65)
NG,y € R, (i,7) € By

In (6.4), p is a positive parameter. See [15] for some background on AL methods. The terms AE;J) Yij —
)\(Tj,i) yj; in the sum Z{m}eE )\&j) Yij — /\(Tjﬂ.) y;i are arranged such that i < j, for all {i,j} € E.>
Denote by d* the optimal value of the dual problem (6.5), the dual of (6.2). Under Assumption 6.1,
the strong duality between (6.2) and (6.5) holds, and d* = f*; moreover, the set of optimal solutions
D* = {{/\?m)}, {7](*2.7].)} : Lg ({)\fi’j)}, {n(*i,j)}> = f*} is nonempty. Denote by C' := X} x A X ... X
XN X (R)m(gM ) the constraint set in (6.3), i.e., the constraints in (6.2) that are not dualized. Let x( be a
point in ri(&X;), ¢ = 1,..., N (see Assumption 1.3.) Then, a point ({z;0}, {vij0}) € C, where z; 0 = o,
Yij,0 = o, belongs to ri(C'), and it clearly satisfies all equality constraints in the primal problem (6.2);
hence, it is a Slater point, and the above claims on strong duality hold, [92]. We remark that strong duality
holds for any choice of p > 0 (but we are interested only in the case p > 0,) and, moreover, the set of dual

solutions D* does not depend on the choice of p, provided that p > 0 (see, e.g., [33], p.359.)

6.3.2 Solving the dual: D-AL-G (dual augmented Lagrangian gossiping) algorithm

We now explain how to solve the dual problem (6.5). First, we note that (6.5) is equivalent to the un-

constrained maximization of L/, ({/\{i’j}}, {”(i,j)}) = ming ey, 4, erd L' ({:}, {vij}, A b {n(i,j)})’
where the function L' ({x}, {yij}, {Ai 1} {n¢.)}) is defined by replacing both \(; ;) and A; ;) in L(-)
(eqn. (6.4)) with )\{7;7 41> for all {i,7j} € E. The standard method of multipliers for the unconstrained maxi-

mization of L/ (+) is given by:

Ayt +1) = X)) +psign(j—i) (y5(t) —yi@), {i,j} € E (6.6)

napt+1) = ngyH@) +p (25@t) —yg(t), (0, 4) € Eq.

3For each link {i,j} € E, the virtual nodes y;; and y;; (i.e., nodes 7 and j,) have to agree beforehand (in the network training
period) which one takes the + sign and which one takes the — sign in /\(Tz ) Yij — /\(T]-,i) y;:. In (6.4), for sake of notation simplicity,
the distribution of + and — signs at each link {i, 7} is realized by the order of node numbers, where a distinct number in {1, ..., N}
is assigned to each node. However, what matters is only to assign + to one node (say i) and — to the other, for each {i,j} € E.

143



({e; @} w50} ) € argmin L' ({wih, {wis} ey O, {0 (0})
subjectto z; € &, i1 =1,...,. N (6.7)
yij € RY, (i,5) € Ea.

Assigning a copy of Ag; ;1 to both nodes i (the corresponding copy is A; j)) and j (the corresponding copy

is A(j,4)), (6.6) immediately yields an algorithm to solve (6.5), given by:

iy E+1) = Agp(t)+psign(i —i) (y5;(t) —y5), (i,4) € Eq (6.8)

nay)t+1) = nupn) +p (27 (t) —ygt), (i,7) € Ea,
where

({zz @} {0} ) € argmin L ({ai}, {yish Dap O, D (O)
subjectto z; € A, i =1,..., N (6.9)
yij € RY, (i,7) € Eq.

(Note that ( {zr O} v ()} ) is the same in (6.7) and (6.9).) According to (6.8), essentially, both nodes ¢
and j maintain their own copy (A; ;) and A(;;), respectively) of the same variable, Ay; ;1. It can be shown
that, under Assumption 6.1, any limit point of the sequence ({xf(t)}, {y;}(t)}), t =0,1,..., is a solution
of (6.2) (see, e.g., [37], Section 3.4); and the corresponding limit point of the sequence x7(t),t =0, 1, ..., is

a solution of (6.1).

Before updating the dual variables as in (6.8), the nodes need to solve problem (6.9), with fixed dual
variables, to get ({xj(t)}, {ys; (t)}) We will explain in the next subsection, how the P-AL-G algorithm
solves problem (6.9) in a distributed, iterative way, at a fast time scale {k}. We remark that P-AL-G
terminates after a finite number of iterations k, and thus produces an inexact solution of (6.9). We will see
that, after termination of the P-AL-G algorithm, an inexact solution for y;; is available at node ¢; denote
it by yJLZ(t) Denote, respectively, by =/ (t) and yi];-(t), the inexact solutions for x; and y;; at node 1, after

termination of P-AL—G. Then, the implementable update of the dual variables is:

Migp(t+1) = Aaj(t) +psign(i — 1) (yi(t) — y55(t) (6.10)
nayt+1) = nant) +p (=) —y;0).
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Note that the “inexact” algorithm in (6.10) differs from (6.8) in that it does not guarantee that )‘(i,j)(t) =

A(j,)(t), due to a finite time termination of P-AL-G.

6.3.3 Solving the primal: P-AL-G algorithm

Given {A(; ;) ()}, {n()(t)}, we solve the primal problem (6.9) by a randomized, block-coordinate, itera-
tive algorithm, that we refer to as P-AL-G. To simplify notation, we will write only A; ;) and 7; ;) instead
of A ;) (t), n¢i,j)(t). We remark that \(; j)(t), 7 ;) (t) stay fixed while the optimization in (6.9) is done

(with respect to x;, ¥;;.)

The block-coordinate iterative algorithm works as follows: at time slot &, the function in (6.4) is op-
timized with respect to a single block-coordinate, either x; or y;;, while other blocks are fixed. Such an
algorithm for solving (6.9) admits distributed implementation, as we show next. Minimization of the func-
tion L ({zi}, {wi; }» {Aij)} {n(i,j)}) with respect to x;, while the other coordinates z:; and y;; are fixed, is
equivalent to the following problem:

)T

minimize  f;(x;) + (7; — ;) @i + 3pdilli]®

, (6.11)
subjectto z; € &

where 77, = > jeq; Neig) and y; = > jeq, Yij- Thus, in order to update x;, the node i needs only information
from its (virtual) neighbors. Minimization of the function L ({z}, {vi;}, {Auj)}: {n¢ij)}) with respect to
1ij» while the other coordinates x; and y;,,, are fixed, is equivalent to:
minimize 7 5y (20 = yig) + A ysien(i — ) (yi; — y50) + golle —yigll? + gollvi — vill® 6.12)
subject to  y;; € R%
Thus, in order to update y;;, the corresponding virtual node needs only to communicate information with its
neighbors in the network, y;; and x;. Physical communication is required only with y;; (i.e., with physical
node j.) The optimization problem (6.12) is an unconstrained problem with convex quadratic cost and
admits the closed form solution:

1 1 1 . .
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Distributed implementation

We have seen that the block-coordinate updates in (6.11) and (6.13) only require neighborhood informa-
tion at each node. We next give the distributed implementation of P-AL-G (see Algorithm 5) using the

asynchronous communication model defined in Section 6.2.

Algorithm 5 Algorithm with gossiping for solving (6.9) (P-AL-G)
1: repeat
2. Wait for the tick of one of the clocks T7, Tg
3:  If clock Tg ticks, node 7 transmits to node j the current value of y;;.
If node j successfully receives y;;, it updates the variable y;; according to the equation (6.13).
4: If clock T} ticks, node ¢ updates the variable x; by solving (6.11).
5: until a stopping criterion is met.

Simplified notation and an abstract model of the P-AL-G

We now simplify the notation and introduce an abstract model for the P-AL-G algorithm, for the purpose
of convergence analysis in Section 6.4. Denote, in a unified way, by z;, the primal variables x; and y;;,
ie,z :==a,i=1,..,N,and z; := y;5,l = N+ 1,...,N +2M, (i,j) € E4. Then, we can write the
function in (6.4), viewed as a function of the primal variables, simply as L(z), L : R™N+2M) _, R Also,
denote in a unified way the constraint sets C; := X;,i = 1,.... N,and C; :=R% I =N +1,....2M + N
(Ci,l = N +1,...,N + 2M; these sets correspond to the constraints on y;;, (,j) € Eg4.) Finally, define
C := C1 xCyX...x Cn4an- Thus, the optimizations in (6.11) and (6.13) are simply minimizations of L(z)
with respect to a single (block) coordinate z;, [ = 1, ...,2M + N. Recall the definition of ((k), k = 1,2, ...
in section 6.2. Further, denote P; := P ({(k) =4) > 0,7 =0,1,2,...,2M + N. Then, it is easy to see that
the AL-G algorithm can be formulated as in Algorithm 6.

Finally, we summarize the overall dual AL-G algorithm in Algorithm 6.

Algorithm 6 AL-G algorithm at node ¢
1: Sett =0, A(@j)(i =0)=0, 77(1'7]')(15 =0)=0,j€Q

2: repeat
3:  Run P-AL-G (cooperatively with the rest of the network) to get x!(t), yz}; (t) and yJLl(t)
j o€ Q Atk = 1,2, if (k) = 4, i # 0, then z(k + 1) =

argmin,, L (z1(k), ..., zi—1(k),w, ziy1(k), ..., z2ny20 (k) ).
4: Update the dual variables, \; ;y(t), 7 j)(t), j € €, according to eqn. (6.8).
50 Sett<+t+1
6: until a stopping criterion is met.

Remark. With AL-G, the updates of the primal variables, on a fast time scale k, are asynchronous and use
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gossip communication, while the updates of the dual variables, on a slow time scale ¢, are synchronous and
require no communication. Physically, this can be realized as follows. Each (physical) node in the network
has a timer, and the timers of different nodes are synchronized. At the beginning of each (slow time scale)
t-slot, nodes start the gossip communication phase and cooperatively run the P-AL-G algorithm. After a
certain predetermined time elapsed, nodes stop the communication phase and, during an idle communication
interval, they update the dual variables. After the idle time elapses, the nodes restart the communication

phase at the beginning of the new ¢-slot.

Choice of p. It is known that, under Assumption 6.1, the method of multipliers (6.6) converges (i.e., any limit
point of the sequence x;(t), t = 0,1, ..., is a solution of (6.1)) for any choice of the positive parameter p,
[95], Theorem 2.1. It converges also if a sequence p;1 > p¢ is used, [96], Proposition 4. See [15], 4.2.2, for
a discussion on the choice of p. The method of multipliers still converges if we use different parameters p =
Pait) P = Pl t) for each of the variables A(; ;), 7(; ;- This corresponds to replacing the quadratic
terms p ||z; — yigl|* and plyi; — yjill* in eqn. (6:4) with p(,, - llws — wigl|* and p(, oy [lyig = vl

respectively. See reference [97] for details. (We still need P t) ~ P\ t).) Equation (6.11) becomes®
1,7) J,1)

.
minimize fi(2:) + (7 = S, P00 95) 2+ 3 (Siea, Pinpyn ) Il

(6.14)
subjectto z; € &;
and equation (6.13) becomes
P(A,5):t) NGi,j) — sign(j — A ;
Yij = (4,9) (-TZ + y]z) + (4,9) (1,9) . (615)
’O(A(i,j)ﬂf) + p(n(i,j)vt) p()‘(i,j)i)"‘p(n(i,j)’t)

One possibility for adjusting the parameters Pl jyb) and p( Aigyid) in a distributed way is as follows.

Each node ¢ adjusts (updates) the parameters p , j € ;. We focus on the parameter

Aiig)t) P g).e)
Pt other parameters are updated similarly. Suppose that the current time is £. Node 7 has stored
. . . . . . . o F

in its memory the constraint violation at the previous time ¢ — 1 that equals €(y, . ;1) = [ly;;(t — 1) —
ijZ-(t — 1)||. Node i calculates the constraint violation at the current time €y, 1) = Hyf;(t) — yJLz(t)H
If € Aijyd) / € t—1) < Ky < 1, then the constraint violation is sufficiently decreased, and the
parameter p(x , . 1) remains unchanged, i.e., node ¢ sets p( Gd) = PO gt—1)5 otherwise, node ¢ increases
the parameter, i.e., it sets PO jyt) = Tai) POy t—1)- The constants K(X\ip) € (0,1) and T(nig) =~ 1

are local to node 7.

SReference [97] proves convergence of the method of multipliers with the positive definite matrix (possibly time-varying)
penalty update, see eqn. (1.5) in [97]; the case of different (possibly time-varying) penalties assigned to different constraints is a
special case of the matrix penalty, when the matrix is diagonal (possibly time-varying.)

147



6.4 Convergence analysis of the AL-G algorithm

This section analyzes convergence of the AL-G algorithm. Convergence of the multiplier method for the
dual variable updates (on slow time scale {¢}) in (6.8) is available in the literature, e.g., [15]. We remark that,
in practice, P-AL~G runs for a finite time, producing an inexact solution of (6.9). This, however, does not
violate the convergence of the overall dual AL-G scheme, as corroborated by simulations in Section 6.6. The
P-AL~-G algorithm for the primal variable update (on the fast time scale {k}) is novel, and its convergence
requires a novel proof.

In Chapter 7, we shall analyze distributed AL methods in terms of the overall number of per-node com-
munications (overall number of inner iterations) under a restricted class of costs and unconstrained problems.
Hence, Chapter 7 analytically accounts for the finite time termination of the inner primal algorithms and the
inexactness of the dual updates.

We proceed with the convergence analysis of P-AL-G. First, we state an additional assumption on the

function f(-), and we state Theorem 6.4 on the almost sure convergence of P-AL-G.

Assumptions and statement of the result

Recall the equivalent definition of the P-AL-G and the simplified notation in 6.3.3. The P-AL-G algorithm

solves the following optimization problem:

minimize L(z)
. (6.16)
subjectto z € C

We will impose an additional assumption on the function L(z), and, consequently, on the function f(-).

First, we give the definition of a block-optimal point.

Definition 6.2 (Block-optimal point) A pointz® = (2}, 23, ..., 2% )/ ) is block-optimal for the problem (6.16)

if: 25 € argmin, co. L (23,23, ., 20 1, Wi, 201, s 20 40pr) st = 1, e, N+ 2M.

Assumption 6.3 1f a point z* is a block-optimal point of (6.16), then it is also a solution of (6.16).

Remark. Assumption 6.3 is valid if, e.g., f;(z) = kil|z|1 + Wi(z), k; > 0, where W; : R — Risa

continuously differentiable, convex function, and ||z||; = SN | |a;| is the I; norm of x, [14].
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Define the set of optimal solutions B = {z* € C' : L(z*) = L*}, where L* = inf,cc L(z).” Further,
denote by dist (b, A) the Euclidean distance of pointb € R% to the set A C R%, i.e., dist(b, A) = inf,e 4 ||a—
b

9, where ||z||2 is the Euclidean, /o norm. We now state the Theorem on almost sure (a.s.) convergence
of the P-AL-G algorithm (Theorem 6.4,) after which we give some auxiliary Lemmas needed to prove

Theorem 6.4.

Theorem 6.4 Let Assumptions 6.1 and 6.3 hold, and consider the optimization problem (6.16) (with fixed

dual variables.) Consider the sequence {z(k)}- , generated by the algorithm P-AL-G. Then:
1. limy oo dist (2(k), B) =0, a.s.

2. limg oo L (2(k)) = L*, as.

Auxiliary Lemmas

Letic : R? — RU{+oc} be the indicator function of the set C, i.e., ic(z) = 0if z € C and +oo otherwise.
It will be useful to define the function L + i : R™NFT2M) R U {+o0}, (L +ic)(2) = L(2) +ic(2).
Thus, the optimization problem (6.16) is equivalent to the unconstrained minimization of (L + i¢)(-). The

following Lemma establishes properties of the set of solutions B, the optimal value L*, and the function

(L +ic)(")-

Lemma 6.5 Let Assumption 6.1 hold. The functions L(z) and (L + i¢)(z) are coercive, L* > —oo, and the

set B is nonempty and compact.

Proof: The function L(z) (given in eqn. (6.4)) is coercive. To see this, consider an arbitrary sequence
{2(5)}521, where [|2(j)|| — oo as j — co. We must show that L(z(j)) — oo. Consider two possible cases:
1) thereisi € {1,..., N} such that ||z;(j)|| — oo; and 2) there isno ¢ € {1, ..., N'} such that ||z;(j)|| — oc.
For case 1), pick an ¢ such that ||z;(j)|| — oo; then f;(x;(j)) — oo, and hence, L(z(j)) — oco. In case 2),
there exists a pair (i, [) such that ||y;|| — oo; but then, as x;(j) is bounded, we have that ||z; () —v:;(5)[|*> —
0o, and hence, L(z(j)) — oo. The function (L + i¢)(z) is coercive because (L + ic)(z) > L(z), Vz, and
L(z) is coercive. The function (L + i¢)(z) is a closed® (convex) function, because L(z) is clearly a closed
function and i (2) is a closed function because C' is a closed set; hence, (L + i¢)(z) is closed function as a

sum of two closed functions.Hence, B is a closed set, as a sublevel set of the closed function (L + i¢)(2).

"Under Assumption 6.1, the set B is nonempty and compact and L* > —oo. This will be shown in Lemma 6.5. Clearly,
L* = L* ({Aa b {na.pn}) and B = B ({5}, {n@.j)}) depend on the dual variables. For simplicity, we write only L* and
B

8A function ¢ : RY — R U {400} is closed if its epigraph epi(q) = {(z,v) : q(z) < v} is a closed subset of R™*+?,
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The set B is bounded as a sublevel set of a coercive function (L + i¢)(z). Hence, B is closed and bounded,
and thus, compact. We have that L* > —oo (and B is non empty) as L(z) is a continuous, convex, and
coercive on R™(V+2M)

Define U.(B) = {z : dist(z, B) < ¢}, and let V.(B) be its complement, i.e., V.(B) = RN\ U.(B). Fur-
ther, denote by S and F’ the initial sublevel sets of L and L+ic, respectively, i.e., S = {z : L(z) < L(z(0))},
and FF ={z: (L+ic)(z) < L(2(0))} = SN C, where z(0) € C'is a feasible, deterministic, initial point.
We remark that, given z(0), any realization of the sequence {z(k)};-, stays inside the set F'. This is true
because L(z(k)) is a nonincreasing sequence by the definition of the algorithm P-AL-G and because any
point z(k) is feasible. Define also the set I'(¢) = F' N V,(B). We now remark that, by construction of
the P~AL-G algorithm, the sequence of iterates z(k) generated by P~AL-G is a Markov sequence. We are
interested in the expected decrease of the function L(-) in one algorithm step, given that the current point is
equal to z(k) = z:

Y(z) =E[L(2(k+1))|z(k) = z] — L(2). (6.17)

Denote by L*(z) the block-optimal value of the function L(z) after minimization with respect to z;:

Ll(z) = wnlelg L (Zly B2y eeey Bi—1, Wiy Zit1, +-ey ZN+2M) (618)

We have, by the definition of P-AL-G, that (recall the definition of P; above Algorithm 6:)

N+2M

() = Y P (L'(2) - L(2)) . (6.19)

=1

Define ¢(z) = —1(z). From (6.19), it can be seen that ¢(z) > 0, for any z € C. We will show that

¢(z) is strictly positive on the set I'(e) for any positive €.

Lemma 6.6

zéIFlfe) d(z) =a(e) >0 (6.20)

We first show that I'(¢) is compact and that L? is continuous on I'(¢) (latter proof is in Appendix D.)

Lemma 6.7 (Compactness of I'(e)) The set I'(e) is compact, for all € > 0.

Proof: We must show that I'(¢) is closed and bounded. It is closed because it is the intersection of the
closed sets F' and V,(B). It is bounded because I'(¢) C F', and F' is bounded. The set F" is bounded as a

sublevel set of the coercive function L + i¢. The set F' is closed as a sublevel set of the closed function
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L+ic. 0O

Lemma 6.8 (Continuity of L) The function L’ : T'(¢) — R is continuous, i = 1,..., N + 2M.

Proof: [Proof of Lemma 6.6] First, we show that ¢(z) > 0, for all z € I'(¢). Suppose not. Then, we
have: Li(z) = L(z), for all i. This means that the point z € I'(e) is block-optimal; Then, by Assumption 6.3,
the point z is an optimal solution of (6.16). This is a contradiction and ¢(z) > 0, for all z € I'(¢). Consider
the infimum in (6.20). The infimum is over the compact set and the function ¢(-) is continuous (as a scaled
sum of continuous functions Li(-)); thus, by the Weierstrass theorem, the infimum is attained for some

2* €T'(e) and ¢(2°) = a(e) > 0. O

Proof of Theorem 6.4-1

Recall the expected decrease of the function L(-), 1(z). We have:

E[¢ ((k)] = E[E[L (2(k + 1)) |2(k)] ~ L(2(k))] =E[L (z(k + 1))] ~E[L(z(R))]. (621
On the other hand, we have that E [¢)(z(k))] equals:

E [ (2(k)) [2(k) € T(e)] B (2(k) € T(e) + E [ (2(k) [2(k) £ D(e)] P(2(k) £ T(c)).  (6.22)

Denote by p, = P (z(k) € I'(¢)). Since ¢ (z(k)) < —al(e), for z(k) € I'(¢), and ¢ (2(k)) < 0, for any
z(k), we have that: E [¢ (2(k))] = E[L(z(k 4+ 1))]—E[L(z(k))] < —a(€) px; summing up latter inequality

forj=0uptoj=4k—1, we get:
k—1
E [L(z(k))] = L(2(0)) < —a(€) Y pr, ¥j > 0. (6.23)
j=0

The last inequality implies that: Y (pp < ﬁ (L (2(0)) — L*) < oc. Thus, by the first Borel-Cantelli
Lemma, P (z(k) € I'(e), infinitely often) = 0, Ve > 0. Thus, P (A.) = 1, Ve > 0, where the event A, is:
A. := {the tail of the sequence z(k) belongs to Uc(B)}. Consider the event A := N2, A, where ¢, is
a decreasing sequence, converging to 0. Then, PP (A) =P (N2 Ac,) = lims 0o P (Ae,) = lims 00 1 = 1.

Now, the event B := {limj_,, dist(z(k), B) = 0} is equal to .4, and thus P (B) = 1.
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Expected number of iterations for convergence: Proof of Theorem 6.4-2

Consider now the sets U (B) = {z: L(z) < e + L*} and V.(B) = R\U,.(B) and define the sets F and
G(e)as F = CnNSand G(e) = FNV(B). Similarly as in Lemmas 6.8, we can obtain that

Zégfe) ¢(z) =b(e) > 0. (6.24)

We remark that, once z(k) enters the set U (B) at k = K., it never leaves this set, i.e., z(k) € U(B), for
all £ > K.. Of course, the integer K, is random. In the next Theorem, we provide an upper bound on the
expected value of K. (the time slot when z(k) enters the set U.(B),) thus giving a stopping criterion (in

certain sense) of the algorithm P-AL-G.

Theorem 6.9 ( Expected number of iterations for convergence ) Consider the sequence {z(k)}7- , generated

by the algorithm P-AL-G. Then, we have:
(6.25)

Proof: Let us define an auxiliary sequence z(k) as z(k) = z(k), if z(k) € G(e), and z(k) = z*, if
z(k) € U(B). Here z* is a point in B. That is, z(k) is identical to z(k) all the time while z(k) is outside
the set U.(B) and z(k) becomes z* and remains equal to z* once z(k) enters U (B). (Remark that z(k)
never leaves the set U, (B) once it enters it by construction of Algorithm P-AL-G.)

Now, we have that:

- P(z(k)) < —=ble) if z(k) € G(e)
¥ (2(k)) = : (6.26)
0 ifz(k) € Uc(B)
Taking the expectation of ¢ (z(k)), k = 0, ..., t — 1 and summing up these expectations, and letting ¢ — oo,

we get:
E[L (3(c0))] = L(2(0)) = Y E[ (Z(k +1)] —E[Y (Z(k)] =E) v (3(k)) < ~E[K] b(e)
k=0 k=0

Thus, the claim in (6.25) follows. O
We now prove Theorem 6.4-2. By Theorem 10, the expected value of K. is finite, and thus K is finite
a.s. This means that for all ¢ > 0, there exists random number K. (a.s. finite), such that zZ(k) = z*, for all

k > K., i.e., such that z(k) € U.(B) for all k > K. The last statement is equivalent to Theorem 6.4-2. O
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6.5 Variants to AL-G: AL-MG (augmented Lagrangian multi neighbor gos-
siping) and AL-BG (augmented Lagrangian broadcast gossiping) algo-

rithms

This section introduces two variants to the AL-G algorithm, the AL-MG (augmented Lagrangian multi
neighbor gossiping) and the AL-BG (augmented Lagrangian broadcast gossiping). Relying on the previous
description and analysis of the AL—G algorithm, the Section explains specificities of the AL-MG and AL—-
BG algorithms. Subsection 6.5.1 details the AL-MG, and subsection 6.5.2 details the AL-BG algorithm.
Proofs of the convergence for P~AL-MG and P-AL-BG are in Appendix D.

6.5.1 AL-MG algorithm

The AL-MG algorithm is a variation of the AL—G algorithm. The algorithms AL-G and AL-MG are based
on the same reformulation of (6.1) (eqn.(6.2)), and they have the same dual variable update (that is, D-AL—-
G and D-AL-MG are the same.) We proceed by detailing the difference between P-AL-MG and P-AL-G
to solve (6.9) (with fixed dual variables.) With the algorithm P-AL-MG, each node has two independent
Poisson clocks, 7} and 7. Update followed by a tick of T}" is the same as with P~AL-G (see Algorithm 5,
step 4.) If T ticks, then node ¢ transmits simultaneously the variables y;;, j € €, to all its neighbors (y; ;,
is transmitted to node j1, y; j, is transmitted to node j2, etc.) Due to link failures, the neighborhood nodes
may or may not receive the transmitted information. Successfull transmissions are followed by updates of
Yji’s, according to (6.13). Define also the virtual clock 7" that ticks whenever one of the clocks 777, Tiy, ticks.
Accordingly, we define the k-time slots as [7;—1,7), kK = 1,2..., 79 = 0, and 7, is the time of the k-th tick
of T'. Overall AL-MG algorithm is the same as AL-G (see Algorithm 6,) except that, instead of P-AL-G,
nodes run P-AL-MG algorithms at each t. We prove convergence of the P~AL-MG in Appendix D; for

convergence of the overall AL-MG algorithm, see discussion at the beginning of Section 6.5.

6.5.2 AL-BG algorithm: An algorithm for static networks

We now present a simplified algorithm for the networks with reliable transmissions. This algorithm is

based on the reformulation of (6.1) that eliminates the variables y;;’s. That is, we start with the following
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equivalent formulation of (6.1):

minimize Zf\i 1 filxs)
subjectto x; € &;, i =1,...,N, (6.27)
T; = Ty, {27]} €EFE

We remark that (6.27) is equivalent to (6.1) because the supergraph is connected. After dualizing the con-

straints x; = xj, (i,j) € E, the AL dual function L,(-) and the Lagrangian L(-) become:

Lo ({Aizp}) = min L ({zi} {Migy})
subjectto z; € &, 1 =1,..,. N

N

1
L({z:}, gy }) =D filz)+ D Moy (@i—z) + 2P > i —al* (6.28)

i=1 {i,j}€E,i<j {ig}eE, i<y

Inthe sums } ¢, e p /\{Tl.’j} (i —aj)and g e @i — z;]|?, the terms )‘Eﬁj} (z; — ;) and ||2; — x|
are included once. (The summation is over the undirected edges {7,;j}.) Also, terms )\{Tl. i (x; —x;) in
the sum >, e p )\L it (x; — x;) are arranged such that ¢ < j, for all {4,j} € E. The resulting dual

optimization problem is the unconstrained maximization of L (Ag; ;3 )-

Solving the dual: D-AL-BG algorithm

We solve the dual (6.28) by the method of multipliers, which can be shown to have the following form:

Ayt +1) = A jy(8) + psign(j — @) (2f(t) — x5(t)) (6.29)

x*(t) = (x7(t), x5(t), ...,z (t)) € argmin L ({:L',L}, {)\{m}(t)})
subjectto z; € &;,i=1,...,. N

: (6.30)

We will explain in the next paragraph how the P-AL-BG algorithm solves (6.30) in a distributed, iter-
ative way. With AL-BG, each node needs to maintain only one m-dimensional dual variable: \; :=
> jeq, sign(j — i) Ay jy. Also, define 7; := 3 ;o x;. The P-AL-G algorithm terminates after a finite
number of inner iterations &, producing an inexact solution. Denote by xf (resp. a:f ) the inexact solution

of x; (resp. xj, j € €);), available at node i, after termination of P-AL-BG. We will see that a:f = xiL,
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V1; accordingly, after termination of P-AL-BG, node ¢ has available ff => e, :Uf . Summing up equa-
tions (6.29) for A{i’j}, J € £, and taking into account the finite time termination of the P-AL-BG, we
arrive at the following dual variable update at node i:

Ni(t+1) =N(t) +p (dizl (t) =7 (1), i=1,...,N. (6.31)

7

Solving for (6.30): P-AL-BG algorithm

We solve the problem (6.30) by a randomized, block-coordinate P-AL-BG algorithm. After straightforward
calculations, it can be shown that minimization of the function in (6.28) with respect to x; (while other
coordinates are fixed) is equivalent to the following minimization:
minimize  f;(z;) + (XZ- — p@-)—r T; + %pdiniHQ 6.32)
subjectto x; € &;
Similarly as with AL-G, we assume that the clock ticks at all nodes are governed by independent Poisson
process T;’s. P-AL-BG is as follows. Whenever clock T; ticks, node ¢ updates x; via (6.32) and broad-
casts the updated x; to all the neighbors in the network. Discrete random iterations {k} of the P~AL-BG
algorithm are defined as ticks of the virtual clock 7' that ticks whenever one of T; ticks. The P-AL-BG
algorithm produces =/ and Z!" at node i. Overall dual AL-BG algorithm is similar to the AL-G algorithm
(see Algorithm 6), except that, at each ¢, nodes cooperatively run the P-AL-BG algorithm, instead of P—
AL-G algorithm. We prove convergence of P-AL-BG in Appendix D; for convergence of the overall dual

AL-BG scheme, see discussion at the beginning of Section 6.5.

6.6 Simulation examples

In this section, we consider two simulation examples, namely, [;—regularized logistic regression for classifi-
cation (subsection 6.6.1), and cooperative spectrum sensing for cognitive radio networks (subsection 6.6.2.)
Both examples corroborate the convergence of our algorithms AL-G, AL-MG on random networks, and
AL-BG on static networks, and illustrate tradeoffs that our algorithms show with respect to the existing
literature. We compare our and existing algorithms with respect to: 1) communication cost; and 2) compu-
tational cost, while the communication cost is dominant in networked systems supported by wireless com-

munication. On our simulation example, AL-BG converge faster than existing algorithms (in [23, 24, 98, 8])
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%) on static networks in terms of communication cost, on both examples; at the same time, it has a larger
computational cost. For our /;-regularized logistic regression example and random networks, AL-G and
AL-MG converges faster than existing algorithms ([23, 24]'%) in terms of communication cost, while hav-
ing larger computational cost. For the cooperative spectrum sensing example and random networks, AL-G

and AL-MG converge slower than existing algorithms [23, 24].

6.6.1 [ -regularized logistic regression for classification

We study distributed learning of a linear discriminant function. In particular, we consider the /;—regularized
logistic regression optimization problem (eqn. (45) in [78]; see Subsections 7.1 and 10.2). We add private
constraints and adapt the notation from [78] to fit our exposition.!! The problem setup is as follows. Each

Ng

i1 where a;; € R? is a feature vector (data vector,)

node i, i = 1,..., N, has Ny data samples, {a;;, b;; }
and b;; € {—1,+1} is the class label of the feature vector a;;. That is, when b;; = 1 (respectively, —1,)
then the feature vector a;; belongs to the class “1” (respectively, “—17.) The goal is to learn the weight
vector w € RY, and the offset v € R, based on the available samples at all nodes, {aij, bij };V:‘il i=1,...,N,
so that w is sparse, and the equality: sign (aiTjw + v) = bj;, i = 1,..,N, j = 1,..., Ng, holds for the

maximal possible number of data samples {a;;, bij}j.vzdl, 1 = 1,...,N. One approach to choose w and v
is via [1-regularized logistic regression; that is, choose w* and v* that solve the following optimization

problem, [78]:

minimize ZZ]\LI Zé\f:‘il log <1 + exp (—bij(aiTjw + v))) + Allw||1
subjectto w'w < k;, i=1,...,N . (6.33)
v <kl,i=1,.,N

The parameter A > 0 enforces the sparsity in w, [63]. The private constraints on w and v at node ¢ (k;’s and
kg’s are positive) represent the prior knowledge available at node ¢ (see [99], Chapter 7.) Problem (6.33)
clearly fits our generic framework in (6.1) and has a vector optimization variable, a non smooth objective
function, and quadratic private constraints. Alternatives to (6.33) to learn w and v include support vector

machines and boosting, [63, 78].

Reference [8] focusses specifically on the Lasso problem; we compare with [8] in subsection 6.6.2.

00nly references [23, 24] consider random networks.

"Note that [78] studies only the parallel network architecture, with a fusion center, and it does not propose an algorithm to solve
the [;—regularized logistic regression problem on generic networks, the case that we address here.
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Simulation setup

We consider a supergraph with N' = 20 nodes and | E'| = 37 undirected edges (74 arcs). Nodes are uniformly
distributed on a unit square and pairs of nodes with distance smaller than a radius r are connected by an
edge. For networks with link failures, the link failures of different arcs at the same time slot are independent
and the failures of the same arc at different time slots are independent also. Link failure probabilities 7;;
are generated as follows: m;; = k ii;j, di; < r, where kK = 0.5. Each node has V; = 5 data samples.
Each feature vector a;; € R4, m = 20, and the “true” vector wi,ye have approximately 60% zero entries.
Nonzero entries of a;; and wrye, and the offset viye are generated independently, from the standard normal
distribution. Class labels b;; are generated by: b;; = sign (a;;wtrue + Virue + 61’]’)9 where ¢€;; comes from
the normal distribution with zero mean and variance 0.1. The penalty parameter A is set to be 0.5 -+ A\ ax,
where Apnax is the maximal value of A above which the solution to (6.33) is w* = 0 (see ([78], subsection
10.2) how to find Anax.) We set k; and k:z’ as follows. We solve the unconstrained version of (6.33) via
the centralized subgradient algorithm; we denote the corresponding solution by w® and v®. We set k; =
(1 +7;) - |lw*||?, ki = (1 +r!) - |v®|, where r; and r} are drawn from the uniform distribution on [0, 1].
Thus, the solution to problem (6.33) is in the interior of the constraint set. (Similar numerical results to

the ones presented are obtained when the solution is at the boundary.) To update x; with P-AL-G and

P-AL-MG (6.11), we solve (6.11) via the projected subgradient algorithm.

Algorithms that we compare with

In the first set of experiments, we consider AL—BG for (static) networks; in the second set of experiments, we
test AL-G and AL-MG on networks with link failures. We compare our algorithms with the ones proposed
in [23, 2, 22, 24]'? and in [98]. References [23, 2, 22, 24] propose a primal projected subgradient algorithm,
here refer to as PS (Primal Subgradient.) PS, as an intermediate step, computes weighted average of the
optimal point estimates across node i’s neighborhood. Averaging weights have not been recommended
in [23, 2, 22, 24]; we use the standard time-varying Metropolis weights, see [65], (6.11). Reference [98]
proposes an incremental primal subgradient algorithm, here referred to as MCS (Markov chain subgradient.)
With MCS, the order of incremental updates is guided by a Markov chain, [98].!* We simulate MCS and PS
with fixed subgradient step size rather than the diminishing step size, as the former yields faster convergence.

We compare the algorithms based on two criteria. The first is the amount of inter-neighbor communica-

2We simulate the algorithms in [23, 2, 22, 24] with symmetric link failures.

BConvergence for MCS has been proved only with the projection onto a public constraint set, but we simulate it here with
the straightforward generalization of the projection onto private constraint sets; MCS showed convergence for our example in the
private constraints case also.
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tion that the algorithms require to meet a certain accuracy. We count the total number of radio transmissions
(counting both successful and unsuccessful transmissions.) The second is the total number of floating point
operations (at all nodes.) In networked systems supported by wireless communication (e.g., WSNs,) the
dominant cost (e.g., power consumption) is induced by communication. Total number of floating point op-
erations depends on the algorithm implementation, but the results to be presented give a good estimate of
the algorithms’ computational cost. It may be possible to reduce the computational cost of AL-G, AL-MG,
and AL-BG by a more computationally efficient solutions to problems (6.11) and (6.32) than (here adopted)

projected subgradient method.

Denote by f* the optimal value of (6.33). We compare the algorithms in terms of the following metric:

erry = =" (F(m) ~ ).

i=1

where z; is the estimate of the optimal solution available at node ¢ at a certain time.

With our AL-G, AL-MG, and AL-BG algorithms, the simulations to be presented use an increasing
sequence of AL penalty parameters (see the end of Section 6.4,) which, after some experimentation, we set
to the following values: p; = t4e 4+ B, t=0,1,...,with A, = 1.3, and B, = 1. We also implemented the
algorithms with different and increasing p’s assigned to each dual variable, with the scheme for adjusting

p’s explained at the end of Section 6.4, with K,y = Fnay = 0-3, and ONijy = Onayy = 12 The latter

) )
choice also showed convergence of AL-G, AL-MG, and AL-BG, but the former yielded faster convergence.

(

Our simulation experience shows that the convergence speed of AL-G, AL-MG, and AL-BG depend on the
choice of p;, but the optimal tuning of p; is left for future studies. With our proposed methods, we set the
number of inner iterations as follows. AL-G’s ¢-th slow slot has 15900V inner iterations (ticks of T"); AL-
MG’s 6000N + 1350t N; and AL-BG’s 500N . With PS and MCS, and a fixed step size, the estimates f(z;)
converge only to a neighborhood of f*. There is a tradeoff between the limiting error err(co) and the rate
of convergence with respect to the stepsize o larger o leads to faster convergence and larger err¢(co). We
notice by simulation that AL-G, AL-MG, and AL-BG converge to a plateau neighborhood of f*; after that,
they improve slowly; call the error that corresponds to this plateau err(ss). To make the comparison fair
or in favor of PS and MCS, we set « for the PS and MCS algorithms such that the err¢(co) for PS and MCS
is equal (or greater) than the err(ss) attained by AL-G, AL-MG, and AL-BG.
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Results: Static network

Figure 6.2 (top left) plots erry versus the number of (m = 20-dimensional vector) transmissions (cumula-
tively at all nodes.) We can see that AL-BG outperforms PS and MCS by one to two orders of magnitude.
AL-BG needs about 0.3 - 10° transmissions to reduce err + below 0.001, while MCS and PS need, respec-
tively, about 4 - 10° and 18 - 10° transmissions for the same precision. With respect to the number of floating
point operations (Figure 6.2, top right,) AL-BG needs more operations than MCS and PS; 45 - 10® for AL
BG versus 13- 108 for PS, and 2- 108 for MCS. Thus, with respect to MCS, AL-BG reduces communication
at a cost of additional computation. Note that with AL-BG, MCS, and PS, due to private constraints, node
1’s estimate x; may not be feasible at certain time slots; in this numerical example, AL-BG, MCS, and PS
all produced feasible solutions at any time slot, at all nodes. A drawback of MCS in certain applications,
with respect to PS and AL-BG, can be the delay time that MCS needs for the “token” to be passed from

node to node as MCS evolves, see [98].

Results: Random network

Figure 6.2 (bottom left) plots err; versus the total number of transmissions. AL-MG and AL-G converges
faster than PS. To decrease erry below 5 - 104, AL-MG and AL-G require about 1.2 - 109 transmissions,
and AL-G 1.5 - 108 transmissions; PS requires about 3.7 - 10® transmissions to achieve the same precision.
Figure 6.2 (bottom right) plots err; plots versus the total number of floating point operations. PS requires
less computation than AL-G and AL-MG. To decrease err; below 5 - 104, AL-MG and AL-G require
about 69 - 10Y transmissions; PS requires about 2.8 - 10? transmissions for same precision. With each of the

algorithms AL-G, AL-MG, and PS, each node i’s estimate x; was feasible along time slots.

6.6.2 Cooperative spectrum sensing for cognitive radio networks

We now consider cooperative spectrum sensing for cognitive radio networks. Cognitive radios are an emerg-
ing technology for improving the efficiency of usage of the radio spectrum. (For a tutorial on cognitive radios
see, e.g., [100].) We focus here on the cooperative spectrum sensing approach that has been studied in [8, 5].
Suppose that N, cognitive radios, located at x;. positions in 2D space, cooperate to determine: 1) the spatial
locations; and 2) the power spectrum density (PSD) of primary users. Primary users can be located on N,
potential locations, xs, on v/N, x v/N; square grid (See Figure 6.3, top, in [5].) For brevity, we omit the
details of the problem setup; we refer to reference [8], subsection II-A, for the problem setup, and section II

(eqn. (6.2)) in the same reference, for the Lasso optimization problem of estimating the locations and the
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Figure 6.2: Performance of AL-BG, MCS, and PS on a static network (top figures,) and the AL-G, AL-MG
and PS algorithms on a random network (bottom figures.) Left: total number of transmissions; Right: total
number of floating point operations.

PSD of primary users. This (unconstrained) optimization problem in eqn. (6.2) in [8] fits the generic frame-
work in eqn. (6.1); thus, our algorithms AL-G, AL-MG and AL-BG apply to solve the problem in (6.2)
in [8]. Throughout, we use the same terminology and notation as in [8]. We now detail the simulation
parameters. The number of potential sources is Ny = 25; they are distributed on a regular 5 x 5 grid over
the square surface of 4km?. Channel gains ys, are modeled as 5, = min {1, m}, with A = 200
[meters] and a=3. The number of basis rectangles is N, = 6, and the number of frequencies at which cog-
nitive radios sample PSD is Ny = 6. There are 3 active sources; each source transmits at 2 out of [V, = 6
possible frequency bands. After some experimentation, we set the Lasso parameter A (see (6.2) in [8]) to
A = 1; for a distributed algorithm to optimally set A, see [8]. We consider the supergraph with N,, = 20
nodes (cognitive radios) and | F'| = 46 undirected edges (92 arcs.) Nodes are uniformly distributed on a unit
2kmx2km square and the pairs of nodes with distance smaller than » =750m are connected.

For static networks, we compare AL-BG (our algorithm) with MCS, PS, and an algorithm in [8]. Ref-
erence [8] proposes three (variants of ADMM type algorithms, mutually differing in: 1) the total number of
primal and dual variables maintained by each node (cognitive radio); 2) the method by which nodes solve
local optimizations for primal variable update (These problems are similar to (6.32).) We compare AL-BG
with the DCD-Lasso variant, because it has the same number of primal and dual variables as AL-BG and

a smaller computational cost than the alternative DQP-Lasso variant. With AL-BG, we set the number of
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inner iterations as follows: ¢-th slow time scale slot has 100V ticks of 1" (inner iterations). Further, with
AL-BG, we use an increasing sequence of AL penalty parameters, p; = K, AZ +C, t =0,1,.., with
K,=1,4,=1.15and C, = 3. With DCD-Lasso, we use fixed p = p, as in [8, 5]. 14 After experimenta-
tion, we set p = 8. We solve the local problems in AL-BG (eqn. (6.32)), AL-G and AL-MG (eqn. (6.11),)
by an efficient block coordinate method in [8] (see eqn. (13) in [8].) For the networks with link failures, we
have compared our AL-G and AL-MG algorithms with PS (in [23, 2, 22, 24].) We briefly comment on the
results. Both AL-G and AL-MG converge to a solution, in the presence of link failures as in 6.6.1; they

converge slower than the PS algorithm, both in terms of communication and computational cost.

Results for static network

Figure 6.3 (left) plots err ¢ for PS, MCS, DCD-Lasso, and AL-BG versus the number of transmissions (at all
nodes.) AL-BG shows improvement over the other algorithms. To achieve the precision of erry < 0.044,
AL-BG requires about 5- 10* transmissions; MCS 20- 104 transmissions; DCD-Lasso 25-10% transmissions;

PS 50 - 10* transmissions. Limiting error for PS is 0.027 (not visible in the plot.) Figure 6.3 (right) plots

2 4 6
number of floating point operations ¢

© o0

Figure 6.3: Performance of AL-BG, DCD-Lasso, PS and MCS algorithms on static CR network. Left:
total number of transmissions (cumulatively, at all nodes). Right: total number of floating point operations
(cumulatively, at all nodes.)

the erry for the PS, MCS, DCD-Lasso, and AL-BG algorithms versus the total number of floating point

operations. AL-BG, MCS and DCD-Lasso show similar performance, while PS is slower.

6.7 Conclusion

We considered very general distributed optimization problems with private, possibly nondifferentiable costs

and private constraints. Nodes utilize gossip to communicate through a generic connected network with

14Tt may be possible to improve on the speed of DCD-Lasso by selecting appropriate time varying p = p;; this is outside of our
scope.
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failing links. We proposed a novel distributed algorithm, the AL-G algorithm. AL-G handles private costs,
private constraints, random networks, asymmetric link failures, and gossip communication.

This contrasts with existing augmented Lagrangian dual methods that handle only static networks and
synchronous communication, while, as mentioned, the AL-G algorithm handles random networks and uses
gossip communication. In distinction with existing distributed gradient algorithms that essentially handle
symmetric link failures, AL-G handles asymmetric link failures.

AL-G updates the dual variables synchronously via a standard method of multipliers, and it updates
the primal variables via a novel algorithm with gossip communication, the P-AL-G algorithm. P-AL-G
is a nonlinear Gauss-Seidel type algorithm with random order of minimizations. Nonlinear Gauss-Seidel
was previously shown to converge only under the cyclic or the essentially cyclic rules, [14, 15]; we prove
convergence of P-AL-G, which has a random minimization order. Moreover, our proof is different from
standard proofs for nonlinear Gauss-Seidel, as it uses as main argument the expected decrease in the ob-
jective function after one Gauss-Seidel step. We studied and proved convergence of two variants of AL-G,
namely, AL-MG and AL-BG. An interesting future research direction is to develop a fully asynchronous
dual algorithm that updates both the dual and primal variables asynchronously.

We demonstrated the effectiveness of our method on two simulation examples, [;—regularized logistic

regression for classification, and cooperative spectrum sensing for cognitive radios.
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Chapter 7

Distributed Augmented Lagrangian
Methods: Costs with Bounded Hessian

7.1 Introduction

In Chapter 6, we developed and analyzed distributed augmented Lagrangian (AL) dual methods for generic,
nondifferentiable costs and private constraints. In this Chapter, we assume a restricted class of unconstrained
problems with differentiable costs and bounded Hessian, but we establish strong convergence rate guaran-

tees.

To state the problem, we recall the algorithm AL-BG from Chapter 6. Abstractly, this algorithm updates

the primal variables x; (k) and dual variables 7; (k) (at the outer iteration level) as follows:

(xl(k + 1)a Ex) xN(k + 1)) = argmin(mh‘..,x;v) € RaN L, (xb <oy TN nl(k)a SX) 77N(k’)) (7.1)

ni(k+1) =mi(k) + o Y Wi (@i(k+1) —2;(k+1)), (7.2)
JEO;

where o > 0 is the (dual) step-size, and L, : RIN x RIN 5 R, is the AL function:
N N p
La(@1, ooy on; M1y sy ) = Y filwi) + 2177:% +35 Yo Wiyllei—al’. (7.3)
1=

=1 {idtek, i<y

Differently from Chapter 6, we employ here a straightforward modification by weighting the (undirected)
link {i,j} € E with the weight I¥;;. Chapter 6 developed randomized, iterative methods, to solve (7.1) at

a fast time scale. We shall consider here the primal methods from Chapter 6, as well as other (deterministic
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and randomized) variants.

Specifically, we study a class of deterministic and randomized methods of type (7.1)—(7.2). Both de-
terministic and randomized methods update the dual variables via (7.2). With the deterministic variants,
step (7.1) is done via multiple inner iterations of either: 1) the NJ method on L(-; n(k)); or 2) the gra-
dient descent on L(-; n(k)). With both cases, one inner iteration corresponds to one per-node broadcast
communication to all neighbors. With the randomized methods, step (7.1) is done either via multiple inner
iterations of: 1) a randomized NGS method on L(+; n(k)); or 2) a randomized coordinate gradient descent
on L(+; n(k)). Hence, we consider the total of four algorithm variants: 1) deterministic NJ; 2) deterministic
gradient; 3) randomized NGS (this is AL-BG in [38]); and 4) randomized gradient. With all variants, we
establish linear convergence rates in the total number of elapsed per-node communications (k) after k
outer iterations, assuming that nodes know beforehand (a lower bound on) Ay, (an upper bound on) Ay ax,
and (a lower bound) on the network spectral gap A2.! (See [9] how this knowledge can be acquired in a
distributed way.) With the deterministic variants, the distance to the solution z* of (1.1), at any node 4 and

any outer iteration k is upper bounded as:

2D

In (7.4), R € [0,1) is the convergence rate specified below, D,, := ||;(0) — *|| is the initial distance to the
2
(primal) solution?; and 2) D, := (% ZZ]\LI HVfo*)H) .

With the randomized methods, we show the rate in the expected error norm:

E[||@i(k) — 2*| ] SRE[’C(’“”\/Nmax{DI, \/%121} (1.5)

where E [ IC(k) | is the expected number of elapsed per-node communications up to iteration .

Table 7.1 shows the communication rates ‘R for the four algorithm variants. (See ahead paragraph with
heading Notation for the meaning of symbol €2.) The quantity v := hmax/hmin is the condition number
of the f;’s. We comment on the established rates. For example, for the deterministic NJ method, we can
see that the rate R (the smaller the better) is jointly negatively affected by the condition number ~+ and the
network “connectivity,” measured by \2. For a poorly connected chain network of N nodes, Ay = ©(1/N?),

(1+7)N?

and hence the rate is 1 — (*) In contrast, for well-connected expander networks, Ao = (1),

i.e., it stays bounded away from zero, and so the rate essentially does not deteriorate with the increase of

'The spectral gap )2 is the second smallest eigenvalue of the weighted Laplacian matrix £ := I — W.
*We assume throughout that all nodes start with the same initial point «:;(0), say z;(0) = 0.
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Convergence Rate R

Deterministic, NJ: 1-0Q (1)‘%)
o

1+ log(147) + log()\Q_l)

Randomized, NGS: 1—Q 22 1

. ) log (14—
Deterministic, Gradient: 1 — (2 A2 ( HV) )
1+ 10g(1+’y)+10g()\21))

. . . . Ao 1
Randomized, Gradient: 1 — ) = 10g(1+’y)+10g()\21)>

Table 7.1: Convergence rates R in (7.4) (deterministic methods) and (7.5) (randomized methods) for the
four variants of (7.1)—(7.2).

N. Further, comparing the communication rates R of the deterministic NJ and the deterministic gradient
methods, we can see that the NJ variant has a slightly better dependence on the underlying network. This is
natural, as the gradient method usually has a much smaller computational cost per-communication that the
NJ method. Finally, we can see that deterministic NJ has a slightly better rate than the randomized NGS (a
natural randomized counterpart), while the rates of the deterministic and randomized gradient methods are
very similar, at least for a large ~.

It is worth noting that, with our deterministic and randomized gradient methods of type (7.1)—(7.2),
both inner (primal) and outer (dual) iterations involve only calculations of the gradients V f;’s and weighted
averaging of certain quantities across nodes’ neighborhoods, just like the distributed methods in, e.g., [2, 12],
and our Nesterov-based methods in Chapters 2 and 3. Although the methods in [9] achieve close-to-optimal
convergence rates when the costs f;’s are not strongly convex, they do not converge linearly in the presence
of strong convexity. In contrast, we show that the AL methods with gradient updates here achieve linear
convergence, both in terms of the number of per-node communications and per-node gradient evaluations.

Our final comment is on the quantity D,, := (Zf\i IV fl(a:*)H> v in (7.4) and (7.5) that arises from
our analysis. This quantity measures, in a sense, the difficulty of (1.1) when solved by distributed methods
like (7.1)—(7.2). The larger it is, the more difficult the problem is. If, in an extreme, the f;’s all have the
same minimizer, say y*, then y* is also the minimizer of (1.1) (We have y* = z*.) Such problem instance
is “easy,” because nodes do not need communication with other nodes to obtain the global solution to (1.1).
Note that the “easyness™ of the problem is in agreement with the value D, = 0. On the other hand, if the
nodes’ local minimizers (of the f;’s), say y;’s, are very different, then y7 of a node ¢ may be very different
from 2*. Hence, node ¢ needs communication with other nodes to recover x*. This is in agreement with a

large D), in such scenarios. (See ahead Lemma 7.5 for the relation of D, with the dual optimum.)

Brief comment on the literature. Augmented Lagrangian (AL) and alternating direction method of
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multipliers (ADMM) methods have been studied for a long time; e.g., references [31, 32, 33] show locally
linear or superlinear convergence rates of AL methods. Recently, there has been a strong renewed interest
and progress in the convergence rate analysis of the classical AL and ADMM methods. References [34, 35]
show that the ADMM method converges globally linearly, for certain more general convex costs than ours.
These works are not concerned with distributed optimization over a generic network (1.1) that we consider
here, but their results may imply linear convergence of the D-Lasso and related methods in, e.g., [8, 5].
Thus, the results in [34, 35] may imply linear convergence only for a sub-class of methods considered here.
Further, our analysis is technically different from those in [34, 35]. Reference [36] analyzes the AL methods
under more general costs than ours and is again not concerned with distributed optimization (1.1). The
work [36] is related to ours in the sense that it analyzes the AL methods when the primal problems are
solved inexactly, but, under their setup, the AL methods converge to a solution neighborhood. By contrast,
in our setup, distributed AL methods converge linearly to the exact solution, in spite of the inexact solutions

of the (inner) primal problems.

Reference [44] considers distributed optimization problem (1.1) over generic networks as we do here,
under a wider class of functions than what we study. The reference shows O (1/K) rate of convergence in
the number of per-node communications for a distributed ADMM method. Hence, with respect to our work,
[44] studies a wider class of problems but establishes much slower rates. Reference [45] considers both the

resource allocation problems and (1.1) and develops accelerated dual gradient methods. For problems (1.1),

Amin (AAT)

this reference gives the methods’ local rates as 1 — €2 ( e (AAT)

) , where A is the edge-node incidence
matrix and Apin(-) and Apax(-) denote the minimal and maximal eigenvalues, respectively. Also, [45]
considers ordinary dual problems, with the AL parameter p = 0; in contrast, we consider both the cases
p=0andp > 0.

The works [28, 101, 102, 103] are related to our deterministic gradient AL variant. These references
study distributed primal-dual methods that resemble our methods when the number of inner iterations 7
is set to one (but are not the same.) These works do not establish convergence rates of their algorithms.
Reference [104] studies a similar primal-dual method, based on the Arrow-Hurwitz-Uzawa method, in a
centralized setting, and under more general costs than assumed here. The reference shows convergence to

saddle point neighborhoods at rate O(1/v/k) — a much slower rate than ours due to the assumed different

(wider) function class.

Chapter organization. Section 7.2 details the network and optimization models that we assume,
presents our deterministic AL distributed methods, and states our results on their convergence rates. Sec-

tion 7.3 proves these results. Section 7.4 presents our randomized distributed AL methods and their rates,
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while Section 7.5 proves these rates. Section 7.6 provides a simulation example with [y-regularized logistic
losses. Finally, we conclude in Section 7.7.

Notation. We denote by R? the d-dimensional real coordinate space. Further, we denote by: a; the
[-th entry of vector a; Ay, or [A];, the entry in the [-th row and m-th column of a matrix A; AT the
transpose of a matrix A; I, 0, 1, and e;, respectively, the identity matrix, the zero matrix, the column vector

with unit entries, and the 4-th column of I; J the N x N ideal consensus matrix J := (1/N)117;

al

the vector (respectively, matrix) [-norm of its vector (respectively, matrix) argument; || - || = || - ||2 the
Euclidean (respectively, spectral) norm of its vector (respectively, matrix) argument; \;(-) the i-th smallest
eigenvalue; A > 0 means that the Hermitian matrix A is positive definite; |a| the integer part of a real
scalar a; V() and V2¢(x) the gradient and Hessian at « of a twice differentiable function ¢ : R? — R,
d > 1; P(-) and E[] the probability and expectation, respectively; and Z(.A) the indicator of event .4. For
two positive sequences 7, and X, 7, = O(Xy) means that lim sup,,_, Z—Z < 0035 Ny, = (xn) means that
lim inf,, s Z—Z > 0; and 7,, = O(x,,) means that 1, = O(x,) and 7, = Q(x7).

The results in this Chapter are to be submitted in [48].

7.2 Deterministic Distributed Augmented Lagrangian Methods

Subsection 7.2.1 introduces the network and optimization models that we assume; Subsection 7.2.2 presents
our two deterministic distributed AL methods, namely the method with the NGS primal updates, and the
method with gradient-type primal updates. Subsection 7.2.3 states and interprets our convergence rates

results.

7.2.1 Optimization and network models

Optimization model. We consider a distributed optimization problem where N nodes solve the uncon-
strained problem (1.1). The function f; : R? — R is known only by node i. We impose the following

structure on the f;’s.

Assumption 7.1 (Optimization model) The functions f; : R¢ — R are convex, twice continuously differen-

tiable, and have bounded Hessian, i.e., there exist 0 < Amin < Amax < 00, such that, for all i:

Bnin I = V2fi(2) < hax I, Yz € R%. (7.6)
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Under Assumption 7.1, problem (1.1) is solvable and has the unique solution z*. Denote by f* =
inf, cpa f(x) = f(a*) the optimal value. Further, Assumption 7.1 implies Lipschitz continuity of the V f;’s

and strong convexity of the f;’s, i.e., for all 4:

IV fi(z) = VAW < hmax [lz = yll, Yo,y € R?

hmin
fiy) 2 fi(x) + Vfila) T (y = 2) + =2 |z — y|, o,y € R

Communication model. We associate with problem (1.1) a network V of N nodes, described by the

graph G = (V, E), where E C V x V is the set of edges.

Assumption 7.2 (Network model) The graph G is connected, undirected, and simple (no self/multiple links.)

Weight matrix and weighted Laplacian. Assign to graph G a symmetric, stochastic (rows sum to one
and all the entries are non-negative), N x NN weight matrix W, with, for ¢ # j, W;; > 0 if and only if,
{i,j}l€ E;and W;; =1 — Z#i W;;. Denote also Wi=W—J. (See (7.3) for the role of W.) We require
that W is positive definite and that A1 (W) < 1. These requirements on the matrix ¥ can be fulfilled by
nodes without knowledge of any global network parameters; see Chapter 2. Also, denote by £ := [ — W
the weighted graph Laplacian matrix. The quantity A2(£) = 1 — o € [0, 1) (the larger it is, the better) is
the network spectral gap and measures, in a sense, how well connected the network is. For example, for a
chain N-node network, \y(L) = © (ﬁ), while, for expander graphs, it stays bounded away from zero as

N grows.

7.2.2 Deterministic Distributed Augmented Lagrangian Methods

We present two variants of deterministic distributed AL algorithms of type (7.1)—(7.2). Section 7.3 explains
how we derive these methods. They mutually differ in step (7.1). Both methods solve (7.1) through the inner
iterations, indexed by s, and perform (7.2) in the outer iterations, indexed by k. With the first variant, nodes
update their primal variables via a nonlinear Jacobi (NJ) method on L,(-;7n(k)) in (7.3); with the second
variant, they use a gradient descent method on L, (-;n(k)). At outer iterations k, with both variants, nodes
update the dual variables via the dual gradient ascent method (while the primal variables ar fixed).

The distributed AL algorithm with nonlinear Jacobi primal updates. We proceed with detailing
the first algorithm variant. Later, to present the second variant, we only indicate the differences of the two
methods. Denote by: z;(k, s) the node i’s primal variable at the inner iteration s and outer iteration k; and

n;(k) the node i’s dual variable at the outer iteration k. Further, as in (7.1)—~(7.2), denote by x;(k + 1)
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the node ¢’s primal variable at the end of k-th outer iteration. We make the following relation between the
primal variables at the inner and outer iterations: z;(k,s = 0) := z;(k), and z;(k + 1) := z;(k,s = 7).In
addition, nodes maintain a weighted average of their own and the neighbors’ primal variables 7;(k, s) :=
> jeo; Wijxj(k,s). Recall that O; = {j € {1,..,N} : W;; > 0} is the neighborhood set of node 4,

including node 7.

The algorithm has, as the tuning parameters, the weight matrix W, the number of inner iterations per
outer iteration 7, the AL penalty parameter p > 0, and the dual step-size a > (0. The algorithm is given

in Algorithm 7. Its operation is summarized as follows. At each inner iteration s, s = 0,...,7 — 1, each

Algorithm 7 Distributed deterministic AL with nonlinear Jacobi updates
1: (Initialization) Node i sets k = 0, z;(k = 0) € R%, 7;(k = 0) = z;(0), and n;(k = 0) = 0.
2: (Inner iterations) Node cooperatively run the nonlinear Jacobi method for s = 0,1,...,7 — 1, with z;(k,s =
0) := z;(k) and T;(k, s = 0) := 7, (k):

12
zi(k,s+1) = argmin, cpa (fz(:vl) + (i (k) — pTilk,s)) " x5+ p‘?”) (1.7)
fi(k,S—Fl) = Z Wij .I‘j(k,S-‘r 1), (7.8)
J€O;
andset z;(k + 1) :=z;(k,s =7), 7 (k+ 1) =T;i(k, s = 7).
3: (Outer iteration) Node ¢ updates the dual variable n; (k) via:
ni(k +1) =ni(k) + o (zi(k+1) = T(k+ 1)) (7.9)

4: Set k — k + 1 and go to step 2.

node 7 solves the local optimization problem (7.7), to obtain z;(k, s+ 1); then, node i broadcasts x;(k, s+1)
to all its neighbors j € O; — {i}, as well as receives z;(k,s + 1), for all j € O; — {i}; upon reception
of the z;(k,s + 1)’s, node i computes Z;(k,s + 1) via (7.8). At outer iteration k, node i updates 7;(k)
via (7.9). (Note that (7.9) is equivalent to (7.2).) Note that each inner iteration requires one (d-dimensional)
broadcast transmission per node, while the outer (dual) iterations do not require communication. Overall,

node ¢ performs 7 broadcast transmissions per k.

To avoid notational clutter, we assume throughout, with all proposed algorithms, that all nodes use the

same initial primal variable z;(0) = x;(0), Vi, j; for example, nodes can set 2;(0) = 0, Vi.

The distributed AL algorithm with gradient-type primal updates. As noted, this algorithm variant
is very similar to its alternative. The only difference is the following. In Algorithm 7, replace the nonlinear

Jacobi update (7.7) with the gradient descent update on L, (in(k)) in (7.3). After algebraic manipulations,

169



one obtains the following update at each node i:

zi(k,s +1) = (1= Bp) wi(k,s) + B pTi(k,s) — B (mi(k) + V fi(zi(k,5))) , (7.10)

where 5 > 0 is the (primal) step-size parameter. Hence, in addition to W, «, and p, current algorithm has

an additional tuning parameter (.

7.2.3 Linear convergence: Statements of results

We are now ready to state our Theorem on the linear convergence of Algorithm 7 (deterministic NJ). 3

Recall the weighted Laplacian matrix £ = I — W, and its second largest eigenvalue Ao = Ao(L) > 0.
1/2

Recall D, := ||z1(0) — 2*[|, and D, := (% SN ||Vfi(:c*)||2> .

Theorem 7.3 (Convergence rate: Deterministic nonlinear Jacobi) Consider Algorithm 7 under Assumptions 7.1

and 7.2, and suppose that the algorithm and network parameters satisfy the following:

a < hmin (7.11)

r\" 1 Ao(L) humin
_— < -/ 7.12
(p+hmin> 3 p+hmax ( )

Then, at any node i, x;(k) generated by Algorithm 7 converges linearly (in the outer iterations k) to the

solution z*, with rate:

. 1 3 p 4 a (L) 3o p i
fdetnj = maX{ 5 - 5 (/%1) ’ <1 - p+ hmax * hmin p+ hmin < 1’ (713)

and there holds:

2D
Hxl(k) - x*H < (Tdet,nj)k v'N max {Dz, \/W)nhmm} . (7.14)

Condition 7.12 holds, for example, if p < hpyin, & = hpin, and:

3(1+
log ( )EQ(L‘?;))
log(2) |’

(7.15)

where 7 = hpax/hmin is the condition number of the f;’s. Thus, 7 needs to grow only moderately with

N. For a N-node chain network, \o(£) = ©(1/N?), and hence it suffices to take 7 = ©(log V). The

3We shall state the Theorems on the rates for our four methods in terms of the outer iterations k, and subsequently we derive the
communication rates in Table 7.1.

170



logarithmic growth of 7 also suffices with any other type of a N-node connected network. For expander

graphs, one can take 7 = O(1).

We make several remarks with respect to Theorem 7.3. First, the algorithm converges linearly in the

inner iterations (number of per-node communications) as well, with the rate R := rli/m = (rdet,nj)l/ T.
Taking:
6(1+7)
log < A2 (L) ) L
T = & = P = Nmin,
log(2) |’ g

and using Taylor expansions, one obtains the communication rate ‘R in Table 7.1. Second, for a fixed Apin,
hmax, £, and p > 0, there is a tradeoff with respect to the choice of 7. Increasing 7 decreases (improves)
the convergence rate r at the outer iteration level, but increases (deteriorates) the convergence rate at the
inner iteration level (as */7.) Finally, it is worth noting that, although p = 0 gives the best upper bound
in (7.75), it may not correspond to the optimal actual rate. Indeed, reference [105] considers the special
case of consensus problem, where each f;(z) : R — R, is of the form f;(z) = (2 — a;)% a; € R, and
a distributed ADMM method, which corresponds to a positive p and 7 = 1 in our setting. The reference
shows that it is optimal to take the (nonzero) p = © (m), in which case the rate 7 is 1 — €2 ( A2(£)> ;

in contrast, for p = 0, the rate r is poorer and is 1 — Q2 (A2(£)). An interesting research direction is to

address the optimal tuning of the parameters 7 and p for the generic f;’s.

We now consider the variant with gradient primal updates and establish its linear convergence rate.

Theorem 7.4 (Convergence rate: Deterministic gradient updates) Consider Algorithm 7 where step (7.7) is
replaced with (7.10), and let Assumptions 7.1 and 7.2 hold. Further, suppose that the algorithm and network

parameters satisfy the following:

a < hmin (7.16)
1
< —_— 7.17
ﬁ ~ hmax + 1Y ( )
1 )\2 hmin
1—Bhpm) < - -—MT70 7.18
( P ) 3 p+ Pmax ( )

Then, at any node i, x;(k) converges linearly (in the outer iterations k) to the solution z*, with rate:

1 3 - ara(L) 3a
2+2(1_5hmin)7<1_ >+

o+ h (1 — B hmin)" } <1, (7.19)

Tdet,grad = Max
hmin
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and there holds:

2D
zi(k) — 2*|| < (ract.erad)® VN max{ Dy, ———xl— } . (7.20)
H z( ) H = ( det,g ad) { T )\2(£> hmin
Condition 7.18 holds, for example, if p < hpyin, 8 = m, and: and:
3(1+7)
log ( /\2(2) )

T> (7.21)

N i
log ( > )
We comment on Theorem 7.4. First, the Theorem assures a linear convergence in the inner iterations (num-

ber of per-node communications) as well, with rate Ret grad = (rdet’grad)l/ 7. Taking:

log (6(7+1)) )
log (/\72;)) TP i = P+ hmax’

T =

and using Taylor expansions, one obtains the communication rate in Table 7.1. The method has computation-
ally simple (inner and outer) iterations, involving only gradient calculations and certain weighted averaging
across nodes’ neighborhoods. To our best knowledge, this is the first linear convergence rate result estab-
lished for problems of type (1.1) (and the costs as general as given by Assumption 7.1), for the methods
that involve only simple calculations (as opposed to the methods that involve local optimizations at each
node, as, e.g., Algorithm 7.) Indeed, the gradient based methods in, e.g., [2], [9], as well as our methods in
Chapters 2 and 3, require diminishing step-sizes for convergence to the exact solution. As a consequence,
they do not achieve linear convergence rates on the functions class defined by Assumption 7.1. The AL
method with gradient updates studied here converges to the exact solution under constant step-sizes « and

5, which enables a linear convergence.

7.3 Convergence rate analysis: Proofs of Theorems 7.3 and 7.4

The goal of the current Section is to prove Theorems 7.3 and 7.4. The section is organized as follows. Sub-
section 7.3.1 sets up the analysis by introducing certain helpful objects and giving an alternative, compact
representation of Algorithm 7 (see ahead Algorithm 8). Subsection 7.3.2 states and proves certain auxiliary

Lemmas and finally proves Theorem 7.3.
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7.3.1 Setting up analysis

For notational simplicity (to avoid extensive use of Kronecker products) we assume d = 1 (scalar optimiza-
tion variable), but our analysis extends to a generic d > 1. We base our analysis on the following nonlinear

saddle point system of equations:

VE(@x)+n+pLx=0 (7.22)
Lx=0 (7.23)
1Tp=o0. (7.24)

In (7.22), p > 0 is the AL penalty parameter, and F : RV — R is defined by F(z) = F(z1,...,zn) =
fi(xy) + fa(z2) + ...+ fv(zn). In (7.22), 2 € RY is the primal variable, while n € RY is the dual variable;
the i-th coordinate of = and 7 correspond to node ¢’s primal and dual variables, respectively. The following

Lemma demonstrates that solving (7.22) actually provides the solution to (1.1) at each node .

Lemma 7.5 Consider (1.1), let Assumptions 7.1 and 7.2 hold, and consider the nonlinear system (7.22).
Then, there exists a unique (2*,7°) € RY x RY that satisfies (7.22)—(7.24), with z® = x*1, where z* is the

solution to (1.1), and n®* = —VF(z* 1).

We first show that z* = z*1 and n* = —VF(z*1) is a solution to (7.22)—(7.24). Consider (7.23). We
have L2* = 2* L1 = 0 (by the property of the Laplacian matrix on a connected network that zero is an

eigenvalue with multiplicity one, and the corresponding eigenvector is 1.) Next, consider (7.24). We have:
N
17" = =) Vfi(a*) =0,
i=1

where the right equality holds because z* is the solution to (1.1). Finally, consider (7.22). The equality holds
because Lz* = 0 (already shown), and VF(z*) = VF(2*1) = —n°®. Thus, (z* = 2*1, n®* = =V F(2*1))
satisfy (7.22)—(7.24).

Now, we show uniqueness. Suppose that (2, n’) satisfy (7.22)—(7.24). We show that there has to hold:
' = x*,and ’ = —VF(2*1). By (7.23) and Assumption 7.2, z’ is of the form 2’ = 6 1, § € R. (This is a
standard result on the Laplacian matrix of a connected network, e.g., [106].) Next, multiplying (7.22) from

the left by 17, using (7.24), and 17 £ = 0, the following has to hold:

N
1'VF(@') =Y Vfi(6) = Vf(§) =0.
=1
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Thus, § = z*, because (1.1) has the unique solution by Assumption 7.1. Thus, ' = z* 1. Finally, by (7.22),
we have = —VF(2') = —VF(2*1). Thus, (z* = 2*1,7* = —VF(z*1)) is the unique point that

satisfies (7.22)—(7.24). Next, introduce the following two maps P : RN 5 RN and ¥ : RN — RY:

®(x) = VF(zx)+plx (7.25)

U(x) = VF(x)+pLx. (7.26)
Further, define the maps: @~ : RV — RN and U= : RN — RY by:

_ . p
@) = argmin,eny (F(y) —n'y+ Elyl?) (7.27)

Ul(n) = argmin gy (F (y)—n'y+ gyT£y> : (7.28)

The cost function in (7.28) is precisely L, in (7.3). For any n € RY, the above maps are well-defined
by Assumption 7.1 (The latter assumption ensures that there exists a unique solution in the minimizations

in (7.27) and (7.28), as the costs in (7.27) and (7.28) are strongly convex.) Next, we have:
VE@ ' (n) +pI® (n) =n=2(® " (n)),

where the left equality is by the first order optimality conditions, from (7.27), and the right equality is by
definition of ® in (7.25). Thus, the map ®~! is the inverse of ®. Likewise, the map W~ is the inverse of
U. By the inverse function theorem, e.g., [107], the maps ®~! : RY — RN and U~ : RY — RN are

continuously differentiable, with the derivatives:

Vol = (VEE(@ '(n)+pI)” (7.29)

VOl = (VAR () +pL) . (7.30)

Using the following identity for a continuously differentiable map h : RY — RYV:

1
h(u) — h(v) = [/:0 Vh(v + z(u —v))dz| (u—v), Yu,v € RV, (7.31)
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we obtain the following useful relations:

O~ (m) =@ () = Ra(m,m) (m —n) (7.32)
Ro(mi,m2) = /1 VO + 2(p —m))dz (€ RNV

V) =0T () = (7717?72)( —12) (7.33)
Ru(msm) = ZZOW Yo+ 20 —m))dz (€ RVN),

By Assumption 7.1, we have that: hyin I < V2F(2) < hmay I, Yo € RY. Using the latter, (7.29), (7.30),
and (7.31),and L=1—-W,0 =< L =< I (W = 0 by assumption and W is symmetric, stochastic), we obtain
the following properties of the N' x N matrices R (n1,72) and Ry (71, 12):

1

—— T < Relm, — I, Yq,m eRY 7.34

P (m,m2) = —— nL, M2 (7.34)
1 1

—— T < Ry(m,m) = ——1, Vni,n, € RV, 7.35

gl S w(ni,m2) =2 - n1, M2 (7.35)

We now introduce a compact representation of Algorithm 8. Denote by (k) := (z1(k),...,zn (k)" €
RY the vector that stacks the primal variables at outer iteration k at all nodes. Similarly, let z(k, s) :=
(z1(k,s),...,xn(k,s)) T, and (k) := (n1(k),...,nn(k))T. Then, using the definition of maps ®~! and

U~ in (7.25) and (7.26), we obtain in Algorithm 8 an equivalent representation. Note that the variables

Algorithm 8 Distributed AL algorithm with NJ updates: Compact representation
1: Initialization: Set k = 0, z(k = 0) = 0, and n(k = 0) = 0.
2: (Inner iterations) Set z(k, s = 0) := z(k); for s = 0, 1, ..., 7 — 1, perform the following:

z(k,s+1) = & (pWa(k,s)—n(k)); (7.36)

andset z(k + 1) := z(k,s = 7).
3: (Outer iteration) Update the dual variable n(k) via:

nk+1)=nk)+alz(k+1). (7.37)

4: Setk — k + 1 and go to step 2.

T;(k, s) and Z;(k) are redundant, and we can eliminate them from Algorithm 8. This is due to the fact that
all nodes use the same initial z;(0) = x1(0), V%, and so they know zj(k = 0,s = 0), j € O;, to implement
step (7.36) at k = 0,s = 0.
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7.3.2 Auxiliary Lemmas and proof of Theorem 7.3

We outline current subsection. We view Algorithm 8 as an inexact version of (7.1)—(7.2). Lemma 7.6 gives
a bound on this inexactness. Further, Lemma 7.7 upper bounds the primal error, while Lemma 7.8 gives
an upper bound on the dual error. We close the subsection by proving Theorems 7.3 and 7.4 using the
established Lemmas.

Denote by z(k) := x(k) — x® and 77(k) := n(k) — n® the primal and dual errors, respectively. (Recall
the primal and dual solutions z* and 7°® in Lemma 7.5.)

For the purpose of convergence rate analysis, we introduce an auxiliary sequence z/(k) € RV, k =
1,2, ..., defined by:

2/ (k+1) =V (n(k)), (7.38)

where 7(k) is the dual variable generated by Algorithm 8. Note that 2’ (k + 1) is precisely the exact solution
in (7.1). If, for a fixed n(k), we performed an infinite number of inner iterations in (7.36), then z(k, s)
would converge to z’(k + 1) as s — oco. However, we terminate the inner algorithm after a finite number
of 7 inner iterations, and hence z(k + 1) = xz(k, 7) differs from 2/(k 4+ 1). An important quantity in our

analysis is the size of ||z’(k 4+ 1) — z:(k + 1)||. Next Lemma establishes a bound on this quantity.

Lemma 7.6 (Primal inexactness: Deterministic NJ) Consider Algorithm 8 under Assumptions 7.1 and 7.2.

Then, forall k = 0,1, ...

| ’ Vo RN
Hx(k—l— 1) —x'(k+ 1)” < <p+hmm> [Z(k)|| + <,0+hmin) Rin

Proof: Note from (7.38) that 2/ (k + 1) obeys VF(2/(k 4+ 1)) + p L2/ (k + 1) = —n(k). Hence, using
L = I — W and the definition of ® in (7.25):

d(k+1) =0 (pWa'(k+1)—nk)). (7.39)

Next, fix some s, 0 < s < 7 — 1, and consider (7.36). Subtracting =’ (k + 1) from both sides of (7.36), and
using (7.39) and (7.32):

x(k,s+1) —2'(k+1) = Ro(s) pW(x(k,s) — ' (k + 1)),

where we introduce a simplified notation: Rg(s) := Re (oW x(k,s) —n(k), pWa'(k + 1) — n(k)) . Next,
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using (7.34), and |W|| = 1, obtain:

ek, s+ 1) — o/ (k + 1) < (pf) ks s) — o/ (k 4+ 1)

hmin

Applying the latter successively for s = 0,1,...,7 — 1, and using z(k,7) = z(k + 1), 2(k,0) = z(k),

obtain:
lo(k+1) =2 (k+ 1| < <p+phmm> (k) — 2/ (k + 1)||
2N s .
< <p+hmm> Iz +ll2* = 2'(k + D), (7.40)

where we used [lz(k) —2'(k+1)[| = [[(x(k) —2*) + (2* —2'(k+1))|| < [[a(k) —2*| +[[2* —2'(k+1)|| =
|z (k)| + ||z® — 2’ (k + 1)]|. We next upper bound ||z’(k + 1) — 2*||. Note that 2* = U~ (—»*). Using the
latter, (7.38), and (7.33), we obtain:

2(k+1) —a® = U (—y(k) — T (") = —Ru (k) (n(k) — 1°), (7.41)

with Ry (k) := Ry (—n(k), —n®). This, together with (7.35), and 7j(k) = n(k) — n°®, gives:

1

min

2" (k +1) = 2| < .— (k)] (7.42)

Substituting the latter in (7.40) completes the proof of the Lemma. O

We next upper bound the primal error || Z(k + 1)]|.

Lemma 7.7 (Primal error: Deterministic NJ) Let Assumptions 7.1 and 7.2 hold. Then, forall k = 0,1, ...:

o+ 0l < (o) 10+ (14 (55— ) ) i

Proof: Write T(k+1) = (x(k+1) —2'(k+ 1)) + (2/(k+ 1) — 2°®). Then, [|[Z(k+ 1)|| < ||Jz(k+1) —

2/ (k+1)|| + ||2'(k + 1) — x*||. The result now follows by applying Lemma 7.6 and (7.42).

We proceed with bounding the dual error. For our final goal (bounding the primal error), rather than
studying directly 77(k) = n(k) — n°®, it is more useful to consider a certain transformed quantity. Represent
the weighted Laplacian matrix £ as £ = QKQT = Zf\; 9 Ai qiql-T . Here, \; is the i-th smallest eigenvalue
of L(\; > 0, foralli = 2,...,N); @ = [g2,...,qn] is the N x (N — 1) matrix, and its column g; is the

unit-norm eigenvector of £ that corresponds to \;; and A is the (N — 1) x (N — 1) diagonal matrix with
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diagonal (g, ..., An). Next, introduce:
(k) = Q" 7(k) e RN"! and 7(k) := A~ (k) e RN, (7.43)

We next bound the norm of 77 (k + 1).

Lemma 7.8 (Dual error: Deterministic NJ) Let Assumptions 7.1 and 7.2 hold, and suppose that o < hpip.
Then, for all k = 0,1, ...:

. Aao(L) a p .- p T
1 < QA2 1 .
ol < | (1- 228 ) 5 () o () el

Consider (7.37). Because Lx®* = Lx* 1 = 0, we have:

Lx(k+1)=L(x(k+1)—2'(k+1))+ L(z(k+1) —2°).
Using the latter, and subtracting n® from both sides of (7.37), obtain:
nk+1) =0k +al(@(k+1)—2%)+al(z(k+1)—2'(k+1)). (7.44)
Further, using (7.41), we get:
nk+1)=(I—-aLRy(k))nk)+al(zk+1)—2(k+1)). (7.45)
Now, recall 7' (k) in (7.43). It is easy to see that:
17 (k)| = llR)l, QQ T 7(k) = (k). (7.46)

Indeed, note that 1 "n(k) = 1T n(k—1)+al " Lax(k) = 1Tn(k—1) = ... = 17n(0) = 0, because 7(0) = 0
(by assumption.) Also, 1Tn’ = 0 (see Lemma 7.5.) Therefore, 1Tﬁ(k) = 0, Vk. Now, as q; = \/% 1, we
have QQ "7j(k) = Zi\; qiq; (k) = Zfil qiq; 1(k) = 7j(k); thus, the second equality in (7.46). For the
first equality in (7.46), observe that: |77 (k)||? = (7 (k) "% (k) = (k) TQQT7(k) = ||7(k)]|>.

Next, multiplying (7.45) from the left by Q T, expressing £ = QJAXQT, and using (7.46), obtain:

T(k+1) = (1 —aAQT Ry (k) Q) 7 k) +ahQT (x(k+1) — 2/ (k+1)). (7.47)
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Further, recall 77/ (k) in (7.43). Multiplying (7.47) from the left by A~1/2, we obtain:
7'(k+1) = (I — aR2QT Ry (k) QKW) (k) +ah2QT (w(k+1) — 2/ (k+1)).  (7.48)
Next, using variational characterizations of minimal and maximal eigenvalues, it is easy to verify that:

— 2 T <AYV2QTRy(k) QA2 < — 1. 7.4
hmax +p Q R\IJ( ) Q o hmin ( 9)

By Assumption, o < hpip, and so:

Oé/\Q

I—aA2QTRy(K)QAY? <1 - =72
11—« Q Ry(k)QA/?| < R

(7.50)

A2 <1@s0=<L=<1T),

Using the latter, Q|| = 1, and Lemma 7.6, we get:

) e\ )\ L)
M) < (1— a) ")+ <> k| + ( ) . (7.51
7+ 0l < (1= 222 )+ a (h—) tami+a () L g

Finally, using ||7j(k)|| = ||77(k)|| = |AY27"(k)|| < ||77" ()|, we obtain the desired result. O

We are now ready to prove Theorem 7.3.

-
[Proof of Theorem 7.3] Introduce v(k) := 2~ ||77(k)||. Further, denote by c;; := (#) , C19 1=

hmin

i+ p ) iy = 20 P ) and ey = (1— 0% B vl e e " Usin (k)| <
2 p+hmin » €21 - hmin p+hmin ’ 22 - hmax‘f’l) hmin p+hmin ' g T] -
17" (k)

, Lemma 7.7 and Lemma 7.8, we obtain:

max {[|Z(k + D, v(k + 1)} <r max {[|Z(k)[|, v(k)},

with 7 = max {c11 + c12, c21 + 22} . Unwinding the above recursion, using:

[Z(R)[| < max{[[z(k)[[, v(F)},

and using v(0) = ﬁ“//{_l/?QT?](O)H = ﬁ”?&_lﬂ QT (~VF(z*1))| < hmifx/E\/ND"’ we ob-

tain (7.20).

It remains to show that that < 1 if conditions (7.11) and (7.12) hold. Note that:

1 3 p T
cnteoe=g5+35 o+ hon )
min
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and so cy1 + ¢120 < 1if:

P Tl
e E— < —. (7.52)
(P + hmin > 3
Next, note that:
a 3 ( p > 4
co1+cp=(1— + )
2! 22 < p+ hmax> Pmin p+ Pmin
and so c21 + co2 < 1if:
-
1% 1 Pmin A2
_ <= —]. 7.53
<p+hmin) 3 <p+hmax> ( )

Combining (7.52) and (7.53), we obtain that » < 1 if conditions (7.11) and (7.12) hold. The proof is

complete. O

7.3.3 Auxiliary lemmas and proof of Theorem 7.4

We now perform the convergence analysis of the deterministic algorithm variant with gradient primal vari-
able updates (Algorithm 7 where (7.7) is replaced with (7.10)), and our goal is to prove Theorem 7.4. The
difference with respect to deterministic nonlinear Jacobi variant is only in the primal (inner) updates. Hence,
much of the analysis in Subsection 7.3.2 continues to hold here. The key difference is in Lemma 7.6. We

now state and prove a counterpart of Lemma 7.6 with the gradient primal updates.

Lemma 7.9 (Primal inexactness: Deterministic gradient updates) Consider Algorithm 7 where step (7.7) is

replaced with (7.10), and let Assumptions 7.1 and 7.2 hold. Further, suppose that 3 < —3—. Then, for all

p+hmax
k=0,1,...:

- )

hmin

ok +1) — 2’ (k + 1)|| < (1~ 8 hwin) [|Z(R)]] + (1 = B hunin)

With Lemma 7.9 in force, the rest of the analysis follows from the analysis in Subsection 7.3.2. It can be

easily verified that all the results (Lemma 7.7, Lemma 7.8, and Theorem 7.3) continue to hold, with the

P
p+hmin

quantity replaced with 1 — /3 hyin. Henceforth, our task of proving Theorem 7.4 is completed once
we prove Lemma 7.9.  Introduce again the same compact notation x(k), z(k, s), and n(k), as with the
deterministic NJ variant. We also make use of the quantity =’ (k+ 1) in (7.38). Finally, use the same notation
— Z(k) and 77(k) — for the primal and dual errors.

Proof: In compact notation, using £ = I — W, the update (7.10) is rewritten as:

z(k,s+1)=x(k,s)— B (pLx(k,s)+n(k)+ VF(x(k,s))). (7.54)
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This is precisely the gradient descent on L,(-; n(k)) in (7.3). Further, recall 2/ (k+1) in (7.38). As 2/(k+1)
satisfies p L&' (k + 1) + n(k) + VF(xz(k + 1)) = 0, we have:

dk+1)=a'(k+1) =B (pL2'(k+1)+n(k) + VF(' (k+1))). (7.55)

Further, by Assumption 7.1, we have that VF : RY — R¥ is continuously differentiable, and there holds:
1
VF(x(k,s)) —VF(@'(k+1)) = [/ V2F (2 (k + 1) + 2(z(k,s) — 2'(k + 1)) ) dz
z=0
x (x(k,s) —2'(k+1))

=: Hp(s) (x(k,s) —2'(k+1)). (7.56)
Further, by Assumption 7.1, the matrix H (s) satisfies:

Pumin I < Hp(s) = hmax I (7.57)
Using (7.56), and subtracting (7.55) from (7.54), we obtain:

v(k,s+1)—a2'(k+1)={I - BpL—BHp(s)) (x(k,s) —2'(k+1)). (7.58)

Consider the matrix (I — Sp L — S Hp(s)). As 8 < m (by assumption), using (7.57) and 0 < £ < I,

we have that: (I — 8pL — S Hp(s)) = 0.Thus, |[I —8pL—BHp(s)| <1—-M(BpL+BHp(s)) <

1 — B hmin- Applying the latter bound to (7.58), we obtain the following important inequality:
lw(k, s +1) —2'(k+ DIl < (1 = Bhmin) |2(k, s) —2'(k + 1)]. (7.59)

Applying (7.59) successively for s = 0, ...,7 — 1, using z(k,s = 0) = z(k), and x(k,s = 7) = x(k + 1),
we get:

lz(k+1) —2'(k+ 1| < (1= Bhmin)” |z(k) —2'(k+1)|. (7.60)

The proof now proceeds analogously to the proof of Lemma 7.6. O
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7.4 Randomized Distributed Augmented Lagrangian Methods

This section studies randomized distributed AL methods. Subsection 7.4.1 explains the asynchronous com-
munication model and the two algorithm variants (with the NGS updates and the gradient updates.) Subsec-

tion 7.4.2 states the results on their convergence rates and gives interpretations.

7.4.1 Model and algorithms

We continue to consider: 1) the optimization model defined by Assumption 7.1; and 2) a N-node connected
network G (Assumption 7.2 holds), with the associated matrices W and £. We consider two variants of
the randomized distributed AL methods of type (7.1)—(7.2). Both utilize the same communication protocol,
but they mutually differ in the way primal variables are updated. Like the deterministic counterparts, they
both update the dual variables at the outer iterations k, and they update the primal variables at the inner
iterations s. At each inner iteration s, one node, say ¢, is selected uniformly at random from the set of nodes
{1,2,..., N}. Upon selection, node ¢ updates its primal variable and broadcasts it to all its neighbors. We
now detail the time and communication models. The outer iterations occur at discrete time steps of the
physical time; k-th outer iteration occurs at time 7k, K = 1,2, ..., i.e., every 7 time units. We assume that
all nodes have synchronized clocks for the dual variable updates (dual variable clocks). Each node ¢ has
another clock (primal variable clock) that ticks according to a rate 1 Poisson process; on average, there is
one tick of node 7 in the time interval of width 1. Whenever node i’s Poisson clock ticks, node ¢ updates
its primal variable and broadcasts it to neighbors. Further, the Poisson process clocks of different nodes are
independent. Consider the Poisson process clock that ticks whenever one of the nodes’ clocks ticks. This
process is a rate-/N Poisson process. Hence, in the time interval of length 7, there are, on average, 7 IV ticks
(primal updates), out of which 7 (on average) are done by i.*

More formally, let (©, F, P) be a probability space. Further, let {7;(a, b] }p<a<b<oo be a Poisson process
with rate 1,4 = 1,..., N. (This is the node i’s clock for primal variables.) Thus, for a fixed a, b, T;(a, b] :
© — R, Ti(a,b] = Ti((a,b] ;w), w € O, is a Poisson random variable with mean (b — a). We assume that
the processes 7; are independent. Further, let 7 be a Poisson process defined by 7 (a, b] := ZZJ\L 1 Ti(a, b].
Define the random variable 7(k) := T (k7, (k + 1)7] (the number of ticks across all nodes in the k-the outer
iteration.) Next, consider the events Ay, ;, j = 0,1,2, ..., defined by A, ; := {w € © : 7(k;w) = j}. For
j > 1, we also define the maps: 2(k,s) : Ay ; = {1,2,...,N}, s =0,...,5 — 1, as follows: 2(k, s;w) = 1,
if the (s + 1)-th tick of 7 in the interval (k7, (k + 1)7]| comes from node i’s clock 7;.

“Note that one primal update here corresponds to an update of a single node. Thus, roughly, N updates (ticks) here correspond
to one update (inner) iteration of the deterministic algorithm.
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We now present the two variants of the randomized distributed AL algorithm. The first updates the
primal variables via a NGS method; the alternative variant replaces the NGS updates by the gradient type
updates. We next detail the NGS variant.

NGS updates. We observe the primal and dual variables at times k7, £ = 0, 1, ... These are the time
instances when the dual variables are updated (We assume that the dual variables are updated instantaneously
at the moments k7.) We denote by z;(k) := x;(k7) the node i’s primal variable at time k7, k = 0,1, ...
Further, consider w € Ay ;: the total number of ticks 7(k) of 7 in the interval (k7, (k + 1)7] equals j, and
hence we have j inner iterations (ticks) at the outer iteration k. For any w € Ay, ;, we denote by x;(k, s) the
node i’s variable after the s-th inner iteration, s = 1, ..., j, j > 1. Also, we denote by z;(k,0) := x;(k), and,
forw € Ay, ;, xi(k,7(k) = j) := 2;(k + 1). Each node maintains: 1) the primal variable x;(k); 2) the dual
variable 1;(k) := n;(k7); the (weighted) sum of the neighbors’ variables 7; (k) := > _,c, Wijz;(k), as well
as the analogous intermediate variables z;(k, s) and Z;(k, s) during the inner iterations s. The algorithm is

Summarized in Algorithm 9.

Algorithm 9 Randomized distributed AL algorithm with NGS updates
1: (Initialization) Node i sets k = 0, z;(k = 0) € R%, 7;(k = 0) = z;(k = 0), and n;(k = 0) = 0.
2: (Inner iterations) Set x;(k,s = 0) := x;(k), T;(k,s = 0) := T;(k), and s = 0. If w € O is such that
7(k) = 7(k;w) > 0, then, for s = 0,1, ..., 7(k) — 1, do (else, if 7(k;w) = 0, then go to step 3):

Update the inner variables z;(k,s), j =1,...,N, by:
; (s (k) — o7 Ty ell? 7
xj(lﬁ s+1) = argmin ;. crd (fJ (l‘]) + (7747 (k) Py (k,s)) Tj+ =% ) for j =k, S()7.61)
zj(k,s+1)=uz;(k,s) else.
Update the variables Z;(k,s), j =1,...,N, by:

_ Yoea. Wiai(k,s+1) forjeO; :i=71k,s)
; 1) = eq; " 62
Zi(ky 5+ 1) { Tj(k,s+1) =7;(k,s) else; (7.62)
and allnodes j = 1,..., N setz;(k+1) :==z;(k,s = 7(k)), T;(k + 1) = zj(k, s = 7(k)).
3: (Outer iteration) All nodes j update the dual variables n; (k) via:

4: Set k — k + 1 and go to step 2.

Gradient primal updates. This algorithm variant is the same as given in Algorithm 9, except that

step (7.61) is replaced with the following:

(1=Pp) zj(k,s)+ B pzj(k,s) = B (ni(k) + V[fj(z;(k,s))) forj=7uk,s)

zj(k,s+1) =
zj(k,s+1) =x;(k,s) else.

(7.64)

Here, 5 > 0 is the (primal) step-size parameter.
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7.4.2 Convergence rate: Statements of results

We now state the convergence rate result for the randomized AL method with NGS updates.

Theorem 7.10 (Convergence rate: Randomized NGS) Consider Algorithm 9 under Assumptions 7.1 and 7.2,

and suppose that the algorithm and network parameters satisfy the following:

a < hmin (765)
_ 1 )\Z(L) hmin

ar - 7.66
e 3 0t honx (7.66)

where

1 pg 1/2
U:_N{l_[l_N<l_(p+hmjn)2>:| } (7.67)

Then, at any node 4, E [ ||z;(k) — 2*|| ] generated by Algorithm 9 converges linearly (in the outer iterations

k) to zero, with rate:

1 3 . a (L 3o -
Trand,ngs ‘= maX{ 3 + B € 5 <1 - P +2h(ma)x> + - € } < 1, (7.68)
and there holds:
* k. ./ 2 DW
E [ Hxl(k) - ||] < (Trand,ngs) N max { Dy, ———— . (7.69)
A2(£') hmin

For a large N, o is approximated as:

1 2 2
o~-(1-— P ).
2 (p—l—hmin)2

Condition (7.66) is satisfied, for example, if p < hpin, and:

Jos (%8|
TE N (- (1= 3/AN)?)

(7.70)

The communication rate in Table 7.1 is obtained by taking:

6(147)
a=p=hgy B—; T = 10g(A2(£3>
= P = Nmin, - p+hmaX’ - N (1—(1_3/(4N))1/2)
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We now present a similar result for the randomized AL method with gradient-type updates.

Theorem 7.11 (Convergence rate: Randomized gradient updates) Consider Algorithm 9 where step (7.61)
is replaced with (7.64), and let Assumptions 7.1 and 7.2 hold. Further, suppose that the algorithm and

network parameters satisfy the following:

a < Dhmin (7.71)
1
< — 7.72
b < p+ Pmax ( )
o 1 )\2 hmin
7T < - 7.73
‘ 3 p+ Pmax ( )
where

1 1/2

0'/ =N {1— |:1_N5hmin(1_ﬁhmin):| } (7.74)

Then, at any node 4, E [ ||z;(k) — x*|| ] generated by Algorithm 9 converges linearly (in the outer iterations

k) to zero, with rate:

1 3 _- aXa(L) 3 _ i,
Trand,grad ‘= max{ 5 + 3 € ) <1 - 0+ ha + h e <1, (7.75)
and there holds:
E [ Hxl(k) - 1'*H] < (Trand grad)k VN max < D, ﬂ . (7.76)
7 \V )\2 (*C) hmin

For a large N, ¢’ is approximated as:
, 1
o= iﬁhmin(l_ﬁhmin)-

Condition (7.73) is satisfied, for example, if p < hpin, 8 = Mﬁ’

(7.77)

We can see that, with respect to the randomized NGS variant, the 7 that ensures linear convergence grows

faster with . The communication rate in Table 7.1 is obtained with 7 twice larger than in (7.77), o = p =

1
hmin, and B = p-i-i

hn)ax :
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7.5 Convergence rate analysis: Proofs of Theorems 7.10 and 7.11

The goal of this Section is to prove Theorems 7.10 and 7.11. Subsection 7.5.1 sets up the analysis by

introducing certain maps akin to the map @ in Section 7.3. Subsection 7.5.2 establishes the desired results.

7.5.1 Setting up analysis

For sake of a clean notation, as in Section 7.3, we assume that d = 1, but the analysis extends to a generic

d > 1as well. Foreach ¢ =1, ..., N, we introduce the following map: ®; : R — R:
®,(x) = Vfi(x)+pa. (7.78)
Next, define the map: q);l : R — Rby:

®;M(n) = argmin, (fi(y) —niy+ g?f) : (7.79)

For any n € R, the above map is well-defined by Assumption 7.1 (The cost in (7.79) is strongly convex.)
Similarly to Subsection 7.3.1, it can be shown that: 1) d~! is the inverse of ®;2) 1 : R — R is

continuously differentiable; and 3) the derivative is:

Ve ) = (V@) +p) (7.80)

Again, similarly to Subsection 7.3.1, it can be shown that:

O ) — @7 ) = Rei(ni,me) (m —n2) (7.81)
1
Roi(m,m2) = /_0 VO (m + 2(n2 —m))dz (€R) (7.82)
1 1
— = < Reim,m) < ———— Vn,m €R. 7.83
e, = e (7, 7m2) o T (7.83)

7.5.2 Auxiliary Lemmas and proofs of Theorems 7.10 and 7.11

We mimic the structure of Subsection 7.3.2. We first establish the primal inexactness bound, proceed with
primal and dual error bounds, and finalize by proving Theorems 7.10 and 7.11. When the proofs are similar

to that of the already established results, we curtail repetitive arguments. Consider z’(k + 1) in (7.38).

Lemma 7.12 (Primal inexactness: Randomized NGS) Consider Algorithm 9 under Assumptions 7.1 and 7.2.

186



Then, forall k = 0,1, ...:

E[|z(k+1) —a'(k+ D] <e E[|ZE)]+e™77 —E[[a(k)]l],

>

min

where o is given in (7.67).

Proof: Fix some k, fix some j = 1,2, ..., and take w € Ay, ;. Thus, 7(k) = 7(k;w) = j and there are
Jj inner iterations. Fix some s, s € {0, 1,...,5 — 1}, and suppose that 2(k, s) = i (node i is activated.) We

have that x;(k, s + 1) satisfies the following:

zi(k,s+1) = p Y Wijzj(k,s) —ni(k)
J€O0;
On the other hand, we know that «/(k + 1) satisfies:
wik+1) =@ | p Yy Wik +1) — mi(k)
JEO;
Subtracting the above equalities, and using (7.82)—(7.83), letting
Rg(s) := Ro Z Wij x;(k, s) k), p Z Wija(k+1) —mi(k) |,

Jj€0; J€0;

and squaring the equality, we obtain:

2
(ZL‘Z‘(/{, s+ 1) —xl(k+ 1))2 = (R@,z’(s))2 p? Z Wij (z;(k,s) — :C;(k +1))
J€0;
0 2
! 2
N
= 7Y Wy (xj(k,s) — 2k + 1)) (7.85)
j=1
Here, (7.84) further uses: 1) convexity of the quadratic function u — u?; 2) the fact that > ey Wi = 1;

and 3) the fact that the W;;’s are nonnegative. Also, (7.85) introduces notation: § := and uses the

p
p+hmin ’
fact that W;; = 0if {4,j} ¢ £ and i # j. Asnode i is selected, the remaining quantities x;(k, s), j # 1,

remain unchanged; i.e., z;(k, s+1) =2 (k+1) = x;(k, s) =2, (k+1), j # i. Squaring the latter equalities,
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adding them up for all j # ¢, and finally adding them to (7.85), we obtain:

N
le(k,s+1) =2/ (k+ D)2 < [alk,s) -2/ )P + 62 S Wiy (ay(k, ) -k + 1))

j=1
= (i, s) = 2i(k +1))?,

for any w € Ay ; such that 7(k, s) = .

We now compute conditional expectation of ||z(k,s + 1) — 2'(k + 1)||?

(7.86)

, conditioned on 7(k) = j,

z(k) = z(k,0), n(k), and z(k, 1), ...,x(k,s), s < j — 1. Conditioned on the latter random variables, each

node i updates equally likely, with conditional probability 1/, and therefore:

E [[le(k, s +1) —a'(k+ 1)|* [x(k),n(k), 7(k) = j,x(k, 1), ..., x(k,5)] (7.87)
1 N N
< |k, s) — ' (k+ 1)) + v 02NN Wi (k. s) — 2k + 1)) (7.88)
i=1 j=1
N
-5 Z (k+1))° (7.89)
1 N N
=l s) =G+ DI+ .8 Do Wy 3 (o) = (k1))
=1 ]:1
1
— NHx(k,s) — 2 (k+ 1) (7.90)
1
= lw(k,s) —2'(k + DII* + 5 0% [ln(k, 5) — 2/ (k + 1]
1
— NHx(k‘, s) —2/(k+1)|?, Yw € Ay (7.91)
Here, inequality (7.91) uses the fact that Zf\; 1 Wi; = 1, Vj. Rewriting (7.91), we get:
E[|z(k,s+1) —a'(k+D|? [x(k), n(k), (k) = j,x(k, 1), ..., z(k, s — 1) ]
1
< (1 -51- 52)> |2k, 5) — 2/ (k +1)||, Vo € Ag ;.
Denote by &' := (1 — %(1 — (52))1/ 2, Using the Jensen inequality for quadratic convex functions, we

obtain:

E[|lz(k,s +1) —a'(k + 1)|| | z(k),n(k), 7(k) = j,z(k,1), ..., x(k,s — 1) ]

< ¢ ||z(k,s) —2'(k+1)

, Vw e Ag ;.
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Integrating with respect to x(k, 1), ..., x(k, s):

E[z(k, s +1) —a'(k+ 1) |2(k),n(k), 7(k) = j |

< S E[||e(k s) — o' (k+ 1) |2(k), n(k).7(k) = 5] . Voo € Agj.

Applying the above inequality for s = 0,1, ..., j — 1, using z(k, s = 7(k) = j) = x(k+ 1), and considering

all the values of j = 0, 1, ..., we obtain:

E[lo(k +1) = 2'(k + D |2(k), n(k), 7 (k)]
< (&YW E [|lz(k) — 2'(k + 1)|| | z(k),n(k), 7(k)] , almost surely (a.s.)

Integrating with respect to x(k), n(k):

E[fla(k+1) —a'(k + 1) | 7(k) = j]

< OV E[||z(k) —2'(k+1)| | 7(k) = j] = (&)W E [||lz(k) = 2'(k+1)|| ], as.,
where we used independence of 7(k) and x(k), n(k). Taking expectation, we obtain:

E[|la(k+1) —2'(k+ 1)||]

<E[(&) ) E [||la(k) — 2/ (k+1)]] -

Because 7(k) is distributed according to the Poisson distribution with parameter N 7, we have: E [(&’ )T(k)] =

Z?io((s/)le_NTl(NT)l — o~ (1=NT We oet:
E[|le(k+1) -2 (k+1)]|] < e ONTE[|Ja(k) — 2/ (k+1)]]] - (7.92)

Next, we use z(k) — z'(k + 1) = (z(k) — 2*) + (z* — 2/(k + 1)) = Z(k) + (2* — 2/(k 4+ 1)), and so
|lz(k) — 2'(k + 1)|] < ||Z(k)|| + ||z®* — 2/(k + 1)||. Further, we use the relation in (7.41), which gives
I’ (k + 1) = 2*|| < 7= n(k)||. Thus, E{|lz(k) — 2’ (k + D] < E[|Z(k)|] + 725 Elll7(k)|]. Plugging

hmin

_
(p+hmin
result. We now state and prove a Lemma on the primal error Z(k + 1).

1/2
the latter inequality in (7.92), and substituting ' = <1 — % (1 )2>> , we obtain the desired

Lemma 7.13 (Primal error: Randomized NGS) Consider Algorithm 9 under Assumptions 7.1 and 7.2. Then,
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forall k =0,1,...:

Eflfz(k+ D[] < e TE[[|lZ(R)[ ]+ 7—e T E[[In(K)]]

hmln
where o is given in (7.67).

We have that 7(k+1) = z(k+1)—2* = (z(k+1)—2'(k+1))+ (2’ (k+1)—2°), as.,and so: [|[Z(k+1)|| <
|z (k+1)—a(k+1)||+||2'(k+1)—x*||, a.s. Further, by (7.41), we have that ||z’ (k+1)—z°*|| < ——||7(k)]|,

hmin

a.s. The Lemma now follows by taking expectation and applying Lemma 7.12.  Introduce the (random)

transformed dual error 77 (k) as in (7.43).

Lemma 7.14 (Dual error: Randomized NGS) Consider Algorithm 9 under Assumptions 7.1 and 7.2, and

suppose that & < hpiy. Then, forall £ = 0,1, ...:

[0 )\Q(E)
Pmax + P

B (764 D) < | (1- 220 ) 4 22 o | B {700 + e BIEWI,

min

where o is given in (7.67).

We rely much on the proof of Lemma 7.14. It is easy to verify that (7.48) and (7.50) hold here as well; thus,

we obtain:

(6% )\Q(L)

~//k+1 <<1_
i s+ 1)) < (1

) 17 ()| + o x(h + 1) — 2/ (k + D), a5

after taking expectation:

« )\2 (ﬁ)

E[ll7"(k+1D))] < (1-
e+ Dl < (1- 222

) E[[|7" ()] + «E [lz(k+ 1) —2'(k+ 1)]|] . (7.93)

Further, there holds that: ||7(k)|| < || (k)

, a.s., and so E[||n(k)]]] < E[||7”(k)||]]. Using the latter
and (7.93), and applying Lemma 7.12, we obtain the desired result. ~ Proof of Theorem 7.10 mimics the

proof of Theorem 7.3, and is hence omitted.

We now consider the randomized algorithm variant with gradient updates (Algorithm 9 where step (7.61)

is replaced with (7.64).) We start with the following Lemma.

Lemma 7.15 (Primal inexactness: Randomized gradient updates) Consider Algorithm 9 where step (7.61)
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is replaced with (7.64), and let Assumptions 7.1 and 7.2 hold. Then, for all £ = 0, 1, ...:

E[[letk+1) —a'(k+D)||] < e TE[|ZR)] +e 7 —E[[l7(k)]],

hmin

where o’ is given in (7.74).

Proof of Lemma 7.15 is very similar to the proof of Lemma 7.12. One can easily verify that, with the
randomized algorithm and gradient updates, (7.84)—(7.85) hold here with ﬁ replaced with (1 —
3 hmin)?. The proof then proceeds analogously to the proof of Lemma 7.12. Further, just by replacing 7
with )/, we obtain the Lemmas equivalent to Lemmas 7.13 and 7.14, which ultimately confirms the validity

of Theorem 7.11.

7.6 Simulation studies

This Section provides a simulation example with the /s-regularized logistic losses. We summarize our find-
ings from the example. First, simulations corroborate a globally linear convergence of the proposed methods
— both deterministic and randomized distributed AL methods. Further, it is usually advantageous to take a
small number of inner iterations 7. We also compare: 1) the deterministic AL method with gradient type
updates and: 2) the D-NG method in [9], as both methods have computationally inexpensive iterations.
Simulations indicate that the AL method is better for smaller (better) condition numbers, while D-NG is
better for larger (poorer) condition numbers. (The D-NG method is less sensitive to the condition num-
ber 7.) Finally, we compare the D-NG method with the deterministic AL method with NJ updates, which
is similar to the D-Lasso method proposed in [8] and show that the two methods trade-off communication
and computational costs, irrespective of the condition number. (Al with NJ has a lower communication cost
and a larger computational cost.)

Optimization problem. We consider distributed learning via the ls-regularized logistic loss; see,

e.g., [78] for further details. Nodes minimize the logistic loss:

N

N P 2
Zfz’(:lr) - Z <log (1 + e‘b"(“;xﬁm)) + Plizl® ) ;
i=1 i=1 2N
where P > 0 is the regularization parameter, x = (z{,z0)’ € R', a; € R is the node i’s feature
—Te
vector, and b; € {—1,+1} is its class label. The hessian V2f;(z) = LT + ——+—c;c[, where ¢; =

(14e™ % )2
(bia;r,bi)T € R'5. We take node i’s constants hming and Amax i a8t Aming = % and hmax; = % +

191



% llci cZTH (Note that J% < 1/4 for all y.) Further, we let Aymin = minj—1, N Amin; and hmax =
max;—1 .. N hmax,. For the specific problem instance here, the condition number v = Amax/hmin = 49.55.

Data. We generate the a;’s independently over 7; each entry is drawn from the standard normal distribu-
tion. We generate the “true” vector x* = (x{T, xB)T by drawing its entries independently from the standard
normal distribution. The class labels are generated as b; = sign (m*lTai + x*0 + 61) , where the ¢;’s are
drawn independently from a normal distribution with zero mean and standard deviation 0.001.

Network. The network is a geometric network: nodes are placed uniformly randomly on a unit square
and the nodes whose distance is less than a radius are connected by an edge. There are N = 12 nodes and
28 links.

Algorithm parameters, metrics, and implementation. We set the weight matrix W = %I + %Wm,

where W, is the Metropolis weight matrix. (Note that W > 0.) Further, we set @« = p = hpyn, with all

algorithm variants, and § = , with the methods that use the gradient primal updates. We

1 1
pthmax " (Y4+1)hmin
set the number of inner iterations 7 as follows. For the deterministic variant and NJ updates, we set 7 as in the
right hand side (rhs) of (7.15); with deterministic+gradient — as in the rhs of (7.21); with randomized+NGS
— as in the rhs of (7.70); and with randomized+gradient — as in the rhs of (7.77). We also simulate the
methods with 7 = 1 (although our theory does not guarantee linear convergence in such case.) We initialize
the primal and dual variables with all methods to equal zero. We consider the relative error in the cost
function, averaged across nodes, i.e., we estimate vaz 1 %%ﬁ. We compare the methods in terms of:
1) the total number of transmissions (across all nodes), and 2) the total computational time. We implement
the methods via a serial implementation — one processor works the jobs of all nodes. We count the CPU
time for the overall jobs across all nodes. With the methods that use the NGS and NJ updates in (7.7), we
solve the local problems via the fast Nesterov gradient method for strongly convex functions. At the inner
iteration s and outer iteration k, to solve (7.7), we initialize the Nesterov gradient method by z;(k, s). We
stop the algorithm after:

o ()
log(1 — /')

iterations, with e = 107°.> This guarantees that the optimality gap in the cost function upon termination
is below ¢ = 107°. Here, L' is a Lipschitz constant for the cost function in (7.7), that (at node ¢) we
take as Amaxi + p + % Further, v = L'/v/ is the cost condition number, where v/ = % + p is the
Hessian lower bound. Finally, R’ is an estimate of the distance to solution, which we take as: R =

WHV}%(@(Z{:, s)) + (R/N + p)xi(k,s) + (ni(k) — pxi(k,s)) ||. All our Figures below are in a semi-

>We implicitly assume that the physical time allocated for each inner iteration s suffices to perform optimization (7.7).
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log scale.

Figure 7.1 (top left) plots the relative error in the cost function for the deterministic variants versus the
number of communications, while Figure 7.1 (top right) plots the same quantity versus the CPU time (This
is the cumulative CPU time across all nodes.) We simulate the NJ method with 7 in (7.15) and 7 = 1, and
the gradient method with 7 in (7.21) and 7 = 1. The Figures indicate the linear convergence of the proposed
methods. We report that the gradient method with 7 in (7.21) also shows a linear convergence in the number
of communications, but it converges slowly due to the large value of 7. We can see that the NJ variant is

better in terms of the communication cost but is worse in terms of the computational cost.  Figures 7.1
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Figure 7.1: Average relative error in the cost function % Zf\; 1 %%ﬁ for the proposed deterministic
methods (top) and randomized methods (bottom). The two left Figures show the communication cost (total
number of communications across all nodes); the two right figures show the computational cost (totol CPU

time across all nodes.)
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Figure 7.2: Average relative error in the cost function % Zf;l %%Jf: for the deterministic AL with NJ

updates method and the D-NG method. Top Figures show the scenario of a smaller condition number
v ~ 49.55, while bottom Figures show the scenario of a larger condition number v ~ 4856. The two

left Figures show the communication cost (total number of communications across all nodes); the two right
figures show the computational cost (total CPU time across all nodes.)
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Figure 7.3: Average relative error in the cost function 3; Zf\; 1 %%ﬁ for the deterministic AL method
with gradient updates and the D-NG method versus the total number of communications (The methods have

a smilar computational cost per communication.) The left Figure shows the scenario of a smaller condition
number v ~ 49.55, while the right Figure shows the scenario of a larger condition number y ~ 4856.

(bottom left and right) make the same plots for the randomized NGS and gradient methods. We observe a
similar behavior to that of the deterministic variants. Again, the theoretical value for 7 of the randomized
gradient method in (7.77) is very large, and, consequently, the algorithm shows slow convergence for the

latter choice of 7.

Comparison of deterministic AL with NJ updates and D-NG. In the next experiment, we compare
the D-NG method in [9] with the deterministic variant and NJ updates; We consider two scenarios: 1)
smaller (better) condition number v = % = 49.55; and 2) larger (worse) condition number 7y ~ 4856.
The data and network are the same as in the previous example. With the second scenario, we increase the
condition number by taking a smaller value of the regularization parameter P. With the AL NJ method,
we take o = p € {0.01,0.1, 1, 10}, as the optimal choice of « is not known a priori. Figure 7.2 (top left)
plots the relative error in the cost function versus the total number of communications, while Figure 7.2 (top
right) plots the relative error versus the total CPU time. First, observe that the D-NG method converges
sub-linearly in the number of communications. Second, we can see that, in this implementation example,
the D-NG has a lower computational cost, while the AL with NJ has a lower communication cost. Further,
we can see that D-NG is not very sensitive to the condition number, neither in terms of communication
nor in terms of computational costs. Regarding the AL with NJ, it is not very sensitive in terms of the
communication cost, but it is sensitive in terms of the computational cost. The reason is that, for a large

(poor) condition number -, the condition number v’ to solve local nodes’ problems (7.7) is also poor, and
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thus the computational cost increases when +y increases.

Comparison of deterministic AL with gradient updates and D-NG. Our final simulation compares
the D-NG method and the deterministic AL with gradient updates. We use the same two scenarios from
the previous simulation (with a small and a large condition number ~.) The two methods have a similar
(small) computational cost per one communication of each node, and so we only focus on the comparison
in terms of the communication cost. With the AL method, we set 5 = 1/(p + hmax), and we vary a =
p € {0.01,0.1,1,10}. With the AL method, we set the number of inner iterations 7 = 1. Figure 7.3
left plots the relative error in the cost function versus the total number of communications for the smaller
condition number v = 49.55, while Figure 7.3 right repeats the plot for the larger (poorer) condition number
v = 4856. We can se that the D-NG method is much less sensitive to the condition number +. The AL
method with gradient updates is very sensitive to -y, differently from the AL with NJ updates. We can
see that, for a small condition number, the AL gradient method converges faster than D-NG; for a large

condition number, D-NG is faster, at least for the accuracies up to 1075,

7.7 Conclusion

We considered a wide class of both deterministic and randomized distributed augmented Lagrangian (AL)
methods, which mutually differ in the primal variable updates. Specifically, we consider: 1) deterministic
AL with nonlinear Jacobi updates; 2) deterministic AL with gradient descent; 3) randomized AL with
nonlinear Gauss-Seidel; and 4) randomized AL with gradient descent updates. Assuming twice continuously
differentiable costs with bounded Hessian, we establish globally linear (geometric) convergence rates of all

methods, and we give explicit dependence of the rates on the underlying network parameters. For example,

for the deterministic variant with nonlinear Jacobi updates, we establish rate R = 1 — (2 ( (V)fl)> in the
number of per-node communications, where -y is the Hessian condition number of the f;’s, and As is the

network spectral gap. Simulation examples demonstrate linear convergence of our methods.
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Chapter 8

Conclusion

This thesis develops and analyzes distributed optimization algorithms for networked systems, where N
nodes in a network minimize the sum Zf\i 1 fi(x) of their locally known, convex costs, subject to a global
variable of common interest. This problem formulation encompasses very relevant applications in net-
worked systems, including distributed estimation and source localization in sensor networks, and distributed
machine learning.

The main goals of the thesis are the following: 1) to develop novel distributed optimization algorithms;
and 2) to establish convergence rate analysis of both newly proposed and existing methods.

Current literature offers two types of distributed methods to solve the above distributed optimization
problem, namely distributed (consensus-based) gradient methods, and distributed augmented Lagrangian
dual methods. This thesis contributes to both types of methods, mainly in the following.

Distributed gradient-type methods:

e We develop novel distributed gradient methods that converge significantly faster than existing dis-

tributed gradient methods;

e We establish global convergence rates of our methods, in terms of the cost function parameters (e.g.,
Lipschitz constant of the gradient) and the underlying network parameters; remarkably, acceleration

techniques guarantee convergence rates (in expectation) on random networks;

e We show that existing distributed gradient methods cannot achieve the rates of our methods under

equal network and cost functions conditions.

Distributed augmented Lagrangian (AL) methods:
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e We develop novel distributed AL algorithms that operate with asynchronous inter-node communica-

tion;

e We establish globally linear convergence rates of a wide class of distributed AL methods under con-
vex twice continuously differentiable costs with bounded Hessian, in terms of the overall per-node

communications at any stage of the algorithm.

We recapitulate the main contributions of the thesis on distributed gradient methods, distributed AL

methods, and distributed consensus and averaging.

Chapters 2—4: Distributed Nesterov-like gradient methods

We propose distributed Nesterov-like gradient methods, and we establish their convergence rate guarantees
for both static and random networks, thus handling random packet dropouts with wireless sensor networks
and asynchronous communication protocols. In Chapters 2 and 3, we achieve this on the class F of con-
vex, differentiable costs f;’s that have Lipschitz continuous and bounded gradients. Chapter 4 establishes
convergence rates for alternative function classes, hence further broadening the applications scope.

In Chapter 2, we consider static networks and the class F and propose two distributed Nesterov-like
methods. Our first method, termed Distributed Nesterov Gradient method (D-NG), achieves at any node ¢

the following convergence rates in the optimality gap at the cost function % (flxy) = f):

1 log k 1 log I
O((l—ml% K ) a“d()((l—w% K )

in the number of per-node communications X and per-node gradient evaluations k. Here, (1 — ) € (0, 1]

is the network’s spectral gap, and £ > 0 is arbitrarily small.

Our second method, termed Distributed Nesterov gradient with Consensus iterations (D-NC), achieves

() mo(d),

Both distributed gradient methods D-NG and D-NC show significant gains over existing, standard dis-

convergence rates:

tributed gradient methods [2], for which we show they cannot perform better than 2 <k21/3> and 2 (ﬁ)
In Chapter 3, we modify our D-NG and D-NC methods to handle random networks, modeled by a
sequence of independent, identically distributed matrices W (k), drawn from the set of symmetric, stochastic

matrices with positive diagonals.
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We refer to our modified methods as mD-NG and mD-NC, respectively. With both methods, we estab-
lish convergence rates in terms of the expected normalized optimality gap = (E [f(z;)] — f*), at arbitrary
node 4, as a function of &, IC, the number of nodes IV, and the quantity 1 —z — a generalization of the spectral
gap 1 — u for random networks.

The mD-NG algorithm achieves rates

N log k N log
O((l—mw K ) a“d0<<1—u>4/3 K >

(i 25pet) meo(h)

Hence, we show that the acceleration ideas of Nesterov apply also to random networks and allow for much

while mD-NC achieves:

faster algorithms than offered by the existing literature.

In Chapter 4, we establish convergence and convergence rate guarantees for our distributed gradient
methods under problem classes different than . We do not explicitly require that the gradients be bounded,
and we allow for constrained optimization, where each node ¢ has the same closed, convex constraint set
X. For our proposed methods, naturally adapted to constrained optimization, we establish the same rates as

under class JF, in terms of per-node communications K and per-node gradient evaluations k.

Chapter 5: Weight Optimization for Consensus in Random Networks

We address the problem of the optimal weight design for consensus averaging algorithms, allowing for
random networks with spatially correlated link failures. Our weight design applies both to 1) consensus and
distributed averaging; and 2) distributed optimization methods, where the convergence constant depends on
the underlying consensus dynamics.

We address the weight design for both symmetric and asymmetric random links. With symmetric ran-
dom links, we use as the optimization criterion the mean squared consensus convergence rate that equals 7z°.
We express the rate as a function of the link occurrence probabilities, their correlations, and the weights. We
prove that 7i% is a convex, nonsmooth function of the weights, enabling global optimization of the weights.
We provide insights how the optimal weights depend on the number of nodes, the link occurrence probabil-
ities, and their correlations. We extend our results to asymmetric random links, adopting as an optimization
criterion the mean squared deviation (from the current average state) rate, and show that this metric is a con-
vex function of the weights. Simulation examples demonstrate the gains with our weight design compared

with existing weight assignment choices, both in distributed averaging and in distributed optimization.
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Chapters 6 and 7: Distributed augmented Lagrangian (AL) methods

We propose novel distributed AL methods that utilize asynchronous inter-node communication. For well-
structured convex costs f;’s, we establish globally linear convergence rates of wide class of distributed AL
methods. We now recapitulate our contributions in more detail.

In Chapter 6, we propose a randomized distributed AL method, termed Augmented Lagrangian algo-
rithm with Gossip communication (AL-G). The algorithm handles very general, nondifferentiable costs f;’s,
private constraint sets, and utilizes asynchronous, unidirectional, gossip communication. With respect to the
literature, our AL-G method uses a novel, asynchronous algorithm to update the primal variables. When
translated into optimization terminology, this is the nonlinear Gauss-Seidel method with the randomized
order of updates. We prove convergence of this inner primal algorithm, when the number of inner iterations
goes to infinity. This establishes convergence of the nonlinear Gauss-Seidel method with random order of
minimizations, while existing literature previously showed convergence only under the cyclic or the essen-
tially cyclic rules, [14, 15]. We illustrate the performance of our AL-G method with relevant applications in
l1—regularized logistic regression for classification and cooperative spectrum sensing for cognitive radios.

In Chapter 7, with respect to Chapter 6, we assume a restricted class of functions of convex, twice differ-
entiable f;’s with a bounded Hessian, and unconstrained problems. We establish globally linear convergence
rates for a wide class of distributed AL methods, in the overall number of per-node communications K at any
algorithm stage. Furthermore, we give explicit dependence of the convergence rate on the network spectral
gap 1 — p.

Specifically, we analyze a wide class of both deterministic and randomized methods that update their
dual variables at slow time scale and their primal variables iteratively, at a fast time scale. With the deter-
ministic variants, primal variables are updated via either: 1) the nonlinear Jacobi (NJ) method, or 2) the
gradient descent. With the randomized methods, primal variables are updated via either: 1) a randomized
nonlinear Gauss-Seidel (NGS) method; or a randomized coordinate gradient descent. Hence, we consider
the total of four algorithm variants: 1) deterministic NJ; 2) deterministic gradient; 3) randomized NGS; and
4) randomized gradient. With all four variants, we establish globally linear convergence rates in the total
number of elapsed per-node communications K (k) after k outer iterations. The distance to the solution z*

of (1.1), at any node ¢ and any outer iteration k decays as:
Jei(k) = 2% = 0 (R |

where R € [0, 1) is the communication rate. We explicitly express the rate R in terms of the f;’s condition
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number ~ and the network spectral gap. For example, for the deterministic NJ method, the rate is:

R_1—Q<1_“>
v

which is 1 — Q(1/N?) (poor) for chain networks and is bounded away from one (good) for expander net-
works.
The thesis develops new technical tools that are of general interest in classical and distributed optimiza-

tion, linear random time varying systems, and random consensus dynamics.

Future work

Directions for future work include the following. 1) Explore convergence rates of distributed Nesterov-like
methods with composite, nondifferentiable costs; 2) Explore convergence rates of distributed augmented
Lagrangian methods for more general costs (than the costs with bounded Hessian). 3) Consider distributed
optimization formulations with costs different than the sum of nodes’ local costs.

Portions of this thesis have been published in journal papers [46, 38], submitted to journals [9, 47], and
are to be submitted to a journal [48]; and published in conference proceedings [49, 50].

During the course of this thesis, we also published journal [3, 51, 52] and conference [53, 54, 55, 56, 57,
58] papers.
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Appendix A

Technical Proofs for Chapter 2

A.1 Proof of Lemma 2.5

Step 1. We first prove the following auxiliary equality:
Ye—10(k) = T(k) — (L — yp—1)z(k — 1). (A.D)

Using the definition of 7(k) in Lemma 2.5, v, = 2/(k + 2), Bx—1 = (k — 1) /(k + 2), and (4.51):

k42

ok = =5

Gﬂ»+k_3um bl 1) - (k- 1).

- x ko k+1l_ . k-1
k+2 k2

rez) = 2 TR

Multiplying the right hand side of the last equality by vx_1 = 2/(k + 1), the result follows.

Step 2. We prove the following relation:

Ly

F@(k)) < f(2)+ Ly @(k) =gk = 1)) " (z—z(k)) + |Z(k) =g (k—1)[>+ 651, V2 € R%. (A.2)

Using the inexact oracle property (4.49):

Li_
L zk) — gk — 1)) + 6. (A.3)

F@(k)) < fomr + G5y (@) = 5k — 1) + =5

.
meszeR#O:UWz—ﬂM):Gﬂ@—y%—l%%ﬁA%4>(z—ﬂ@%mﬁm:

Gn1 (2 = T(k)) + L1 (z(k) —y(k — 1)) " (z — z(k)) = 0. (A4)
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From property (4.49): f(z) > Fr1 + g1 (2 —7y(k — 1)), and so, using the last equation and adding (A.3)
and (A.4), the claim (A.2) follows.

Step

3. We finally prove (4.53). We start by using relation (A.2). Namely: 1) setting z = T(k — 1) in

(A.2) and multiplying inequality (A.2) by 1 — vyx_1; 2) setting z = z* in (A.2) and multiplying inequality

(A.2) by vx,—1; and 3) adding the corresponding two inequalities:

Ve {F(@(R)) = ()} + (A =) {f(@(R)) — f(Z(k = 1))}
{f@k) = f(@*)} = (1 = w-0) {f@(k - 1)) - f(2*)}
T-rLi—1 (@(k) =gk — 1)) " (2* = 2(k)) + (1 = y-1)Lr—r @(k) =gk — 1)) (@(k - 1) —z(k))

Ly
S llz(k) =gk = DI + 85

Ly (T(k) =gk = 1) T (ye—12* + (1 = pe—1)T(k — 1) = T(K)) + b

2
L (9(@(h) — gk — 1) T (e + (1= a7k — 1) = 7(R)) + [F(8) 5k — DI + 56 1(A5)

(k) = 5k = DII* + 6

Denote by:

My = 2@(k) =5k = 1) T (yp12® + (1= p-)T(k — 1) = Z(K)) + [[2(k) = y(k — D).

Then, inequality (A.5) is written simply as:

@) — F@)} = (= ) @R = 1)~ @} € M50 A

Now, we simplify the expression for Mj,_; as follows. Using the identity:

we have:

(k) =gk — DI = 2(z(k) — 5k — 1)) "z(k) + [7(k — D* — [|lz(k)||*,

Mi—1 = 2@k) =gk = 1) " (por2® + (1= 1)@k = 1)) = [2(R)|* + [7(k — 1)

= 7k = 1) = (1 = -7k = 1) + y-12°)* = [F(k) = (1 = we—1)T(k = 1) + —12°) ||

= vk —1) — | =i l[o(k) — 2°|1%, (A7)

where the last equality follows by the definition of T(k — 1) in Lemma 2.5 and by the identity (A.1). Now,
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combining (A.6) and (A.7):

(f(@(k)) = f(=%) — (1- i D(f@(E-1)) = f(2*))

L
< kﬂk1w< 1) — ]2 — [[o(k) — 2*||%) + 6.

Finally, multiplying the last equation by %, and using v,—1 = 2/(k + 1), we get the result.
k—1

A.2 Proof of Theorem 2.8 (b)

Suppose ¢ > i and denote by k' = 2cL. We show that Theorem 5 (b) holds with:

, 2 , 2
/ / 3k_1 22 2 2 / 2 3k_1 22 2
¢ = KL\ |G ) 4°C°+ R | + 7 (22K +1)° | 5 | 4GP+ 2R
= p =

4+ 16¢°LO2, .G? + ¢ CoonsG2. (A.8)

Progress equation (2.24) still holds if L] = M >2NL,ie., if k > k' := 2cL. Telescoping (2.24)

backwards from k > k' until k'

E+1)2-1,, .
WL (@) - 1)
K)?—1,,_ 2N, (t+1
< ()k’ (f@(K —1)) — ") +T|yv(k:’ —x ||2+LZ 137 ( H2t)
t=k'
_ 2N N t+ 1
<K (f@H = 1)) - £) + 2@l = DI+ 22”]?) +L§]| St )
Theorem 2.7 holds unchanged if ¢ > 1/(2L), and so:
G L(t+1)?2 16N, b+ 2)?
LY 5 = DI < =5 LCG" (Y T H—1p (A.10)
t=1 t=2
Upper bound ||7(k" — 1)||, where we recall v(k) = Vlky(k) — 1;:"5(145), and v = %:
kE+1 _
ok = DIl <= —— gk = DIl + kllz(k — DI < (2k + 1) My—1, (A.11)

where My,_1 := max {|[g(k — 1)||, |[Z(k — 1)||} . By 31), ax—1 = ¢/k, fr—1 < 1, | Zf\il V fi(yi(k —

204



DI < NG, W] =1:

_ _ cG cG
IZ®I < Ngtk =D+ == < M1 + =
_ _ _ _ _ 2c¢G 2cG
RN < 20z + Iz = DI < 2/5k = DI + 20k - DIl + == < 3Mp—1 + ——,
and so: My < 3Mj_1 + %, k=1,2,..., My = 0.Byunwinding the above recursion from k = &’ — 1
to k =1, we get:
3 1
M1 < 2¢@G. (A.12)
3—-1
Further, combining the last equation with (A.11), and squaring the resulting inequality:
, 2
. 2 / 2 (3% -1 22
lo(k" — 1)||* < (2K"+ 1) 51 4c°G*-. (A.13)

Using the Lipschitz continuity of f (with constant L), and using V f(z*) = 0:

f@E -D)—f < Vi) @E -1) -a")+ %Hf(k' —1) —a*|?

3 —1
3-1

IN

2
(LN) (Ilz(k" = DI + [l2*]%) < (LN) ( ) 42G? + [la*]? |
where we used (A.12) to upper bound ||Z(k’—1)||. Finally, combine the last equation with (A.9), (A.10), (A.13),

use Zle (ttg,l)Q > 1, Vk, ||2*]| < R (as 2(0) = y(0) = 0), repeat the same argument as in (2.26). We

obtain: .
! oo (L (27 /
N(f($1(k))_f)<c<k;t(t—l>2>’ k>kK,

where C’ is given in (A.8).

A.3 Auxiliary steps for the proof of the lower bound (2.34)

Proof of Step 1: Properties of the ff ’s. We now show that the ff ’s are convex, have Lipschitz continuous
gradient with constant L = /2, and bounded gradients ||V £ (z)|| < 10, for all x, i = 1,2. Thus, the f’s
in (2.35) belong to the class F = F(L = v/2,G = 10), for any 6 € [0, 1].

To show that the function = +— f{(x) is convex, note that it can be represented as the following concate-

nation: z — y = (vVO(zM — 1), (@ —1)T = 2 = |jy|| = w = fu(z) = f(x), where f;, : Ry — R
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is the Huber loss: fy(z) = 122, if ||z|| < X, and f4(2) = X(||2|| — X/2), else. Hence, z — f{(z) is a
concatenation of an affine function, a convex function, and a convex non-decreasing function, and hence it

is convex. Analogously, we can show that z — f29 (x) is convex.

We show the Lipschitz continuity and the boundedness of the gradient of fle :

0 0 T @™ —1), (2 —1))7 ifz e Ry
Vi) = (o) @) - !
oz 0z X 0z —1), (2@ —1))T  else.
[0z —1)2 4 (2 —1)2]"/
(A.14)
0
The first coordinate of the gradient z — a'i}:ﬁ) (z) can be expressed as the following concatenation of
the functions: z — y = (z) — 1,20 — )T —» 2z = (VoyM,y?) —» w = Projp, (2) = v =
0
;x%(x) = V0w, where Proj By Y(z) is the projection of z on the ball centered at zero with radius . All
6
the functions ¢ in the concatenation above are Lipschitz continuous with constant one, and so z — %

is also Lipschitz continuous with constant one. (Given the function ¢y, (¢m—1(...(¢1(z)))), where the ¢;’s
are Lipschitz continuous of constant one, we have ||¢m, (dm—1(...(01(w)))) — Pm(Pm—1(...(¢1(v))))]| <

|61 (- (61 (1)) = b1 (- (1 (W))I] < -]lu— v]|.) Similarly, we can show that 2 — 44 is Lipschitz

continuous with constant one. This implies that the gradient x — V fle (x) is Lipschitz continuous with

0
constant /2. Also, || on (z)|| < VOx < 6, for all . (Recall the concatenation representation z + y =

oz
(M — 1,2 - 17T = 2 = (VoyW,y?) > w = Projg, (2) = v = aijzlf) (z) = V0w, then, for
(% [%
any o € R2, ||5255(2)]| < V|| Projg, (). for some = € R?, and so || 5445 (x)|| < vOxX.) Similarly,
afo

5.5 (@)l < X < 6. Thus, for the gradient, we have: IV (x)] < 6v2 < 10, for all . We can
analogously show that |V f§(z)|| < 6v/2 < 10, for all .

Proof of (2.53). We fist prove that, if [|2(k)|| < 2v/2, and ||z'|| < 2v/2, then z;(k) € R, i = 1,2.
Consider node 1’s estimate x1 (k). If ||z (k)| < 2v/2, and ||z"|| < 2v/2, then ngl)(k:)H <2v2,1=1,2,
and:

3
0V (k) — 1)+ @2 (k) - 1)2 < 202vV2+1)2 < 225 +1)° <32 <X =36,

which means 1 (k) € Ri. (Analogously, we can show z2(k) € Rs.)

We next prove that ||2!(k)|| < 2v/2, 1 = 1,2, for all k; we do this by induction. For k& = 0, ||z!(0)|| <
2v/2, 1 = 1,2. Now, suppose that, for some & > 1, ||z/(k — 1)|| < 2v/2, [ = 1,2. Then, the update
equations (2.52) to get (k) and 2! (k), using the derivatives of the f"s in the quadratic region in (A.14) are

given by (2.54). From (2.54), the sub-additive and sub-multiplicative properties of norms, and using a1 =
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¢/ (k7):
et < (1= £ ) et = Dl + 7o v2 = el = Dl = 3 (et = 1) - v2).

Now, distinguish two cases: 1) [|z'(k — 1)|| € [0,+/2]; and 2) |lz'(k — 1)|| € (v/2,2v/2]. In case 1:
()| < |2k — 1) + fec < 2v/2, where we used 0 < ¢ < 1/(2v/2) = 1/(2L)and 0 < 6§ < 1. In

case 2: ||z (k)|| < ||lz"(k — 1)|| < 2v/2. Thus, we have shown that ||2'(k)|| < 21/2. Similarly, we can show
that ||z (k)| < 2v/2. 2'(k)|| € 2v2,1 = 1,2, for all k, and so z;(k) € R;, i = 1,2,
for all k.

Proof of an inequality on s; (7). Consider function s; : [0,1] — R, si(7) = f;ol(t +1)7"
We prove that s;(7) < 3(logk)k'~", 7 € [0,1], k > 3. The function is convex on [0, 1]. By convexity,
sk(1) > sk(7) + Vsg(7)(1 — 7), and so:

k
sp(t) < sp(1) 4+ (7= 1D)Vsi(1) = sk(1) + (7 — 1) ( Z (logt)t™ )
t=2

k
s4(1) + (1 - 7)(log k) (Z t-f)

(k+ 1)t

IN

< sp(1) + (1 —1)(logk) < (3logk)(k+1)'T, (A.15)
for all £k > 3. In the left ineuality in (A.15), we use Zt Gt < w , while in the right inequality we

use (1) <logk + 1andlogk > 1for k > 3.

Finding the infima over 7 € [0,3/4], 7 € [3/4,1], and 7 € [1,00) in (2.60). First, upper bound
inf(34 1) ex (7). Using sp,(7) < 3(logk)(k + 1)'77, Vk > 3, V7 € [0,1], and (2.59): ex(7) > €} (7) =
=, Vk > 3,V7 € [3/4,1]. Thus:

(1_Cmﬂx)2 C?nin
Glog M (k+ )" T 2(log k) (k1)

1
inf =0 A.16
380 = (i) e
after setting 7 = 3/4. Next, consider 7 € [0,3/4]: upper bound e (7) using si(7) < 1+ @ <

2
L+4(k+1)7, 7 € [0,3/4] and (2.59): ex(r) > () 1= plermal 4 -fu vk > 1,97 € [0,3/4),

and thus we obtain:

inf = Q(1/E%3). A.17
Anfy ex(T) (1/k) (A.17)

Finally, consider 7 € [1,00); we have eg(7) > (1—Cmax)” (1—Cmax)”

2 o 2 Glogh 0 VT € [1,00), where we used
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sp(1) < 3logk, Vk > 3,V1 > 1. Thus, inf|; o) ex(7) = Q(1/logk).

A.4 Relaxing bounded gradients: Proof of (2.36) for D-NG

Consider the candidate weight choice Wi = Woy =1 — Wy =1 — Why = %(1 —1075). The eigenvalues
of W are \; = 10~% and Ay = 1,and so W obeys Assumption 2.1 (b). For the proof of (2.36), start similarly
as with D-NC: 1) find the recursion for z(k), y(k) from (2.9)—(2.10) and taking the derivatives of the f;’s
in (2.37), with 2(0) = y(0) = (0,0)"; 2) define 2(k) := QT x(k), w(k) := Q" y(k); and 3) write the

recursion for the first coordinate z(M) (k), w(V (k), using ay = ¢/(k + 1):

2Ok = (M=) Pk -1)+ ﬁ,j‘), wh (k) = 2D (k) + B (=D () — 2Ok = 1)), (A18)
k=1,2,...and z)(0) = w(0) = 0. The update for (z(V)(k), 2V (k — 1)) T is:
(D), 200k = 1) = B4k = 1) Dk = 1), 2Dk =2)T + 2 (v20,0)", (A.19)

k=1,2, ..., with (z0(0), 20 (=1))T = (0,0) " and [¥/(k—1)]11 = (1+Br_2) (A1 —c/k), [2/(k—1)]12 =
_6k72(/\1 — C/k), [Zl(k — 1)}21 = 1, and [E/(k — 1)]22 = 0. (Recall ﬁk = k/(k + 3) for k = 0, 1,
and S_1 := 0.) Now, take ¢ = A;/4. Then, for t > 0, ¥|(t) = i’l — a,AY, with 1) [2’1]11 = 2\,

~

B2 = A [Bh)a1r = 1, [Bh]a2 = 0;2) [A}]11 = —[A4]12 = Ap, and [Af]g; = [Af]ge = 0; and 3)

/ 1 3

ay = H% + 55 T ) EE Recall 3J;(t) in (2.41) and its representation in the paragraph below (2.43);

¥ (t) has a very similar structure to 3;(¢) — the only difference is that a, is replaced with a}. However, there

still holds that ||[TT*Z5F25 (k — s)|| < (v/A1)Ft, (just as with 3;(¢)). This is because the key

3
VA1(1=X1)
inequality (2.45) holds for all a := a; € [0, 2], and so it holds for all a;, t = 0, 1, ... Therefore, we can apply
Theorem 2.7 to ||w™) (k) || using the following identification: Z(k) = () (k), 7(k) = wWV(k), N =1, G =
V20,1 = A1, p(W) = 1. Also, using log(z+1) < z, z > 0, upper bound B(r) = SUp,>1/9 277 log(z+1)
as:

4 4 (1+47)? - 16
—e2(1—1r2)

B(r) < sup 2%r* <

= 1).
212 €(=logr)? T e (1—r)? (147)? 5. 7€ (0,1)

Applying Theorem 2.7 to |Jw(") (k — 1)|| with the above identifications and the bound on B(r):

1 1 1
lw® (k-1 < <363 ﬁce) ( SO A1)2> k> 2. (A.20)
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From (A.19) and (A.20):

for k > 5, and \; = 1075, Now, from (2.63), and squaring the last inequality, we get that, for fixed k > 5,
M > 0, maxj—y o(f(zi(k)) — f*) > M for 0(k, M) = 25YM — 8 5 106 /M. Thus, the result.

Remark on the distance to consensus. Consider z(k) = (I — J)z(k), y(k) = (I — J)y(k), and define
Z(k) = QTz(k), w(k) = QTw(k); @M (k) and 2 (k) obey exactly the same equations (81) (replace
in (81) () (k) with 2 (k) and w (k) = @) (k).) Thus, there holds that |Z(k)| > v/2¢0/(2k).

A.5 Relaxing bounded gradients: Proof of (2.36) for the algorithm in [2]

We show that distributed gradient method in [2] has an arbitrarily slow worst case convergence rate when
Assumption 2.3 is relaxed, while Assumptions 2.1 and 2.2 hold. We consider: the connected network
with N = 2 nodes; the weight matrix with Wy, = Way = 3/4, Wis = Wa; = 1/4; the candidate
functions ff : R — R, i = 1,2, as in (2.37), for 6 > 0; the initialization z1(0) = x2(0) = 0; and the

algorithm step size oy = ce (0,1/2], 7> 0,k = 0,1, ... By evaluating the gradients of the ff ’S,

(TSR
and using the values of the entries of W, it is straightforward to show (by induction) that, Vk = 0,1, ...,

x1(k) = —x2(k) > 0, with the update equation:

1

z1(k)=Wn —Wi—ag_1)z1(k—1)+ o160 = <2 - ak—l) z1(k—1) 4+ og_16,

and so ||z1(k)|| = xz1(k) > ag_106, Vk‘ > 1. Using the latter and (2.63), we obtain that the optimality

a

gap max;—1 2 (f(zi(k)) — f*) > —£5—. Now, it is clear that, for a fixed k, and any fixed step-size choice

2
c € (0,1/2], 7 > 0, the optimality gap max;—1 2 (f(zi(k)) — f*) > % 5 g % can be made arbitrarily

large by choosing a sufficiently large 6.
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Appendix B

Tecnical Proofs for Chapter 3

B.1 Proofs of Lemmas 3.3 and 3.13

Proof: [Proof of Lemma 3.3] We first prove (3.3). Fort = k — 1, (f)(k, t) = I and (3.3) holds. Next, fix
some ¢, 0 <t < k — 2. We use the following inequality for a N x N matrix A: ||A|? < Nzi]\; |Ae?,
where e; is the i-th canonical vector (A e; is the i-th column of A.) Using the latter with A = E)(k, t), and

taking expectation:

~ ~ ~ 2 N ~
E [H@(k,t)%(k,t)m —E [H(I)(k:,t)H } <NY E {ch(k,t) e;
i=1

2
] : (B.1)

Denote by y;(s + 1) := ®(s,t) = W(s +t + 2)WN/(t +2)e;, s =0,....,k —t—2,and x;(0) = ¢;. The

vectors ;(s) are recursively expressed as:

Xi(s+1)=W(s+t+2)xi(s), s=0,...k—t—2, xi(0) =e;.
Using the above, independence of the matrices W( k)’s, and nesting expectations:

E[l(k—t—1)2] = E[E[Xi(k—t—z)T’Wv(k)ZXi(k—t—2)\’m7(k—1),...,W(t+2)}}
= E[xilh—t =2 E[Wk?] ik - t - 2)]
E[|E [ 02| Itk -t - 2)17]

AE [|xi(k -t = 2)|°]

IN

IN
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Applying the same argument to B [||xi(k — t — 2)]*|, and continuing successively, obtain, for all i
E [HEIV)(k:,t) €¢||2] -k [||Xi(k? i 1)”2] < (@)1 e |12 = (@)L

Plugging the latter bound in (B.1), the result in (3.3) follows. Next, (3.2) follows from (3.3) and Jensen’s
inequality. It remains to prove (3.4). We first consider 0 < s < t < k — 2. (The case ¢ < s is symmetric.)
Using the independence of the W(k)s the sub-multiplicative property of norms, and taking expectation,

obtain:

IN

E [H%(k, s)Tc“IS(k,t)m E [H’W(t 1) W (s + 2)”} E [H%(k,t)”z]

IN

(NE™) (N2 (@) 172) = Nl )

Inequality (B.2), we applied (3.2) and (3.3). thus, the result in (3.4) for s,t € {0,...,k — 2}. Now, if
s=k—1,t<k—1,®&k,s) ®(k,t) = ®(k,t) and the result reduces to (3.3). The case s < k — 1,

t = k — 1 is symmetric. Finally, if s = kK — 1,¢ = k — 1, the result is trivial. The proof is complete. O

Proof: [Proof of Lemma 3.13] We first prove (3.43). By definition of W(k) in (3.42), it is the product

of 73 i.i.d. matrices W (t) that obey Assumptions 3.1 and 3.2. Hence, by (3.3), we have:

I 1
E |:HW(/€)H2:| < (ﬁQ)"'k — N2 eQ‘rk log(fx) < N2 672(310gk+10gN) _ @7

and we obtain (3.43).

We now prove (3.45). Consider U (k,t) := W(k),...,W(t + 1), k > t + 1. We use the following
inequality for square matrices A and B: |[BTATAB|| < ||[ATA||B"B| = ||B|? ||A||>. Applying the

latter successively k — ¢ times, we obtain:
~ ~ — 2 — 2
H\If(k:,t)T\ll(k,t)H < HW(k:)H HW(t + 1)” .

Using the independence, taking expectation, and applying (3.43), we obtain (3.45). Now, (3.44) follows
by Jensen’s inequality from (3.45); relation (3.46) can be proved similarly and the details are omitted for

brevity. O
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B.2 Proof of (3.61)-(3.62)

Recall the random graph G(k). Further, recall that we impose here, for a certain connected graph Gy,

that G(k) = Gy with a positive probability p;. The latter Assumption, together with the fact that w in

Assumption 3.1 is bounded away from zero, implies that there exists a scalar p4 € [0, 1), such that:

||| < o

In particular, ;14 can be taken as:

ne = (1=p6) +pa (1—w? xe (Go))” <1,

where Ar (Gp) is the second largest eigenvalue (algebraic connectivity) of the (unweighted) Laplacian ma-

trix of the graph Gy. Next, consider (3.38). Denote by f := %(f(f(k)) — f*). Squaring (3.38), taking

expectation, and using the Cauchi-Schwarz inequality, obtain:

E|(f)?] <

where we recall R :=

k
A AL (3¢ = D)) ®3)
2 & t—i—l s+1) 470 1/2 i 1/2
NWZZ (E [yt =1 ]) "™ & [fats - DII*])
t=1 s=1

|Z(0) — x*||. The first term in (B.3) is clearly O(1/k?); the second term is, applying

Theorem 3.7, O(log k/k?). It remains to upper bound the third term, which requires an upper bound on the

fourth moment of ||y(¢)|], forall ¢ = 0, 1, ...,k — 1. Recall (3.32), and denote by U}, := ||W(l<:)H Fix s < t,

s,t € {0,1, ...,k — 1}. By the sub-multiplicative property of norms:

Similarly, for ¢ = s:

Denote by:

H%(k,t)Té(k,s)H < (U2UE | U2s) (Upiy - Usis) -

Hci(k, 7T d(k, t)H <URUE | U,

Ult,s) = Uy ... Usy1,
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fort > s, and U(t,t) = I. Further, squaring (3.32):

k—1 k—1 k—1 k— 1
IZR)T < O'NZGY YT DTS TS bk 1) bk, to) bk, ts) (K, L) (B.4)
t1=01t2=01t3=01t4=0
4 ~ 2 s~ 4
x (A0 +1)) ( (h+ Lo+ 1)) (At + 115+ 1) (s + 1,0+ 1)

(t1+1)(t2 + 1)(t3 +1)(ta +1)’

where b(k, t) := SE=DEED 4 5 Fix gy € {0,1,..,k — 1}, = 1,...,4, with t; >ty > t3 > t4. Using
N 4/7
independence of the Uf};’s, and the following inequality: (IE [Ug]) <E [Z/lé‘] ,J =1,2,3, we obtain:

Uk, ty + D) U+ 1, b0+ 1)) Ut + 1,83+ 1)) U(ts + 1,14 + 2))] (B.5)

()P0 ()" ()" (pa)e "
)Z;',l:1 (k*ti)*l

IN

= (4

Taking expectation in (B.4), and applying (B.5), we get:

k

4
E [|Z(k)[|*] < (9¢*N?G*) (Z 1)—1> = O(1/kY), (B.6)

t=0

where the last equality uses Lemma 3.9. Applying the last bound to (B.3), we conclude that the third
term in (B.3) is O(log? k/k?). Thus, overall, E [(ﬁ;)ﬂ = O(log? k/k?). Next, express f(x;(k)) — f* =
Nfi + (f(xi(k)) = f(@(k))), and use (f(xi(k)) — £*)? < 2(N fu)? + 2(f(wi(k)) — £*)* < 2N fi)? +
2G' N||z(k)||?. Taking expectation in the last inequality, applying Theorem 3.7, and using (B.6), the result
(3.61) follows.

Consider now mD-NC. We modify the value 7 here to equal 75, = [_?’llggglz |. Now, result (3.62) can be

proved similarly to (3.61), and details are omitted for brevity.
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Appendix C

Proofs and Technical Details for Chapter 5

C.1 Proof of Lemma 5.1 (a sketch)

—2
Eqn. (5.18) follows from the expectation of (5.3). To prove the remaining of the Lemma, we find W2, W,

and the expectation W?2. We obtain successively:

W? = (CoOA+I-—diag(CA))?
= (COA)*+ diag?(CA) + T +20 0 A—2diag(CA) — (C o A) diag(C A)
—  diag(C A) (C @A)
= (CoP)*+ diag’ (CP) +1+2C o P —2diag (C P)
~[(C® P) diag (C P) + diag (C P) (C ® P)]
E[W?] = E[(C®A)’]+E[diag*(CA)]+I+2CoP
—2diag (C P) — E[(C ® A) diag(C A) + diag(C A) (C© A)]

We will next show the following three equalities:

E[(CoA=CoP?+CT{Rio11TeD}C (CI1)
E [diag? (CA)] =diag?(C P) + CT {Ra o (1@ 11T)} O (C2)
E[(C ® A)diag (CA) + diag (CA) (C © A)|= (C.3)

(C ® P)diag (CP) +diag (CP) (C ® P) —CT {R4® B} C
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First, consider (C.1) and find E [( CoA )2} . Algebraic manipulations allow to write (C ® A )? as follows:
(CoAP=CT{Ae(11TeI)}C, Ay = Vec(A)Vec (A) (C.4)
To compute the expectation of (C.4), we need E [ A5 | that can be written as
E[As] = Py + Ra, with Py = Vec(P) VecT(P).
Equation (C.1) follows, realizing that
CT{po(1Tel)} C=(CoP)>
Now consider (C.2) and (C.3). After algebraic manipulations, it can be shown that

diag? (CA) = CT{Ao(Ie11")}C
(C®A) diag (C A) + diag (CA) (CoA) = CT{A,0B}C

Computing the expectations in the last two equations leads to eqn. (C.2) and eqn. (C.3).

—2
Using equalities (C.1), (C.2), and (C.3) and comparing the expressions for W~ and E[ W2 ] leads to:
—9 ~ ~
Re=B[W?]-W =CT" {Rao(Ie11"+11"®1-B)} C (C.5)

This completes the proof of Lemma 5.1.

C.2 Subgradient step calculation for the case of spatially correlated links

To compute the subgrad1ent H, from eqns. (5.44) and (5.45) we consider the computation of E [W2 J } =
—2
W —J+ R¢. Matrix W — J is computed in the same way as for the uncorrelated case. To compute R,

from (C.5), partition the matrix R4 into N x NN blocks:

R11 R12 - R]N

R21 R22 P R2N
Ry =

Rn1 Rn2 ... Ryn
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Denote by d;;, by céj, and by rﬁj the diagonal, the [-th column, and the [/-th row of the block R;;. It can be

shown that the matrix R can be computed as follows:

[Rel; = Wi (dij © Wy) — Wi <Wz'TC§j + WJT’"%) L iF]

[Rel,;, = Wi (dyoW;)+WIR;W;

Denote by RA(:, k) the k-th column of the matrix R 4 and by

ki = (€] @ In)Ra(,(i — )N +j), ka = (e] @ In) Ra(:,(j — 1)N +1),

ks = (ef ® IN) Ra(:, (i — 1)N +j), ks = (e] ® In) Ra(:,(j — 1)N + ).

Quantities k1, k2, k3 and k4 depend on (i, j) but for the sake of the notation simplicity indexes are omitted.

It can be shown that the computation of H;j, (i, j) € E boils down to:

H;; = ZuEI/VZTcgi—i—Qu?W]Tcéj —|—2uinT (WO k1) + 2u; WiT (u© k) —2u; u; W]TC‘;Z-—

2uiuj WiTcZ:j —QUZ'WZ-T (u@kg) —2u]' W]-T (u®k4) +2Pij (uz —Uj)UT <Wj — WZ>

C.3 Numerical optimization for the broadcast gossip algorithm

With broadcast gossip, the matrix W (k) can take NV different realizations, corresponding to the broadcast
cycles of each of the N sensors. We denote these realizations by W, where i indexes the broadcasting

node. We can write the random realization of the broadcast gossip matrix W, i =1, ..., N, as follows:
WO (k) =C o AD (k) + I — diag (c A@(k)) , (C.6)

where Al(z)(k) = 1,if | € Q;. Other entries of A" (k) are zero.

Similarly in Appendix A, we can arrive at the expressions for E [WTW| := E [WT (k)W (k)] and for
E [WTJ W] =EK [WT(k:)J W(k)], for all k. We remark that the matrix ¥ needs not to be symmetric for
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the broadcast gossip and that W;; = 0, if (4, 5) ¢ E.

1 < 1
T 2 2
E[(W'W),] = N Z 'Wli TN Z ‘(1 — Wa)
I=1,l#i I=1,l#4
1 1
E|(WTW),| = Wil = Wi+ Wil = Wa), i #
2 N
1 1
E[(WTIW),] = (1w +5m D 0 -wa?
I I=1,1#i
1 N N
EWTaw),| = GU-W+ 3 W)+ (1 -Wy+ > Wy)
1=1,1#i 1=1,1£j
1 N
t 2 > A-Wa) 1 -Wy), i #
1=1,174,12]

Denote by WBG := [WTW] —-E [WTJ W] and recall the definition of the MSdev rate (W) (5.47).
We have that (W) = A\pax (WBG). We proceed with the calculation of a subgradient of ¢ (WW). The
partial derivative of the cost function (1) with respect to weight W; ; is given by:

9

BGY _ T 0 BG
Amax (WPH) =¢ <8Wi,jW q

where ¢ is eigenvector associated with the maximal eigenvalue of the matrix WBC. Finally, partial deriva-

tives of the entries of the matrix TWB% with respect to weight W, ; are given by the following set of equations:

0 N -1
WBG = 22 (1 -W;,
8Wz7‘7 1,7 ( a])
N
0 2 2
WwhG — Sy 21— W -
oW, J:J N N( l:%j l,])
d 1 1 al
WEBE = —(1—-2W;,)— —(—-1— Wi — Wi
8I/Vi7j i, N( 7]) N2 ( l_;l#j l,j ,])
O wBe = La_wi)itil4
8Wi7j b N2 0 ’
9 . BG 1 . .
oW, T (L= Wiy), LA 1 #
awimijG 0, otherwise.

)
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Appendix D

Technical Proofs for Chapter 6

D.1 Proof of Lemma 6.8

We first need a standard result from topology (proof omitted for brevity.)

Lemma D.1 Let X and ) be topological spaces, where ) is compact. Suppose the function: x : ¥ x)Y — R
is continuous (with respect to the product topology on X x ) and the usual topology on R; X denotes

Cartesian product.) Then, the function v : X — R, v(a) := inf{k(a,b) : b € Y} is continuous.

Proof: [Proof of Lemma 6.8] Denote by P; : RMN+2ZM) _y R™ the projection map P;(z) = z;,
i = 1,....N + 2M. Further, denote by P;(I'(¢)) :={z; € R™ : z; = Pi(2), for some z € I'(¢)}. The
set P;(I'(e)) is compact, for all i« = 1,..., N + 2M, because the set I'(¢) is compact. Consider now the
set RMN+2M) 5 ¢ .= Py(D(e)) x Po(T'(€)) X ... x Pnyan(I(€)), where the symbol x denotes the
Cartesian product of the sets. Clearly, C. D T'.(B). We will show that L is continuous on C, i.e., that
L' : C. — R is continuous, which will imply the claim of Lemma 6.8. Recall the definition of L in
eqn. (6.18). It is easy to see that the minimum in eqn. (6.18) is attained on the set P; (I'(¢)), i.e., that
Li(z) = miny, ep, () L (21, 22, -+ 2i—1, Wi, Zi41, -+, Z2N+20) - Thus, by Lemma 6.12, and because the
function L : R™N+2M) _, R is continuous, the function L* : Py (T'(€)) X ... x P;_1(T'(€)) X Pir1(I'(€)) x

... X Pnian(T(€)) — R is continuous. But this means that L’ : C. — R is also continuous. O

D.2 Convergence proof of the P~AL-MG algorithm

We first introduce an abstract model of the P-AL-MG algorithm. First, we impose an additional assumptions

that the link failures are spatially independent, i.e., the Bernoulli states A;;(k) and Ay, (k) of different
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links at time slot & are independent. Define the sets Y'(€2;) := {y;i : j € ;} and the class Y (O;) :=
{yji + j € O;}, where O; C ;. One distinct set Y (O;) is assigned to each distinct subset O; of ;.
(Clearly, Y'(€2;) belongs to a class of sets Y (O;), as Q; is a subset of itself.) With P~AL-MG, at iteration k,
minimization is performed either with respect to x;, i € {1, ..., N}, or with respect to some Y (O;). If none
of the neighbors of node ¢ receives successfully a message, then iteration & is void. Define the following
collection of the subsets of primal variables: 1T := {{z1},...,{en}, Y (Q1),...,Y(Qn)}. Collection II
constitutes a partition of the set of primal variables; that is, different subsets in II are disjoint and their union
contains all primal variables. Further, denote each of the subsets {x;}, Y (O;), Y (€;), with appropriately
indexed Zs, s = 1,...,.S. Then, with P-AL-MG, at time slot k, L(z) is optimized with respect to one Zj,
s=1,..,5. Define{(k), k = 1,2,..., as follows: {(k) = s, if, at time slot k, L(z) is optimized with respect
to Zs; £(k) = 0, if, at k, no variable gets updated—when all transmissions at time slot k are unsuccessful.
Denote by P(Zs) = Prob (£(k) = s). Under spatial independence of link failures, P(Z) can be shown
to be strictly positive for all s. It can be shown that £(k) are i.i.d. Consider now (6.16) and P~AL-MG.
All results for P-AL~G remain valid for P~AL-MG also—only the expressions for the expected decrease of
L(-) per iteration, 1(z), (Lemma 6.7), and the proof of Lemma 6.8 change. Denote by L(%s)(z) the optimal
value after minimizing L(-) with respect to Z, at point z (with the other blocks z;, z; ¢ Z,, fixed.) Then:
P(z) = Y5 P(Zs) (L%) — L(2)) . Recall ¢(z) = —t)(z) and the set T'(¢), for some € > 0. Lemma 6.8
remains valid for P~ AL-MG. To see this, first remark that ¢(z) > 0, for all z € F. We want to show
that ¢(z) > 0, for all z € T'(¢). Suppose not. Then, L(z) = L) (z), for all Z,, s = 1,...,S. Then, in
particular, L(z) = L(%)(z), for all Z, in the partition IT. Because P(Z,) > 0, Vs, this implies that the point
z 1s block-optimal (where now, in view of Definition 6.2, Z; is considered a single block). By Assumption 3,
z is also optimal, which contradicts z € I'(€). Thus, ¢(z) > 0 for all z € I'(e). The proof now proceeds as

with the proof of Lemma 6.8 for algorithm P-AL-G.

D.3 Convergence proof of the P-AL-BG algorithm

P-AL-BG is completely equivalent to P-AL-G, from the optimization point of view. P-AL-BG can be
modeled in the same way as in Alg. 2, with a difference that, with P-AL-BG: 1) there is a smaller number
(= N) of primal variables: z; := x;, ¢ = 1,..., N; and 2) Prob(¢(k) = 0) = 0. Thus, the analysis in
section V is also valid for P~AL-BG.
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